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THE SHARP QUANTITATIVE
EUCLIDEAN CONCENTRATION INEQUALITY

ALESSIO FIGALLI, FRANCESCO MAGGI, AND CONNOR MOONEY

ABSTRACT. The Euclidean concentration inequality states that, among sets with fixed volume,
balls have r-neighborhoods of minimal volume for every » > 0. On an arbitrary set, the devi-
ation of this volume growth from that of a ball is shown to control the square of the volume
of the symmetric difference between the set and a ball. This sharp result is strictly related
to the physically significant problem of understanding near maximizers in the Riesz rearrange-
ment inequality with a strictly decreasing radially decreasing kernel. Moreover, it implies as a
particular case the sharp quantitative Euclidean isoperimetric inequality from [FMPO0S].

1. INTRODUCTION

1.1. Overview. A sharp stability theory for the Euclidean isoperimetric inequality has been
established in recent years in several papers [Fug89l [Hal92, [FMP08, Mag08, FMP10, [CL12]
FJ14b], and has found applications to classical capillarity theory [FMII, IMMI15], Gamow’s
model for atomic nuclei [KM13, [KM14], Ohta-Kawasaki model for diblock copolymers [CS13]
GMS13, I(GMS14], cavitation in nonlinear elasticity [HS13], and slow motion for the Allen-Cahn
equation [MR15]. Depending on the application, a sharp stability theory not only conveys better
estimates, but it is actually crucial to conclude anything at all.

The goal of this paper is obtaining a sharp stability result for the Euclidean concentration
inequality (i.e., among all sets, balls minimize the volume-growth of their r-neighborhoods).
As in the case of the Euclidean isoperimetric inequality, obtaining a sharp stability theory for
Fuclidean concentration is very interesting from the geometric viewpoint. In addition to this,
a strong motivation comes from physical applications. Indeed, as explained in detail in [CM15]
Section 1.4], the Euclidean concentration inequality is crucial in characterizing equality cases
for the physically ubiquitous Riesz rearrangement inequality (see e.g. [LLO1, Theorem 3.9]) in
the case of radially symmetric strictly decreasing kernels.

The need for a quantitative version of the Euclidean concentration inequality in the study of
the Gates-Penrose-Lebowitz free energy functional arising in Statistical Mechanics [LP66, (GP69]
has been pointed out in [CCET09]. A recent progress has been achieved in [CM15], where a non-
sharp quantitative version of Euclidean concentration is obtained (see below for more details),
and where its application to a quantitative understanding of equality cases in Riesz rearrange-
ment inequality is also discussed. The argument used in [CM15], however, is not precise enough
to provide a sharp stability result, which is the objective of our paper. As a second example
of physical applications, a quantitative understanding of the Riesz rearrangement inequality for
the Coulomb energy arises in the study of dynamical stability of gaseous stars, and was recently
addressed, again in non-sharp form, in [BC15].

On the geometric side, we note that the Euclidean concentration inequality is equivalent to
the Euclidean isoperimetric inequality. Going from isoperimetry to concentration is immediate
by the coarea formula, while the opposite implication is obtained by differentiation (see (1.3)
below). Despite this direct relation, the various methods developed so far in the study of sharp
stability for the Euclidean isoperimetric inequality (symmetrization techniques [Hal92, [HHWO91]
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FMPOS]|, mass transportation [FMP10], spectral analysis and selection principles [Fug89, [CL12])
do not seem to be suitable for Euclidean concentration (see Sectionbelow). To obtain a sharp
result we shall need to introduce several new geometric ideas, specific to this nonlocal setting,
and to combine them with various auxiliary results, such as Federer’s Steiner-type formula for

sets of positive reach and the strong version of the sharp quantitative isoperimetric inequality
[E.J14b].

1.2. Statement of the main theorem. If F is a subset of R™ with (outer) Lebesgue measure
|E|, and denote by

I.(E):={z e R" : dist(z, F) < r} r>0,
the r-neighborhood of E. Then the Fuclidean concentration inequality asserts that

[ (E)| = I (Brg)l,  Vr>0, (1.1)

where

B[\
rEp = <|B|> = radius of a ball of volume |E|.
1
It is well-known that inequality (1.1) is a non-local generalization of the classical Fuclidean
isoperimetric inequality: the latter states that, for any set E, its distributional perimeter P(E)
is larger than the one of the ball B, ., namely
P(E) > P(B,). (1.2)

The isoperimetric inequality (1.2]) can be deduced from (1.1)) as follows: if F is a smooth bounded
set then, using (1.1),
I.(E)| - |E I.(B,.)| - |E
P(E) = tim ZZENZIEL S (Bro)l = B
r—0+ r r—0+ r

— P(Byy). (1.3)

Then, once (|1.2)) has been obtained on smooth set, the general case follows by approximation.
We also mention (although we shall not investigate this here) that the Gaussian counterpart
of (1.1)) plays a very important role in Probability theory, see [Led96].

It turns out that if equality holds in for some r > 0 then, modulo a set of measure
zero, E is a ball (the converse is of course trivial). The stability problem amounts in quantifying
the degree of sphericity possed by almost-equality cases in . This problem is conveniently
formulated by introducing the following two quantities

5,(E) = max{;,?} (%—1), r>0, (1.4)

a(E) ::inf{mﬁg:ﬂ(m ::CER”}, Bs(z) ==z + Bs. (1.5)

Notice that a(l E) = a(F) and 6;,(l E) = 6,(E) for every r,l > 0 and £ C R", with 6,(E) =0
if and only if F is a ball (up to a set of measure zero). The quantity a(FE) is usually called the
Fraenkel asymmetry of E. We now state our main theorem.

Theorem 1.1. For every n > 2 there exists a constant C(n) such that
a(E)2 < C(n)d,.(E), Vr >0, (1.6)
whenever E is a measurable set with 0 < |E| < oo; more explicitly, there always exists x € R™

such that
I.(E)| > yIT(BTE)|{1 +c(n) min{r, ”f} <|EAB’”E("”>|>2},

rg T |E|
for some positive constant c(n).
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Remark 1.2. Notice that
|I.(E)| =r"|B1| + O(r”_l) as r — 00, |I(E)| = |E|+7r(P(E)+o0(1)) asr— 07"

(on sufficiently regular sets), therefore the factor max{r/rg,rg/r} in the definition of §,(F) is
needed to control a(FE) with a constant independent of r.

Remark 1.3. The decay rate of a(F) in terms of d,(E) is optimal. Take for example an ellipse
which is a small deformation of By given by

1
E,. = diag( 1 —1,...,1)|B,.
€ lag( +€a1+€ > 1

Then «(E;) is order €, and one computes that

(B = 1B1r| (1406 (52

giving 6,(E.) = O(€?).

Remark 1.4. When n = 1 (.6)) holds with «(E) in place of a(E)?, see [CM15, Theorem 1.1]
or [FJ14a, Theorem 1.1].

1.3. Relations with other stability problems. Theorem is closely related to the sharp
quantitative isoperimetric inequality from [FMPOS)]

diso(G) > c(n) a(G)?  if 0 < |G| < o0, (1.7)

where

diso(G) 1= P(G) — —
This result is used in the proof of , which in turns implies in the limit » — 0.
However, the proof of Theorem requires entirely new ideas with respect to the ones developed
so far in the study of . Indeed, the original proof of in [FEMPOS8] uses symmetrization
techniques and an induction on dimension argument, based on slicing, that it is unlikely to
yield the sharp exponent and the independence from r in the final estimate (compare also with
[EJ15, [FJ14a]). The mass transportation approach adopted in [FMP10] requires a regularization
step that replaces a generic set with small &g, by a nicer set on which the trace-Poincaré
inequality holds. While, in our case, it is possible to regularize a set with small §, above a scale
r (and indeed this idea is used in the proof of Theorem , it is unclear to us how to perform
a full regularization below the scale r. Finally, the penalization technique introduced in [CL12]
is based on the regularity theory for local almost-minimizers of the perimeter functional, and
there is no analogous theory in this context.

In addition to extending the sharp quantitative isoperimetric inequality, Theorem marks
a definite progress in the important open problem of proving a sharp quantitative stability result
for the Brunn-Minkowski inequality (see [Gar02] for an exhaustive survey)

B+ F|V = | BV 4 | RV (1.8)

where E+ F ={v+y:2z € E, y € F} is the Minkowski sum of E, F C R". Let us recall that
equality holds in if and only if both E and F' are convex, and one is a dilated translation of
the other. The stability problem for can be formulated in terms of the Brunn-Minkowski
deficit 6(E, F) of E and F

Bl [F\Y" ([ |E+F\"
IE.F) := Ll R S | B e Bl B |
(&, F) max{w & \jEpm e )

1.
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(which is invariant by scaling both F and F' by a same factor) and of the relative asymmetry of
E with respect to F

_ |EA (x4 Aco(F))| |E| \ln
a(E,F)::mf{ cx € R lz( )
|E] |co ()|
(which is invariant under possibly different dilations of E and F'). In the case that both E and
F in (1.8]) are convex, the optimal stability result
o(F, F)? < C(n)8(FE, F) (1.9)

was established, by two different mass transportation arguments, in [FMP09, [FMP10]. Then, in
[CM15, Theorem 1.1], exploiting ([1.7)), the authors prove that if E is arbitrary and F' is convex
then

(4n+2)/n
} 5(E, F). (1.10)

a(E, F)* < C(n) max {1, ’E=
In the general case when E and F' are arbitrary sets, the best results to date are contained
in [Chr12, [FJ15, [FJ14a], where, roughly speaking, a(E, F)? is replaced by a(E, F)"™ for
n(n) explicit, and the inequality degenerates when |F|/|E| approaches 0T or +oco. Despite the
considerable effort needed to obtain such result — whose proof is based on measure theory, affine
geometry, and (even in the one-dimensional case!) additive combinatorics — the outcome is
still quite far from addressing the natural conjecture that, even on arbitrary sets, the optimal
exponent for a(E, F') should be 2, with no degenerating pre-factors depending on volume ratios.
Since

I.(E)=FE+ B, Vr >0,

Theorem solves this challenging conjecture when E is arbitrary and F' = B, is a ball. This
case is definitely one of the most relevant from the point of view of physical applications.

1.4. Description of the proof of Theorem The starting point, as in [CM15], is the idea
of using the coarea formula to show that

d,(E) is equal to a certain average of yg(s) := P(E + Bs) — P(Bi+s) (1.11)
over the interval 0 < s < r. Observe that
IYE'(S) > C(n) |E + BS|(n—1)/n 5iso(E + Bs)

thanks to (1.1)). When &5 (E + Bs) is comparable to dis0(FE) for a substantial set of radii
s € (0,7), then would allow us to conclude 6,(E) > ¢(n) a(E)?. The difficulty, however,
is that diso(E + Bs) may decrease very rapidly for s close to 0, for example if E has lots of
small “holes”, so that diso(F + Bs) becomes negligible with respect to diso(E). This problem is
addressed in [CM15] by an argument which is not precise enough to obtain a quadratic decay
rate in the final estimate.

The first key idea that we exploit to overcome this difficulty is introducing a suitable regu-
larization procedure which is compatible with a reduction argument on 6,(F) and a(E). More
precisely, we introduce the r-envelope co,(E) of a bounded set E

cor(E) =) {Br(g;)c . B,(z) C E}

where, given a set A, we use the notation A := R"\ A. From the geometric point of view, it is
convenient to think of co,(E) as the set obtained by sliding balls of radius 7 from the exterior of
FE until they touch F, and filling in the holes of size r or smaller that remain. This construction
regularizes the boundary of F at scale r, while not changing the parallel surface at distance r
from FE (see Figure [1).

This intuition can be made quantitative, in the sense that co ,(F) always satisfies an exterior
ball condition of radius r (Lemma and has a universal perimeter upper bound in each ball
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co,(E)

FIGURE 1. Taking the r-envelope co,.(E) regularizes the boundary at scale r, without
changing the sumset E + B,..

of radius s comparable to r (see Lemma [2.4)). Moreover, since F + B, = co,(E) + B,, then we
easily see that, up to excluding some trivial situations, one always has

a(E) < C(n)a(co,(E)), dr(cor(E)) < C(n)d (E),

see Proposition Hence, in the proof of Theorem one can assume that F = co,(F). We
call such sets r-convez.

The reduction to r-convex sets is particularly effective when r is large with respect to rg.
A first remark is that if r/rg is large enough and §,(F) < 1, then E has bounded diameter
(in terms of n), after dilating so that rp = 1. This is in sharp contrast with the situation
met in the quantitative study of the isoperimetric inequality, where long spikes of small volume
and perimeter are of course compatible with the smallness of the isoperimetric deficit d;so. The
r-convexity can then be used jointly with John’s lemma to show that if E' C Bpg,), then
B,y C E for some positive dimensional constant r(n). Starting from these properties we can
actually check that OF is a radial Lipschitz graph with respect to the origin, and that it has
positive reach 1. This last property means that every point at distance at most 1 from F has
a unique projection on E. By a classical result of Federer, see Theorem [£.2] below, it follows
that P(E + Bs) is a polynomial of degree at most (n — 1) for s € [0,1]. In particular, yg(s) is a
non-negative polynomial of degree at most (n — 1) for s € [0, 1], so that

1
[L(E)| = [1(By))] :/0 ve(s)ds > ¢(n) 7e(0)

by a compactness argument (see Lemma . Combining this bound with the fact that vg(0)
controls diso(E), , and the Brunn-Minkowski inequality, we are able to complete the proof
in the regime when r/rg is large.

We complement the above argument with a different reasoning, which is effective when r/rg
is bounded from above, but actually degenerates as r/rg becomes larger. The key tool here is
the strong quantitative version of the isoperimetric inequality from [F.J14b], whose statement is
now briefly recalled. Let us set

2. . 1 Yy—T 12 01, n
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* . ‘GABT‘ ($)| ? 1 y— 2 n— n
B*(G)? := inf {( |G]G + G /*G )Vg(y) i dH, iz eR™Y, (1.13)

where v and 0*G denote, respectively, the (measure theoretic) outer unit normal and the
reduced boundary of G (if G is an open sets with C'-boundary, v is standard notion of outer
unit normal to G, and 0*G agrees with the topological boundary of G). The quantity S(G)
measures the L2-oscillation of v with respect to that of a ball, and in [F.J14b] it is proved that

C( ) diso (G )>B*( )2, 0< |G| < o0. (1.14)

B*(G), so 4) implies (1.7). Moreover, as shown in [FJ14D), Proposition 1.2],
(G) and B*( ) are actually equivalent:

Clearly a(G) <
the quantities 3

B(G) < B*(G) < C(n) B(G). (1.15)
Our argument (based on ([1.14])) is then the following. By combining a precise form of (|1.11))
with (1.14) we deduce that, for some s < r, we have

C(n,r/rg)6,(E) > B(E + Bs)? (|E + B,|/|E|)"1/"

where C'(n,r/rg) is a constant that degenerates for r/rg large. We now exploit the r-convexity
property to apply the area formula between the surfaces OE and O(E + Bs) and compare
B(E + Bs)*(|E + Bs|/|E|)™ /" with B(E)?, and thus with a(F)2, which concludes the proof
of Theorem [L.1]

1.5. Organization of the paper. In section 2| we introduce the notion of r-envelope, show
some key properties of r-convex sets, and reduce the proof of Theorem to this last class
of sets. In section [3| we present the argument based on the strong form of the quantitative
isoperimetric inequality, while in section [4| we address the regime when r/rg is large.

2. REDUCTION TO r-CONVEX SETS

In this section we introduce a geometric regularization procedure for subsets of R™ which
can be effectively used to reduce the class of sets considered in Theorem We recall the
notation By (x) = {y € R" : |y — x| < r} for the ball of center z € R™ and radius r > 0 (so that
B, = B,(0)) and E° =R"\ E for the complement of E C R".

We begin with the following definitions.

Definition 2.1. Let £ C R" and r > 0.

(i) E satisfies the exterior ball condition of radius r if, for all y € OF, there exists some ball
B,.(z) C E° such that y € 9B, (x).

(ii) the r-envelope of E is the set co,(E ) defined by

(U{B CEC}) :ﬂ{Br(CE)C:ECBT(m)C}.
We say that E is r-convez if E = co,(FE).

Notice that F is convex if and only if it satisfies the exterior ball condition of radius r for
every r > 0. Similarly E is convex if and only if E' = co,(E) for every r > 0.

In Lemma we collect some useful properties of co,(E), which are then exploited in
Proposition to reduce the proof of Theorem to the case of r-convex sets. Then, in
Lemma we prove a uniform upper perimeter estimate for r-envelopes which will play an
important role in the proof of Theorem

Lemma 2.2. If E C R” is bounded and r > 0, then:
(i) E C co,(E);
(ii) co,(F) is compact;
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(iii) Br(x) C E€ if and only if By(z) C co,(E);
(iv) E+ B, =co,(F)+ By;
(v) co,(E) satisfies the exterior ball condition of radius r.

Proof. The first three conclusions are immediate.

If © € co,(E) + By, then there exists y € co,(E) such that y € B,(x); in particular
B.(z)Nco,(E) # 0, hence B.(z) N E # () by (iii), and thus z € E + B,, which proves (iv).

Finally, given z € 0(co,(E)), let z; — x with z; € co,(E), so that there exists y; with
E C By(yj)°¢ and z; & B,(y;)°. Since |z; —y;| < r and x; — x, up to a subsequence we can find
y € R™ such that y; — y with |z — y| < r. On the other hand, since E C B,(y;)¢, it follows by
(iii) that B, (y;) C co,(E)¢, thus B.(y) C co,(E)°. As x € co,(FE), this implies that |x —y| > r.
In conclusion |y; —y| =7 and B,(y) C co,(E)¢ so (v) is proved. O

We now address the reduction to r-convex sets. Let us recall the following elementary
property of the Fraenkel asymmetry:
|E|a(E) — |[F|a(F)| < |EAF|,  0<|E||F| < o0, (2.1)
see e.g. [CM15, Lemma 2.2].
Proposition 2.3. Let E be a bounded measurable set and r > 0. There exists a dimensional
constant C(n) such that:
(a) either C(n)d,(E) > a(E)?;
(b) or
a(E) < C(n)a(co(F)), 5r(cor(E)) < C(n)d(E). (2.2)
Proof. Without loss of generality we can assume that |E| = |By], so that rg = 1. For a suitable
constant b(n) > 0, we split the argument depending on whether |co,(E) \ E| > b(n) a(E) or
not.
If [co,(E )\E!>b( ) a(E)
o ( > (1B + b(n) a(E))" > | B[V + ¢(n)b(n)a(E) .
Thus, applying Lemma (1v) and the Brunn Minkowski inequality we get

1/n
0-(F) > max <, %—1
r (1+7)|By |/

1 , E Br 1/n . E 1/n B 1/n
:max{r,}@ [cor(B) + Bo['' _[eo (B)M" +r|Bil"
(¢{0)

then, since a(E) < 2 and |E| = |Bj|, we have

r | \cor @I+ B (LB
> o(n) max { 1} PIAEY et a(B) = en) a(B)?,

where in the last inequality we have used again «(E) < 2. This proves the validity of (a).

We are thus left to show that if |co,(E) \ E| < b(n) a(F), then holds. By exploiting
with F' = co,(E) and assuming b(n) small enough, then |co,(E) \ E| < b(n) a(E) gives
a(cor(F)) > c(n)a(F). At the same time, using again that |co,(E) \ E| < b(n) a(F) < 2b(n)
we find that the volumes of |E| and |co,(FE)| are comparable, therefore

oty < Comee g

In addition, it follows by Lemma [2.2}(iv) and the trivial inequality |E| < |co,(E)| that
jcor(E) + B,V |E+ B,|'"
lcor(E)/m + | B|V/m = B+ | B[
This shows that d,(co,(E)) < C(n)d,(E), and is proved. O
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FIGURE 2. The area of ¥; in By(x) is controlled by the area of 0B4(x) in K; and the
volume of Bs(z) in K;.

Intuitively, r-convex sets are nice up to scale r. In this direction, the following lemma
provides a uniform perimeter bound. Here and in the sequel we use the notation P(F; Bs(x))
to denote the perimeter of a set F' inside the ball Bs(z). In particular, if F' is a smooth set,
P(F; Bs(z)) = H" 1 (OF N Bs(x)).

Lemma 2.4. If E is a bounded set and r > 0, then co,(E) has finite perimeter and
C(n _

P(co,(E);Bs(z)) < 1_?9}1”)3" v Vs<r,zeco (k). (2.3)
Proof. The open set co,(E)¢ is the union of the open balls B, (x) such that B,(x) C E°. Thus
there exist an at most countable set I such that

cor(B)° =] Br(m:)  Bolw) CEC  wjAm ifisj.
i€l

Let Iy be an increasing sequence of finite subsets of I with #Iy = N. We fix N and for i € Iy
we define the spherical region

Si = 0By(zi) (] Br())°
JEIN, jFi
and the intersection of B, (z;) with the cone of vertex x; over ¥;,
K; = Br(m)ﬂ{:ci—l—t(a:—xi) txed; 0<t< 1}
(see Figure [2)).
Since x; # x; for each i # j, we see that
HYL(SiNE) = |KiNKj|=0 Vi#j. (2.4)

Let x € co,(E) and s < r, so that |y — x;| > |v — x| —s > r — s for each ¢ and y € Bs(z). By
applying the divergence theorem to the vector field v;(y) = (y — x;)/|y — x;| over K; N Bs(z), we
find

—1 — T — _
[ i sinse) - [ Yo VET gy
K;NBs(x) |y — 4] K;NOBs(z) ly — x| |y — |
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and thus KB
i D
H (S N By(z)) < HY(K; N OB,(x)) + (n— 1) ’T_S(:”)’ :
Hence, it follows by (12.4)) that
n—1 n—1 s" C(TL) n—1
Bs Ez < Bs -1)|B < . 2.
HH(Bo) 0 U 2) S HHOB@) + (0= D Bi] < s (2:5)
i€ln
To conclude the proof, fix R > 1 such that co,(F) + B, C Bg, and set
Fy:=Bgn () Br(2:)°. (2.6)

i€lN
Notice that Fly is a decreasing family of compact sets of finite perimeter, with
co,(E)= () Fn lim [co,(E)AFy|=0  BrNd*Fy=Bgn |J i,
N—00 .
NeN i€lN

(the last identity modulo H" !-negligible sets). Since Bs(x) CC Bgr we conclude from (2.5
that

C(n) -1
P(Fy; Bs < ———$",
( N> (x))_]_—(s/?“)s
and then deduce ([2.3) by lower semicontinuity of the distributional perimeter. O

Remark 2.5. Let E be such that £ = co,(E) for some r > 0, and let Fiyv be the compact sets
defined in the previous proof. Noticing that

E+B.= () (Fn+B:), Vs>0,
NeN

and since |E + Bs| = |E + Bs| we conclude that, for every s > 0, |Fy + Bs| — |E + Bs| as
N — oo. In particular, taking s = r and recalling (2.1) and |[FNAE| — 0 we conclude that

a(E) = ]\}EHOOQ(FN) 6T(E) = J\}gnoo 6T(FN) . (27)

3. A STABILITY ESTIMATE WHICH DEGENERATES FOR 7 LARGE

In this section we present an argument based on the strong quantitative isoperimetric in-
equality ([1.14]) which leads to a stability estimate which degenerates for r large. We recall

that
‘E‘ 1/n
rg=|-—- .
: (Bl\>
Theorem 3.1. If E is a bounded r-convex set, then

C'(n) max {1, <T>n_1} 5,(E) > a(E)?.

e
The following lemma is a preliminary step to the proof of Theorem Recall that
Ye(s) = P(E + Bs) — P(Bry+s) ,

is non-negative for every s > 0 thanks to the Brunn-Minkowski and isoperimetric inequalities.
Lemma 3.2. If E is compact, then E + Bs has finite perimeter for a.e. s >0 and
max{rg/r,r/rg T
5-(E) = ¢(n) {re/ 7{ !
(rg+r) 0

with vg(s) > ¢(n) |E + Bs|"=D/" 8o (E + By) for every s > 0.

ve(s)ds, (3.1)
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Proof. By [CM15, Lemma 2.1] we have |E + By| = |E| + fg P(E + Bg) ds for every t > 0, hence
FE + B; has finite perimeter for a.e. s > 0 and

B+ Brl = Brprl = [ 6(s)ds.

r TgE
0r(F) = max /
(E) {TE r }|B7'E+T‘| e (s

Proof of Theorem [3.1 If E is r-convex, then [ E is [ r-convex for every | > 0. Since §,(E) =
T/TE(E/TE) where |E/rg| = |Bi|, up to replacing E by E/rg it is enough to show that if r > 0
and FE is an r-convex set with |E| = |B1|, then

C(n) max{1,r"" '} 6,.(E) > a(E)?>. (3.2)

Therefore

0

Since a(F) < 2, without loss of generality we can assume that

ey
max{1l,r"~1} —

o0 (E) <

for a constant £(n) to be suitably chosen in the proof. Since E is bounded and r-convex we have
E = co,(F) and thus we can consider the sets Fyy introduced in the proof of Lemma and in
Remark (see (2.6)). We have |Fy| > |B1| and, for N large enough,

5T(FN) < nmi% <l1. (33)

Defining
W(s)i= P(Gy) = P(Brp +s),  Gsi= Ex+B,, s (0r),
it follows by Lemma [3.2] applied to Fy that

C(n) max{r, T‘FN}"_2 or(Fn) > 71“/(; v (s)ds, Yn(s) > ¢(n)diso(Gs) |Gs | n=D/n vy e (0,7).

Since rg, — rg = 1, there exists s < £(n) min{1, r} such that

C(n) max{L,r" "} 6,(Fiy) = 1 (s) > e(n) 5o Go)| Gl "™ > () B7(G)? |G|/,
(3.4)
where in the last inequality we have used (1.14]). Up to a translation we assume that

|GsAB, y>2 1 Y12 e
* Gs 2 — Gs / _ 7 dHn 1 .
F(Ge) < G| MR . e ) |y|‘ y

Let us notice that

o Fy = |J (Brnz)u () B,(w) noBx)

iEIN ’LEIN
with
viy(x) = —% , Hr lae. on *FyNY;,
(2
x
vpy(x) = =k H" lae. on O*Fy NOBg.

Recalling that R > 1, we see that map T : 9" Fy — 0*G, defined as
T(z) :=x+ svpy(z) Ve e 0 Fy,
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is injective and satisfies
T(z) =T 1-Cs/r Va,y € BRN " Fy
ve,(T(@) = viy(@) O TWL {

|z — y| 1-Cs/R Vo, y € 0BRNO Fy .

Since s < g(n) min{l,7} we thus find that the tangential Jacobian JT : 9*Fy — R of T along
O0*Fy satisfies JT > 1/2, and thus by the area formula

Y I? am T(x) | n—1
ve o) = L a2 [ e (@) - o aT@an
/8*6‘3 ‘ ylt O Fx |T(x)] ’
1 / ‘ T(x) 2 -1
> = Viy (T) — dH? (3.5)
2 Jormy T T(x)]
Now it is easily seen that if |e| = 1 and |z| > 2s > 0, then
z z+se z z
N Py (LR E (Y
= sl <O min{[g b |+ )
Hence, by taking z = z + svp, (v) = T'(x) and e = —vp, (), we find that
x T(z) ‘ T(z)
— — §C(n)’ —vp (a:)‘ Ve e 0 Fy,|z| > 3s. (3.6)
[ |T(2)| T "

We now split the argument in two cases.

Case one: We assume that |z| > 3s for H" '-a.e. x € 9*Fy and for infinitely many values of

N. In this case, combining (3.6) with (3.4) and (3.5)) we obtain
2
C(n) max{1,7"" '} 6,(Fy) 2/ ‘VFN@:) -~ ;'] Ay > |Fy| 0 B(Fy)?

o*Fn
that is, by ,
C(n) max{1,7" '} 6,(Fy) > |Fn|™ /" a(Fy)?.

Since |Fn| — |E| = |Bi1| as N — oo, we conclude by (2.7)) that
C(n) max{1,7r" '} 6,.(E) > |By|" V" a(E)? > ¢(n) a(E)?.
This completes the discussion of case one.
Case two: We assume that, for every N large enough,
H" 1 (0*Fy N Bs,) > 0. (3.7)
Combining (3.4)), (3.5)), and (3.6]), one finds
2
/ vy (@) - %" dH2 ™ < 21" (9" Fy N Byy) + C(n) max{L,r" '} 5,(Fy).  (3.8)
O*Fn

Also, it follows by (3.7) that there exists € Fy N Bss. Thus, since Fy = co,(Fy), it follows
by (2.3)) that , provided £(n) is small enough,

H" (9" Fn N Bsy) < H" 10" Fy N Bgs(z)) < C(n) s" L. (3.9)
We now claim that (3.7)) implies
z |2 n—1 n—1
’ygs (x) — —’ dHy " >c(n)s" . (3.10)
9*Gs ||
Notice that, if we can prove (3.10), then combining that estimate with (3.4]), (3.9)), and (3.8),

we get

2
/ ‘VFN (x) — i‘ dH! < O(n) max{1,r" '} §,(Fy),
O*Fn "CL'|
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which allows us to conclude as in case one. Hence, to conclude the proof is enough to prove
(13.10).
To this aim we first notice that, setting for the sake of brevity o :=rq, (so that ¢ > rp, >

rp = 1), then (3.3)) and (3.4) imply that

|B, \ Gs| < |GsAB,| < v/e(n)|By| .- (3.11)
Next we notice that there exists a ball Bs(zg) such that
Bs(z0) C (G5)°N Bgs - (3.12)

Indeed, implies the existence of zy € 0*Fn C 0Fn with |zg| < 3s. Since Fy is r-convex
there exists By(yo) C (Fn)¢ such that |xg — yo| = r. Since B,_s(yo) C (Gs)¢, |yo — xo| = r, and
|zo| < 3s, we can easily find 2o such that (3.12) holds.

Now let 7 € (0, 1) be a parameter to be fixed later on and let e = zg/|zo| if 29 # 0, or e = €1
if z9 = 0. Let us consider the spherical cap

Y= {:c € 0Bs(2p) : * = zo + sv with v - e = cosa for some |a] < 7'}.

Given x € X, let
x Ju—

t(x) = inf{t> 0:20+t 0 ¢ 8*GS},

s
so that t(x) € (s, 00|, and let
Xr= {xEZT:t(:U) <O‘—6S}.
In this way the map 9 : ¥ — R" defined as
t(x
P(x) =29 + (s)(x — 2p) xr € X

satisfies ¥(X%) C B, N 0*G5 with

ugs(zp(x)).xjo <0, Vzex:, (3.13)
and a Taylor’s expansion gives
‘ V@) T2 c0r waewr (3.14)
()| 5
Hence, if y € X%, then by (3.13)) and (3.14)
1‘ y |2 Y(z) 1
Slvey) — | =1-va.(4(x))- >21-Cr=>3
2 [yl ()| 2
(see Figure , therefore
Y 2 n—1 n—1 *
v, (y) — | dHyT = HT(ET). (3.15)
G, [y
On the other hand we have
T — 2

Z = {Zo +1

so it follows by (3.11)) that
n 708 n— n— ET \ E;k' (U — 68)n n— *
Cny e =121 = [ e (S ) ap = e

that is H* L2, \ XF) < C(n) /e(n) s L. Since H* 1(X;) > c(n,7)s" L, choosing ¢ small
enough we conclude that H"~1(X*) > ¢(n) s" !, that combined with (3.15]) concludes the proof
of (B-10). 0

:erT\Ei,te(O,S—Gs)}CBO—\GS,
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FIGURE 3. On the part of G, that is accessible to rays from zo through X, the normal
vg, is far from z/|z|.

4. A STABILITY ESTIMATE FOR 7/rp LARGE

We now address the case when r/rg is large.

Theorem 4.1. There exists C(n) such that if E is a measurable set with 0 < |E| < oo and
r > C(n)rg, then
C(n)6,(E) > a(E)*.

The argument exploits the notion of sets of positive reach and the corresponding Steiner’s
formula. Let us recall that if » > 0 and E is a closed subset of R", then F has positive reach r
if for every z with dist(x, ) < r there exists a unique closest point to z in E. This property
allows one to exploit the area formula to deduce that P(E + By) is a polynomial for s € [0, 7].

Theorem 4.2 (Federer [Fed59]). If E has positive reach r, then s — P(E + By) is a polynomial
of degree at most n — 1 on the interval [0,7].

A second tool used in our argument is the following elementary lemma.

Lemma 4.3. If p is a non-negative polynomial on [0,1], then

1
/ p(x) dz > cp(0)
0
where ¢ is a positive constant depending only on the degree of p.

Proof. Let us assume without loss of generality that p(0) = 1 and set N = deg(p). Let o > 0 be
the largest slope such that ax < p(z) for every x € [0, 1]. Since p(z) — ax and p(x) are both
non-negative polynomials on [0, 1] with same value at = = 0, we can replace p(z) with p(z) —ax.
In doing so we gain the information that our polynomial has either a zero at x = 1, or a zero
of order at least two at x = a for some a € (0,1). In particular, either p(z) = ¢(x) (1 — z) or
p(z) = q(z) (x — a)?, where ¢ is a non-negative polynomial in [0, 1] with ¢(0) > 1 and degree
strictly less than the degree of p. By iterating the procedure we reduce ourselves to the case
where, for some 0 < k < N/2,

k
p(e) = (=) [ —a)?.
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where {a;}%_; € (0,1) and ¢ > 1 (since p(0) > 1). In particular,

(b1,...,bn)€[0,1]V

1 1 N
/ p(x)dr > min f(b1,...;bN), where  f(b1,...,bN) ::/ H\x—bﬂdm.
0 0 =1

Clearly f is continuous and strictly positive on [0, I]N . By compactness,

i bi,....,b5y) > ¢c(N),
(bh_._’gl)ré[o,lwf(l ~N) > ¢(N)

and the proof is complete. ]
We are now ready to prove Theorem

Proof of Theorem [{.1. We can directly assume that E is r-convex with
|E|=[Bif, 6(E)<1l, r=C(n)=>1.

We claim that
E has positive reach 1. (4.1)

This claim allows one to quickly conclude the proof. Indeed, it follows by Theorem that, for
s < 1, the perimeter deficit yg(s) is a nonnegative polynomial of degree at most n — 1, so we
can apply Lemma [4.3] to conclude that

1
B+ Bil = Bl = [ ps)ds = () 1(0).
0
In particular, applying (1.7 we obtain

‘E + Bﬂ > |BQ’ + c(n) a(E)2 > ’BQ+c(n)a(E)2‘7

since a(F) < 2. Since r > 1 by assumption, it follows from the Brunn-Minkowski inequality
that

|E+ By =|(E+ B1) + Br—1| = (|IE+ Bi|""" +|Br—a"™)" = |Biirse(n) a(i2y?]

hence

5:(E) > e(n) 1 _: —a(B)? > c(n) a(E)?,

which is the desired inequality. Hence, we are left to prove (4.1)). Before doing so, we first make
some comments about the argument we just showed.

Remark 4.4. The proof above works for any set E with reach min{1,r}, for any » > 0. In
particular, it proves the main theorem in the case that E' is convex. In the case when 7 is small
one has that

Cn) 6.(E) > 1/(: v (s) ds.

r
Since the integrand is a positive polynomial for s < 7, the result follows immediately from

Lemma and inequality .

Note however that, given a bounded set E, for small  we cannot affirm that co,(E) has
reach r. Take for example B> minus two small balls of radius 2r whose centers are at distance
4r — § with § < r. Then this set coincides with its r-envelope, but has reach that goes to 0 as
0 — 0.

Remark 4.5. Our technique also gives an alternative proof of sharp stability for Brunn-
Minkowski in the case that F and F are both convex. In this case one uses the existence
of a Steiner polynomial for a certain weighted perimeter of E + sF' (see [BZ80]), and the sharp
quantitative anisotropic isoperimetric inequality [EMP10].
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We now prove (4.1)). We achieve this in five steps.

Step one: We prove that diam(E) < R(n) for some R(n). Indeed given two points x,y € E, we
find

|E + B,| > |B,(z) UB,(y)| > |Br|min{1 + co(n) = ; y’jz} .

Since r > 1 and thus /(1 +17) > 1/2, we get

5(E) > max {7‘, i} (W - 1) (4.2)

1 : |.’L’—y| 1/m 1/n
22<m1 {r(1+co(n)r) 20/ s =1 —1 | .

If the minimum in the right hand side was achieved by 2%/"r then we would find 26,(F) >
(21" —1) r—1 > 2 provided r > C(n) for C(n) large enough, which is impossible since §,(F) < 1.
Thus we must have that

—yI\1/ _
(1 + co(n) u) ! <2Um thatis co(n) 2=yl <1.
T T

Since (1 + 5)/" > 1+ ¢(n) s for every s € (0, 1), we deduce that

— 1/n
7“<1+co(n)lmryl> —1—r>c¢n)|z—yl -1,

hence it follows by (4.2)) that c(n) |z —y| <14 26,(F) < 3, as desired.

Step two: By step one it follows that, up to a translation, £ C Bp,). We now prove that (after
possibly another translation)
Br(n) cCFk

for some r(n) > 0.

Let co (E) denote the convex hull of E. By John’s lemma there exists an affine transforma-
tion L : R™ — R” such that

By C L(co(E)) C By, .

Since co (E) C Bpy) and |E| = |Bi| < |co(E)| we deduce that Lip L ,Lip L~ < C(n). In
particular, up to a translation, we deduce that

Br(n) C co (E)

for some 7(n) > 0. We now claim that if r > C(n) for C(n) large enough, then B, (,)/» C E too.
Indeed, if not, there exists x € E°N B,y /2. Since £ is r-convex, this means that x € B,(y)
for some B,.(y) C E¢, which implies that (after possibly replacing R(n) by 2R(n))
r(n)

E C Bgrmy \ Br(y) where |y| <r+ —5 (4.3)

Since r > C(n) and |y| < r 4+ r(n)/2, we can pick C(n) large enough with respect to r(n) and
R(n) to ensure that

n Y 2r(n
BR(n)\Br(y)C{zeR ;Z.mg ?E )}.

Recalling (4.3)), this implies that

against B,(,) C co (E) (see Figure {4).
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y

FIGURE 4. If r is large and an exterior ball B,(y) intersects B,.(n)/2, then B,.(y) is not
in the convex hull of E.

Step three: We claim that there exists d(n) € (0,1) with the following property: for every two-
dimensional plane IT through the origin and each = € IINJE, there exists a disk of radius §(n) r
contained in II N E° whose boundary contains x.

Indeed, let B;(z) be an exterior tangent ball to E that touches x. Choose coordinates so
that II is the e, e plane. By rotations in II and then in its orthogonal complement, we may
assume that z = zje; + zpe,, with 2; > 0. Since B,(2) N B, (,) = 0 (by Step two) we have

Z% + zg > (r+ T(n))2.
On the other hand, since = € BRr(n) we know 0B, (z) intersects the x; axis at some point ae;

with r(n) < o < R(n). We thus have

(z1 —a)? + 22 =12

Combining these we obtain
2rr(n) +r(n)2 +a® _ r(n)
> .
= 2 ” R(n)r
Note that B,(z) NIl is a disc of radius z; — « centered on the z; axis, and by the above we have
r(n) _ R(n) r(n)
o> _
ama=r <R(n) r ” 2R(n) "
provided r > 2R(n)?/r(n), which proves our claim (see Figure |5).

Step four: We show that OE N1l is a radial graph for any two-plane II through the origin.
Indeed, recall that B,.(,) C E. Follow a ray from the origin in II until the first time it hits &
at some point € Br(y). By the previous step we know that there is an exterior tangent disc in
IT of radius d(n)r whose boundary contains z. Using that this disc does not intersect B,.(,y NI
and similar arguments to those in the previous step, one concludes that the radial line segment
from x to OBp(y) is in £ if r is sufficiently large, and since E C Bp(,) the claim is established.

Step five: We finally prove . In view of the previous steps we may take r large so that, after
a translation, B,,) C E C Bp(y), and O restricted to any two-plane is a radial graph with
external tangent circles of radius 2.

Assume by way of contradiction that £ does not have reach 1. Then there is some exterior
tangent ball of radius less than 1 touching OF at two points y; and ys. Let II be the two-plane



SHARP QUANTITATIVE CONCENTRATION INEQUALITY 17
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FIGURE 5. When we restrict to a plane, F has exterior tangent circles of radius com-
parable to r.

containing y; and the origin, and choose coordinates so that II is the e1, es plane. Then there
is an exterior tangent disc of radius less than 1 touching OE N1I at y; and y3. Denote by Dy(x)
the disk in IT of radius t centered at x. Up to a rotation in II, we can assume that both y; and
Y2 touch an exterior tangent disc Dy, (Be1), with tg < 1 and 8 > tg +7(n) (since B,y C E).

Now, let S be the sector in II bounded by the rays from the origin through y;, and let C
be the radial graph given by the left part of 9Dy, ((to + s)e1) NS, for 0 < s < 5 — ty. Note that
Cs C ENTI for all s small (since B,(,y C ). Furthermore, the endpoints of Cs on 95 are in F
for all 0 < s < 5 —tg since OE NI is a radial graph. Since Dy,(fe;) is exterior to ENII, we can
increase s until Cj first touches OF N II for some 0 < s9 < f — tg. (In particular, Cy C ENII
for all 0 < s < sgp.) Hence, this proves the existence of a point y3 # y1, y2 which belongs to
Cs, NOE.

Since y3 € OF, we know that there is an exterior tangent disc of radius 2 whose boundary
contains y3. On the other hand, since ¢y < 1, any such disc will contain points in Cs for some
s < sp, a contradiction that concludes the proof (see Figure @

O
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