BERNSTEIN THEOREMS FOR NONLINEAR GEOMETRIC PDES

CONNOR MOONEY

CONTENTS

Introduction and Acknowledgments

Louville Theorems for Uniformly Elliptic PDEs
Equations in Two Variables

Fully Nonlinear Equations in Higher Dimensions
Minimal Surface Equation in Higher Dimensions
Nonlinear Global Solutions

. Recent Results and Further Directions
References

O G W

12
16
25
35
36



1. INTRODUCTION AND ACKNOWLEDGMENTS

In 1915, Bernstein proved a beautiful theorem which says that the only entire
minimal graphs in R? are planes. The problem of classifying global solutions has
since become a driving force in the study of nonlinear geometric PDEs.

In this article we revisit the Bernstein problem for several geometric PDEs includ-
ing the minimal surface, Monge-Ampere, and special Lagrangian equations. We also
discuss the minimal surface system where appropriate. We first explore equations in
two variables. We then discuss fully nonlinear equations in higher dimensions. Third,
we discuss rigidity results for the minimal surface equation in higher dimensions. Fi-
nally, we discuss examples of non-flat entire minimal graphs in high dimensions. Our
exposition includes a construction of the celebrated Bombieri-De Giorgi-Giusti exam-
ple, using the methods that were recently introduced to solve the Bernstein problem
for anisotropic minimal hypersurfaces [42]. We feel that this approach highlights in-
tuition for readers learning the subject. In the last section we survey recent results
and state some open questions about variants of the Bernstein problem.

The article is based on a lecture series given by the author for the inaugural Euro-
pean Doctorate School of Differential Geometry, held in Granada in June 2024. The
author is grateful to José Espinar, José Gélvez, Francisco Torralbo, and Magdalena
Rodriguez for organizing the event. This work was supported by a Simons Fellowship,
a Sloan Research Fellowship, and NSF CAREER Grant DMS-2143668.



2. LOUVILLE THEOREMS FOR UNIFORMLY ELLIPTIC PDES

The basic Liouville theorem says that a nonnegative harmonic function v on R"
is constant. If u vanishes at a point, the result follows immediately from the strong
maximum principle. The idea is to “quantify” this approach. After adding a constant
we may assume that infg- ©u = 0. For any € > 0, we may assume after a translation
that u(0) < e. The mean value property gives a dimensional constant C' such that

/ u < Cu(0) and u(y) < C’/ u

B (0) Bi(y)

for any y € By, hence u < C%¢ in B;. The same reasoning applied to u(r-) for any
r > 0 gives u < C?¢ globally, and since € was arbitrary we are done.

The same result holds if instead Lu = 0, where L = div(A(x)V-) (divergence
form) or L = tr(A(x)D?*) (non divergence form), and A(z) is a symmetric matrix
with eigenvalues in [\, A™!] for some fixed A > 0 independent of z. Since no further
regularity of A is assumed, such operators cannot be treated as perturbations of
the Laplace operator (like in Schauder theory). Nonetheless, such operators enjoy
versions of the mean value property:

(1) w>0and Lw > 0in By = supw®? < C(n, A, p)/ wP for any p > 0,
By /2 B

(2) w>0and Lw <0in B, = w® < C(n, \)w’(0) for some §(n, A) > 0.
By 2

These are deep results of De Giorgi [19] and Nash [46] in the case that L has divergence
form, and of Krylov-Safonov [36] in the case L is in non divergence form. Proofs can
be found in the canonical references [28] (both forms) and [9] (non divergence form).
The Liouville theorem (global solutions to Lu = 0 that are bounded from one side
are constants) follows in the same way as for harmonic functions.

As a consequence we get rigidity theorems for global solutions to some nonlinear
PDEs. We first discuss the quasilinear case. Assume that H is a smooth function on
R"™ and D?H > 0. Assume further that u has bounded gradient, and solves

(3) div(VH(Vu)) =0

on R". Equivalently, u is a minimizer of the energy [ H(Vu). Then the derivatives w,
of u solve a divergence-form equation of the type discussed above, with A = D?*H (Vu)
and A > 0 depending on H and supg. |Vu|. Thus, u is linear.

The fully nonlinear case is trickier. Assume that F' is a smooth function of the
n x n symmetric matrices M such that DF' = (Fj;) = (O, I') is everywhere positive
definite. Assume further that v has bounded Hessian and solves

(4) F(D*u) =0

on R™. We would like to conclude that u is a quadratic polynomial. This turns out
to be false, at least in dimensions n > 5 (see [44]). (It remains open in dimensions
three and four, and the result is true in two dimensions by work of Nirenberg [47],
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see also Remark 2.1). It is true under the additional assumption that {F = 0} is a
convex hypersurface, which is satisfied in important applications. This result is due
to Evans [24] and Krylov [35]. We now give a proof using the idea in [11].

The first and (pure) second derivatives uy, ugx of u solve

Luy = DF - D*uy, =0, Lup, = —D?*F(D*uy,, D*uy),

where L is a non divergence equation of the type discussed above with A = DF(D?u)
and XA > 0 depending on F and supg. |D?u|. Because {F' = 0} is a convex hypersur-
face, and since D?uy, is tangent to {F' = 0} by the once-differentiated equation, Lugy
has a sign. We may assume it is nonnegative after possibly replacing v by —u and F'
by —F(—-). However, the ellipticity of the equation philosophically means that wug is
a negative combination of other second derivatives, which suggests that u;, behaves
like a solution to Lw < 0 as well. We make this reasoning rigorous now.

We may assume that D?u(0) = 0 after subtracting a quadratic polynomial from u
and translating F. For a symmetric matrix M, we let G (M), resp. G_(M) denote
the sum of its positive, resp. negative eigenvalues. Note that, by the fundamental
theorem of calculus,

1 1
0= / %F(tD%) dt = (/ Fyj(tD?u) dt) Uij-
0 0

This implies that C7'G, (D*u) < —G_(D*u) < CG, (D*u). Here and below C' will
denote a large positive constant depending only on n, A, and may change from line
to line. It thus suffices to prove that G, (D?*u) = 0.

If not, then up to multiplying u by a constant and making a Lipschitz rescaling of F'
we may assume that supg. G4 (D?*u) = 1. After making a quadratic rescaling of u, we
may assume that supg, G4 (D?*u) > 1 —¢, for € as small as we like to be chosen. Thus
there is a point in B; and a subspace V of R™ where Ayu > 1 — €. Here Ay denotes
the Laplace operator on V, i.e. > " w,..,, where {2}/, form an orthonormal basis
for V. Noting that L(1 — Ayu) < 0 and applying (2), appropriately translated and
rescaled, we get that, in By, 1 — €/2 < Ayu < G4 (D?u) < 1 away from a set S of
measure at most Ce¥/2.

Now let VV+ denote the subspace orthogonal to V. From

Au =G (D*u) + G_(D*u) = Ayu+ Ayiu

we see that Ayiu is within €'/2 of G_(D?u) away from S. Recalling that G_ <
—C~1G ., we conclude for € small that Ayru < —C~1 away from S. Applying (1) to
w = (Ayiu+ C™1), with p =1 and noting that w = 0 away from S, we get

Clzmmgc/wgcmch{
By

a contradiction for €(n, \) > 0 small. See Figure 1.

Remark 2.1. In two variables we have stronger results. For example, if L has diver-

gence form, Lw < 0 on R?, and w > 0, then w is constant. The proof goes as follows.
Let ¢ be a compactly supported Lipschitz function on the plane. For any fixed k£ > 0
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use (K —w) 1¢? as a test function and apply Cauchy-Schwarz to get the Caccioppoli
inequality

/ Yk — w)[20? < COA b) / VP
R2 R2

Taking ¢» = 1 in By and max{1 —log|z|/log(R), 0} outside By, the right hand side is
bounded above by C'(log R)™!, and taking R to oo gives that (k — w), is a constant
for any £ > 0. The result follows. The point is that, in two dimensions, one pays
no energy to cut off using log. The proof is in the same spirit as the proofs of the
Bernstein theorem for minimal surfaces based on the stability inequality, see Section
5. It is a good exercise to prove that there are non-constant positive superharmonic
functions in R3, so this result is false in higher dimensions. The result is also false
for non-divergence form equations in the plane, as can be seen from the example
w = (14]z|*)~!, which has Hessian eigenvalues \; > Ay with Ay < 0 and —3X\y > |)\4].

In the non divergence setting, the correct analogue is: If L is a non divergence
form linear, uniformly elliptic operator, then solutions to Lw = 0 with bounded
gradient on the plane are linear. This implies the Liouville theorem for (4) when
n = 2 without any additional hypothesis on {F' = 0} needed (apply the result in
the previous sentence to the first derivatives of w). To prove the result, it suffices
after rotation to prove that w, is constant. After dividing by A22 the equation can be
written as a divergence-form, uniformly elliptic equation div(AVw;) = 0, where A;; =
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AH/AQQ, Alg = 2A12/A22, Agl = 0, AQQ = 1. The Liouville theorem for divergence—
form equations implies that w; is constant. (The coefficients aren’t symmetric, but
the relevant thing is that A + A7 has eigenvalues bounded between fixed positive
constants). When n > 4 the corresponding result is false, e.g. the one-homogeneous
function (|z1|* — |22]?)/]z| on C? = R* solves a non-divergence form linear, uniformly
elliptic equation. On the other hand, the only one-homogeneous solutions to such
equations in dimension n = 3 are linear functions (see [1], [31]; there are solutions
that are homogeneous of degree o € (0, 1) due to Safonov, see [52]). Morally, one-
homogeneity makes the problem two-dimensional. The question whether bounded
gradient implies linear for global solutions to non divergence form linear, uniformly
elliptic equations on R? remains open.

The aforementioned result in [1], [31] implies that the only two-homogeneous func-
tions u that solve fully nonlinear, uniformly elliptic equations of the form (4) in R? are
quadratic polynomials (apply the result to the first derivatives of u). Interestingly,
the same is true with R3 replaced by R*, provided u is assumed to be analytic away
from the origin [45]. The latter result is dimensionally optimal [44].



3. EQUATIONS IN TWO VARIABLES
3.1. Monge-Ampere Equation. Let u be a smooth solution to
det D*u =1

in R?. We will show that u is a quadratic polynomial, no growth condition needed.
This was proven by Jorgens [34].

Up to replacing u by —u we may assume that u is convex. We exploit the Legendre-
Lewy transform. That is, we study the equations solved by potentials of the rotated
gradient graph. We write the gradient graph ¥ := {(z, Vu(z))} C R* in terms of the
SU(2) w/4-rotated coordinates

N

= %x + %y, gy = —%x + %y, r,y € R* (see Figure 2).
That is, ¥ = {(Z, G(Z))}, where
G (x/\/i + Vu(a;)/\/i) = —2/V2 + Vu(z) V2.

Note that = + Vu(z) = V(|x]*/2 + u) is a diffeomorphism of R? by the convexity of
u, hence 3 is a global graph over {§ = 0}. Differentiating, it is easy to see that DG
is symmetric, hence G = Vu for some function @, and moreover

D?*i = (—I + D*u)(I 4+ D*u) ™.

: 2~ —14A1 . —detl —14X , :
The eigenvalues of D“u are thus = = AT T where \; are the eigenvalues

of D?u (in the first equality we used the equation A\;A; = 1). We conclude that @
is harmonic with bounded Hessian (in fact, —I < D?*@ < I), hence it is a quadratic
polynomial. In particular, ¥ is a 2-plane, as desired.

Remark 3.1. The Legendre-Lewy transform works more generally as follows. Assume
that D?u > — cot(6 +0)I = tan(6+ 6 —7/2)I in R™ with 6, § positive and § +§ < 7.
Then write the gradient graph Y of u in terms of the rotated coordinates

T=cosfxr+sinfy, y=—sinfz+cosfy, x,yecR".

The lower bound on D?*u guarantees that ¥ is an entire graph over {f = 0}, since
cot(#)|z]?/2 + w is uniformly convex. In the same way as above, we conclude that %
is the gradient graph of a new potential @, whose Hessian eigenvalues \; are related
to the Hessian eigenvalues Ay of u by

I —sinf + cos O\

)
(5) cos f + sin O\
Since —m/2+ 60 + § < tan~! )\, < 7/2, we conclude that

< tan '\, = tan "\, — 6.

—m/2 46 <tan"' N, < /2 — 6,

that is, & has bounded Hessian. We note that in the case § = %, D*u = —(D?u)™!
and u is the negative Legendre transform of w.



FIGURE 2

Using this tool we can prove the Liouville theorem for a family of equations in two
variables that includes the Monge-Ampere equation as a special case. If u is a smooth

function on R? such that
Ztan_l A = # 0,

k<2

then u is a quadratic polynomial. The above equation is called the special Lagrangian
equation, and it says that the gradient graph of u is a minimal surface (of codimension
two). The case p = m/2 is the Monge-Ampere equation. To prove the Liouville
theorem, we may assume after possibly replacing v by —u that g > 0. Applying the
Legendre-Lewy rotation with § = 6 = /2 gives us a harmonic function with bounded
Hessian, hence, flat gradient graph, as desired. We generalize this result to higher
dimensions in Section 4.

3.2. Minimal Surface Equation. To begin the discussion we find it convenient to
consider the case of general dimension and codimension. A smooth map

u=(u, ..., u™): R" — R™

solves the minimal surface system if it is a critical point of the area functional

A(u) ::/\/detg(Du) dx,

where g(p) = Luxn + p'p, p € R™™. Smooth critical points of integrals of the form
E(u) := [ F(Du), with F smooth on R™*", satisfy that E(u+ ep) = E(u)+o(e), i.e.

(6) [ B (D s =
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for all compactly supported smooth maps . Here Fje denotes the derivative of I in
the p* direction of R™*". This is typically written as the system

Oi(Fpe(Du)) =0, a =1, ..., m,

known as the outer variation system, since it reflects the criticality of w under per-
turbations of its values. In the case of the area functional F' = /det g this is

(7) di(v/det gg"0;u®) =0, a =1, ..., m.

It is sometimes convenient to exploit the criticality of u under deformations of the
domain instead: E(u(z + €V)) = E(u) + o(e) for compactly supported V. Since
w(x+€eV) =u(x)+eDu-V +O(e?), the domain variation V is equivalent to the outer
variation Du -V (see Figure 3). Taking ¢ = Du -V in (6) and integrating by parts
leads to the system

This is called the inner variation system. In the case of the area functional F' =

Vvdet g, this is equivalent to
(8) 0i(v/det gg?) =0,j =1, ..., n.

We leave this calculation as an exercise. From the derivation it is clear that (7)
implies (8). To conclude the general discussion we note that (8) and (7) imply that

(9) g9ul =0, a=1, .., m.

The system (9) is in fact equivalent to (7). This can be seen by using the fact that,
for any map v, 9;(v/det g¢g"9;(z, v(z))) is normal to the graph {(z, v(z))} of v.

Remark 3.2. The above calculations use that u has two derivatives. It is not clear
whether Lipschitz maps that solve (7) in the sense of distributions also solve (8). In
the codimension one case m = 1, Lipschitz solutions to (7) are smooth by well-known
elliptic regularity theory (see e.g. [28]) so there is no issue. Lawson and Osserman
conjectured that Lipschitz solutions to (7) also solve (8) in higher codimension in
their seminal work [37]. This conjecture was confirmed in the case n = 2, m arbitrary
only recently [32], and it remains open when n > 3, m > 2.
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We now specialize to the case that n = 2 and m is arbitrary. The inner varia-
tion system reads div(y/det gg=!) = 0, with the divergence taken row-wise. Since
divergence-free vector fields in the plane are rotations of gradients, we have

detg¢g~' = DwJ, J:= ( (1) _01 ) ,

for some map w. It follows that D(Jw) = JDw = —J+/det gg~'J. The symmetry of
the RHS implies that Jw = V& for some potential . We conclude that

D?® = JDw = —J(\/det gg~1)J.

The matrix on the RHS is positive with determinant one, so ® is a solution to the
Monge-Ampere equation. The Jorgens theorem implies that \/det gg~! is constant.

The above considerations worked in arbitrary codimension. In the codimension
one case m = 1, the eigenvalues of /det gg~! are (1 + |Vul?)*'/2, so it follows that
|Vul is constant. Proving that Vu is constant is a simple exercise from here, yielding
Bernstein’s theorem [5]: a solution to the minimal surface equation on the whole
plane must be linear.

Remark 3.3. The above approach is due to Nitsche [48]. The original proof of Bern-
stein [5] is more involved. It is based on two results. The first is that w := tan™! w
is harmonic on the graph of u, £ = 1, 2. This can be seen by noting that the unit
normal v = (—Vu, 1)//1 + |Vu|? is anti-conformal, as its differential is the second
fundamental form of the graph, which is symmetric and trace-free. Thus, w can be
viewed as the phase of a holomorphic map. As a consequence, w is a bounded function
on R? that solves an elliptic equation of the form a;;w;; = 0, where (a;;) > 0. The
second remarkable result is that any such function must be constant (no quantitative
information about a;; needed). This is established using a topological argument.

3.3. Minimal Surface System. We conclude the discussion of equations in two
variables with the minimal surface system, i.e. n = 2 and m > 2. We proved
above that y/det gg~! is constant. After a rotation of the plane we may assume that
V/det gg~! is diagonal with positive entries A\, A™'. Thus u solves

1+|U2|2 \2

A A g =0 Uy =0 -
unn + A Tup =0, up-uz =0, 1+ a2

Letting @(z1, 22) := u(v/Ax1, £2/v/\), this becomes
Ai=0, 1 -1=0, |i]*—|u>=X-X"T1:=A.

In terms of h := us + i1y, the system takes the convenient form

(10) h holomorphic, » (h*)* = A.

a=1
In the case m = 2 and A # 0 we can proceed further. The second equation in (10)
can be written

(R' 4+ ih*)(h* —ih?) = A # 0.
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Thus, h' +ih? = ef!, h' —ih? = Ae™ ! for a holomorphic H, that is,

(11) W= et pae ), w2 = L gy,

2 21
The preceding discussion allows us to classify all global solutions u to the minimal
surface system in the case n = m = 2. The first possibility is that u is holomorphic or
anti-holomorphic, corresponding to the case A = 1. The remaining solutions can be
obtained as follows. For any A € (0, o0)\{1} and holomorphic H, define h as in (11)
with A := A — A7!. Then, integrate the curl-free vector fields (Im(h*), Re(h®)) to get
@* up to constants. Next let v := @i(z1/v/A, VAz,). Finally, let u be v composed with
any rotation. This characterization of entire graphical minimal surfaces of dimension
two in R* can be found in the survey of Osserman [49)].
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4. FuLLy NONLINEAR EQUATIONS IN HIGHER DIMENSIONS

4.1. Special Lagrangian Equation. The special Lagrangian equation is
(12) Fo(D%u) := Y tan"'()\) —© =0,
=1

where v is defined on a domain in R™ and \; denote the Hessian eigenvalues of .
There is a rigidity theorem for global solutions when |©| is sufficiently large, due to
Yuan [61]. We prove it here.

The point is that the set { Fg = 0} is convex if and only if |©| > (n—2)7/2. Here is
the calculation. First, it suffices to consider the case © > (n—2)m/2, since {Fire = 0}
are reflections through the origin of one another. Let H(z) = > "  tan™'(z;) on R™.
It suffices to prove that { H = O} is convex (see e.g. [10], Section 3). Let z be tangent
to {H = ©}, that is,

n

S m+ad) =0,
i=1
We aim to show that

1
(13) —§D H(z, 2) Zml (1+22)"2>0.

If all z; > 0 this is obvious, so assume that x> ... > x, and x,, < 0. Then by the
equation H(x) =0 > (n—2)7/2+ 6 with § > 0 we have x,,_; > 0 and 6 < 7/2. The
only term in (13) that we worry about is the last, which we can estimate by the first
order condition and Cauchy-Schwarz:

vy (St o) ().

<n <n

Using this inequality in (13) reduces the problem to proving that

Z :L"i_l <0.
i=1
To that end note that

Ztan_l(aci_l) = Z(T{'/Q —tan '(z;)) — 7/2 — tan" ' 2, = -6,
i=1 i<n

so tan (Y 1, tan~'(z;')) < Oand 0 < )

for tangent then implies that

tan <Ztan Yz ) +z,;' <0,

1<n

ientan(z; ') < m/2 — 6. The sum formula

and the result follows from the superadditivity of tan.
A rigidity theorem (global solutions are quadratic polynomials) follows for solutions
to Fo(D?u) = 0, provided |©| = (n—2)7/2+pu for some p > 0. Indeed, up to replacing
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u by —u, we may assume that © = (n — 2)7/2 + u. Perform the Legendre-Lewy
transform with = 6 = u/n (see Remark 3.1). This gives a function @ with bounded
Hessian on R™ that solves Fi,,_g)r/2(D?*@) = 0. Since the level set {F{,,_o)r/o = 0} is
convex, the general Liouville theorem for fully nonlinear PDEs from Section 2 applies.
We conclude that the gradient graph of @ (hence that of u) is flat, as desired.

Remark 4.1. Tt is important that p > 0. For example, the case n = 2, y = 0
corresponds to the Laplace equation, which admits many entire solutions. In the case
n = 3, p = w/2 there are global solutions with exponential growth [59].

Remark 4.2. There are rigidity results for entire solutions to Fg(D?u) = 0 under other
conditions as well. These results use that (12) is the potential equation for minimal
graphs that are half the dimension of the ambient space, i.e. that Vu solves the
minimal surface system. For example, if u is convex, or if u is semi-convex (Hessian
bounded below) and n < 4, then it is a quadratic polynomial [60]. The idea is to
perform a Legendre-Lewy rotation by an appropriate angle to get a new potential
u with bounded Hessian, and apply results for Lipschitz solutions to the minimal
surface system (see Section 5.5 below for a discussion of the relevant results). When
u is convex, rotation by /4 gives a potential with —I < D?*a < I, and Vu satisfies
the area-decreasing condition. (It is not the strict one described in Section 5.5, so
more work is required, but this is the idea). When u is semi-convex and n < 4,
rotation by an arbitrary small angle gives the desired potential. Indeed, in the case
n < 3, Lipschitz entire solutions to the minimal surface system are linear. When
n = 4 the general theory of the minimal surface system doesn’t suffice (see e.g. the
Lawson-Osserman example in Section 6.5). However, the Lagrangian structure can
be exploited. The monotonicity formula allows one to reduce to the case that u is
homogeneous of degree two and analytic away from the origin, and rigidity follows
from the main result in [45]. Rigidity for entire semi-convex solutions to (12) in
general dimension n would follow from the non-existence of non-flat graphical special
Lagrangian cones of dimension n, but that remains unknown when n > 5.

Remark 4.3. The technique of Legendre-Lewy rotation has also been effective for
studying other fully nonlinear PDEs. For example, it was used to prove the rigidity
of convex, resp. semiconvex global solutions to oy(D?*u) = 1 on R", see [15], resp.
[54].

4.2. Monge-Ampere equation. A well-known result is that global convex solutions
in R" to
det D*u =1

are quadratic polynomials. This is due to Jérgens when n = 2 (proof above), Calabi
[12] for n < 5, and Pogorelov [50] in all dimensions. We outline the proof below.

When n > 3 the Monge-Ampere equation is no longer an instance of the spe-
cial Lagrangian equation, so new ideas are needed. The equation can be written
Y p_ilog A = 0. The concavity of log implies that the branch of {det = 1} in
the positive symmetric matrices is convex, so it suffices by the general discussion in
Section 2 to get a global Hessian bound.
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Xg+nk

FIGURE 4

The key ingredients to do so are the following.

First, the equation is affine invariant: w(A-) also solves the equation, provided
|det A] = 1.

The second ingredient, which allows us to exploit affine invariance, is John’s lemma:
for any bounded open convex set (2 C R™, there exists an ellipsoid E centered at 0
and a point zy € 2 such that

ro+ECQCxg+nk

(see Figure 4). The ellipsoid z¢ + F is the ellipsoid of maximal volume contained in
), and the factor n is sharp on simplices.

The last ingredient is Pogorelov’s interior C? estimate: if w is a convex solution to
det D?*w =1 in {w < 0} and B, C {w < 0} C B,-1 for some k > 0, then for § > 0
we have

||D2w||Loo({w<_5}) S C(n, K, 5)

To prove this Pogorelov considers the point where the quantity @) = wkk]w]ewﬁ/ 2

attains its maximum (k is any direction), and uses the information that at this point,
VQ = 0 and LQ < 0, where L is the linearized operator wd;0;. The first two
derivatives of the equation itself are used to simplify expressions.

We continue with the proof of rigidity of global solutions. Up to subtracting a
linear function and performing an affine transformation, we may assume that u(0) =
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|Vu(0)| = 0, D*>u(0) = I. Tt suffices to prove that there exists ¢(n) > 0 such that
(14) B. Cc{u< 1} C B.-1.

Indeed, assume that (14) is true. Then the same holds with u replaced by ug :=
R2u(R-), since up, satisfies the same equation and conditions. Applying the Pogorelov
estimate to w = ug — 1 with 6 = 1/2 gives an upper bound for |D?u| in {u < R?/2}
independent of R, so the desired Hessian bound follows after sending R to oo.

We proceed with the proof of (14). By John’s Lemma, there is a volume-preserving
affine transformation A, a number k£ > 0, and a point ¥y, such that for v = u(A-),

Bi(yo) C {v <1} C Bur(vo)-

That is, A~'F = kB, where E is the John ellipsoid of {u < 1}. We claim that
1/n < k < 2. Indeed, if the left inequality is false, then |y — yo|*> must lie strictly
below v in {v < 1} by the maximum principle, but this is false at the origin. Similarly,
if the right inequality is false, then |y —yo|?/4 must lie strictly above v in By (yp), but
this is false at yo. See Figure 5.

We conclude immediately that {v < 1} C By,(0). In addition, the Pogorelov
estimate implies that |D?v| < C(n) in {v < 1/2}. Elementary calculus thus implies
that v < C(n)|y|* in {v < 1/2}, whence B.,(0) C {v < 1}. We conclude that

ABy C {u < 1} C AByy.

Finally, |[D?v(0)| = |ATA| < C(n) (again by Pogorelov). Using that det A = 1 we
conclude that its principal values are bounded between positive dimensional constants,
and the desired containments (14) follow.

Remark 4.4. One may ask what happens when w is not convex. In two dimensions
the only alternative is that u is concave, so up to taking —u convexity is automatic.
In higher dimensions there are a plethora of non-convex global solutions; consider for
example u(zy, T3, v3) = f(r1) + 1709 — 23/2, where f is arbitrary. Two major issues
are that convexity is already a quite rigid condition, and losing it opens up many
possibilities (note e.g. that convex solutions to Au = 1 are quadratic polynomials
by the Liouville theorem, while there are many more non-convex solutions), and that
the equation is no longer elliptic when w is not convex.

Remark 4.5. Tt is worth remarking that rigidity is false for the complex Monge-Ampere
equation, even in (complex) dimension n = 2. Indeed, the function u(z, z2) =
2|21 |(1 + |22|?) solves detddu = 1 on C? ([6]). One issue is that solutions are not
necessarily convex. Another is the lack of a (known) analogue of Pogorelov’s interior
C? estimate. Thus, even if one assumes convexity, it is not clear that rigidity should
hold. This is related to the fact that the equation is invariant under adding the real
part of a holomorphic function, which can destroy convexity.
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5. MINIMAL SURFACE EQUATION IN HIGHER DIMENSIONS

In two dimensions, we could prove the Bernstein theorem for minimal graphs using
the equation (first variation of the area) directly. Extending the Bernstein theorem for
minimal graphs to higher dimensions requires two key tools. The first is the stability
inequality (coming from the second variation of area), which reflects that minimal
graphs minimize area. The second is the monotonicity formula, which allows one to
reduce the problem to studying cones.

5.1. Small Variations: Mean Curvature and Stability. Let > be a smooth,
oriented hypersurface in R"*! with unit normal v, second fundamental form /I, and
mean curvature H. Below, Vy and Ay will denote the usual gradient and Laplace
operators on ». Given a smooth function v on ¥, these can be calculated at x € X
by extending ¢ near z to be constant in the direction v(x), taking the usual gradient
and Laplace of the extension in R™™!, and evaluating at x.
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Let ¢ be a smooth function on ¥, and for € ¥ and € small consider the map
T(x) = z+epv(x), giving rise to a perturbed surface ¥, = T'(X) with mean curvature
H.. We have the following expansion:

(15) H.(T(z)) = H(z) + e(Agp + p)(z) + O(?).
Here and below, ¢ denotes |I1]?, the sum of squares of principal curvatures. We let
L:= Ay, + ¢,

denote the Jacobi operator. A convenient way to derive (15) is to write 3 locally as a
graph over its tangent plane. After a translation and a rotation we may assume that
the point of tangency is the origin, and v(0) = e,4+1. Then X = {(y, u(y))} locally,
with y € R" and u(0) = |[Vu(0)| = 0. Using that

v=(=Vu, Y1+ [Vu)"? = (=Vu, 1 = [Vul*/2) + O(|y ),
we see that the perturbed surface Y. is locally the graph of a function w such that
w(y — epVu(y)) = uly) + ep(1 = [Vul*/2) + O(lyP).

Here we have extended ¢ to be constant in the e, ; direction. Differentiating this
identity (in y € R™) and evaluating at the origin twice gives

Vw(0) = eV(0) + O(?), D?*w(0) = D*u(0) + ¢(D*p(0) + ¢[D*u(0)]?) + O(€?).

Identity (15) follows, using that I7(0) = D?u(0) and that H.(epe, ;1) = Aw(0) +
O(|[Vw|?). As a consequence of (15), if ¥ has constant mean curvature and 3, is an
isometry of ¥ up to an error of size €2 for all €, then Ly = 0. Since p = v - ¢ 1= V*
generates a translation in the direction ej (see Figure 6), we conclude that if ¥ has
constant mean curvature, then Lv* =0 forall k =1, ..., n+ 1.

We now consider how area changes. We drop the subscript X from the operators
for simplicity. In coordinates where the unit normal is the last coordinate direction,
the tangential differential of T"is I — eI in the top n rows, and eV in the bottom
row. Thus, the square of the area element of X, is

det(DTTDT) = det(I — 2epl ] + 2(Q*11* + Vi @ V).

Expanding the RHS and using that 209(I1) = H? — ¢?, we get that the square of the
area element is

1 —2cHp + (V> + (2H? — )¢?) + O(€).

We conclude after taking the square root that
2
€

5 (Ve + (1 = &)¢) + 0,

We now restrict to the case that > is minimal, so that H = 0, and we let € be
a domain in X. We say that () is stable if small normal variations supported in €2
cannot decrease area, to second order. That is,

(16) /<|w\2 ~ ) > 0 for all g € C(Q).
by

Area(X.) = Area(X) — e/ Ho +
s
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After integrating by parts this means

(17) / oL(p) <0 for all p € C°(€2).

Equivalently, the maximum Dirichlet eigenvalue of L in €2 is nonpositive.

The latter expression gives some useful criteria for stability and instability. First,
if there exists a function f € HJ(Q) such that f > 0, Lf > 0 in Q and fLf >
0 somewhere, we immediately get instability. Alternatively, if there is a positive
super-solution on some domain in ¥ containing Q (that is, Lf < 0 and f > 0),
we get stability of 2. Indeed, if the maximal Dirichlet eigenvalue of L is positive,
then corresponding eigenfunction is a positive sub-solution of the Jacobi equation,
and we can rule this out using the maximum principle (a multiple of f touches
the eigenfunction from above at some point, a contradiction). A consequence is
that minimal graphs {(z, u(z))} are stable, because the vertical component v"*! =
(1 + |[Vu|?)~/2 of the upper unit normal is positive and solves Ly = 0.

5.2. Minimizing Property and Monotonicity Formula: Reduction to Cones.
We now reduce the Bernstein problem to the study of minimal cones. The ideas
described in this sub-section are due to Fleming [26] and De Giorgi [20], and a detailed
development can be found in the book of Giusti [29]. In this sub-section ¥ denotes
an entire minimal graph in R"™! graphical over {z, .1 = 0}.

The first key observation is that ¥ is not only stable (see previous subsection), but
area minimizing. To see this, extend the upper unit normal v vertically in the z, 1
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direction. The minimal surface equation says that div(v) = 0. Let ¥ be a competitor
that agrees with X outside of a large ball, with unit normal 7, and let F be the region
in between ¥ and . Then AE consists of two portions, A C ¥ and B C & (see
Figure 7). The the divergence theorem says

0= [E div(v) = /B v - — Area(A) < Area(B) — Area(A)

as desired. This is called a calibration argument.

Remark 5.1. There is an efficient proof of the Bernstein theorem in two variables
based on the stability inequality and the area-minimizing property of graphs. Take
the log cutoff as the normal variation in the stability inequality (16). One gets that
c? = 0 provided it took no Dirichlet energy to cut off. This is guaranteed if the graph
has quadratic area growth, which holds by the area minimizing property.

The second key tool is the monotonicity formula. Assume after a translation that
0 € 3, and let By denote a ball in R™*! of radius R centered at 0. A consequence of
area minimality is that Vs (R) := Area(X N Bg) < C(n)R", as can be seen by taking
0Bpg as a competitor. Thus, the quantity

Oy (R) := R "Vx(R)

is bounded. The monotonicity formula says that ®y is non-decreasing in R, and
constant if and only if ¥ is a cone, i.e. it is dilation-invariant. The argument goes as
follows. We have

¢y(R) = R7"H(RVE(R) — nVx(R)).
Let K be the cone in R™*! such that K NOBr = X NOBgk. Note that ® is constant.
Euclidean geometry implies that V}(R) < V&(R), with equality only if ¥ crosses 0Bgr
orthogonally. By area minimality, Vs (R) < Vik(R). Hence ®§(R) > Vi (R) = 0, and
¢%, = 0 if and only if ¥ crosses By orthogonally for all R, that is, ¥ is a cone. See
Figure 8.
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Using the previous observations (area-minimizing and monotonicity formula), one
can show that for some sequence R; — oo the blow-down sequence Rj_lE converges
to an area-minimizing cone K. The argument goes roughly as follows. The com-
pactness properties of area-minimizing hypersurfaces allow the extraction of an area-
minimizing limit hypersurface K. Using the monotonicity formula, one can further-
more show that & = Py(+00), hence K is a cone. If K can be shown to be a
hyperplane, then ®5(0") = & = Py (400) (the first equality coming from the fact
that ¥ is locally well-approximated by hyperplanes), hence ®y is constant. Mono-
tonicity implies that > was the hyperplane K to begin with. In particular, if one
proves that area-minimizing cones in R"*! are hyperplanes, one concludes that entire
minimal graphs in R"*! are hyperplanes.

One can gain an extra dimension by using the graphicality of ¥ more carefully. It
is in fact true that if ¥ were not a hyperplane, then the cone K is the graph of a
function that can take the values oo, and in fact takes the value 400 or —oo on
a set in R™ whose boundary is a non-flat area-minimizing hypercone. Thus, if one
proves that area-minimizing hypercones in R™ are hyperplanes, one concludes that
entire minimal graphs in R"*! are hyperplanes.

To conclude we note that if K is a non-flat area-minimizing hypercone, and it is
not smooth away from the origin, then using a blow-up procedure at a point away
from the origin one can show that there is a non-flat area-minimizing hypercone in
one dimension lower. This is know as Federer’s dimension reduction, and it allows
one to reduce to the case that K is smooth away from the origin.

5.3. Simons Inequality. The formula for the second variation of area indicates that
normal variations in regions of high curvature tend to decrease area. It is thus natural
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to see what happens when we use functions of ¢? to test stability. To that end, we
calculate the Jacobi operator applied to 2.

To simplify the calculation, write a smooth minimal hypersurface X locally as the
graph of a function u of y € R™ such that «(0) = [Vu(0)| = 0. The minimal surface
equation says that

Au = uizuzu; + O(|yl*),

whence

(18) (VAu)(0) =0, (D*Au)(0) = 2(D*u)?*(0).
We claim that

(19) & = |D*ul*(1 — |Vul?) — 2|D*u - Vul* + O(|y|h).

To see this, let v := (—Vu, 1)(1+|Vu|?)~'/2 be the upper unit normal, let V denote
derivatives in y, and Vy denote the gradient operator on . We recall that

n+1 n+1 n+1
A=) Ve =Y |V — (W =D (VP = (VO 0)?).
k=1 k=1 k=1

Using the definition of v we calculate:
= (1= [Vul/2) + O(ly*), k < my v™ =1~ |Vul’/2+ O(lyl)
Oi* = —up(1 = |Vul*/2) + wqwuy, + O(|y|*), k <n, 9" = —ugw + O(|y|*)
Vb v =ugu; + O(ly*), k <n, V" v=0(|yf).

Plugging these expressions into the formula for ¢? yields (19).
We now claim that

(20) SAC0) = Y1, (0) - (0)

This is the basic Simons identity, written in coordinate-independent fashion as
1
(21) EAECQ = |V2]I|2 — C4.

Indeed, directly taking the Laplacian of the expression for ¢?/2 and evaluating at zero
gives the RHS in (20), plus tr[D*uD?Au — 2(D?u)*]. Since D*uD?Au = 2(D?u)* at
0 by (18), this vanishes, proving the claim.

Another way to write (20) is

(22) cL(e)(0) = Y uyi(0)* — [Vel*(0).

irjik
We wish to bound the last term on the RHS. By (19) we have ¢ = |D?u|* + O(|y|?).
Choosing coordinates in which D?u(0) is diagonalized and differentiating gives

0;¢(0) = (Z Uuum/C) (0),
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hence by Cauchy-Schwarz,

V(o) < 3 ul (0).

Using this in the identity (22) gives, at 0,

(23) cL(c) > Zu?jk - Z U?z] > <Z u?u +3 Z Ui;) - Z “?zg =2 Z U?zg
0.4,k ij i i#j i i#j

Thus ¢ is a nonnegative sub-solution of the Jacobi equation, which is promising for

proving instability results.

To proceed we specialize to the case that X is a minimal cone. We may assume
after a rotation that the vertex is at the origin, and that on the positive z, axis,
3} is locally the graph in the x,,; direction of a one-homogeneous function u whose
value and gradient vanish on the positive x,, axis. After rotating in the zq, ..., x,,_1
variables we may assume that D?u is diagonalized along the axis. Then along the x,,
axis, (23) implies

cL(c) > 2 Z u, .

<n
Since u is one-homogeneous, along the axis, we have that wu;, = —u;/z,, hence the
RHS can be written 2¢?/|x|?. We have arrived at the cone Simons inequality
(24) L(c) > 2¢/z?,

again promising for proving instability results.

5.4. Simons Theorem. We now prove the celebrated Simons theorem [57] that
stable minimal hypercones in R™™! are flat when n < 6, implying the Bernstein
theorem (entire minimal graphs in R"*! are flat) up to dimension n = 7.

Let Y be a stable minimal hypercone in R"*!, smooth outside of the origin. Let
r:= |z| and let ¢ be a radial function. We have

L(cy) = L(e)Y + 2¢'0rc + cAx).
Homogeneity gives 0,c = —c/r, and for radial ¢ we have Agy) = " + (n — 1)r~14'.
Using these identities along with (24) we arrive at
L(cp) > c(¥" + (n — 3)r 1 + 2r ).

The ODE ¢" + (n — 3)r~'¢’ + yr~2g = 0 has solutions of the form 7*, where

N4 (n—DHAX+y=0.
We can guarantee that a solution has two zeros 0 < a < b and is positive for r € (a, b)
provided (n —4)* < 4~, that is, n < 4+ 2,/7 (see Figure 9). If we fix v € (1, 2), this
is satisfied when n < 6. Taking 1) to be said solution, we get

L(cy) > (2= 7)r2ey.

Thus, on the domain ) given by the intersection of ¥ with the annulus B,\B,, the
function f = ¢y is a nonnegative sub-solution to the Jacobi equation that vanishes
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on 02, and at any point where ¢ > 0, fL(f) > 0. As a consequence, if ¥ is not a
hyperplane and n < 6, then ¥ cannot be stable, giving the Simons theorem.

Remark 5.2. Almgren [3] showed that stable minimal hypercones in R* are flat by
proving two facts about minimal hypercones K C R*: (1) If the link K N'S® doesn’t
have the topology of S?, then K is unstable, and (2) if K NS® has the topology of S?,
then K is flat.

Remark 5.3. One can extend the Bernstein theorem to all dimensions with growth
hypotheses. In Section 2 we saw that bounded gradient suffices. In [23], Ecker and
Huisken relaxed this to sub-linear gradient growth. This is essentially optimal, as in
high dimension n, the Bombieri-De Giorgi-Giusti entire minimal graphs (see Section
6) have gradient growing at the rate |z|*¢(1/m),

5.5. Minimal Surface System. As seen above, there are many entire solutions to
the minimal surface system, even when n = m = 2 (e.g. any holomorphic map). It is
natural to ask for rigidity theorems under the additional hypothesis that the gradient
is bounded, since this guarantees linearity in codimension one.

The form of the system (9) and the discussion in Remark 2.1 show that Lipschitz
entire solutions are linear for n = 2, m arbitrary. To go to higher dimension we require
the monotonicity formula, which we proved above for area-minimizing hypersurfaces,
but in fact holds in greater generality: For any smooth minimal (not necessarily
minimizing) submanifold ¥ of dimension n in R"*™ containing the origin, the quantity
R™"Area(X N Bg) is non-decreasing in R, and it is constant if and only if ¥ is a cone.
Here Bpr is an extrinsic ball of radius R centered at 0. Using the monotonicity
formula and a blow-down argument similar to that outlined above, the linearity of
global Lipschitz solutions to (9) would follow from the linearity of one-homogeneous
solutions that are smooth outside of the origin. Lipschitz entire solutions to (9) are
thus linear when n = 3, by the discussion in Remark 2.1.

The Lawson-Osserman example (see Section 6.5 below) shows that when n > 4,
there are non-flat graphical minimal cones, so additional conditions are required in
higher dimension. A sufficient condition for the linearity of Lipschitz entire solutions
to (9), discovered by M.-T. Wang [58], is the area-decreasing condition: for some
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d > 0 and all =, the principal values \; of Du(x) satisfy that \;\; < 1—0 for all ¢ # j.
We note that the Lawson-Osserman cone has codimension three, so it is feasible that
one has stronger results in codimension two.

Finally, we recall that stability played an important role in the proof of the Bern-
stein theorem for minimal graphs of codimension one. In higher codimension, minimal
graphs are not necessarily stable, and moreover, the role of stability is more mysteri-
ous. There are interesting results in the case n = 2. For example, it can be shown that
complete, oriented, stable minimal surfaces of dimension two in R** are contained
in an even-dimensional affine subspace and holomorphic with respect to some com-
plex structure, under some additional assumptions e.g. about area growth, topology,
and/or total curvature, see the work of Micallef [39] and Fraser-Schoen [27].
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6. NONLINEAR GLOBAL SOLUTIONS

In this section we build the Bombieri-De Giorgi-Giusti example of an entire minimal
graph in RY [7]. We follow the approach taken in [42] to solve the Bernstein problem
for anisotropic minimal surfaces.

6.1. Foliation. To begin we observe that the Simons cone
Si={lz| =y} CR®, 2, y e RY,

which is minimal away from the origin, is stable. Indeed, using that ¢ = 6/r* (here
r? = |x]* + |y|?) it is easy to verify that

Lr?=Lr?° =0,

hence there are positive solutions to the Jacobi equation. (To be precise, this shows
that S\B, is stable for all » > 0. One can show global stability by cutting off
variations near the vertex and using that area in B, scales like 77).

These Jacobi fields suggest the existence of minimal surfaces close to S that lie
on one side of S (in contrast with lower dimensions, where the Simons theorem says
that minimal surfaces nearby non-flat minimal cones oscillate around the cones). We
confirm this now. The main claim of this sub-section is that there is a smooth, even,
locally uniformly convex function ¢ on R such that ¢(0) = 1, for s > 1 and some
a > 0 we have

o(s) =s+as 4 Oy(s7?),
and furthermore

Y= A{lyl = o(l=[)}

is minimal (see Figure 10). Here and below, given a function f on (1, co), Oy(f)
denotes a function whose value, derivative, and second derivative are bounded by a
constant times those of f on (1, 00).

The properties of ¢ imply that the dilations AX, A > 0 foliate one side of S. By
symmetry, each side of S is foliated by smooth minimal hypersurfaces approaching
at the same rate as the first Jacobi field (r~2). The foliation in fact implies that S is
area-minimizing. Roughly, if solving the Plateau problem with the same boundary as
S on some domain gave a different hypersurface S, then a leaf in the foliation would
touch S from one side, a contradiction of the strong maximum principle (see Figure
11).

To prove the claim we need to solve the ODE

/
(25) Glo) = 0" (s) + 3(1 + 0”(s)) <" (s) L) 0.

s o(s)
Indeed, the mean curvature of {|y| = o(|z|)} is given by (1 + ¢/?)=2G(c). This
can be derived geometrically (the first term corresponds to the curvature coming
from bending in the graph of ¢, and the second two correspond to the curvatures
coming from rotations around the vertical, resp. horizontal copies of R*), or by
taking the first variation of the area const. [ V1 4 0"20”s® ds. The local solvability of
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(25) near 0 for a uniformly convex, even solution with ¢(0) = 1 is standard. Letting
X(t) = (e to(e'), o’'(e)), we see that (25) is equivalent to the autonomous system
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Ve, y) = (‘“y’ 3+9) (% _y))

We note that (1, 1) is a zero of V. We let
R={z>1}n{z%? <y <z '}

It is not hard to calculate that on OR\{(1, 1)}, the vector field V points into R (see
Figure 12). Indeed, along the top curve, the vertical component of V' vanishes, while
the horizontal one is negative. For the bottom curve, one needs to check that
3(14 272 (z~ — 275/2)
x —x5/2

where

7/2

>5.CE_ z>1
2 ) )

which reduces after some manipulations to proving that
P(z) =62 — 112" +112° =6 > 0, z > 1.

This in turn follows from P(1) = 0, P'(1) = 1, (P'(2)/z?) = 7802?—7702°. Moreover,
for t very negative, X lies in R. Indeed, the uniform convexity of ¢ implies that the
second component of X is increasing, implying that X lies below the top curve of OR.
It also implies that oo’(s)/s > ¢ > 0 for s small, hence the solution curve lies above
y = cx' > 2752 for x large. Since V has negative first component in R we conclude
that X is trapped in R and tends to (1, 1) as t tends to infinity.

The rest is an analysis of the linearized problem at (1, 1). Let X =Y + (1, 1),
so that Y tends to zero, and is trapped between (translated) boundary curves of R,
which we note have slopes —5/2, —1 at 0. Expanding V" at (1, 1) gives

(26) Y = MY + O(|YP), M= ( » _16)
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FIiGURE 13

The matrix M has eigenvectors p := (1, —2) and q := (1, —3) corresponding to
eigenvalues —3, —4 respectively. The second components of p and q reflect the decay
rates of the Jacobi fields mentioned above. We assert that, for some ¢ > 0 and b € R,

(27) Y(t) = ae *'p + be Hq+ O(e™™).

Rewriting this in terms of ¢ and using the ODE gives the claim. To show (27) we
first note that in the directions e of lines with slope in (—=5/2, —1) we have

2Me - e € (—15/2, —2).
Indeed, for vectors of the form e = (1, —s)/v/1 + s% we have

6s> —bs+ 1

—2Me-e =2
1+ 52

The quantity on the right is increasing for s > 1, and its values at s = 1 and s = 5/2
are 2, %8 (< %) It follows easily using (26) and the geometry of the trapping region
R that, for some ¢ > 0 and all t > 0,

ce™t < Y| < e 2,

To conclude, write Y = a(t)p + b(t)q. Using (26) and this decomposition one can
boost the decay rate to |Y| < ¢ e for some ¢ > 0 and all ¢ > 0, and then using
(26) once more gives (27) for some a, b € R. The curves that trap Y force a > 0,
and moreover give that b = 0 if a is (note that q is outside of the trapping region, see
Figure 13). In the latter case the decay rate of |Y| is e %, violating the lower bound
of e=* determined above and completing the construction.
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6.2. Approach to Entire Graphs. To go from minimal foliation in R® to entire
minimal graph in R?, the idea is to pick a function on R® whose level sets are the
leaves in the foliation. The symmetries of the foliation suggest taking a function that
depends only on |z| and |y|, vanishes on S, and is odd under exchange of |z| and
ly]. Moreover, the 7=2 approach rate of the leaves to S at infinity implies at least
quadratic gradient growth of such a choice, so it is natural to pick a function that is
homogeneous of degree 3.

Unsurprisingly, picking the 3-homogeneous function with the above symmetries and
3 as its 1-level set doesn’t quite work. Indeed, minimality of the level sets implies
that the mean curvature of the graph is a positive multiple of two derivatives of the
function in the direction of the gradient (i.e. the infinity Laplacian, see Subsection
6.4 for a more precise expression), which does not vanish. However, by perturbing
the leaves to have mean curvature of a desired sign and the same symmetries and
asymptotics as before, it turns out we can build sub- and super-solutions with cubic
growth. We can then use these to “trap” the exact solution.

More precisely, one builds functions w, w with the above symmetries that have
the perturbed leaves as level sets, grow cubically at infinity, satisfy 0 < v < w in
{ly| > |x|}, such that the mean curvature vectors of the graphs of u, resp. @ have
positive, resp. negative vertical component over {|y| > |z|}. The solutions to the
Dirichlet problem for the MSE in Bp with boundary data w then vanish on S by
the symmetries of the boundary data, thus lie between u, w on each side of S by the
maximum principle. By taking R to infinity one obtains the Bombieri-De Giorgi-
Giusti graph, which has cubic growth, in the limit (see Figure 14).

Remark 6.1. Proving the convergence of the solutions to the Dirichlet problem in-

volves the use of some deep results, notably the interior gradient estimate of Bombieri-
De Giorgi-Miranda [8].

In the following two sub-sections we will show how to construct u; constructing u
is very similar (see Remark 6.2).

6.3. Perturbed Leaves. We now aim to perturb ¥ to get nearby surfaces with the
same asymptotics but mean curvature of a desired sign. We claim that there exists
o even, smooth, locally uniformly convex, such that for some @, ¢ > 0,

G=s+as 2+ 0y(s?)),s>1, and

G(@) > co 92,

That is, the mean curvature vector of ¥ := {|y| = &(|z|)} points away from S and
has size decreasing like distance from origin to the power —9/2 (see Figure 15).
To do this we study linearized operator £ of G at the solution o, given by

Lf=f"+ (logp) f +af,
where
p=3s31+32 ¢=3(140%02
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FIGURE 14
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One solution fy to Lfy = 0 comes from the invariance of the equation G = 0 under
Lipschitz rescalings:

d

— (AT e(V) = 0 — 50’ = Bas™ 4 Oo(s7).

Jo =
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By writing a solution to Lf = ¢ as the product of f; with another function, it is not
hard to derive the formula for a solution:

= fo(s /f0 p /fo (1)dr dt.

Taking g = o and using the asymptotics of o we get a smooth even solution f
such that, for some ¢ € R,

f=cs24+0,(s7?), s>1.
From here, using Taylor expansion it is not hard to show that
G(o +ef) —eL(f)| < Cfo™"

for some constant C', hence

—9/2

1
G(o+ef) > 560(779/2
for g > 0 small. Taking @ = o + ¢ f thus does the job.

6.4. Supersolution. We let
w(As, A (s)) = A3

for s € R and A > 0, and extend w by odd reflection over the diagonals to all of R2.
Let

v(z, y) = w(lz], [yl).
That is, v is the 3-homogeneous function with the desired symmetries and 1-level set
Y. On {|z| = As, |y| = A\a(s)} one can show using the asymptotics of o, & that, for
some fixed C' > 0,
(28) v=X C'\20(5)? < |[Vv| < CN20(s)?, |D*| < CAa(s)>

We will choose w to have the same level sets as v. More precisely, we will take
u = F(v), where F is odd, increasing, and has linear growth at infinity, so that
u has cubic growth. Let v := Vo/|Vu| in {|y| > |z|}. The condition that @ is a
super-solution to the minimal surface equation in {|y| > |z|} is

EVV
1—|—u

where H is the mean curvature of the level set with respect to the choice of unit
normal v. In terms of v and F,

Uy < Hu, (14 F?(0)02) — (F"/F")(v)v?

Evaluating on the level set {|z| = As, |y| = Ad(s)} and using (28) along with the fact
that H > cA\~'o~/2 on this surface by the considerations in the previous sub-section,
we see that this condition is satisfied provided

C < F/2()\3))\40_—2 . (F///F/)()\3)>\301/2
for some C' > 0 fixed and all A > 0, ¢ > 1. Writing s = A3, t = ¢/2, this becomes
(29) C < F?(s)s*3t™* — s(F"/F')(s)t forall s >0,t>1.

— Hu, <0,
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F(s)

S|

/

FIGURE 16

We claim that the choice of F' determined by

oo 7—11/12

F(0) =0, F'(s) = Als|™/5 + AT e

does the job, provided A is sufficiently large. To verify, split into two cases. When
0 < s < 1, use that F"?(s) > A%s7%/3 and —s(F"/F')(s) > s'/'2/2, so the RHS of
(29) is bounded below by A?(s'/12t)=* 4 (s'/12t)/2. When 1 < s, use that F'%(s) >
1 and that —s(F"/F')(s) > As™'/12/4, so the RHS of (29) is bounded below by
s(sTV2) " 4 A(sTV12t) /4 > (s7V12) 7+ A(s7V/12t) /4. In either case, the minimum
possible value of the RHS is a positive power of A, hence (29) is satisfied for A large.

Remark 6.2. The function u can be obtained as follows. First, let a(s) := 2(0 —
eof)(s/2). Up to taking €y smaller (and increasing the constant A accordingly in
the construction of @), we have @ < ¢. Then replace & by ¢ in the definitions
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of w and v, replace F'(s) by G'(s) :== e °¢ 123" for sufficiently large B, take
u = max{G(v) — D, 0} in {|y| > |z|} for sufficiently large D, and finally extend by
odd reflection. The choices of B and D guarantee that u is a sub-solution to the MSE
in {|y| > |z|}, and the ordering u < @ in {|y| > |z|} follows easily from the ordering
o < ¢ and the fact that G'(s) < F'(s) for s > 0.

6.5. The Lawson-Osserman Cone. In Section 5.5 we noted that Lipschitz global
solutions to the minimal surface system are linear provided one-homogeneous solu-
tions are, and that the latter is true when the domain dimension is at most 3. Here
we briefly discuss the Lawson-Osserman example [37] of a four-dimensional graphical
minimal cone of codimension three.

Recall that S® = {2 = (21, 22) : |21]> + |22)? = 1} € C? @ R* can be identified with

SU(2) as follows:
z 4 ( 12 ) :
—Z9 21

We let - denote the group operation that S* inherits. In turn, SU(2) is isomorphic to
the unit quaternions: if z; = a + bi, 29 = ¢+ dt, take
q(2) = a+bi + ¢j + dk.
Finally, there is a homomorphism from the unit quaternions to the rotations SO(3)
of R?. Identifying R* with the pure quaternions p, this is given by ¢ — R,, where
Ry(p) = apq".
The Hopf map H from S? to S? is defined by
H(2) = Ryeyi = (|21]? = |2af?, —2iz120),
where we identify R x C with R®. We thus have, for any w, z € S3,
(- 2, Ry H(2)) = (w- 2, H(w - 2)) € S* x $%.

Thus, a portion of the graph of the map u(z) = f(|z|)H(z/|z|) over any point z €
C?\{0} can be taken by an isometry of R”, which splits as an isometry of the domain
and target, into a portion of the same graph over (|z|, 0). In particular, to check
whether u solves the minimal surface system (9), one only needs to check whether
the system holds along (¢, 0),t € Ry. (In fact, the system becomes a nonlinear
second-order ODE for f, see [21]).

In the particular case f(|z|) = k|z|, the graph is a cone, so to check minimality,
one only needs to show that (9) holds at the point (1,0). It is easy to perform the
calculations using the formula for H above. Here are some details. At (1, 0) we have

g = diag(1 + k2, 1, 14 4k*, 1+ 4k?).

The matrices D*u®(1, 0) are zero along the diagonal for a = 2, 3, so (9) holds at
(1, 0) for &« = 2, 3 and any k. We also have

D?*u!(1, 0) = kdiag(0, 1, =3, —3),
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whence

g 6
Ful(1,0)=k(1- :
g UZ]( 70) ( 1+4k2)
This vanishes provided k = 1/5/2, i.e. the map
V5

is a solution to the minimal surface system.

(|Zl|2 - ’Z2|2; —2i2122)

Remark 6.3. The Lawson-Osserman cone admits “minimal de-singularizations” in the
same spirit that the Simons cone does [21]. This involves a delicate study of the ODE
for f which guarantees that u(z) = f(|z|)H(z/|z]) solves (9).
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7. RECENT RESULTS AND FURTHER DIRECTIONS

7.1. Entire Minimal Graphs. Simon [55] showed that there are entire minimal
graphs that blow down to cylinders over a variety of area-minimizing cones, including
the area-minimizing Lawson cones. Nonetheless, many basic questions remain. For
example, the known examples have polynomial growth. It would be interesting to de-
cide whether all entire minimal graphs have polynomial growth. A related question
is whether there exist nonlinear polynomial solutions. In the recent paper [30], poly-
nomial solutions whose graphs blow down to the cylinders over all known examples
of area-minimizing cones are ruled out, so new examples of algebraic area-minimizing
cones would need to be constructed to answer this question in the positive.

7.2. Anisotropic Minimal Hypersurfaces. Another topic that has received atten-
tion recently is that of anisotropic minimal surfaces, namely, oriented hypersurfaces
¥ in R™*! that are critical points of functionals of the form

(30) Ao(S) = /E B(v) dA,

where v is the unit normal to > and & is one-homogeneous, smooth and positive on
S™, and has uniformly convex level sets. Important tools that are lost in this setting
are the monotonicity formula (see [2]) and rotation invariance.

Jenkins [33] and Simon [56] proved that entire graphical minimizers of such func-
tionals must be flat in dimensions n = 2 and n = 3, respectively. The anisotropic
Bernstein problem was solved recently by constructing nonlinear entire graphical min-
imizers in the case n = 4 [42], introducing the methods used in Section 6 of this article.
The analogue of the Simons cone in this construction is the cone over the Clifford
torus in R*, which Morgan showed minimizes a functional of the type (30) [43]. The
examples in [42] have sub-quadratic growth. Polynomial entire anisotropic minimal
graphs were constructed in the case n = 6 using a completely different method, based
on solving a hyperbolic PDE [40]. It remains open whether there are polynomial
solutions in lower dimensions. In the positive direction, flatness of entire anisotropic
minimal graphs can be established in any dimension provided & is sufficiently close
to the area integrand in an appropriate sense, and the gradient grows sufficiently
slowly [22]. Finally, the Morgan example shows that complete, stable critical points
of such functionals need not be flat when n > 3. The question whether complete,
stable critical points are flat remains open in the case n = 2 (see next sub-section for
a discussion of this problem in the area case ®|s» = 1).

7.3. Stable Bernstein Problem. An interesting problem in the theory of minimal
hypersurfaces is to step away from graphicality and ask whether any complete, stable,
two-sided minimal hypersurface in R"*! is flat. A positive answer when n = 2 was
given by Fischer-Colbrie and Schoen [25], Do Carmo and Peng [13], and Pogorelov
[51]. Schoen-Simon-Yau [53] extended this up to dimension n = 5, and Bellettini up
to dimension n = 6 [4], under the additional assumption that the volume growth is
Euclidean (as it is e.g. for minimizers of area). The Simons cone says that n < 6 is
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necessary. Finally, a recent flurry of activity ([17], [14], [16], [18], [38]) has given a
positive answer up to dimension n = 5, leaving only the case n = 6 unanswered.

7.4. Complex Monge-Ampere Equation. As remarked above, there are non-
quadratic global solutions to the complex Monge-Ampere equation det 9du = 1 on
C", n > 2. It is natural to conjecture that global solutions with quadratic growth
must be quadratic. This was established in [41] for solutions to the model equation
U2 = 1 on R?, which captures some of the structural features of complex Monge-
Ampere that present challenges (e.g. solutions are not convex, lack of invariance un-
der certain rotations, invariance under adding certain quadratic polynomials). Here
we are always assuming that u satisfies the appropriate convexity condition so that
the equation under study is elliptic, namely, plurisubharmonic for complex Monge-
Ampere, and convex in coordinate directions for wujjugy = 1.
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