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1 Introduction

In this paper, we study the evolution of plane curves by curve-shortening and the evolution
of Riemannian metrics on surfaces and three-manifolds under the Ricci flow. We focus on
global theorems concerning the long-time existence and asymptotic shape of solutions. The
results we describe have all appeared in research papers, and they are included because the
author believes them integral to the exposition.

A one-parameter family of closed curves in the plane γ(t) is said to evolve by the curve
shortening flow for 0 ≤ t < T if a parametrization X(·, t) : S1 × [0, T ) → R2 satisfies the
equation

∂

∂t
X = κN (1)

where N is the inward pointing unit normal and κ is the signed curvature. In view of the
first variation formula for arclength in the direction of a variation η, given by −

∫
〈η, κN〉ds,

we see that the curve shortening flow is the gradient flow of length. We derive several basic
and useful facts about curve-shortening in Section 2.

It is easy to verify that a one-parameter family of circles with radius r(t) =
√

2(T − t),
shrinking to a point in finite time T = 1

2
r(0)2, form a self-similar solution to the flow.

However, a self-intersecting curve like a lop-sided figure eight will generally develop a cusp
before it can shrink to a point. We ask under what conditions solutions to the curve-
shortening flow will shrink to points without developing singularities, and what is the limiting
shape of such solutions. The following theorem of Grayson [8] provides a satisfying answer:

Theorem 1. Let ρ and R denote the inradius and circumradius of a simple closed curve,
and let M be an embedded closed curve in the plane. Then the curve-shortening flow will
shrink M to a point in finite time, and M will become asymptotically circular in the sense
that the ratio ρ

R
converges to 1.

We discuss two approaches. The first approach, outlined in Section 3, is to prove the
theorem assuming that M is convex and then prove that embedded curves become convex
in finite time. These together imply Theorem 1. The convex case was proven by Gage and
Hamilton in [6],[5], and [7], and Grayson showed that embedded curves become convex. This
method relies on integral estimates and an interesting isoperimetric inequality known as the
Bonneson inequality. In Section 4 we discuss an alternative approach, taken by Huisken [13],
which is to show that a particular isoperimetric inequality “improves” under the flow thus
ruling out any bad behavior.

In Section 5 we provide the necessary Riemannian geometry background for our treatment
of the Ricci flow. Let M be a smooth manifold of dimension n. A one-parameter family of
Riemannian metrics g(t) on M is said to evolve by the normalized Ricci flow if

∂

∂t
g(t) =

2

n
r(t)g(t)− 2Ricg(t) (2)

where r(t) is the mean of the scalar curvature R at time t. We will see that on surfaces, this
equation reduces to

∂

∂t
g(t) = (r −R)g(t). (3)
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In Section 6, we discuss basic properties of the Ricci flow and derive the evolution equations it
implies for the curvature quantities. We can then address long-time existence and asymptotic
roundness results for the Ricci flow on the two sphere:

Theorem 2. Under the normalized Ricci flow, any metric on S2 converges to a metric of
constant curvature.

There is a striking similarity in the historical development of the curve-shortening flow
and Ricci flow on S2. Again, two approaches were taken. The first approach, outlined in
Section 7, was to prove the theorem assuming that the scalar curvature R is initially positive,
and then to show that R becomes positive in finite time. Hamilton [10] proved the positive
curvature case, and Chow [4] subsequently showed that the curvature becomes positive. This
approach relies heavily on the scalar maximum principle and a peculiar entropy monotonicity
formula. In Section 8 we discuss another approach taken by Hamilton [11] which is again
to show the improvement of an isoperimetric inequality which rules out the formation of
singularities.

Finally, in Section 9 we discuss the Ricci flow on 3-manifolds. In higher dimensions, it is
computationally convenient to consider the unnormalized Ricci flow

∂

∂t
g(t) = −2Ricg(t). (4)

This equation differs from the normalized flow only by a scaling in space and a reparametriza-
tion in time, so it is not difficult to infer results about one from results about the other. We
discuss three critical geometric estimates needed for the following famous theorem of Hamil-
ton [9]:

Theorem 3. Let M be a compact Riemannian 3-manifold which admits a metric of strictly
positive Ricci curvature. Then M also admits a metric of constant positive curvature.

In three-dimensional geometry, the scalar curvature is no longer the only meaningful
curvature quantity, so one must obtain estimates for solutions to systems of equations. The
essential tool developed for this purpose is the tensor maximum principle. Using this, we
prove the preservation of positive Ricci curvature. This enables us to prove a pointwise
pinching estimate for the eigenvalues of the Ricci tensor, and then obtain a bound on the
gradient of the scalar curvature. Equipped with this bound, we can get global pinching of
the eigenvalues of the Ricci tensor, and then sketch the remainder of the proof.
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2 Curve-Shortening Basics

In this section, we establish notation and derive several basic facts about the curve-shortening
flow, including the evolution equations for various geometric quantities and some explicit
solutions. Recall that a family of closed, simple curves γ(t) parametrized by X(u, t) : S1 ×
[0, τ) → R2 is a solution to the curve-shortening flow if it moves by its curvature vector, i.e.

∂

∂t
X = κN

where κ is the signed curvature and N is the inward-pointing unit normal. This implies
evolution equations for various geometric quantities. The quantities of interest for us are
length L(t), the enclosed area A(t) and the curvature κ(u, t). We begin by deriving the
evolution equation for length. Let s be the arclength parameter and let T be the unit
tangent vector, so that ∂

∂u
X = s′(u)T . Then the length is

L(t) =

∫
ds =

∫
S1

〈
∂

∂u
X,

∂

∂u
X

〉 1
2

du.

Differentiating with respect to time and applying the evolution equation, we obtain

∂

∂t
L =

∫
S1

〈
∂2

∂t∂u
X, T

〉
du

=

∫
S1

〈
∂2

∂u∂t
X, T

〉
du

=

∫
S1

〈
∂

∂u
(κN), T

〉
du

where we commuted derivatives because u and t are independent variables. Recall that T and
N are related by the Frenet formulas ∂

∂u
T = s′(u)κN and ∂

∂u
N = −s′(u)κT . The tangential

component of ∂
∂u

(κN) is thus −κ2s′(u). Substituting, we get the evolution equation for
length:

∂

∂t
L = −

∫
κ2ds. (5)

As remarked in the introduction, this is also easily derived from the first variation formula
for length, which implies that if our curves move with normal velocity v the length changes
like −

∫
κvds. We now compute the evolution of curvature. To that end, we take the time

derivative of κN = ∂2

∂s2
X and commute derivatives of t and s in order to use the evolution

equation for X. By the above computation, ∂
∂t
ds = −κ2ds. It follows that

∂

∂t

∂

∂s
=

∂

∂s

∂

∂t
+ κ2 ∂

∂s
.
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Using the commutator rule, we obtain

∂

∂t
(κN) =

∂

∂t

∂2

∂s2
X

=
∂

∂s

∂2

∂t∂s
X + κ2 ∂

2

∂s2
X

=
∂

∂s

(
∂

∂s

∂

∂t
X + κ2 ∂

∂s
X

)
+ κ3N

=
∂2

∂s2
(κN) +

∂

∂s
(κ2T ) + κ3N

=
∂

∂s

(
∂κ

∂s
N − κ2T

)
+

∂

∂s
(κ2T ) + κ3N

=

(
∂2

∂s2
κ+ κ3

)
N − κ

∂κ

∂s
T.

The left hand side can also be written ∂κ
∂t
N+κ ∂

∂t
N , and the time derivative of N is tangential

because N is a unit vector. Equating components, we get the curvature evolution equation

∂κ

∂t
=
∂2κ

∂s2
+ κ3. (6)

We also get the useful information

∂

∂t
N = −∂κ

∂s
T. (7)

We use this to compute the evolution of area. By Green’s theorem, we have 2A =
∫
〈X,N〉ds.

Thus, we compute

2
∂

∂t
A = −

∫ (〈
∂

∂t
X,N

〉
+

〈
X,

∂

∂t
N

〉
− κ2〈X,N〉

)
ds

= −
∫ (

κ− ∂κ

∂s
〈X,T 〉 − κ2〈X,N〉

)
ds

= −
∫ (

κ+ κ(〈T, T 〉+ 〈X, κN〉)− κ2〈X,N〉
)
ds

= −2

∫
κds

= −4π

where we integrated by parts in the third step so that the third and fourth terms cancel.
Hence, area evolves as

∂

∂t
A = −2π. (8)

Remark 1. Suppose that a family of curves parametrized by X(u, t) satisfies the equation
∂
∂t
X = κ(u, t)N + g(u, t)T , so the the normal velocity is still κN . Then we may transform

away the tangential component via a spatial reparametrization u → v(u, t), under which κ
will not change, being a geometric quantity.
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With this remark in mind, we derive an interesting graph solution to the curve-shortening
flow moving by translation with constant speed. Such a solution has the form (x, t+ y(x)),

with velocity (0, 1). For a graph we have N = (−y′(x),1)√
1+y′(x)2

and κ = y′′(x)

(1+y′(x)2)
3
2
. We only require

that the normal component of the velocity is κ, yielding the ODE

y′′(x) = 1 + y′(x)2.

Integrating twice, we get a particular solution y(x) = − log(cos(x)), so our solution to the
curve-shortening flow is

y(x, t) = t− log(cos(x)). (9)

This solution is aptly named the Grim Reaper, and we will use it for comparison purposes
in Section 4.
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3 Convex Curves Shrink to Points

The main theorem of this section is the following:

Theorem 4. If M is a convex curve embedded in the plane, the curve-shortening flow shrinks
M to a point in finite time. M remains convex and becomes circular in the sense that the
ratio ρ

R
approaches 1.

We divide the proof into two parts. In the first part, we prove longtime existence following
the arguments in Gage and Hamilton [7]. This relies mostly on integral estimates. In the
second part, we prove the asymptotic circularity of solutions following Gage [6],[5]. This
section relies critically on an interesting isoperimetric inequality known as the Bonneson
inequality.

3.1 Long-time Existence

The primary advantage of working with convex curves is that we can parametrize by the
angle θ our tangent vector makes with the x-axis. This is the content of the following
theorem.

Theorem 5. The curve-shortening flow for convex curves is equivalent to the following PDE
problem: Find κ : S1 × [0, T ) → R satisfying

1. ∂κ
∂t

= κ2 ∂2κ
∂θ2

+ κ3

2. κ(θ, 0) = ψ(θ) where ψ > 0 and
∫ 2π

0
cos(θ)
ψ(θ)

dθ =
∫ 2π

0
sin(θ)
ψ(θ)

dθ = 0.

Proof. Assume first that we have a solution to the curve-shortening flow, where the initial
curve is convex and closed. Then condition 2 is automatically satisfied. To prove condition 1,
we change variables from (s, t) to (θ(s, t), τ = t). Differentiating with respect to t corresponds
to keeping s fixed, and likewise differentiating with respect to τ corresponds to keeping θ
fixed. By equation 6 the curvature evolves according to the equation

∂κ

∂t
=
∂2κ

∂s2
+ κ3

=
∂2κ

∂θ2

(
∂θ

∂s

)2

+
∂κ

∂θ

∂2θ

∂s2
+ κ3

= κ2∂
2κ

∂θ2
+
∂κ

∂θ

∂κ

∂s
+ κ3.

We can write N = (− sin(θ(t)), cos(θ(t))), so that ∂
∂t
N = −∂θ

∂t
T . Equation 7 then implies

that ∂θ
∂t

= ∂κ
∂s

. Substituting, we obtain

∂κ

∂t
= κ2∂

2κ

∂θ2
+ κ3 +

∂κ

∂θ

∂θ

∂t
.

Finally, by the chain rule, the last term is ∂κ
∂t
− ∂κ

∂τ
, which gives us the desired evolution

equation
∂κ

∂τ
= κ2∂

2κ

∂θ2
+ κ3. (10)
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Conversely, given the function ψ(θ) in condition 2, we may define a curve by x(θ) =
∫ θ

0
cos(z)
ψ(z)

dz

and y(θ) =
∫ θ

0
sin(z)
ψ(z)

dz. It is straightforward to check that this curve is closed (x(0) = y(0) =

x(2π) = y(2π) = 0), has curvature ψ, and is convex (ψ > 0). One may easily check that the
curves represented by κ(θ, t) remain closed by computing

∂

∂t

∫
S1

cos(θ)

κ(θ, t)
dθ =

∂

∂t

∫
S1

sin(θ)

κ(θ, t)
dθ = 0,

a consequence of the evolution equation for κ. Finally, one checks that the curves represented
by κ have normal velocity equal to κ, completing the proof. See [7] for details.

Corollary 1. Convexity is preserved under the curve-shortening flow.

Proof. This is a direct application of the maximum principle. Let ε = inf{κ(θ, 0) : θ ∈ S1}.
By assumption, ε > 0. Let 0 < δ < ε. Suppose by way of contradiction that κ achieves the
value δ for a first time t0 at a point θ0. Then κ(θ0, t) ≥ δ for t < t0, so ∂κ

∂t
(θ0, t0) ≤ 0. In

addition, because this is the first time δ is achieved, κ(θ0, t0) is a local spatial minimum, so
∂2κ
∂θ2

(θ0, t0) ≥ 0. Applying the evolution equation, we obtain

0 ≥ ∂κ

∂t
(θ0, t0)

= δ2∂
2κ

∂θ2
(θ0, t0) + δ3

> 0,

giving us the desired contradiction.

Theorem 6. If κ : S1× [0, T ) satisfies the conditions of Theorem 5 and the area of the curve
it represents is bounded away from 0, then κ is uniformly bounded.

Proof. It will be useful to consider the quantity

κ∗(t) = sup{b : κ(θ, t) > b on an interval of length π}.

Lemma 1. If A is bounded away from 0 on [0, T ), then κ∗ is bounded on [0, T ).

Intuitively, if curvature were as high as we liked on an interval of length π, then since
the curvature has a positive lower bound, we could make the area arbitrarily small. Take
any M < κ∗(t) and translate our domain so that κ(θ, t) > M on [0, π]. Then the distance d
between the points on a curve when θ = 0 and θ = π is given by

∫ π
0

sin θds =
∫ π

0
sin θ
κ
dθ ≤ 2

M
.

It is clear by convexity that A ≤ dL, so combining these two we have M ≤ 2L
A

; since L is
decreasing and A is bounded away from 0, we have that M is bounded. Since M may be
chosen arbitrarily close to κ∗, this proves the lemma. We can now control the integral of the
curvature in terms of κ∗:

Lemma 2. Suppose κ∗ is bounded on [0, T ). Then
∫
S1 log κ(θ, t)dθ is bounded on [0, T ).
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The proof of this lemma is an integral estimate relying on the Wirtinger inequality.
Applying the evolution equation and using integration by parts, we obtain

∂

∂t

∫
S1

log κdθ =

∫
S1

{κ2 −
(
∂κ

∂θ

)2

}dθ.

Fix t, and let O = {θ : κ(θ, t) > κ∗(t)}. Note that O is open, so we can write it as a
countable disjoint union of open intervals Ik of length less that π. Note that κ− κ∗ = 0 at
the endpoints of the Ik. Extending this function to be 0 on an interval of length π containing

Ik and translating, we can take its Fourier series
∑

sinnθ and apply Parseval’s identity to

get the estimate ∫
Ik

(κ− κ∗)2dθ ≤
∫
Ik

(
∂κ

∂θ

)2

dθ

which we can rearrange to obtain∫
O

(
κ2 −

(
∂κ

∂θ

)2
)
dθ ≤ 2κ∗

∫
O

κdθ

≤ 2κ∗
∫
S1

κ2ds

= −2κ∗
∂L

∂t
.

Away from O, the curvature is bounded above by κ∗. Using this and the above estimate, we
obtain

∂

∂t

∫
S1

log κdθ =

∫
S1

{κ2 −
(
∂κ

∂θ

)2

}dθ

≤ 2π(κ∗)2 − 2κ∗
∂L

∂t

Integrating and using that κ∗ is bounded, we see that
∫
S1 log κdθ remains bounded on [0, T ).

This integral estimate tells us that κ can only be large on small intervals; more precisely,
for every δ > 0, there exists a constant C(δ) such that κ(θ, t) ≤ C except on intervals of
length less that δ. Indeed, if this were not true, we could find some δ a sequence of intervals
In of length δ on which κ ≥ n, which would imply

∫
S1 log κdθ ≥ δ log n+(2π−δ) log κmin(0),

using the above maximum principle estimate. This is a contradiction for n large.
Knowing that κ can only be large on small intervals, we can control κmax if we bound

the derivative ∂κ
∂θ

. For δ > 0, we know that κ ≤ C(δ) except on intervals of length less than
δ; fixing t, suppose κmax(t) = κ(θ0, t) lies on such an interval, i.e. θ0 ∈ [a, b] with b− a ≤ δ.

Extend [a, b] so that κ(a, t) = C. Then we have κmax(t) = C(δ) +
∫ θ0
a

(
∂κ
∂θ

)
dθ. We may

10



estimate the right hand side using the following computation:

∂

∂t

∫
S1

(
κ2 −

(
∂κ

∂θ

)2
)

=

∫
S1

(
2κ
∂κ

∂t
− 2

∂κ

∂θ

∂2κ

∂t∂θ

)
dθ

= 2

∫
s1

∂κ

∂t

(
κ+

∂2κ

∂θ2

)
dθ

= 2

∫
s1
κ2

(
κ+

∂2κ

∂θ2

)2

dθ

≥ 0.

Integrating gives us
∫
S1

(
∂κ
∂θ

)2
dθ ≤

∫
S1 κ

2dθ + D for some D > 0. We can now control the
integral of ∂κ

∂θ
in terms of κmax(t), which does not depend on δ. Applying Cauchy-Schwartz,

we obtain

κmax(t) = C(δ) +

∫ θ0

a

(
∂κ

∂θ

)
dθ

≤ C(δ) +
√
δ

(∫
S1

(
∂κ

∂θ

)2

dθ

) 1
2

≤ C(δ) +
√
δ

(∫
S1

κ2dθ +D

) 1
2

≤ C(δ) +
√
δ
(
2πκmax(t)

2 +D
) 1

2

≤ C(δ) +
√

2πδκmax(t) +
√
δD.

For δ sufficiently small we thus have κmax(t) ≤ 2C(δ) for all t ∈ [0, T ), proving the theorem.

Equipped with an upper bound on κ, we can control all the higher derivatives of κ:

Theorem 7. If κ is bounded, then all higher derivatives of κ are bounded.

The proof of this theorem relies on integral estimates similar to those used above; for
details, refer to [7]. We can now show that convex curves shrink to points under the curve-
shortening flow without developing singularities.

Theorem 8. Convex curves shrink to points.

Proof. We assume short-time existence and uniqueness of solutions; see for instance Gage
and Hamilton. If A is bounded away from 0 on [0, T ), then the previous two theorems imply
that κ has a smooth limit as t approaches T , so we can extend the solution past T .

3.2 Asymptotic Circularity

Knowing that convex curves shrink to points, we turn our attention to the asymptotic
global shape of convex solutions to the curve-shortening flow. It is reasonable to believe,
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based on examples, that solutions become circular. The idea is to compare the inradius
ρ and circumradius R of our curves. The following isoperimetric inequality, known as the
Bonneson inequality, is particularly useful for such comparisons:

Theorem 9. A closed, convex curve γ in the plane satisfies

rL− A− πr2 ≥ 0

for r ∈ [ρ,R] and
L2 − 4πA ≥ π2(R− ρ)2.

Proof. We first give a proof of the theorem for convex polygons, due to Osserman [16]. Let
P be a convex polygon of length L in the plane bounding a region D of area A. Now let
P (t) be the curve consisting of points a distance t from D, and denote by D(t) the region it
bounds, A(t) its area, and L(t) its length. Since P is convex, we obtain P (t) by translating
the sides of P out by distance t and connecting them by circular arcs. Hence,

A(t) = πt2 + Lt+ A.

If t ∈ [ρ,R], then by the definition of ρ and R, any circle of radius t with center in D(t)
must have nonempty intersection with P . Consider the regions

Ek = {p ∈ D(t) : Ct(p) intersects P in k points}

with areas Ak. We claim that ∑
k

kAk = 4tL.

Observe that for a closed polygon, the centers of those circles of radius t which intersect P
an odd number of times must have tangential intersections, and these form a set of measure
zero in the plane, so we may ignore odd indices. It would follow, then, from this equation
that

2A(t) = 2(A2 + A4 + ...) ≤
∑
k

kAk = 4tL

and, substituting our equation for A(t), we can simplify to get

tL− A− πt2 ≥ 0

as desired.
The equation

∑
k

kAk = 4tL actually holds for all polygons. We proceed inductively. If

P is a line segment, then D(t) decomposes into three parts: First, the region E1 consisting
of two disks of radius t centered at the endpoints of P minus their intersection E0, and the
region E2 consisting of those points outside both disks but inside the rectangle of length L
and width 2t bisected by P . We then have A1 = 2πt2−2A0 (the region E0 is double counted)
and A2 = 2tL− πt2 + A0 (the region E0 is subtracted twice), giving the desired conclusion.
For the inductive step, notice that by adding on another line segment, we can simply add
the segment inequality to the assumed inequality. The right hand side 4tL is correct, and
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where the new regions intersect the old ones, they add 0, 1 or 2 to k, yielding the correct
formula on the left hand side.

Finally, note that every smooth convex curve γ can be approximated arbitrarily well by
convex polygons Pn with lengths Ln → L(γ) and areas An → A(γ). Since the Bonneson
inequality holds for all of these polygons, it also holds for γ.

Finally, the second Bonneson inequality follows easily by manipulating the first Bonneson
inequality to get

2πρ ≥ L−
√
L2 − 4πA

and
2πR ≤ L+

√
L2 − 4πA,

(implicitly using the isoperimetric inequality), and then subtracting the two.

Remark 2. The above theorem also holds for non-convex curves; it is easy to show the
Bonneson inequality for r = R using the fact that taking the convex hull of a curve doesn’t
change R, but the above technique will not work for ρ, which generally increases when we
take the convex hull. See Osserman [16] for details on how to prove the general case. The
second Bonneson inequality also shows that the isoperimetric inequality becomes an equality
only when R = ρ, i.e. in the case of a circle.

The first theorem hinting towards asymptotic circularity for convex curves is the im-
provement of the standard isoperimetric ratio.

Theorem 10. The isoperimetric ratio L2

A
is decreasing under the curve-shortening flow for

convex curves.

Proof. In view of the evolution equations for L and A, we compute

∂

∂t

(
L2

A

)
=

2L∂L
∂t

A
−
L2 ∂A

∂t

A2

= −2L

A

(∫
κ2ds− πL

A

)
.

Thus, the proof of this theorem boils down to the following lemma;

Lemma 3. A closed, convex curve γ in the plane satisfies

πL

A
≤
∫
γ

κ2ds.

The quantity that will allow us to apply the Bonneson inequality is the length of the
projection of X onto its tangent line, given by p = −〈X,N〉. We can relate integrals of p
and κ using the following relation, obtained via integration by parts:∫

pκds = −
∫
〈X, κN〉ds

=

∫
〈T, T 〉ds

= L.
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Applying Cauchy-Schwartz, we have L2 ≤
(∫

p2ds
) (∫

κ2ds
)
, so the desired conclusion will

hold if we can prove that ∫
p2ds ≤ LA

π
. (11)

The strategy, used in [6], is to prove the conclusion first for convex curves which are symmetric
through the origin, for which the quantity p can be controlled, and then extend this result
to any convex curve using a clever trick. Observe that for convex curves symmetric through
the origin, the breadth of the curve is twice the projection of X onto its tangent line, which
in turn is 2p. By convexity the breadth lies in the interval [2ρ, 2R], so p lies in the interval
on which we can apply the Bonneson inequality:

πp2 ≤ pL− A. (12)

Integrating, and noting that
∫
pds = 2A by Green’s theorem, the right hand side becomes

LA, proving the theorem for convex curves symmetric through the origin.
Finally, we generalize to all convex curves. In this case, the object is to choose the origin

cleverly. This amounts to choosing it so that we can apply our result for convex curves
symmetric through the origin. Consider the set of line segments that bisect the lamina
bounded by our curve. Each divides γ into two parts, γ1 and γ2, which together with the
segment bound regions of area A

2
. Suppose first that if we choose the center of one of these

segments as our origin, the reflections of γ1 and γ2 through the origin are both convex. Then
by the previous argument, ∫

γi

p2ds ≤ LiA

π

for i = 1,2. Adding the two inequalities together gives the result.
We would like to find a bisecting segment such that the tangent vectors to γ at its

endpoints are parallel, and choose our origin as the center of this segment; this way, we
guarantee that the reflections of both γ1 and γ2 through the origin are convex. The convexity
of γ ensures that we can parametrize by the angle θ of its tangent line. Let X(θ) parametrize
γ, and let A(θ) be the area bounded by X([θ, θ + π]) and the line segment connecting X(θ)
and X(θ + π). Suppose without loss of generality that A(0) ≤ A

2
. Then we must have

A(π) ≥ A
2
, and by the continuity of A(θ) and the intermediate value theorem, there exists

θ0 such that A(θ0) = A
2
, proving the claim.

In the previous section we showed that that convex solutions to the curve-shortening flow
shrink to points. Using this fact and improving the estimates used to prove the monotonicity
of L2

A
, we can show [5] that the isoperimetric ratio must in fact go to that of a circle:

Theorem 11. Let γ(t) be a family of convex curves evolving by the curve-shortening flow
for 0 < t < T . If lim

t→T
A(t) = 0, then the isoperimetric ratio L2

A
approaches 4π.

Knowing that area goes to 0 linearly and that the isoperimetric ratio is bounded below,
it is intuitive in light of the evolution equation for L2

A
that the quantity

L

(∫
κ2ds− πL

A

)
(13)
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should approach 0 along a subsequence of times {ti} approaching T . Indeed, if not, then in
some δ-neighborhood of T , it is bounded below by some ε > 0. It would follow that

∂

∂t

(
L2

A

)
< −2ε

A

= − 2ε

A(0)− 2πt
.

Integrating, we have the isoperimetric ratio bounded above by a multiple of log(A(0)−2πt),
which blows down as t approaches T , contradicting the isoperimetric inequality. The idea is
to exploit this information by obtaining a measure of circularity bounded by the difference
between L

∫
κ2ds and πL2

A
.

To that end, we sharpen our estimate on
∫
p2ds. Last time, we obtained our estimate by

simply integrating the Bonneson inequality. Note that the function rL−A−πr2 is concave,
so it lies above the secant line connecting the graph at ρ and R. Using this fact, we obtain

rL− A− πr2 ≥ (ρL− A− πρ2) + (r − ρ)

(
(R− ρ)L− π(R2 − ρ2)

R− ρ

)
= ρL− A− πρ2 + (r − ρ) (L− π(R + ρ))

= rL− A+ πρR− πr(R + ρ)

≥ 0

for r ∈ [ρ,R]. For convex curves symmetric through the origin, p satisfies this condition.
Integrating and noting that

∫
pds = 2A, we get a better estimate for the integral of p2:

LA− π

∫
p2ds ≥ AL

(
1 +

πρR

L
− 2π(ρ+R)

L

)
.

Denote by G(γ) the expression in parentheses, so that
∫
p2ds ≤ AL

π
(1 − G). Observe that

if G(γ) = 0 then our secant line is on the r-axis. This tells us that Bonneson’s inequality
is sharp at ρ and R, from which it follows that γ is a circle. Like before, we apply Cauchy-
Schwartz to estimate κ, getting an inequality better by a factor of 1−G:

(1−G)

∫
κ2ds ≥ πL

A
.

We can rearrange this and multiply by L to take advantage of the geometric information
contained in G, getting

L

(∫
κ2ds− πL

A

)
≥ GL

∫
κ2

≥ G
πL2

A
≥ 4π2G

where we applied the weaker inequality for
∫
κ2 in the second line and the isoperimetric

inequality in the third. By our previous result, G goes to 0 at a subsequence of times
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approaching T . Since G is invariant under rescaling of the plane, it is not difficult to show
(see, for example, Gage [5]) that the normalized laminae

√
π
A
γ(t) converge to the unit disk.

Since the isoperimetric L2

A
is also invariant under rescaling, it must converge to 4π.

To extend this result to arbitrary convex curves, one may use the same origin-choosing
trick as before, i.e. take the center of a bisecting segment chosen such that the tangent vectors
at its endpoints are parallel, and reduce to the previous case by reflecting the resulting regions
over this origin.

Corollary 2. The ratio ρ
R

converges to 1.

Proof. By the Bonneson inequality and the inequality πR2 > A,

L2

A
− 4π ≥ π2(R− ρ)2

A

=
π2R2

A

(
1− ρ

R

)2

≥
(
1− ρ

R

)2

.

The left hand side converges to 0 by the previous theorem, proving asymptotic circularity.

Remark 3. The convergence of ρ
R

to 1 can be considered “C0” convergence to the circle.
By generalizing our definition of κ∗ from the longtime existence section to any angle and
obtaining a geometric estimate, one can also show that the ratio of maximum to minimum
curvature approaches 1, a type of “C2” convergence. See [7] for a proof.
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4 Embedded Curves Shrink to Points

Grayson [8] proved that under the curve-shortening flow, embedded curves become convex.
This result combined with the previous section would prove Theorem 1. However, here we
discuss a shorter approach, taken by Huisken [13]. The idea is to identify an isoperimetric
ratio which improves under the flow, ruling out all the ways singularities can form. We
do not address the classification of singularities, which are closely connected to self-similar
solutions such as the Grim Reaper, but we give the relevant results and references where
they are needed.

Let X : S1 × [0, T ] → R2 be a smooth embedded solution of the curve-shortening flow.
Let d be the extrinsic distance between two points on a curve, and let ψ be the distance
between two points on a round circle of the same length with the same intrinsic distance l
between points. Note that ψ is the same regardless of which intrinsic distance we choose, so
it is well-defined; by elementary geometry, one obtains ψ = L

π
sin( l

L
π).

Theorem 12. The minimum of d
ψ

on S1 is nondecreasing, and is strictly increasing unless
d
ψ

is identically 1.

The strategy is to control the time derivative by applying the vanishing of first variations
and nonnegativity of second variations at a local spatial minimum. To that end, we derive
the spatial variation formulas. Since these are computed at a fixed time, we can parametrize
our curve by arclength, F (s). Suppose our minimum occurs at (p, q), and define ω as the
unit vector in the direction of F (p)− F (q). Let

da,b,ε = ‖F (p+ aε)− F (q + bε)‖

and

ψa,b,ε =
L

π
sin

(
l(p+ aε, q + bε)

L
π

)
.

We then compute
d

dε
|ε=0da,b,ε = 〈ω, aT (p)− bT (q)〉,

d2

dε2
|ε=0da,b,ε = 〈ω, a2κN(p)− b2κN(q)〉+

1

d
‖aT (p)− bT (q)‖2 − 1

d
〈ω, aT (p)− bT (q)〉,

d

dε
|ε=0ψa,b,ε = (a− b) cos

(
l

L
π

)
,

and
d2

dε2
|ε=0ψa,b,ε = −π

L
(a− b)2 sin

(
l

L
π

)
= −(a− b)2π2

L2
ψ.

For the first variation, take a = 1 and b = 0 to get

0 =
d

dε
|ε=0

d

ψ

= 〈ω, T (p)〉 − d

ψ
cos

(
l

L
π

)
.
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By taking a = 0 and b = 1, one obtains the same formula replacing T (p) by T (q), so we have
the useful relation

〈ω, T (p)〉 = 〈ω, T (q)〉 =
d

ψ
cos

(
l

L
π

)
. (14)

The tangent vectors have unit length, so T (p) + T (q) is perpendicular to T (p)− T (q) which
is in turn perpendicular to ω, hence T (p) + T (q) is parallel to ω. We exploit this fact in the
second variation by taking a = 1 and b = −1. In this case, the last two terms in the second
variation formula for d cancel because 〈ω, T (p) + T (q)〉 = ‖T (p) + T (q)‖, so

d2

dε2
|ε=0d = 〈ω, κN(p)− κN(q)〉.

By equation 14, we have
d

dε
|ε=0d =

2d

ψ
cos

(
l

L
π

)
and using the variation formulas above we have

d

dε
|ε=0ψ = 2 cos

(
l

L
π

)
and

d2

dε2
|ε=0ψ = −4π2

L2
ψ.

Putting it all together and applying the nonnegativity of the second variation, we obtain

0 ≤ d2

dε2
|ε=0

d

ψ

=
1

ψ

d2

dε2
d− 2

ψ2

d

dε
d
d

dε
ψ +

2d

ψ3

(
d

dε
ψ

)2

− d

ψ2

d2

dε2
ψ

=
1

ψ
(〈ω, κN(p)− κN(q)〉)− 2

ψ2

(
4d

ψ
cos2

(
l

L
π

))
+

2d

ψ3

(
4 cos2

(
l

L
π

))
− d

ψ2

(
−4π2

L2
ψ

)
=

1

ψ
〈ω, κN(p)− κN(q)〉+

4π2

L2

d

ψ
.

We will use these estimates to control the time derivative of d
ψ

at the local spatial minimum
and prove Theorem 12.

Proof. Using the evolution equations for our curve, l, and L, we obtain

d

dt
d = 〈ω, κN(p)− κN(q)〉

and
d

dt
ψ = −ψ

L

∫
S1

κ2ds− cos

(
l

L
π

)∫ q

p

κ2ds+
l

L
cos

(
l

L
π

)∫
S1

κ2ds.
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Putting these together, we get the evolution equation

d

dt

(
d

ψ

)
=

1

ψ
〈ω, κN(p)− κN(q)〉

+
d

ψ2

(
ψ

L

∫
S1

κ2ds+ cos

(
l

L
π

)∫ q

p

κ2ds− l

L
cos

(
l

L
π

)∫
S1

κ2ds

)
.

For the first term, we apply our second variation inequality and rearrange terms to get

d

dt

(
d

ψ

)
≥ −4π2d

L2ψ
+

d

Lψ

∫
S1

κ2ds

(
1− l

ψ
cos

(
l

L
π

))
+

d

ψ2
cos

(
l

L
π

)∫ q

p

κ2ds.

Now, without loss of generality, l
L
π < π

2
, choosing the correct direction from p to q. It follows

that l
ψ

cos
(
l
L
π
)

= lπ/L
tan(lπ/L)

< 1, so the second term is positive. Applying Cauchy-Schwartz

and the fact that
∫
S1 κds = 2π, we have

∫
S1 κ

2ds ≥ 4π2

L
. When we substitute this inequality

into the above differential inequality, the first term cancels with part of the second, yielding

d

dt

(
d

ψ

)
≥ d

ψ2
cos

(
l

L
π

)(∫ q

p

κ2ds− 4π2l

L2

)
.

We can apply Cauchy-Schwartz again to get
∫ q
p
κ2ds ≥ (

R q
p κds)

2

l
. The integral

∫ q
p
κds is the

angle β between T (p) and T (q). This yields

d

dt

(
d

ψ

)
≥ 4d

lψ2
cos

(
l

L
π

)((
β

2

)2

− π2l2

L2

)
.

Finally, by our first variation formula, cos
(
β
2

)
= d

ψ
cos
(
l
L
π
)
. At a spatial minimum, we

must have d
ψ
≤ 1, where equality holds if and only if our curve is a circle. Note that β ≤ π,

because otherwise, we could perturb p and q to reduce d and increase l, contradicting the
assumption that we are at a spatial minimum of d

ψ
; the previous two inequalities then imply

that
β

2
≥ l

L
π.

Hence, our differential inequality becomes

d

dt

(
d

ψ

)
≥ 0

with equality only if our curve is a circle, as desired.

Initial embeddedness gives us a positive lower bound on d
ψ
, which rules out all of the

ways singularities can form. Let T be the maximal time interval on which a solution exists.
In the case that the curvature times the time to blowup remains finite, Huisken [12] proved
the following:

19



Theorem 13. If lim sup
t→T

‖κ(·, t)‖∞(T − t) < ∞ then our curve is asymptotic to a homoth-

etically shrinking solution.

The following theorem of Abresch and Langer [1] then proves that the curve is asymptotic
to a circle:

Theorem 14. The only embedded homothetically shrinking solution to the curve-shortening
flow is the circle.

In the other case, Altschuler [2] obtained the following characterization:

Theorem 15. If lim sup
t→T

‖κ(·, t)‖∞(T − t) = ∞ then there exists a sequence of points and

times (pn, tn), with tn → T , such that a limit of rescalings along (pn, tn) converges to the
grim reaper.

Note that the quantity d
ψ

is invariant under rescaling of the plane. The Grim Reaper

can be written y(x, t) = t− log cos(x); by taking horizontal secant lines progressively higher,
we can make d

ψ
arbitrarily small. The above result rules out this type of behavior, proving

theorem 1.
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5 Riemannian Geometry Basics

In this section we introduce the basic concepts from Riemannian geometry necessary for
our treatment of the Ricci flow. We emphasize results useful for the intense computations
involved in Ricci flow theory. Most of this material was gleaned from Brendle [3], Milnor
[14], and O’Neill [15].

Let M be a smooth manifold of dimension n. Denote the space of smooth vector fields
on M by X (M), its dual space of one-forms by X ∗(M), and the space of smooth functions
on M by F(M).

5.1 Tensor Calculus

In this section we develop tensor calculus on Riemannian manifolds. We begin by defining
tensors, and discuss a natural way to differentiate these objects when a metric structure is
introduced.

Definition 1. An (r, s) tensor is a map T : X ∗(M)r×X (M)s → F(M) which is multilinear
over F(M), i.e. for any one-forms α1, ..., αr and vector fields X1, ..., Xs,

fT (α1, ..., αr, X1, ..., Xs) = T (α1, ..., fαi, ..., αr, X1, ..., Xs)

= T (α1, ..., αr, X1, ..., fXj, ..., Xs).

Linearity over functions makes an (r, s) tensor T a pointwise object in the sense that
at a point p, T (α1, ..., αr, X1, ..., Xs)(p) depends only on the values αi(p) and Xj(p). We
refer to this property as tensoriality. In local coordinates, we denote by T i1...irj1...js

the tensor
components T (dxi1 , ..., dxir , ∂j1 , ..., ∂jn).

A Riemannian metric tensor g on a smooth manifold M is a symmetric, positive-definite
tensor of type (0, 2). From now on, we equip M with a Riemannian metric and denote it by
(M, g). Note that one-forms are (0, 1) tensors and vector fields are (1, 0) tensors. We will
now discuss how to differentiate vector fields and one forms in a way that interacts well with
the metric structure on M .

Definition 2. Let X and Y be smooth vector fields on M . A connection for M is a mapping
D from X (M)×X (M) to X (M), sending (X, Y ) to a vector field we denote by DXY , with
the following properties:

1. R-linearity in Y : DX(aY + bZ) = aDXY + bDXZ

2. F(M)-linearity in X: DfX+gZY = fDXY + gDZY

3. Leibniz rule: DX(fY ) = fDXY + (Xf)Y

A priori, there are many possibilities for a connection on M . The Riemannian metric g
allows us to select a unique preferred connection.

Theorem 16. Let (M, g) be a Riemannian manifold. Then there exists a unique connection
D on M , called the Levi-Civita connection, satisfying
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1. Metric Compatibility: V (g(X, Y )) = g(DVX, Y )+g(X,DV Y ) for all V,X, Y ∈ X (M).

2. Zero Torsion: DXY −DYX = [X, Y ].

Proof. We begin with uniqueness. Assume D is a metric-compatible and torsion-free con-
nection. Then for vector fields V,W and X, one obtains the formula

2g(DVW,X) = V (g(W,X)) +W (g(X,V ))−X(g(V,W ))

− g(V, [W,X]) + g(W, [X,V ]) + g(X, [V,W ])

by applying metric compatibility to the first three terms and symmetry to the last three.
This is called the Koszul formula. It is clear that if D and D̃ are any two such connections,
then g(DVW,X) and g(D̃VW,X) agree for arbitrary X, proving uniqueness.

To prove existence, define the map Γ from X (M)3 to F(M) by the Koszul formula:

Γ(V,W,X) =
1

2
{V (g(W,X)) +W (g(X,V ))−X(g(V,W ))

− g(V, [W,X]) + g(W, [X,V ]) + g(X, [V,W ])}

It is straightforward to show that Γ is tensorial in the third slot, so by fixing V and W ,
Γ becomes a covector field which is dual to some vector field Z by the finite dimensional
representation theorem, i.e. Γ(V,W,X) = g(Z,X). We define DVW to be Z. Again, by a
simple computation, Γ is tensorial in the first slot and satisfies the Leibniz rule Γ(V, fW,X) =
V (f)g(W,X) + fΓ(V,W,X) in the second slot, which proves that D is indeed a connection.

Finally, note that the first three terms in the Koszul formula are symmetric in V and W ,
the fourth and fifth term are symmetric in V and W , and the last term is antisymmetric in
V and W , so

g(DVW,X)− g(DWV,X) = 2(
1

2
g(X, [V,W ]) = g(X, [V,W ])

for arbitrary X, proving symmetry. Metric compatibility is proved by a simple computation
as well.

From now on, D refers to the Levi-Civita connection. It is locally defined by n3 functions
Γkij known as the Christoffel symbols. Letting ∂i and ∂j denote coordinate vector fields, we

define D∂i∂j =
n∑
i=1

Γkij∂k. Henceforth, we will use the Einstein summation notation. Writing

X as xi∂i and Y as yi∂i with respect to the coodinate basis, we compute

DXY = xiD∂i
(yj∂j) = (xi∂iy

k + xiyjΓkij)∂k.

It is also convenient to compute the Christoffel symbols. Using the Koszul formula, we have

g(D∂i
∂j, ∂l) = Γkijgkl =

1

2
{∂igjl + ∂jgil − ∂lgij}.

Multiplying by the inverse of the metric tensor, we get

Γkij =
1

2
gkl{∂igjl + ∂jgil − ∂lgij}.

We now define how to differentiate tensors in the direction of a vector field V .
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Definition 3. Let α be a one-form and let V be a vector field. We define the one-form DV α
by the formula

(DV α)(W ) = V (α(W ))− α(DVW ).

It is easy to check that DV α is well-defined, i.e. is tensorial in W . These definitions
induce a covariant derivative on tensors as follows. Let T be an (r, s) tensor. Given a vector
field V , the (r, s) tensor DV T is given by

(DV T )(α1, ..., αr, X1, ..., Xs) = V (T (α1, ..., αr, X1, ..., Xs))

−
r∑

k=1

T (α1, ..., DV αk, ..., αr, X1, ..., Xs)

−
s∑
j=1

T (α1, ..., αr, X1, ..., DVXj, ...Xs).

Again, it is easy to verify that DV (T ) is tensorial in all slots. Note also that DfV T = fDV T ,
so we can define an (r, s+ 1) tensor DT by

DT (α1, ..., αr, X1, ..., Xs, V ) = (DV T )(α1, ..., αr, X1, ..., Xs),

interpreted as the total derivative of T . Observe that metric compatibility is equivalent to
the condition Dg = 0.

We now discuss how to take second order covariant derivatives of an arbitrary tensor.
Let T be a type (r, s) tensor. We define the (r, s) tensor D2

V,WT by

D2
V,WT (α1, ..., αr, X1, ..., Xs) = DDT (α1, ..., αr, X1, ..., Xs,W, V ).

This definition is manifestly tensorial in V andW . Using the rules above, one easily computes

D2
V,WT = DVDWT −DDV WT.

As a special case, given a function f we obtain its Hessian as the (0, 2) tensor defined by

Hessf(X, Y ) = D2
X,Y f

= DXDY f −DDXY f

= X(Y (f))−DXY (f).

Finally, we discuss contraction and define the Laplacian of a tensor. Let T be a (0, 2)

tensor, and define the function f =
n∑
i=1

T (Ei, Ei), where Ei form an orthonormal basis for

TpM . To show that this is independent of the basis chosen, take another orthonormal basis
E ′i = ajiEj, where (aij) is an orthogonal transformation. We then have

n∑
i=1

T (E ′i, E
′
i) =

n∑
i,j,k=1

ajiakiT (Ej, Ek)

=
n∑

j,k=1

δjkT (Ej, Ek)

=
n∑
j=1

T (Ej, Ej).
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We call this operation on T contraction. It is convenient to consider how to contract in local
coordinates. To do so, we employ a nice trick that allows us to select a natural orthonormal
basis given a coordinate basis {∂1, ..., ∂n}. Since the metric is symmetric and positive-definite,
there exists an orthogonal transformation O on TpM such that

g−1 = Odiag(λ1, ..., λn)O
T .

Define g−
1
2 = Odiag(

√
λ1, ...,

√
λn)O

T . Note that this is symmetric. Let

Ei =
(
g−

1
2

)
ki
∂k =

(
g−

1
2

)
ik
∂k.

It is easy to verify directly that these are orthonormal. Thus, the contraction of T is given
by

n∑
i=1

T (Ei, Ei) =
n∑

i,j,k=1

(
g−

1
2

)
ji

(
g−

1
2

)
ik
T (∂j, ∂k)

=
n∑

j,k=1

(
Odiag(λ1, ..., λn)O

T
)
jk
Tjk

= gjkTjk.

The Laplacian of a tensor is defined as the contraction of its second covariant derivative, i.e.

4T =
∑
i

D2
ei,ei

T = gjkD2
j,kT.

5.2 Geodesics

In this section we discuss how to differentiate vector fields along curves. This allows us
to define geodesics, which are very natural objects in Riemannian geometry because they
locally minimize arclength. Finally, we introduce geodesic normal coordinates, which will be
very useful for computations in the upcoming sections.

Recall that the vector field DVW is tensorial in V , and thus only depends on the values
of V at a point. This allows us to make sense of item 3 in the following proposition.

Proposition 1. Let c(t) be a smooth parametrized curve in M , and let V (t) be a vector field
on c. The covariant derivative of V along c, denoted by DV

dt
, is uniquely characterized by the

following properties:

1. D(V+W )
dt

= DV
dt

+ DW
dt

2. D
dt

(fV ) = df
dt
V + f DV

dt

3. If V is induced by a vector field Y , then DV
dt

= Dc′(t)Y
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Proof. Suppose first that such an operation exists. Choose local coordinates ui and let ui(t)
denote the coordinates of c(t). Write V = vi(t)∂i. Applying the above rules, we get

DV

dt
= (

dvk

dt
+
dui

dt
vjΓkij)∂k

proving uniqueness. Conversely, defining DV
dt

using this formula gives us all of the desired
properties, proving existence.

Equipped with the notion of differentiation along a curve, we can now understand parallel
transport.

Definition 4. A vector field V along a curve c is called parallel if DV
dt

is identically 0.

Setting the above formula for the covariant derivative to 0, we get a system of first-
order linear ODE, which is guaranteed to have a unique solution given V (0). The following
proposition tells us that parallel transport preserves inner product:

Proposition 2. Let V (t) and W (t) be vector fields along a curve c(t). Then

d

dt
g(V (t),W (t)) = g(

DV

dt
,W ) + g(V,

DW

dt
).

Proof. This is an immediate consequence of metric compatibility.

Definition 5. Let γ : I → M be a smooth parametrized curve. We say γ is geodesic if
D
dt
γ′(t) = 0.

Note first that if γ is geodesic, then d
dt
g(γ′(t), γ′(t)) = 2g(D

dt
γ′(t), γ′(t)) = 0. Thus, the

parameter of a geodesic is always linearly related to arclength. In a coordinate system
(u1, ..., un), finding a geodesic (u1(t), ..., un(t)) is equivalent to solving following system of
ODE, obtained using the parallel translation formula derived earlier:

d2uk

dt2
+
dui

dt

duj

dt
Γkij(t) = 0.

For a fixed point p ∈ M and v ∈ TpM , ODE theory guarantees the existence of a unique
geodesic γv(t) with γ(0) = p and γ′(0) = v, defined for t in some interval (−ε, ε). We can
now define the exponential map:

Definition 6. The exponential map expp : Tp(M) →M is defined by expp(v) = γv(1), where
γv(t) is the unique geodesic with γv(0) = p and γ′v(0) = v.

It is clear that expp is not necessarily defined on all of Tp(M). However, it is certainly
defined for sufficiently small intial velocities, i.e. in a neighborhood of 0, which follows from
the simple observation that γv(at) = γav(t) where both exist.

Let e1, ..., en be an orthonormal basis of TpM , and consider the map Φ : Rn →M sending

(x1, ..., xn) to expp(
n∑
k=1

xkek). It is easy to verify that the differential of the exponential map

at the origin is the identity, so by the inverse function theorem, Φ is is a local coordinate
system near 0. These coordinates are referred to as geodesic normal coordinates. In these
coordinates, geodesics through p correspond to straight lines through the origin, and the
Christoffel symbols vanish at p:
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Proposition 3. Let (x1, ..., xn) be geodesic normal coordinates coordinates around p. Then
the Christoffel symbols vanish at p.

Proof. Fix v ∈ Rn and let α(t) = expp(tv). Then α(t) is a geodesic for small t, with
coordinate expression tv. Thus, in local coordinates α′(t) = v and α′′(t) = 0. Applying the
geodesic equation and setting t = 0, we get

Γkij(0)vivj = 0

for all k ∈ {1, ..., n}. Since v is arbitary, this implies the antisymmetry Γkij(0) + Γkji(0) = 0.
Symmetry of the connection then gives Γkij(0) = 0.

This property of geodesic normal coordinates makes them very useful for pointwise com-
putations. In particular, in normal coordinates the covariant derivative at p reduces to the
usual directional derivative, i.e.

DiT
i1...ir
j1...js

= ∂iT
i1...ir
j1...js

and the Laplacian reduces to
4T = gijDiDjT.

Finally, we touch on the path length minimizing properties of geodesics. One may equip
a Riemannian manifold with a distance function by letting d(p, q) be the infimum of the
lengths of all piecewise smooth paths joining p and q. It is a standard result that geodesics
locally minimize arclength, which proves that d is in fact a distance function. Furthermore,
by another standard result known as the Hopf-Rinow theorem, any two points on a compact
manifold can be joined by a minimizing geodesic. For a proof of these theorems, see for
example Milnor [14].

5.3 Curvature

In this section, we introduce the Riemann curvature tensor, the Ricci curvature tensor and
the scalar curvature.

Definition 7. The Riemann curvature tensor of (M, g) is the (0, 4) tensor given by

R(X, Y, Z,W ) = −g(D2
X,YZ −D2

Y,XZ,W )

= −g(DXDYZ −DYDXZ −D[X,Y ]Z,W ).

R is manifestly tensorial in X, Y and W , and one easily checks that R(X, Y, fZ,W ) =
fR(X, Y, Z,W ) from the definition. To compute in local coordinates, first note that

DiDj∂k = Di

(
Γljk∂l

)
= {∂iΓljk + ΓmjkΓ

l
im}∂l.

Since the Lie bracket of coordinate vector fields vanishes, using the above computation we
obtain

Rijkp = −g(DiDj∂k −DjDi∂k −D[∂i,∂j ]∂k, ∂p)

= −glp{∂iΓljk − ∂jΓ
l
ik + ΓmjkΓ

l
im − ΓmikΓ

l
jm}

The Riemann curvature possesses algebraic symmetries that will be extremely important for
computations. We discuss these next.
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Proposition 4. The Riemann curvature tensor satisfies the following algebraic identities:

1. R(X, Y, Z,W ) +R(Y,X,Z,W ) = 0

2. R(X, Y, Z,W ) +R(Y, Z,X,W ) +R(Z,X, Y,W ) = 0 (the first Bianchi identity)

3. R(X, Y, Z,W ) +R(X, Y,W,Z) = 0

4. R(X, Y, Z,W ) = R(Z,W,X, Y )

Proof. The first symmetry follows directly from the definition of R. By tensoriality, when
computingR at a point we may without loss of generality extend to vector fields with constant
components so that Lie brackets vanish. It follows from symmetry that DXY − DYX =
[X, Y ] = 0. To prove the first Bianchi identity, we compute

R(X, Y, Z,W ) +R(Y, Z,X,W ) +R(Z,X, Y,W )

= −g(DXDYZ −DYDXZ +DYDZX −DZDYX +DZDXY −DXDZY,W )

= −g(DX [Y, Z] +DY [Z,X] +DZ [X, Y ],W )

= 0

as desired. The third identity is equivalent to the condition R(X, Y, Z, Z) = 0, so it suffices to
prove that g(DXDYZ,Z) is symmetric in X and Y . By metric compatibility, XY g(Z,Z)−
2g(DXZ,DYZ) = 2g(DXDYZ,Z). Using that the Lie brackets vanish, the left hand side
is symmetric in X and Y , proving the third identity. Finally, the last identity is obtained
by applying the others. Using antisymmetry in the first and last pairs of slots and the first
Bianchi identity,

R(X, Y, Z,W ) = −R(Y,X,Z,W )

= R(X,Z, Y,W ) +R(Z, Y,X,W )

R(X, Y, Z,W ) = −R(X, Y,W,Z)

= R(Y,W,X,Z) +R(W,X, Y, Z).

Adding these two equations together, we get

2R(X, Y, Z,W ) = R(X,Z, Y,W ) +R(Z, Y,X,W )

+R(Y,W,X,Z) +R(W,X, Y, Z).

By switching the roles of X and Z, likewise Y and W , we obtain

2R(Z,W,X, Y ) = R(Z,X,W, Y ) +R(X,W, Y, Z)

+R(W,Y, Z,X) +R(Y, Z,X,W ).

It is easy to verify using antisymmetry in the first two and last two slots that the right hand
sides of these equations agree, finishing the proof.
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Note that with respect to an orthonormal basis {ek}, we have the formula

D2
X,YZ −D2

Y,XZ = −
n∑
k=1

R(X, Y, Z, ek)ek.

We would like to obtain similar commutator formulas for arbitrary tensors of type (r, s). For
motivation, we begin with one-forms. Observe that

X(Y (α(Z))) = X{(DY α)(Z) + α(DYZ)}
= (DXDY α)(Z) + (DY α)(DXZ) + (DXα)(DYZ) + α(DXDYZ).

Note that the second two terms are symmetric in X and Y ; Antisymmetrizing in X and Y ,
we get

[X, Y ](α(Z)) = (DXDY α−DYDXα)(Z) + α(DXDYZ −DYDXZ).

By definition, the left hand side is (D[X,Y ]α)(Z) + α(D[X,Y ]Z). Rearranging, we obtain

(D2
X,Y α−D2

Y,Xα)(Z) = −α(D2
X,YZ −D2

Y,XZ)

=
n∑
k=1

R(X, Y, Z, ek)α(ek).

It is straightforward to extend this to arbitrary tensors T of type (r, s). For example, for a
(0, 2) tensor, we have

(D2
X,Y T −D2

Y,XT )(V,W ) = −T (D2
X,Y V −D2

Y,XV,W )− T (V,D2
X,YW −D2

Y,XW )

=
n∑
k=1

R(X, Y, V, ek)T (ek,W ) +
n∑
k=1

R(X, Y,W, ek)T (V, ek)

From this, we get the classical coordinate formula for the commutator of covariant derivatives:

[D∂i
, D∂j

]Tkl = gpqRijkpTql + gpqRijlpTkp.

The first covariant derivative of the Riemann curvature tensor also satisfies a very inter-
esting and important identity known as the second Bianchi identity:

Proposition 5.

(DXR)(Y, Z, V,W ) + (DYR)(Z,X, V,W ) + (DZR)(X, Y, V,W ) = 0.

Proof. It suffices to prove this identity at an arbitrary point p. Choose geodesic normal
coordinates around p; by tensoriality, it is enough to check this identity for the coordinate
vector fields at p. Note that the lie brackets of the coordinate vector fields vanish in a neigh-
borhood of p, and that the Christoffel symbols vanish at p. Since the covariant derivative at
p reduces to the usual derivative, we have

D∂i
R(∂j, ∂k, ∂l, ∂m) = ∂iR(∂j, ∂k, ∂l, ∂m)

= −∂ig(D∂j
D∂k

∂l −D∂k
D∂j

∂l, ∂m)

= −g(D∂i
D∂j

D∂k
∂l −D∂i

D∂k
D∂j

∂l, ∂m)
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where in the second line we used the vanishing of lie brackets in a neighborhood of p and in
the third we applied metric compatibility and used that the Christoffel symbols vanish at p.
Permuting the i,j and k indices cyclically, we get

(D∂i
R)(∂j, ∂k, ∂l, ∂m) + (D∂j

R)(∂k, ∂i, ∂l, ∂m) + (D∂k
R)(∂i, ∂j, ∂l, ∂m)

= −g(∂m, D∂i
D∂j

D∂k
∂l −D∂i

D∂k
D∂j

∂l

+D∂j
D∂k

D∂i
∂l −D∂j

D∂i
D∂k

∂l

+D∂k
D∂i

D∂j
∂l −D∂k

D∂j
D∂i

∂l).

Finally, notice that

−g(∂m, D∂i
D∂j

D∂k
∂l −D∂j

D∂i
D∂k

∂l) = R(∂i, ∂j, D∂k
∂l, ∂m),

and this vanishes at p because the christoffel symbols vanish at p. The other terms cancel
similarly, completing the proof.

We can now discuss the other notions of curvature derived from the Riemann curvature
tensor.

Definition 8. Let p ∈ M and let π be a 2-dimensional subspace of TpM spanned by v and
w. We define the sectional curvature K(π) of this plane as the ratio

R(v, w, v, w)

g(v, v)g(w,w)− g(v, w)2
.

It is easy to check, using antisymmetry of R in the first pair and last pair of slots, that
this definition is independent of the choice of basis. Using the symmetries of the Riemann
curvature tensor, one can also show that the sectional curvatures determine R at a point
p; in particular, if we have any (0, 4) tensor R̃ with the same symmetries as the Riemann

curvature tensor such that R̃(X, Y,X, Y ) = R(X, Y,X, Y ) for any X, Y ∈ TpM , we can

conclude that R(X, Y, Z,W ) = R̃(X, Y, Z,W ) for any X, Y, Z,W ∈ TpM . The other way we
can obtain curvature quantities are by taking the nonzero traces of the curvature tensor:

Definition 9. The Ricci curvature tensor is the symmetric (0, 2)-tensor defined by

Ric(X, Y ) =
n∑
k=1

R(X, ek, Y, ek)

where ek form an orthonormal basis for TpM .

As shown in the tensor calculus section, this definition is independent of the orthonormal
basis chosen, and in local coordinates

Rij = gklRikjl.

Taking one more trace, we obtain the scalar curvature:
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Definition 10. The scalar curvature is the smooth function R given by

n∑
k=1

Ric(ek, ek).

In local coordinates, R = gijRij. Finally, the second Bianchi identity can be contracted
to give us a relation between the covariant derivative of the Ricci tensor and the directional
derivative of the scalar curvature:

Proposition 6.
n∑
k=1

(Dek
Ric)(ek, X) =

1

2
X(R).

Proof. We start from the second Bianchi identity

0 = DXR(Y, Z, V,W ) +DYR(Z,X, V,W ) +DZR(X, Y, V,W ).

Taking the trace over Z and W , and then over Y and V , we obtain

0 =
n∑

k,l=1

(DXR)(el, ek, el, ek) +
n∑

k,l=1

(Del
R)(ek, X, el, ek)

+
n∑

k,l=1

(Dek
R)(X, el, el, ek).

Noting that
∑

k R(ek, X, el, ek) = −Ric(X, el), the second term becomes −
n∑
l=1

Del
Ric(X, el).

Similarly, the last term becomes −
n∑
k=1

Dek
Ric(X, ek). Finally, the sum

n∑
k,l=1

R(el, ek, el, ek) =

R, so the first term is X(R), completing the proof.

In local coordinates, we may write this identity as

gijDiRjk =
1

2
∂kR.
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6 Ricci Flow Basics

In this section we introduce the Ricci flow and derive basic facts. We begin in dimension n,
and later specialize these results to dimensions 2 and 3.

6.1 Normalized and Unnormalized Ricci Flow

Let g(t) be a one-parameter family of Riemannian metrics on M . We say g(t) is a solution
of the (unnormalized) Ricci flow if

∂

∂t
g(t) = −2Ricg(t).

The short-time existence and uniqueness of solutions to this equation is proven in, for exam-
ple, Brendle [3]. To study convergence theory for the Ricci flow, it is convenient to adjust
the equation so that volume is preserved. Denote by r(t) the mean scalar curvature of M at
time t. We say that g(t) is a solution of the normalized Ricci flow if

∂

∂t
g(t) =

2

n
r(t)g(t)− 2Ricg(t).

The volume of M remains constant under the normalized flow. To see this, observe that

∂

∂t
(det(g)) =

∑
i,j

∂(det(g))

∂gij

∂

∂t
gij

=
∑
i,j

(Adj(g))ij
∂

∂t
gij

= det(g)gij
∂

∂t
gij

= 2(r −R)det(g).

It follows that the volume element dµ =
√

det(g)dx satisfies ∂
∂t
dµ = (r −R)dµ. Integrating

gives 0 by the definition of r, as desired.
The following theorem relates the two equations, making it straightforward to back and

forth between the two.

Theorem 17. The normalized and unnormalized Ricci flow equations differ only by a scaling
in space and a reparametrization in time.

Proof. Begin with the unnormalized equation ∂
∂t
g(t) = −2Ricg(t). Let g̃(t) = ψ(t)g(t), where

ψ(t) is chosen so that voleg(t)M remains constant. Denote by dµ the volume element of g and
by dµ̃ the volume element of g̃. These are related by the equation dµ̃ = ψ

n
2 dµ. We have

∂
∂t
dµ = −Rdµ by a similar computation to the one above, so the condition that voleg(t)M
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remains constant is equivalent to

0 =
∂

∂t

∫
dµ̃

=

∫
∂

∂t
(ψ

n
2 dµ)

= ψ
n
2

∫ (
n

2

∂

∂t
logψ −R

)
dµ.

Thus, we have the relation ∂
∂t

logψ = 2
n
r. We can now get an evolution equation for g̃:

∂

∂t
g̃(t) =

∂

∂t
(ψ(t)g(t))

=
∂

∂t
logψg̃(t)− 2ψ(t)Ricg(t)

= ψ

(
2

n
r̃(t)g̃(t)− 2Riceg(t)

)
where in from the second to third line we used the above computation, and the fact that
Riceg = Ricg and r̃ = 1

ψ
r. By taking the new time parameter t̃ =

∫
ψ(t)dt, we recover the

normalized Ricci flow.

6.2 The Evolution Equations for Curvature

We now derive the evolution equations for the curvatures in arbitrary dimension under
the unnormalized Ricci flow. As a general rule, we will compare the time derivative to the
Laplacian to get a reaction-diffusion equation. This will allow us to apply powerful maximum
principle techniques in future sections.

Theorem 18. The Riemann curvature tensor satisfies the evolution equation

∂

∂t
R(X, Y, Z,W ) = (4R)(X, Y, Z,W )

+
∑
j,k

R(X, Y, ej, ek)R(Z,W, ej, ek)

+ 2
∑
j,k

R(X, ek, Z, ej)R(Y, ek,W, ej)

− 2
∑
j,k

R(X, ek,W, ej)R(Y, ek, Z, ej)

−
∑
j

Ric(X, ej)R(ej, Y, Z,W )−
∑
j

Ric(Y, ej)R(X, ej, Z,W )

−
∑
j

Ric(Z, ej)R(X, Y, ej,W )−
∑
j

Ric(W, ej)R(X, Y, Z, ej).
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Proof. The proof is a rather tedious exercise in the symmetries of the curvature tensor. We
first concern ourselves with the evolution of the connection. Define A(X, Y ) = ∂

∂t
DXY . Note

that the difference of two connections is tensorial, so A is tensorial. Observe that

g(A(X, Y ), Z) =
∂

∂t
(g(DXY, Z)) + 2Ric(DXY, Z).

Applying the Koszul formula to the right hand side, we obtain

g(A(X, Y ), Z) = −(DXRic)(Y, Z)− (DYRic)(X,Z) + (DZRic)(X, Y ). (15)

Next, observing that

∂

∂t
(DXDYZ −DYDXZ −D[X,Y ]Z) = A(X,DYZ) +DX(A(Y, Z))

− A(Y,DXZ)−DY (A(X,Z))− A([X, Y ], Z)

= (DXA)(Y, Z)− (DYA)(X,Z),

one computes

∂

∂t
R(X, Y, Z,W ) = −2

∑
k

R(X, Y, Z, ek)Ric(ek,W )

− g((DXA)(Y, Z)− (DYA)(X,Z),W ).

Applying the above formula (see numbering), we get

∂

∂t
R(X, Y, Z,W ) = (D2

X,ZRic)(Y,W )− (D2
X,WRic)(Y, Z)

− (D2
Y,ZRic)(X,W ) + (D2

Y,WRic)(X,Z)

−
∑
k

R(X, Y, ek,W )Ric(Z, ek)−
∑
k

R(X, Y, Z, ek)Ric(ek,W ).

The Laplacian of the curvature tensor is given by

(4R)(X, Y, Z,W ) =
∑
k

(D2
ek,ek

R)(X, Y, Z,W ).

We would like to get the twice-differentiated Ricci terms we see in the time derivative of the
curvature tensor. The agenda is to first move one of the ek derivates into the curvature tensor
via the second Bianchi identity, commute derivatives, and repeat. The first application of
the second Bianchi identity yields

(4R)(X, Y, Z,W ) =
∑
k

(D2
ek,X

R)(ek, Y, Z,W )−
∑
k

(D2
ek,Y

R)(ek, X, Z,W ).

We focus on the first term and then antisymmetrize in X and Y . Commuting derivatives,
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we obtain ∑
k

(D2
ek,X

R)(ek, Y, Z,W ) =
∑
k

(D2
X,ek

R)(ek, Y, Z,W )

−
∑
j,k

R(X, ek, ek, ej)R(ej, Y, Z,W )

−
∑
j,k

R(X, ek, Y, ej)R(ek, ej, Z,W )

−
∑
j,k

R(X, ek, Z, ej)R(ek, Y, ej,W )

−
∑
j,k

R(X, ek,W, ej)R(ek, Y, Z, ej).

Using the second Bianchi identity on the first term, we get the desired second deriva-
tives of the Ricci tensor, i.e. (D2

X,ZRic)(Y,W ) − (D2
X,WRic)(Y, Z). The second term

is
∑

j Ric(X, ej)R(ej, Y, Z,W ). Before antisymmetrizing in X and Y , we make two ob-
servations. First, looking at the third term, antisymmetrizing −R(X, ek, Y, ej) gives us
−R(X, Y, ek, ej). Second, the last two terms are antisymmetric in X and Y . This gives us

(4R)(X, Y, Z,W ) = (D2
X,ZRic)(Y,W )− (D2

X,WRic)(Y, Z)

− (D2
Y,ZRic)(X,W ) + (D2

Y,WRic)(X,Z)

−
∑
j,k

R(X, Y, ej, ek)R(Z,W, ej, ek)

− 2
∑
j,k

R(X, ek, Z, ej)R(Y, ek,W, ej)

+ 2
∑
j,k

R(X, ek,W, ej)R(Y, ek, Z, ej)

+
∑
j

Ric(X, ej)R(ej, Y, Z,W ) +
∑
j

Ric(Y, ej)R(X, ej, Z,W ).

Combining this with the time derivative gives us the desired conclusion.

Theorem 19. The Ricci curvature tensor satisfies the evolution equation

∂

∂t
Ric(X,Z) = (4Ric)(X,Z) + 2

∑
i,j

Ric(ei, ej)R(X, ei, Z, ej)

− 2
∑
j

Ric(X, ej)Ric(Z, ej).

Proof. It is tempting to simply contract the evolution equation for the Riemann curvature,
but orthonormal vectors will not necessarily remain so while the metric is evolving. Take
normal coordinates with ei = ∂i. One derives

∂

∂t
gij = −gipgjq ∂

∂t
gpq = 2gipgjqRpq,
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by noting that gpqg
ip is constant and differentiating. Thus, we compute

∂

∂t
Ric(X,Z) =

∂

∂t

(
gijR(X, ∂i, Z, ∂j)

)
=
∑
i

∂

∂t
R(X, ei, X, ei) + 2

∑
i,j

Ric(ei, ej)R(X, ei, Z, ej).

Using our formula for the evolution of the Riemann curvature, this becomes

∂

∂t
Ric(X,Z) = (4Ric)(X,Z)

+
∑
i,j,k

R(X, ei, ej, ek) (R(X, ei, ej, ek)− 2R(Z, ek, ej, ei))

+ 2
∑
i,j

Ric(ei, ej)R(X, ei, Z, ej)

− 2
∑
j

Ric(X, ej)Ric(Z, ej).

To complete the proof, all we must show is that the second term is zero. By the antisymmetry
of the Riemann curvature in the last two slots, we have

2
∑
i,j,k

R(X, ei, ej, ek)R(Z, ek, ej, ei) =
∑
i,j,k

R(X, ei, ej, ek) (R(Z, ek, ej, ei)−R(Z, ej, ek, ei)) .

The first Bianchi identity then tells us that this is∑
i,j,k

R(X, ei, ej, ek)R(Z, ei, ej, ek)

as desired.

Theorem 20. The scalar curvature R evolves according to the equation

∂

∂t
R = 4R + 2|Ric|2.

Proof. We compute

∂

∂t
R =

∂

∂t

(
gijRic(∂i, ∂j)

)
=
∑
i

∂

∂t
Ric(ei, ei) + 2

∑
i,j

Ric(ei, ej)Ric(ei, ej).

The second term is the desired reaction term, so we must show that the first is simply 4R.
Contracting our evolution equation for the Ricci tensor, we get∑

i

∂

∂t
Ric(ei, ei) = 4R + 2|Ric|2 − 2|Ric|2 = 4R,

completing the proof.
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6.3 Evolution Equations in Dimension 3

In 3 dimensions, the Riemann curvature tensor can be recovered from the Ricci tensor.
Define the (0, 4) tensor W by

W (X, Y, Z, V ) = g(X,Z)Ric(Y, V )− g(X,V )Ric(Y, Z)− g(Y, Z)Ric(X,V )

+ g(Y, V )Ric(X,Z)− 1

2
R (g(X,Z)g(Y, V )− g(X,V )g(Y, Z)) .

Proposition 7. In dimension 3, we have R(X, Y, Z, V ) = W (X, Y, Z, V ).

Proof. One easily checks that W satisfies the same symmetries as the Riemann curvature
tensors. It thus suffices to check that for any 2-dimensional subspace π of TpM , we have

K(π) = W (x,y,x,y)
g(x,x)g(y,y)−g(x,y)2 , where x and y form a basis for π. The expression on the right

hand side is independent of the basis chosen because W satisfies the requisite symmetries.
Choose an orthonormal basis e1, e2 of π, and extend it to an orthonormal basis {e1, e2, e3}
of TpM . We then compute

W (e1, e2, e1, e2) = Ric(e1, e1) +Ric(e2, e2)−
1

2
R

=
1

2
(Ric(e1, e1) +Ric(e2, e2)−Ric(e3, e3))

=
1

2

3∑
k=1

(R(e1, ek, e1, ek) +R(e2, ek, e2, ek)−R(e3, ek, e3, ek))

=
1

2
(2R(e1, e2, e1, e2))

= K(π),

completing the proof.

With this information, we can simplify our equation for the evolution of the Ricci curva-
ture.

Proposition 8. In dimension 3, the Ricci curvature satisfies the evolution equation

∂

∂t
Ric(X, Y ) = 4Ric(X, Y ) + 3RRic(X, Y )

− 6
∑
k

Ric(X, ek)Ric(Y, ek)− g(X, Y )
(
R2 − 2|Ric|2

)
.

Proof. We begin with the evolution equation for Ric in n dimensions,

∂

∂t
Ric(X, Y ) = 4Ric(X, Y ) + 2

∑
i,k

R(ei, X, ek, Y )Ric(ei, ek)

− 2
∑
k

Ric(ek, X)Ric(ek, Y ).
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In dimension 3, we can simplify the second term by applying the previous proposition, which
tells us that∑

i,k

R(ei, X, ei, Y )Ric(ei, ek)

=
∑
i,k

δikRic(X, Y )Ric(ei, ek)−
∑
i,k

g(Y, ei)Ric(X, ek)Ric(ei, ek)

−
∑
i,k

g(X, ek)Ric(Y, ei)Ric(ei, ek) +
∑
i,k

g(X, Y )Ric(ei, ek)Ric(ei, ek)

− 1

2
R

(∑
i,k

δikg(X, Y )Ric(ei, ek)−
∑
i,k

g(ei, Y )g(X, ek)Ric(ei, ek)

)

=
3

2
RRic(X, Y )− 2

∑
k

Ric(X, ek)Ric(Y, ek)

+ g(X, Y )|Ric|2 − 1

2
R2g(X, Y ).

Substituting, we get the desired equation.

6.4 Evolution Equations on Surfaces

In 2 dimensions it is reasonable to deal with the normalized Ricci flow because the evolution
equations simplify greatly. Let K be the Gaussian curvature of our surface. The curvature
tensor is

R(X, Y, Z,W ) = K (g(X,Z)g(Y,W )− g(X,W )g(Y, Z)) .

Indeed, one easily checks that the right hand side is curvature-like with the same sectional
curvature as R. We then obtain

Ric(X,Z) =
2∑
i=1

R(X, ei, Y, ei)

=
2∑
i=1

K (g(X,Z)g(ei, ei)− g(X, ei)g(Y, ei))

= Kg(X,Z)

and

R =
2∑
i=1

Ric(ei, ei)

= 2K.

One immediate consequence is that r is constant. Indeed, by the Gauss-Bonnet theorem,∫
Rdµ = 4πχ(M) remains constant, so by volume preservation, r =

∫
Rdµ/

∫
dµ is constant.

A second consequence is that scalar curvature is the only meaningful curvature quantity, so
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we only concern ourselves with the evolution of R. In normal coordinates, the formula for
the Riemann curvature tensor is

Rijkl = −1

2
(∂i∂kgjl − ∂i∂lgjk − ∂j∂kgil + ∂j∂lgik) .

We have ignored terms quadratic in the Christoffel symbols because those will remain zero
when we take a time derivative. On a surface, R = 2K = 2R1212

g11g22−g212
. Using this relation, we

obtain

R =
2∂1∂2g12 − ∂2

1g22 − ∂2
2g11

g11g22 − g2
12

.

For surfaces the Ricci curvature is R
2
g, so the normalized Ricci flow equation ∂tg = 2r

n
g−2Ric

becomes
∂

∂t
g = (r −R)g.

Thus, we have

∂

∂t
R =

2∂1∂2(r −R)g12 − ∂2
1(r −R)g22 − ∂2

2(r −R)g11

g11g22 − g2
12

− 2(r −R)R

= (r −R)R +4R− 2R(r −R)

where we have used the fact that gij = δij and that in normal coordinates, 4R = gij∂i∂jR.
Thus, the evolution equation for R is

∂

∂t
R = 4R +R(R− r). (16)

We conclude this section by producing an explicit self-similar solution to the Ricci flow on
R2 which is analagous to the Grim reaper for the curve-shortening flow. We seek a metric
which is the euclidean metric scaled by a positive radially symmetric function, i.e.

gij = ψ(r, t)δij.

It is a well-known fact under a conformal change of metric g = ψh on a surface, the scalar
curvatures are related by

Rg =
1

ψ
(Rh −4h(logψ)) .

As a corollary, we find that g is a solution to the (unnormalized) Ricci flow if and only if

∂

∂t
ψh =

∂

∂t
g(t)

= −Rgg

= − (Rh −4h(logψ))h,

which holds if and only if
∂

∂t
ψ = 4h(logψ)−Rh.
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In our case, h is the euclidean metric, so Rh vanishes and we seek a solution to the PDE

∂

∂t
ψ = 4eucl(logψ).

We claim that the function

ψ(r, t) =
4

et + r2

satisfies this condition. Indeed, we have

∂ψ

∂t
= − 4et

(et + r2)2

and

4eucl(logψ) = −4eucl

(
log(et + r2)

)
= −

(
∂2
r +

1

r
∂r

)
(log(et + r2))

= −
(

2

et + r2
− 4r2

(et + r2)2

)
− 2

et + r2

= − 4et

(et + r2)2

as desired. The solution (
R2,

4

et + r2
δij

)
is known as the Cigar soliton.

39



7 Ricci Flow on 2-Spheres with Positive Scalar Curva-

ture

In this section, we discuss Ricci flow theory for compact surfaces with positive scalar cur-
vature developed by Hamilton [10]. We first discuss several interesting techniques used to
obtain positive uniform bounds for R. These bounds then imply that the limit metric must
be a member of a class of self-similar solutions to the Ricci flow known as gradient Ricci
solitons. Finally, we show that such metrics on S2 must be round.

7.1 The Scalar Maximum Principle

The most important tool in this discussion will be the scalar maximum principle for solutions
to heat-type equations. The following ODE comparison version will be the most useful for
our purposes.

Theorem 21. Suppose u(x, t) : M × [0, T ] → R satisfies the differential inequality

∂

∂t
u ≥ 4u+ 〈X(t),∇u〉+ F (u)

where X(t) is a time-dependent vector field and F is a locally Lipschitz function. Let h(t)
be the solution to the ODE d

dt
h = F (h), with u(·, 0) ≥ h(0). Then u ≥ h for all x ∈ M and

t ∈ [0, T ].

Proof. This theorem is a consequence of the simple fact that at a local minimum, the Lapla-
cian is nonnegative and the gradient vanishes. We first give a heuristic argument. If u = h
at a first time t0 > 0 at a point x0, then for times leading up to t0 we have (u−h)(t, x0) > 0
so our time derivative is nonpositive, and we are at a spatial minimum. It would follow that

0 ≥ ∂

∂t
(u− h)(x0, t0)

≥ 4(u− h)(x0, t0) + 〈X(t0),∇(u− h)(x0, t0)〉+ F (u(x0, t0))− F (h(x0, t0))

≥ F (u(x0, t0))− F (u(x0, t0))

= 0.

To get the strict inequality we desire, we instead consider the function uε = u + ε(δ + t).
Note that M × [0, T ] is compact, so we can choose a uniform Lipschitz constant K for F .
We will choose a small δ depending only on K so that uε − h > 0 for t ∈ [0, δ]; we can let ε
go to 0 to prove the claim on [0, δ] and then repeat the argument with the same δ to cover
the entire time interval.

Note that uε > h at t = 0. Suppose by way of contradiction that uε = h for a first time
t0 at a point x0. Then at (x0, t0) we would have

0 ≥ ∂

∂t
(uε − h)

≥ ε+4(uε − h) + 〈X,∇(uε − h)〉+ F (uε − ε(δ + t))− F (h)

≥ ε−K|uε − h− ε(δ + t)|
= ε (1−K|δ + t|) .
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Letting δ < 1
2K

, this last expression is strictly positive on [0, δ], proving the theorem.

It is worth noting that the analagous conclusion holds if

∂

∂t
u ≤ 4u+ 〈X(t),∇u〉+ F (u)

and h satisfies the same ODE with h(0) ≥ u(·, 0). Namely, u ≤ h for all subsequent times.

Remark 4. Recall that on a surface, the scalar curvature evolution equation is

∂

∂t
R−4R +R(R− r).

The function R(R − r) is locally Lipschitz, so we may apply the scalar maximum principle.
Since 0 is a solution to the ODE dh

dt
= h(h− r), we immediately have preservation of positive

or negative scalar curvature. The case where R < 0 to begin with is especially easy because
R = r is an attractive fixed point for the ODE. Solving the above ODE for h, we obtain the
general solution

h(t) =
r

1− kert
(17)

where k is the integration constant. If R ∈ [−C,−ε] at time t = 0, then by the scalar
maximum principle we have

r

1−
(
1 + r

C

)
ert

≤ R ≤ r

1−
(
1 + r

ε

)
ert
.

Since r < 0 and 1 + r
C
, 1 + r

ε
are bounded above by 1, this gives us long-time existence of

solutions and exponential convergence to a metric of constant curvature r.

Remark 5. Applying the maximum principle to R is not sufficient to conclude longtime
existence in all cases. Instead, one may consider the evolution of a potential function f
satisfying 4f = R− r and use the maximum principle to obtain the result

−C ≤ R ≤ Cert + r

which gives longtime existence for any compact surface. This also implies that for r < 0, the
scalar curvature becomes negative in finite time, and we can apply the above remark to get
convergence of the metric to one of constant curvature.

7.2 The Harnack Inequality

Let M be a compact Riemannian manifold of dimension n with positive Ricci curvature, and
let f be a real-valued function on M satisfying the standard heat equation, i.e. ∂

∂t
f = 4f .

The Harnack inequality for f puts allows us to compare values of f at neighboring points
and times:

Theorem 22. Let f be as above. Then

f(ξ, τ) ≤
(
T

τ

)n
2

e
d(X,ξ)2

4(T−τ) f(X,T )

for any times τ < T and points ξ and X.
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The approach of the proof is to get a lower bound for ∂
∂t

logf via a maximum principle
argument, and integrate along a minimizing geodesic connecting ξ and X, the existence of
which is guaranteed by the Hopf-Rinow theorem. (For a proof of this fact, see for instance
Milnor [14].)

Proof. Let L = log f . We have ∂L
∂t

= 4f
f

, and 4L = 4f
f
− |∇f |2

f2 . Combining these gives the
evolution equation for L:

∂L

∂t
= 4L+ |∇L|2.

Now, we define Q = 4L and derive an evolution equation that will bound Q below. We
compute ∂Q

∂t
= 4(4L+ |∇L|2) = 4Q+4|∇L|2. We revert to coordinates to compute the

second term:

gpqgijDpDq(DiLDjL) = 2gpqgijDp(DqDiLDjL)

= 2|HessL|2 + 2gpqgij(DpDqDiLDjL)

Commuting i and q in the last term, applying the identity [Dp, Di]DqL = glmRpiqlDmL and
contracting, we get 2gijglmRilDjLDmL + 2〈∇Q,∇L〉 ≥ 2〈∇Q,∇L〉 since we are assuming
the Ricci curvature is positive. Furthermore, by the Cauchy-Schwartz inequality, we have
1
n
Q2 ≤ |HessL|2. This gives us the differential inequality

∂Q

∂t
≥ 4Q+ 2〈∇Q,∇L〉+

2

n
Q2.

Note that the general solution to the ODE dh
dt

= 2
n
h2 is

h(t) =
−n

2t+ k

where k is the integration constant. If we choose k = 0, then h blows down as t goes to 0, so
Q is greater than h for small times. Applying the standard maximum principle, we obtain
the estimate

Q ≥ − n

2t
.

Thus, we have the desired lower bound

∂L

∂t
≥ |∇L|2 − n

2t
.

We parametrize a minimizing geodesic connecting ξ andX by time, t ∈ [τ, T ], with parameter
proportional to arclength so that d(ξ,X) = ds

dt
(T − τ). We have

dL

dt
=
∂L

∂t
+
∂L

∂s

ds

dt

≥ − n

2t
+

(
∂L

∂s

)2

+
∂L

∂s

ds

dt

≥ − n

2t
− 1

4

(
ds

dt

)2

= − n

2t
− d(ξ,X)2

4(T − τ)2
.
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Integrating, we get

L(X,T )− L(ξ, τ) ≥ log
( τ
T

)n
2 − d(X, ξ)2

4(T − τ)
.

Exponentiating gives us the Harnack inequality.

We now prove a Harnack inequality for the curvature R of a compact surface evolving by
the Ricci flow using essentially the same technique as above. However, we must first define
a new notion of space-time distance between points, since the metric is changing. For this,
we define

ρ(ξ, τ,X, T ) = inf
γ

∫ T

τ

(
ds

dt

)2

, (18)

where the infimum is taken over all curves parametrized by time connecting ξ and X, and
ds
dt

is the space velocity with respect to the metric at time t.

Theorem 23. The scalar curvature R of a compact surface evolving by the Ricci flow satisfies

R(ξ, τ) ≤
(
erT − 1

ert − 1

)
e

ρ
4R(X,T )

for any times τ < T and points ξ and X.

We will be commuting time derivatives and Laplacian operators, so the following lemma
is very useful:

Lemma 4. Suppose ∂
∂t
g = fg on a manifold of dimension n. Then we have[

∂

∂t
,4
]
φ = −f 4 φ−

(
1− n

2

)
〈∇f,∇φ〉.

Proof. We can make the computation easier using integration by parts. Let ψ be any test
function. We then have ∫

M

(4φ)ψdµ = −
∫
M

gij∂iφ∂jψdµ.

Note that ∂
∂t
dµ = n

2
fdµ and that ∂

∂t
gij = −fgij. Differentiating the above identity with

respect to time, we obtain∫ (
∂

∂t
4 φ

)
ψdµ+

∫
n

2
f (4φ)ψdµ = −

∫
gij∂i(

∂

∂t
φ)∂jψdµ+

∫
(1− n

2
)fgij∂iφ∂jψdµ

=

∫
4
(
∂

∂t
φ

)
ψdµ−

∫ (
1− n

2

)
f(4φ)ψdµ

−
∫ (

1− n

2

)
gij∂if∂jφψdµ.

Rearranging, we get∫ ([
∂

∂t
,4
]
φ

)
ψdµ =

∫ (
−f 4 φ− (1− n

2
)〈∇f,∇φ〉

)
ψdµ.

This holds for all test functions ψ, completing the proof.
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Note that in dimension 2, the term involving the gradient of f disappears, making the
computation of evolution equations a bit easier. An immediate corollary is that for the Ricci
flow on surfaces we have

∂

∂t
4 φ = 4

(
∂

∂t
φ

)
+ (R− r)4 φ. (19)

We proceed to the proof of the Harnack inequality.

Proof. As before, let L = logR. Then, using the evolution equation for R, we get ∂L
∂t

=
4R
R

+R− r and 4L = 4R
R
− |∇L|2. Combining these two computations gives

∂L

∂t
= 4L+ |∇L|2 +R− r.

Now, we define Q = 4L+R− r, and we derive an evolution equation for Q which will give
us a lower bound for ∂L

∂t
. First, using our commutator rule we obtain

∂Q

∂t
=

∂

∂t
4 L+

∂R

∂t
= (R− r)4 L+4(4L+ |∇L|2 +R− r) +4R +R(R− r).

Next, we compute 4Q = 4(4L) +4R. Putting these together, we get

∂Q

∂t
= 4Q+4|∇L|2 + (R− r)4 L+4R +R(R− r).

Recall that

4|∇L|2 = 2|HessL|2 + gijglmRilDjLDmL+ 2〈∇(4L),∇L〉.

We will get rid of the Hessian term first; By Cauchy-Schwarz, we have 2|HessL|2 ≥ (4L)2.
Next, using that Ril = R

2
gil, the second term becomes R|∇L|2. We also want to get a

gradient term, so we write the last one as 2〈∇Q,∇L〉 − 2R|∇L|2. This yields

4|∇L|2 ≥ (4L)2 −R|∇L|2 + 2〈∇Q,∇L〉.

Finally, we want to transform R derivatives to L derivatives via the identity

4R = R4 L+R|∇L|2.

Substituting the previous two expressions into our formula for ∂Q
∂t

, we obtain

∂Q

∂t
≥ 4Q+ 2〈∇Q,∇L〉+ (4L)2 + 2(R− r)4 L+ (R− r)2 + r(4L+R− r).

The last several terms are Q2 + rQ, finally leaving us with

∂Q

∂t
≥ 4Q+ 2〈∇Q,∇L〉+Q(Q+ r).
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Note that the general solution of the ODE dh
dt

= h(h+ r) is

h(t) =
−rert

ert + k
,

where k is our integration constant. By choosing k = −1, we guarantee that h blows down as
t goes to zero, so Q is certainly greater than h(t) for small t. Applying the scalar maximum
principle, we get

Q ≥ −rert

ert − 1
,

and thus have the desired lower bound for ∂L
∂t

.
As before, along a curve connecting (ξ, τ) and (X,T ), we have

dL

dt
=
∂L

∂t
+
∂L

∂s

ds

dt

≥ −rert

ert − 1
+

(
∂L

∂s

)2

+
∂L

∂s

ds

dt

≥ −rert

ert − 1
− 1

4

(
ds

dt

)2

.

Integrating from τ to T , we get

L(X,T )− L(ξ, τ) ≥ log

(
erτ − 1

erT − 1

)
− 1

4

∫ T

τ

(
ds

dt

)2

dt.

Since this holds for all paths, we can replace the last term by ρ
4
; exponentiating us gives us

the Harnack inequality.

7.3 Entropy Monotonicity

The Harnack inequality gives us a tool to compare curvatures in a neighborhood a point on
the sphere. In this section, we prove that the entropy functional

∫
R logRdµ is monotonically

decreasing. Since R logR is bounded below by 1
e
, this tells us that R can only be large on

regions of small area.

Theorem 24. Under the Ricci flow on a compact surface, the quantity
∫
R logRdµ is mono-

tonically decreasing.

Proof. First, note that

d

dt

∫
R logRdµ =

∫
((4R +R(R− r))(logR + 1) +R logR(r −R)) dµ

=

∫
(4R logR +4R +R(R− r)) dµ

=

∫ (
R(R− r)− |∇R|2

R

)
dµ
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where we have used the computation

4(R logR) = gpqDpDq(R logR)

= gpqDp(DqR logR +DqR)

= 4R logR +
|∇R|2

R
+4R.

Hence, it suffices to prove that
∫ (

R(R− r)− |∇R|2
R

)
dµ is nonpositive.

Note that QR = 4R+R(R− r)− |∇R|2
R

, so
∫
QRdµ = d

dt

∫
R logRdµ. We will show that

the quantity Z =
∫
QRdµ/

∫
Rdµ satisfies the differential inequality

dZ

dt
≥ Z2 + rZ,

which means that if Z were ever positive, it would blow up in finite time, a contradiction of
longtime existence. Hence, d

dt

∫
R logRdµ =

∫
QRdµ ≤ 0, proving the claim.

Since
∫
Rdµ is constant by Gauss-Bonnet,

dZ

dt

∫
Rdµ =

∫
(Q
∂R

∂t
+R

∂Q

∂t
+QR(r −R))dµ.

Using the nonnegativity of R and the computations from last section, we have

R
∂Q

∂t
≥ R4Q+ 2〈∇Q,∇R〉+RQ2 +RQr

and

Q
∂R

∂t
= Q4R +QR2 −RQr.

Adding all terms together, we get

R
∂Q

∂t
+Q

∂R

∂t
≥ 4(RQ) +RQ2 +QR2.

Substituting into our equation for dZ
dt

, and applying Cauchy-Schwarz, we obtain

dZ

dt

∫
Rdµ ≥

∫
RQ2dµ+ rZ

∫
Rdµ

≥
(∫

QRdµ

)2

/

(∫
Rdµ

)
+ rZ

∫
Rdµ

=
(
Z2 + rZ

) ∫
Rdµ,

completing the proof.
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7.4 Scalar Curvature is Bounded

Theorem 25. If R(·, 0) > 0 on S2 then R is uniformly bounded between some positive
constants c and C.

Proof. We first produce an upper bound for R. The idea is to use the Harnack inequality to
show that R(t) is comparable to Rmax(t) in a sufficiently large ball around the point at which
Rmax is attained, and then to apply entropy monotonicity to to conclude that Rmax cannot
be arbitrarily large. First, note that at a local maximum the Laplacian is nonpositive, so by
our evolution equation

∂

∂t
Rmax ≤ R2

max.

Let 1 < τ < T , and observe that if T − τ = 1
2Rmax(τ)

we can integrate the above differential
inequality to obtain

1

2
Rmax(T ) ≤ Rmax(τ).

Suppose Rmax(τ) = R(ξ, τ). We can control the values of R around ξ at time T using the
Harnack inequality, which requires an esimate on the spacetime distance between X and ξ.
By our evolution equation for the metric, we have for any vector V and time t0 ∈ (τ, T ) the
relation

g(V, V )|T = e
R T

t0
(r−R)dt

g(V, V )|t0.
Noting that Rmax(t) ≤ 2Rmax(τ) for t ∈ (t0, T ) and that T − t0 ≤ 1

2Rmax(τ)
, we have∫ T

t0

(r −R)dt ≥ −
∫ T

t0

Rmax(t)dt

≥ −2(T − t0)Rmax(τ)

≥ −1.

This tells us that distances cannot change too much over a bounded time interval, i.e.

g(V, V )|T ≥
1

e
g(V, V )t0 .

Hence, if we take a minimizing geodesic γ connecting X and ξ at time T , parametrized with
speed d(X,ξ)|T

T−τ , we have

ρ(ξ, τ,X, T ) ≤
∫ T

τ

(
ds

dt

)2

|tdt

≤ e2
∫ T

τ

(
ds

dt

)2

|Tdt

=
e2d(X, ξ)2|T

T − τ
.

We conclude that ρ is bounded for X in a time T ball of radius δ = π√
Rmax(T )/2

around ξ.

Using this fact, that τ > 1 and that T − τ is bounded, we can apply the Harnack inequality:
there is some positive constant C0 (independent of τ) such that

R(ξ, τ) ≤ C0R(X,T )
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for X in the time T ball Bδ(ξ). Using this and that Rmax(T ) ≤ 2Rmax(τ), we have that
R(X,T ) ≥ C1Rmax(T ) on Bδ(ξ) for some uniform positive constant C1.

The injectivity radius is at least δ at time T by an estimate of Klingenberg, so the area
of Bδ(ξ) is bounded below by C2

Rmax(T )
for some uniform positive constant C2. Using entropy

monotonicity, we thus have some positive constant K so that

K ≥
∫
Bδ(ξ)

R logRdµ

≥ C1Rmax(T ) log(C1Rmax(T ))
C2

Rmax(T )

= C1C2 (log(C1) + log(Rmax(T ))) .

This estimate holds for all τ ≥ 1, so if Rmax got arbitrarily large, we would have a contra-
diction, proving that R remains bounded above.

Equipped with an upper bound on R, we have a uniform lower bound for the injectivity
radius by Klingenberg’s estimate. Thus, if the diameter of our sphere got arbitrarily large,
we could take some small ε less than the injectivity radius and arbitrarily long geodesics
and then construct arbitrarily many disjoint balls of radius ε centered along these geodesics.
If a geodesic is sufficiently long, the areas of these balls sum to something larger than the
constant area of our sphere, a contradiction. This means we have an upper bound on the
diameter of our sphere.

Suppose now that we have any time t ≥ 1. Equipped with our diameter bound, the
spacetime distance between any two points (x, t) and (y, t+ 1) is bounded by some uniform
positive constant. Thus, by the Harnack inequality (and using that t ≥ 1) we have

R(x, t) ≤ CR(y, t+ 1).

If R could get arbitrarily close to 0, there would be some time t0 such that Rmin(t0) <
r
C
;

but then, we would have Rmax(t0 − 1) < r, a contradiction, completing the proof.

We briefly discuss an important consequence of these bounds on R. Let f : M → R
satisfy

4f = R− r.

Denote by M the trace-free part of the Hessian of f , i.e.

M = D2f − 1

2
4fg.

With positive uniform bounds on the scalar curvature, one can show via the maximum
principle that the quantity |M |2 converges exponentially to 0. See Hamilton [10] for details.
Modifying the flow by a one-parameter family of diffeomorphisms φt generated by ξ = ∇f ,
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so that g̃ = φ∗tg, one obtains the evolution equation

∂

∂t
g̃(X, Y ) = (Lξg̃)(X, Y ) + (r −R)g̃(X, Y )

= ξ(g̃(X, Y ))− g̃(LξX, Y )− g̃(X,LξY )−4fg̃(X, Y )

= g̃(DξX − [ξ,X], Y ) + g̃(X,DξY − [ξ, Y ])−4fg̃(X, Y )

= g̃(DXξ, Y ) + g̃(X,DY ξ)−4fg̃(X, Y )

= XY (f)−DXY (f) + Y X(f)−DYX(f)−4fg̃(X, Y )

= 2D2f(X, Y )−4fg̃(X, Y )

= 2M(X, Y ).

Note that M is diffeomorphism invariant, so it still converges exponentially to 0. By ob-
taining similar estimates for the derivatives of M , one gets smooth convergence of g̃ to a
metric for which M vanishes identically. We show in the next section such metrics, known
as gradient Ricci solitons, must be round.

7.5 Gradient Ricci Solitons on S2 are Round

Assume there exists a function f on (S2, g0) such that

2D2f = (R− r)g0.

Such a metric is called a gradient Ricci soliton. Let ξ = −∇f , and let ψt be the one-
parameter family of diffeomorphisms generated by ξ. Then we can obtain a self-similar
solution to the normalized Ricci flow by defining

g(t) = ψ∗t g0.

This is proven by the following easy computation:

∂

∂t
(ψ∗t g0)(X, Y ) = (Lξg)(X, Y )

= g(DXξ, Y ) + g(X,DY ξ)

= −2D2f(X, Y )

= (r −R)g(X, Y ).

In this section, we will show that such metrics are round:

Theorem 26. Suppose (S2, g) is a gradient Ricci soliton. Then R ≡ r.

We follow an argument due to Chen, Lu and Tian [17] in Brendle [3]. For the proof, we
equip S2 with an almost-complex structure J obtained by defining Jv to be the vector of
the same length as v such that g(v, Jv) = 0 and (v, Jv) is positively oriented. One easily
checks that J2 = −Id, that g(v, w) = g(Jv, Jw) and that J is parallel.
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A first consequence of the soliton equation is that Jξ generates a one-parameter family
of isometries φτ . Indeed, we compute

(LJξg)(X, Y ) = g(JDXξ, Y ) + g(X, JDY ξ)

= −g(DXξ, JY )− g(JX,DY ξ)

= D2f(X, JY ) +D2f(JX, Y )

=
1

2
(R− r) (g(X, JY ) + g(JX, Y ))

= 0.

We would like to show that φτ is the identity for all τ , from which it would follow that f
is constant, and hence that R ≡ r. Let p and q be two distinct critical points of f , so that
Jξ|p = Jξ|q = 0. Then the flow φτ of Jξ fixes these points. One way to show that φτ is the
identity, then, is to show that (dφτ )p is the identity on TpM for all τ . If this were the case,
then φτ would map the geodesic expp(tv) to another geodesic α(t) such that α(0) = p and
α′(0) = (dφτ )p(v) = v. By ODE uniqueness, these geodesics must coincide everywhere, i.e.

φτ (expp(v)) = expp(v).

Since the exponential map is surjective, φτ would then be the identity.
We apply the soliton equation to find the τ for which (dφτ )p is the identity. Define

α =
1

2
(r −R)(p)

and

β =
1

2
(r −R)(q).

Then −(D2f)p(v, v) = αg(v, v) and −(D2f)q(w,w) = βg(w,w) for all v ∈ TpM and w ∈
TqM . It follows that

(dφτ )p(v) = cos(ατ)v + sin(ατ)Jv

and
(dφτ )q(w) = cos(βτ)w + sin(βτ)Jw.

If ατ
2π

is an integer, then (dφτ )p is the identity on Tp(M) and hence φτ is the identity. One

has the same result if βτ
2π

is an integer. Conversely, if φτ is the identity, then ατ
2π

and βτ
2π

are
integers. We may summarize this relation by

ατ

2π
∈ Z ⇐⇒ φτ = id ⇐⇒ βτ

2π
∈ Z.

Two immediate corollaries are that α2 = β2 and that if α = β = 0, then φτ is the identity
for all τ . We can now prove that gradient Ricci solitons are round.

Proof. Let σ = d(p, q) and join p and q by a minimizing unit-speed geodesic γ : [0, σ] → S2.
Observe that the curves φτ (γ(s)) are geodesics because the φτ are isometries. Thus, this
family of curves generates a Jacobi field V (s) defined by

V (s) =
∂

∂τ
φτ (γ(s))|τ=0 = Jξ|γ(s).
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Note that V (0) = V (σ) = 0, so that p and q are conjugate points. Furthermore, we have

d

ds
g(V (s), γ′(s)) = g(Dγ′(s)V (s), γ′(s))

=
1

2
(LJξg)(γ

′(s), γ′(s))

= 0,

so V is always perpendicular to γ′(s). We can thus find some function u(s) so that

V (s) = u(s)Jγ′(s).

Applying the Jacobi equation, we obtain

u′′(s) +
1

2
R(γ(s))u(s) = 0.

The soliton equation allows us to replace the scalar curvature by a derivative of u. Note that

u(s) = g(V (s), Jγ′(s))

= g(Jξ|γ(s), Jγ′(s))
= g(ξ|γ(s), γ′(s)).

Differentiating both sides with respect to s, we get

u′(s) = g(Dγ′(s)ξ, γ
′(s))

= −(D2f)(γ′(s), γ′(s))

=
1

2
(r −R).

This immediately tells us that u′(0) = α and u′(σ) = β, so that u′(0)2 = u′(σ)2. Furthermore,
1
2
R = 1

2
(r − 2u′). Substituting this into the Jacobi equation, we get

u′′(s) +
1

2
ru(s) = u(s)u′(s).

Using this equation, we compute

0 = u′(σ)2 − u′(0)2

=

∫ σ

0

d

ds

(
u′(s)2

)
ds

= 2

∫ σ

0

u′(s)u′′(s)ds

= 2

∫ σ

0

u′(s)2u(s)ds− r

2

∫ σ

0

d

ds
(u(s)2)ds

= 2

∫ σ

0

u′(s)2u(s)ds,

where the second term drops out because u(0) = u(σ) = 0. Because u vanishes at its
endpoints, this equation tells us that u(s0) must be zero for some s0 ∈ (0, σ). Since γ is
minimizing, it cannot have any conjugate points, so u must vanish identically. We conclude
that α = u′(0) = u′(σ) = β = 0, so φτ is the identity map for all τ , completing the proof.
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Using similar methods to those introduced above, Chow [4] proved that the scalar cur-
vature becomes positive in finite time which proves Theorem 2. We outline an alternative
method in the next section.
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8 Ricci Flow on Arbitrary 2-Spheres

In this section, we prove Theorem 2 in much the same way we proved Theorem 1. Namely,
we show that an isoperimetric ratio increases under the flow, ruling out singular behavior.
We follow the arguments in Hamilton [11].

Let Γ be a smooth embedded curve of length L on the S2, dividing it into two regions of
area A1 and A2. Now, take the curve of latitude Γ̄ of length L̄ on the round sphere of equal
area, dividing it into regions of area A1 and A2. Let C̄ denote the infimum over all curves Γ
of the ratio C = L2

L̄2 . The main theorem of this section is the following:

Theorem 27. The ratio C̄ increases under the unnormalized Ricci flow on S2.

In his paper [11], Hamilton proves that the infimum is attained on a smooth, embedded
curve Γ. For simplicity, will assume this result and focus on the improvement of the isoperi-
metric ratio (which is analagous to that used by Huisken to prove Grayson’s theorem). The
quantity C can easily be expressed in terms of L, A1 and A2. Parametrizing the round
sphere of radius R using spherical coordinates, with the circle of latitude at angle φ, we have
A1 = 2πR2(1− cosφ) = 4πR2 − A2. We then compute

A1A2 = (2πR2)2 sin2 φ

= R2L̄2

=
AL̄2

4π
.

We solve for L̄2 and apply the definition of C to get the formula

C =
L2A

4πA1A2

.

Construct a family of curves γ(r) a distance r from Γ = γ(0) with respect to the metric at
time t, for r ∈ (−ε, ε). Keeping these curves fixed while the metric evolves, we see that L,
A1 and A2 become functions of r and t. We will derive an evolution equation for log(C),
and show that C is increasing for this loop by a standard maximum principle argument.

Proof. We compute the space derivatives first. Suppose that r is increasing into region 2. It
is clear that

∂A1

∂r
= −∂A2

∂r
= L.

Next, note that ∂L
∂r

is just the first variation of L in the normal direction, i.e.

∂L

∂r
=

∫
κds

where κ is the geodesic curvature. Finally, applying the Gauss-Bonnet theorem, we have
∂L
∂r

= 2π −
∫

1
Kda so that

∂2L

∂r2
= −

∫
Kds.
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We now treat the time derivatives using the Ricci flow equation. Letting v be the velocity
vector for a curve with parameter u, we have

∂L

∂t
=

∫
∂

∂t
(g(v, v))

1
2du

= −
∫

1

2
(g(v, v))−

1
2
∂

∂t
g(v, v)du

= −
∫
Kds.

Notice that this is the same as ∂2L
∂r2

, so L evolves according to a heat equation. Next, recall
that volume element da evolves as ∂

∂t
da = −Rda = −2Kda so that

∂A1

∂t
= −2

∫
1

Kda = −4π + 2

∫
κds.

Similarly,
∂A2

∂t
= −2

∫
2

Kda = −4π − 2

∫
κds,

with the sign of the geodesic curvature term switched because the curve is negatively oriented
with respect to region 2. Finally, adding these gives

∂A

∂t
= −8π.

We are now equipped to find an evolution equation for logC = 2 logL + logA − logA1 −
logA2 − log 4π. First,

∂

∂r
logC =

2

L

∂L

∂r
− L

(
1

A1

− 1

A2

)
.

We will use the information that this first variation vanishes at r = 0, i.e.

∂L

∂r
=
L2

2

(
1

A1

− 1

A2

)
.

Taking another derivative, applying ∂A1

∂r
= −∂A2

∂r
= L and using the vanishing of the first

variation, we obtain

∂2 logC

∂r2
=

2

L

∂2L

∂r2
− 2

L2

(
∂L

∂r

)2

− ∂L

∂r

(
1

A1

− 1

A2

)
+ L

(
1

A2
1

∂A1

∂r
− 1

A2
2

∂A2

∂r

)
=

2

L

∂2L

∂r2
− L2

(
1

A1

− 1

A2

)2

+ L2

(
1

A2
1

+
1

A2
2

)
.

We now compute the time derivative:

∂ logC

∂t
=

2

L

∂L

∂t
− 1

A

∂A

∂t
− 1

A1

∂A1

∂t
− 1

A2

∂A2

∂t

=
2

L

∂2L

∂r2
− 8π

A
− (2

∂L

∂r
− 4π)/A1 + (2

∂L

∂r
+ 4π)/A2.
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Using the vanishing of the first r-variation and the computation

4π

(
1

A1

+
1

A2

)
− 8π

A
=

4π(A2
1 + A2

2)

A1A2(A1 + A2)
,

we get
∂ logC

∂t
=
∂2 logC

∂r2
+

4π(A2
1 + A2

2)

A1A2(A1 + A2)
(1− C).

We can get C arbitrarily close to 1 by considering tiny circles around any point, so in any
case, C̄ ≤ 1. Hence, the reaction term in our differential equation is positive, and the
theorem follows from a straightforward maximum principle argument.

For the details of the remainder of the proof of Theorem 2, we refer the reader to Hamilton
[11]. Roughly, in direct analogy with the curve-shortening argument, one considers two
possibilities for singularity formation. Let T be the maximal time interval on which a
solution exists, and consider a limit of rescalings around points where the curvature is larger
than previous times. In the first case, supM R(T − t) = ∞. Then a subsequence of these
rescalings must converge to a complete, non-compact solution with positive curvature which
exists for all time. The only such solution is the Cigar soliton, i.e.(

R2,
4

1 + |x|2
δij

)
.

One easily computes that the length of circles of radius R around 0 grow like r√
1+r2

, so the

cigar is asymptotic to a cylinder. The area bounded by these circles grows like log(1 + r2),
so by taking arbitrarily large circles, we can make the isoperimetric ratio as small as we like.
The above theorem thus rules out this type of singularity.

In the second case, supM R(T − t) <∞. It follows from an entropy monotonicity formula
proven by Chow [4] that the limit of dilations must be compact and homothetically shrinking,
and the only such solution is the round sphere.
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9 Ricci Flow on 3-Manifolds with Positive Ricci Cur-

vature

We devote the final section of this paper to sketching a proof of Theorem 3, first given
by Hamilton in [9]. The proof relies on three critical geometric estimates, all of which
follow from maximum principle arguments. In dimension 2, the scalar maximum principle
suffices because constant scalar curvature is constant curvature. This is false in 3 dimensions,
where all the curvature information is contained in the Ricci tensor. To handle tensor heat
equations, we introduce one last tool known as the tensor maximum principle, from which
preservation of positive Ricci curvature can be inferred. We prove this estimate in detail.

The second estimate tells us that the eigenvalues of the Ricci tensor get pinched pointwise,
and the final estimate gives us a bound on the gradient of the scalar curvature. These proofs
rely on long derivations of evolution equations to which we apply the standard maximum
principle; we will discuss the more intricate parts of these arguments, and refer the reader
to Hamilton for the derivations.

9.1 The Tensor Maximum Principle

Theorem 28. Let g(t) be a smooth 1-parameter family of Riemannian metrics on a closed
manifold M of dimension n. Let α(t) be a symmetric (0, 2) tensor satisfying the evolution
equation

∂

∂t
α(t) = 4g(t)α(t) + β(α, g, t)

where β is a symmetric (0, 2) tensor which is locally Lipschitz in all arguments and satisfies
a null eigenvector condition, namely if v is a null-eigenvector of α, then β(v, v) ≥ 0. Then
if α ≥ 0 at t = 0, it remains so for all later times at which a solution exists.

Proof. This proof is in the spirit of a scalar maximum principle proof. Let α solve the above
equation on M × [0, T ]. Define Aε(t) = α(t)+ ε(δ+ t)g(t). We will choose δ independently of
ε so that for all t0 ∈ [0, T − δ], we have Aε > 0 on [t0, t0 + δ]. Since δ is chosen independently
of t0 and ε, Aε is positive on [0, T ], and we can let ε go to 0 to get α ≥ 0 on [0, T ].

We choose δ to get a differential inequality for Aε. First, suppressing notation for g and
t dependence,

∂

∂t
Aε = 4α+ β(α) + εg + ε(δ + t)

∂

∂t
g

= 4Aε + β(Aε) + εg + (β(α)− β(Aε)) + ε(δ + t)
∂

∂t
g

We will choose δ small enough that the last three terms together are positive. Choose δ0 so
that for t ∈ [0, δ0], we have ε(δ0 + t) ∂

∂t
g > −1

2
εg, i.e. so that ∂

∂t
g > − 1

4δ0
g, which is possible

because g is positive. Next, choose a Lipschitz constant K for β and choose δ1 so that for
t ∈ [0, δ1], we have β(α) − β(Aε) ≥ −Kε(δ1 + t)g > −1

2
εg, i.e. so that δ1 <

1
4K

. Taking
δ = min{δ1, δ2}, each of the last two terms exceeds −1

2
εg, giving us the differential inequality

∂

∂t
Aε > 4Aε + β(Aε).
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We are now equipped to run the maximum principle argument. Note that Aε(x, 0) > 0
by hypothesis. Suppose by way of contradiction that Aε acquires a null eigenvector v for a
first time t0 ∈ [0, δ]. We have v ∈ Tx0(M) for some x0 ∈ M . Extend v to a neighborhood
of x0 by parallel translating along geodesics, and keep the resulting vector field constant in
time. We then have ∂

∂t
v = 0, ∇v = 0, and, choosing an orthonormal frame field ei, we have

4v =
n∑
i=1

(∇ei
∇ei

v − ∇∇eiei
v) =

n∑
i=1

(∇ei
0 − ∇0v) = 0, using the fact that v and ei are

parallel translated along geodesics.
Using these computations, that Aε(x0, t) > 0 for t < t0, that Aεijv

ivj is a local spatial
minimum, and the null eigenvector condition on β, we have

0 ≥ ∂

∂t
(Aεijv

ivj)

=
∂

∂t
(Aεij)v

ivj

> (4Aεij + βij)v
ivj

= 4(Aεijv
ivj) + βijv

ivj

≥ 0

giving the desired contradiction.

Corollary 3. If Ricg > 0 at t = 0, then it remains so under the Ricci flow.

Proof. Recall that the Ricci curvature evolves as

∂

∂t
Ric(X, Y ) = 4Ric(X, Y ) + 3RRic(X, Y )

− 6
∑
k

Ric(X, ek)Ric(Y, ek)− g(X, Y )
(
R2 − 2|Ric|2

)
.

If V satisfies the null-eigenvector condition for Ric, i.e. Ric(X,V ) = 0 for all X, then in
particular we have Ric(V, V ) = 0 and

∑
k Ric(V, ek)Ric(V, ek) = 0. Denote by λ, µ and ν

the eigenvalues of Ric. By assumption, one of these, say ν, is 0. We then have

g(V, V )
(
2|Ric|2 −R2

)
= g(V, V )

(
2(λ2 + µ2)− (λ+ µ)2

)
= g(V, V )(λ− µ)2

≥ 0.

By the tensor maximum principle, positive Ricci curvature is preserved.

We can in fact improve this estimate as follows:

Corollary 4. If Ricg > εRg at t = 0, it remains so under the Ricci flow.

We will apply the tensor maximum principle to the symmetric 2-tensor 1
R
Ric− εg, which

requires deriving a reaction-diffusion equation. The following lemma will be useful for this
computation.
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Lemma 5. Let T be an (r, s) tensor and let f be a positive smooth function on M . Then

4
(

1

f
T

)
=
f 4 T −4fT

f 2
− 2

f

∑
k

ek(f)Dek
(
1

f
T ).

Proof. We compute

4
(

1

f
T

)
=
∑
k

D2
ek,ek

(
1

f
T

)
=
∑
k

Dek
Dek

(
1

f
T

)
−
∑
k

DDek
ek

(
1

f
T

)
=
∑
k

Dek

(
1

f
Dek

T − ek(f)

f 2
T

)
−
∑
k

(
1

f
DDek

ek
T − Dek

ek(f)

f 2
T

)
=

1

f
4 T − 1

f 2
4 fT − 2

∑
k

(
ek(f)

f 2
Dek

T − ek(f)2

f 3
T

)
=
f 4 T −4fT

f 2
− 2

f

∑
k

ek(f)Dek
(
1

f
T )

as desired.

We now prove Corollary 4.

Proof. We first derive the evolution equation for Ric(X,Y )
R

− εg(X, Y ) so that we can apply
the tensor maximum principle. Let

Q(X, Y ) = 3RRic(X, Y )− 6
∑
k

Ric(X, ek)Ric(Y, ek)− g(X, Y )(R2 − 2|Ric|2)

so that ∂
∂t
Ric(X, Y )−4Ric(X, Y ) +Q(X, Y ). We then compute

∂

∂t

(
Ric(X, Y )

R
− εg

)
=
R4Ric(X, Y )−4RRic(X, Y )

R2

+
RQ(X, Y )− 2|Ric|2Ric(X, Y )

R2
+ 2εRic(X, Y ),

and using the previous lemma we have

4
(
Ric(X, Y )

R
− εg(X, Y )

)
=
R4Ric(X, Y )−4RRic(X, Y )

R2

− 2

R

∑
k

ek(R)Dek

(
Ric(X, Y )

R
− εg(X, Y )

)
.
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Putting these computations together, we obtain the evolution equation

∂

∂t

(
Ric(X, Y )

R
− εg

)
= 4

(
Ric(X, Y )

R
− εg(X, Y )

)
+

2

R

∑
k

ek(R)Dek

(
Ric(X, Y )

R
− εg(X, Y )

)
+
RQ(X, Y )− 2|Ric|2Ric(X, Y )

R2
+ 2εRic(X, Y ).

To prove the claim, we will apply the tensor maximum principle with

β(X, Y ) =
RQ(X, Y )− 2|Ric|2Ric(X, Y )

R2
+ 2εRic(X, Y ).

The Ricci tensor is symmetric, so we may diagonalize it with an orthonormal set of eigen-
vectors {e1, e2, e3} associated to eigenvalues λ, µ and ν. Assume without loss of generality
that e1 is the null-eigenvector of Ric− εRg, so that λ = εR. Then use this to eliminate ε in
the expression for β(e1, e1), obtaining

R2β(e1, e1) = R(3Rλ− 6λ2 −R2 + 2|Ric|2) + 2εR2λ− 2λ|Ric|2

= R(3Rλ− 4λ2 −R2 + 2|Ric|2)− 2λ|Ric|2.

Substituting R = λ+µ+ν and |Ric|2 = λ2+µ2+ν2 and simplifying, this expression becomes

R2β(e1, e1) = λ2(µ+ ν − 2λ) + (µ+ ν)(µ− ν)2.

The second term is nonnegative because positive Ricci curvature is preserved, so we focus
our attention on the first. Observe that contracting the inequality Ric ≥ εRg give ε ≤ 1

3
.

Since ε = λ
R
, it follows that R

λ
= 1 + µ+ν

λ
≥ 3, which we may rearrange to obtain µ+ ν ≥ 2λ.

This proves that the first term is positive, hence all the hypotheses of the tensor maximum
principle are satisfied.

9.2 Pointwise Pinching of Eigenvalues

In this section we prove a pointwise pinching estimate on the eigenvalues of the Ricci tensor.
We first introduce a geometric quantity measuring the deviation of the eigenvalues from one
another: note that

|Ric|2 − 1

3
R2 = λ2 + µ2 + ν2 − 1

3
(λ+ µ+ ν)2

=
1

3

(
2λ2 + 2µ2 + 2ν2 − 2λµ− 2λν − 2µν

)
=

1

3

(
(λ− µ)2 + (λ− ν)2 + (µ− ν)2

)
.

This implies in particular that |Ric|2 ≥ 1
3
R2, so that

∂

∂t
R = 4R + 2|Ric|2

≥ 4R +
2

3
R2.
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By assumption, R ≥ ρ for some ρ > 0 at time t = 0. The scalar maximum principle then
implies that R is bounded below by the solution to the ODE dh

dt
= 2

3
h2 with h(0) = ρ.

Solving, one obtains

R ≥ 3ρ

3− 2ρt

which tells us that the maximal time T for which a solution exists is bounded above by 3
2ρ

.

Remark 6. It can be shown via interpolation inequalities (see [9]) that if |Riem| < C <∞
on a time interval [0, T ), then the metric converges in the C∞ sense to a limit metric g(T ).
Using the short-time existence result, we can extend the solution past T , proving long-time
existence. This implies in particular that |Ric| blows up as t goes to T , and since |Ric|2 ≤ R2

by the positivity of Ricci curvature, we must have Rmax going to ∞.

The main theorem of this section is the following.

Theorem 29. There exist δ > 0 and C <∞ depending only on the initial metric such that
for all times at which a solution exists,

|Ric|2 − 1
3
R2

R2
≤ CR−δ.

This theorem, along with the previous remark, tells us that the quantity |Ric|2
R2 − 1

3
goes

to 0 at the points where R blows up.

Proof. Let γ = 2− δ and let

f =
|Ric|2 − 1

3
R2

Rγ
=
|Ric|2

Rγ
− 1

3
R2−δ.

The idea is to derive an evolution equation for f of the form

∂

∂t
f ≤ 4f + 〈X,∇f〉

for some vector field X which may depend on time. The scalar maximum principle would
then imply that if f ≤ C at t = 0, then it remains so, proving the claim. The derivation of
the evolution equation is quite tedious, but it does not rely on any fancy identities or tricks.
We refer the reader to [9] for a proof of the following:

Lemma 6. The function f satisfies the evolution equation

∂

∂t
f = 4f +

2(γ − 1)

R
〈∇R,∇f〉

− 2

Rγ+2
|R ·DRic−DR ·Ric|2

− (2− γ)(γ − 1)

Rγ+2

(
|Ric|2 − 1

3
R2

)
|DR|2

+
2

Rγ+1

(
δ|Ric|2(|Ric|2 − 1

3
R2)− 2P

)
where

P = λ2(λ− µ)(λ− ν) + µ2(µ− λ)(µ− ν) + ν2(ν − λ)(ν − µ).
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Thus, the proof boils down producing a δ depending only on the initial metric such that
2P ≥ δ|Ric|2

(
|Ric|2 − 1

3
R2
)
. This is the content of the next lemma:

Lemma 7. For R > 0 and Ric ≥ εRg, we have P ≥ ε2|Ric|2
(
|Ric|2 − 1

3
R2
)
.

Let λ, µ and ν be the eigenvalues of the Ricci tensor. Without loss of generality, λ ≥
µ ≥ ν. The hypotheses give

λ ≥ µ ≥ ν ≥ εR > 0.

We can rewrite the first two terms of P as follows:

λ2(λ− µ)(λ− ν) + µ2(µ− λ)(µ− ν) = λ2(λ− µ)((λ− µ) + (µ− ν)) + µ2(µ− λ)(µ− ν)

= λ2(λ− µ)2 + (λ− µ)(λ2(µ− ν)− µ2(µ− ν))

= (λ− µ)2
(
λ2 + (µ− ν)(λ+ µ)

)
≥ λ2(λ− µ)2.

Thus, we have the sequence of inequalities

P ≥ λ2(λ− µ)2 + ν2(µ− ν)2

≥ ε2R2
(
(λ− µ)2 + (µ− ν)2

)
=
ε2

3
R2
(
(λ− µ)2 + (µ− ν)2 + 2(λ− µ)2 + 2(µ− ν)2

)
≥ ε2

3
R2
(
(λ− µ)2 + (µ− ν)2 + (λ− ν)2

)
≥ ε2

3
|Ric|2

(
(λ− µ)2 + (µ− ν)2 + (λ− ν)2

)
= ε2|Ric|2

(
|Ric|2 − 1

3
R2

)
,

proving the lemma. By taking δ < 2ε2, we have the desired differential inequality for f ,
proving the claim.

9.3 Bounding the Gradient of Scalar Curvature

Theorem 30. For every η > 0 there exists C < ∞ depending only on η and the initial
metric such that when a solution exists,

|∇R|2 ≤ ηR3 + C(η).

The strategy is to find a positive function h and derive a differential inequality for the

function f = |∇R|2
R

− ηR2 of the form

∂

∂t
(f + h) ≤ 4(f + h) + C0(η)

for some constant C0 depending only on η and the initial metric. We can then apply the
maximum principle to conclude that

f ≤ f + h ≤ C0(η)t,
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which then implies
|∇R|2 ≤ ηR3 + C0(η)Rt.

Recall that the maximal time T for which a solution exists is finite and depends only on the
initial minimum of R, so that

|∇R|2 ≤ ηR3 + C1(η)R

for some C1(η) depending only on η and g(0). Finally, if we choose C(η) sufficiently large
depending only on C1(η) and η we have

|∇R|2 ≤ ηR3 + C1(η)R ≤ 2ηR3 + C(η).

Since η is arbitrary, this would complete the proof.
We proceed with the derivation of the evolution equation, which is a bit more delicate

than that of the last section. One easily computes (see [9])

∂

∂t
f = 4f − 2

R3
|RHessR−DR ·DR|2 − 4ηR|Ric|2

− 2

(
|Ric|2

R2
− η

)
|∇R|2 +

4

R

〈
∇R,∇|Ric|2

〉
.

Recall from the previous section that |Ric|2
R2 ≥ 1

3
, so the third term is bounded above by

−4
3
ηR3, and by choosing η < 1

3
the fourth term is nonpositive. The only remaining bad

term is the last one. Working in normal coordinates, we obtain a bound for this term via
Cauchy-Schwarz: 〈

∇R,∇|Ric|2
〉

= gij∂iR∂j (gpqgrsRprRqs)

= 2gijgpqgrs∂iRRpr∂jRqs

= 2 〈∂iRRjk, ∂iRjk〉
≤ 2|∂iR||Rjk||∂iRjk|.

Since all the eigenvalues of the Ricci tensor are positive, we have |Ric|2 ≤ R2. Furthermore,
using normal coordinates again we have

|∂iR|2 =
3∑
i=1

(
3∑
j=1

∂iRjj

)2

≤ 3
∑
i,j

(∂iRjj)
2

≤ 3|∂iRjk|2

so that |∂iR| ≤ 2|∂iRjk|. This last term is thus bounded by 16|∂iRjk|2, giving us the
differential inequality

∂

∂t
f ≤ 4f + 16|∂iRjk|2 −

4

3
ηR3.
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In order to eliminate the bad term on the right hand side of this inequality, we consider
the function h = |Ric|2 − 1

3
R2. It is not too hard to show that h satisfies the differential

inequality
∂

∂t
h ≤ 4h− 2

(
|∂iRjk|2 −

1

3
|∂iR|2

)
+ 4Rh.

It is interesting that the constant 3 in the estimate |∂iR|2 ≤ 3|∂iRjk|2 can be improved to
20
7
; then, by adding the appropriate multiple K0 of h to f we can cancel the |∂iRjk|2 terms

to obtain
∂

∂t
(f +K0h) ≤ 4(f +K0h) +K1Rh−

4

3
ηR3

for some constant K1 depending only on K0. Recall from the previous section that there
are constants K2, δ > 0 depending only on g(0) such that h ≤ K3R

2−δ, so that the last two
terms are bounded above by

K1K2R
3−δ − 4

3
ηR3.

This last expression is certainly less than some constant C(η) depending only on K2, δ and
η, completing the proof.

To get the improved estimate |∂iR|2 ≤ 20
7
|∂iRjk|2, we call on the contracted second

Bianchi identity gij∂iRjk = 1
2
∂kR. We would like to write ∂iRjk in its irreducible components.

To that end, write
∂iRjk = Eijk + Fijk,

where Eijk = Agij∂kR+Bgjk∂iR+Cgik∂jR for some constants A,B and C to be determined
by the condition that F is traceless. Taking the three traces of F and using the contracted
second Bianchi identity, we obtain these conditions: 3A + B + C = A + B + 3C = 1

2
and

A+ 3B + C = 1. Solving for the coefficients, we get

Eijk =
1

20
(gij∂kR + gik∂jR) +

3

10
gjk∂iR.

One can easily compute |Eijk|2 = 7
20
|∂iR|2, as desired.

9.4 Global Pinching of Eigenvalues

With a bound on the gradient of the scalar curvature, we can extend the pointwise pinching
result to a global result by applying the Bonnet-Myers theorem, which relates the curvature
of a manifold to its topology:

Theorem 31. Let (M, g) be a complete Riemannian manifold such that Ricg ≥ (n − 1)λ,
where λ is a positive constant. Then diam(M) ≤ π√

λ
.

This classical theorem is a consequence of the second variation formula for energy, and
for brevity we omit the proof. Let T be the maximal time interval on which a solution exists.

Theorem 32. The quantity |Ric|2
R2 − 1

3
goes to 0 as t→ T .

This is a consequence of the following lemma:
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Lemma 8. Rmax

Rmin
→ 1 as t→ T .

Since we know that Rmax blows up as t goes to T , this lemma tells us that Rmin must

blow up as well. The pointwise pinching estimate |Ric|2
R2 − 1

3
≤ CR−δ ≤ CR−δmin gives us the

desired result. We proceed with a proof of the lemma:

Proof. The bound on the gradient of the scalar curvature tells us that

|∇R| ≤ η2

2
R

3
2 + C(η)

for an η to be chosen sufficiently small later. Since Rmax blows up as t → T , there exists

τ(η) such that C(η) ≤ η2

2
R

3
2
max for all t ∈ [τ(η), T ). It follows that

|∇R| ≤ η2R
3
2
max

for all t ∈ [τ(η), T ). Take any t in this time interval, and let R(p, t) = Rmax(t). Let
ρ = 1

η
√
Rmax

. Then by our gradient bound, for any x ∈ Bρ(p) (the ball of radius ρ with

respect to the metric at time t) we have

R(x, t) ≥ Rmax(t)−
(

sup
M
|∇R|

)
d(x, p)

≥ Rmax(t)− η2Rmax(t)
3
2

1

η
√
Rmax(t)

= Rmax(t)(1− η).

We claim that for η sufficiently small, this ball is all of M , and since we can choose η
arbitrarily small, this would prove the lemma. By our tensor maximum principle estimate,
we know that on this ball

Ric ≥ εRg ≥ εRmax(1− η) = 2

(
εRmax(1− η)

2

)
g.

It follows from the Bonnet-Myers theorem that geodesics of length exceeding l = π
√

2√
εRmax(1−η)

inside the ball Bρ(p) are unstable. For η small enough, notice that l < ρ
2
. Thus, if there

were any points q such that d(p, q) ≥ ρ, we could join them by a minimizing geodesic γ(s)
parametrized by arclength. But in this case, γ|[0, 3ρ

4
] is unstable, contradicting the minimality

of γ and proving the claim.

We end this section with a few remarks about the remainder of the proof of Theorem
3. By dilating and reparametrizing, we get a solution g̃ to the normalized flow, and we
can extend the above results to g̃ (see [9]). In particular, one can show that T̃ = ∞, and
using interpolation inequalities for tensors, one can show that g̃ approaches a limit metric
g(∞) in the C∞ sense. Finally, via a maximum principle argument, one shows that R̃ic(t)
exponentially approaches 1

3
r̃g̃. Since the Ricci curvature determines the sectional curvatures

in dimension 3, we see that g̃(∞) is a metric of constant curvature.
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