NON (! SOLUTIONS TO THE SPECIAL LAGRANGIAN
EQUATION

CONNOR MOONEY AND OVIDIU SAVIN

ABSTRACT. We construct viscosity solutions to the special Lagrangian equa-
tion that are Lipschitz but not C!, and have non-minimal gradient graphs.

1. INTRODUCTION

For a symmetric n x n matrix M with eigenvalues {A;}7_, we let
n
F(M) = Z arctan();).
i=1

The special Lagrangian equation for a function v on a domain in R” is

9 Tw
(1) F(Du)—ce< n2,n2).
Here ¢ is a constant. Equation (1), introduced in the seminal work [HL1], is the
potential equation for area-minimizing Lagrangian graphs of dimension n in R2™.

Classical solvability of the Dirichlet problem for (1) in a ball with smooth bound-
ary data was established for |¢| large in [CNS] (see also [CPW], [BMS], [Lu], and
see [BW] for classical solvability of the second boundary value problem). The ex-
istence of viscosity solutions to (1) with continuous boundary data and ¢ arbitrary
was established in [HL2] (see also [B], [DDT], [CP], and [HL3]).

The regularity of solutions to (1) is a delicate issue. It is known that viscosity
solutions are real analytic when |c| > (n —2)% ([WY1], see also [WaY1], [WaY2],
[WaY3], [Li], [Z], [T2], [U], [CW]), or when u is convex ([CSY], see also [CWY],
[BC], [BCGJ]). In these cases, (1) is a concave equation [Y3], so by the Evans-
Krylov theorem ([E], [K]) it suffices to obtain interior C? estimates (see also [Y1]).
When [c| < (n—2)7 the equation is not concave, and there are examples of viscosity
solutions to (1) which are C! but not C? ([NV2], [WY2]). However, the gradient
graphs of these examples are analytic and area-minimizing as geometric objects. It
remained open whether all viscosity solutions to (1) are C*!, and whether they have
minimal gradient graphs (see e.g. the conjecture at the end of the introduction in
[NV2]). In this paper we answer these questions in the negative:

Theorem 1.1. There ezist ¢ € [0, 7/2), a smooth bounded domain Q C R3, an
analytic embedded surface T' CC Q with boundary, and a Lipschitz function u on )
that is analytic in Q\I', such that

(1) F(D?u) = c in the viscosity sense in €,

(2) Vu is discontinuous on T\OT', and

(3) The graph of Vu is of class C1:1 but not C2. It is the union of two analytic

parts, where one of the parts is minimal and the other is not.
1
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Here we clarify what we mean in the last statement. Our approach is to first
construct a C% 1 solution w to the degenerate Bellman equation

(2) max{F(D*w) — ¢*, det D*w} = 0

which has a compact free boundary between the operators. The function w solves
the special Lagrangian equation outside of a small smooth convex set K, in which
det D%2w = 0 but F(D?w) is not constant. It is analytic inside K and outside K,
and C%! but not C*® across K. Thus, the graph {(z, Vw(z))} of Vw consists
of two analytic parts that meet in a C»! but not C? fashion, where one part is
minimal (the part where z € K°) and the other is not (where 2 € K and F(D?w)
is not constant). To get u we take the Legendre transform of w, and we interpret
the graph of Vu as a rigid motion in R? x R? of the graph of Vw. This is a natural
interpretation in view of the fact that the gradient of the Legendre transform of a
function is the inverse of the gradient of that function (see Section 2).

We also remark that the example v from Theorem 1.1 is semi-concave, hence
—u (which solves the special Lagrangian equation with right hand side —c) is semi-
convex, like the examples in [NV2] and [WY2]. However, in contrast with previous
examples, the example in Theorem 1.1 has non-minimal and non-smooth gradient
graph (in the sense we describe above). Thus, unlike convexity, semi-convexity does
not imply smoothness of the gradient graph for solutions of (1).

Theorem 1.1 also says something interesting at the level of C' estimates for
degenerate elliptic PDEs, namely, that solutions that are smooth near the boundary
(which guarantees interior gradient bounds by the comparison principle) can have
interior gradient discontinuities. This stands in contrast with uniformly elliptic
equations, which enjoy interior C1'@ estimates ([C], [CC], [T1]; these are in fact
optimal, see [NV3]). It remains open whether viscosity solutions to (1) necessarily
have locally bounded gradient, see e.g. [M] and [BMS] for recent results in this
direction.

On the other hand, all the known non-smooth solutions to (1) are not C1:1. Tt
remains open whether there exist C*! but non C? singular solutions (equivalently,
whether there exist non-flat graphical special Lagrangian cones). The smallest di-
mension in which such examples could exist is n = 5 ([NV1]). For general uniformly
elliptic equations, such examples exist in dimensions n > 5 ([NTV]).

We will prove Theorem 1.1 in the following section. In the last section we will
discuss related examples of singular solutions to (1), that can be viewed as small
perturbations of the singular solutions in [NV2] and [WY2]. The examples in the
last section have non-minimal gradient graphs, and the singularities appear near the
center of a ball. We expect that the examples in the last section are not C', and that
their singularities are modeled locally by examples like the one from Theorem 1.1.
In particular, we expect that the degenerate Bellman equation (2) with compact
free boundaries plays an important role in the formation of Lipschitz singularities
in solutions to (1). Furthermore, the examples in the last section suggest that this
mechanism of singularity formation is stable.
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2. PrRoOOF OF THEOREM 1.1

For A > 0 to be chosen shortly, let
\r? Ar3

O(x) = .
14+ x5 1—x3
The function ® is convex and analytic in {|zs| < 1}. (Note that the one-homogeneous
function of two variables z? /x3 is convex in {z3 > 0}, since it has only one nonzero
Hessian eigenvalue and has positive second derivative in the x; direction. The terms
in ® are this same function up to rigid motions, so the convexity of ® follows.) Each

term in @ is a translation of a one-homogeneous function whose Hessian has rank
1, so D?® has rank 2. It follows that

det D*® = 0.
Note also that the image of V@ is contained in the paraboloid

(3) D= {ys = ﬁ(yi - yf)}e

Lemma 2.1. The analytic function ©(x) = F(D?®(x)) has a non-degenerate local
minimum at x =0 for A > 0 small.

Proof. Denote by f(\) := arctan A and then F(D?u) =Y f(\:).
We use the expansion of order 4 for ® at 0,

® = A (2] + 23 + x3(23 — 27) + 23 (a7 + 73) + O(|z]%))

hence D2®(0) is diagonal with eigenvalues 2\, 2) and 0.
We compute DO and D?0 at x = 0 and find

Ok = Fyj ®iji = (2N @115 + [/ (2N)Pazy + f'(0) P33 = 0,
and
Or1 = Fij Pijrr + Fijmn Pijr Prmni

= f/(2N) @110 + /(2N Pazir + [ (0) P33 + O(A?)

= @113 + Poops + Paz + O(N?)

= cpA Ok + O\,
with ¢; = ¢ = 4 and ¢3 = 8. In the computation above the derivatives of F' are
evaluated at D?®(0), and we have used that

D3® =0()\), D'®=0()\), f©2)\=/f(0)+00), f(0) =1
Hence, if A > 0 is chosen small, then D?©(0) is positive definite, and the lemma

is proved.
|

Remark 2.2. Lemma 2.1 can also be proven by calculating the eigenvalues of D?®.

For a = —— and b= ﬁ, these are 0 and A4, where

1+x3

1 1 a’ b 1 12
—Ap = —— + —af + a3 = —(2abas + (b’23 — a®21))? + PV 2iad .
1—22 " 2 2 4
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Lemma 2.1 implies that for ¢ > 0 small, the connected component K of the
set {© < ©(0) + €2} containing the origin is compact, analytic, uniformly convex,
and contained in Bg.. Here and below C' denotes a large constant, which may
change from line to line. As a result, D?>® is within Ce of the diagonal matrix
D?®(0) = 2\(I — e3 ® e3) in K. Later we will use the map

V() = (P1(x), Pa2(), 73),
which is an analytic diffeomorphism in a neighborhood of 0. Since

D*(©0w™1)(0) = (D¥(0))" D*6(0)(D¥(0))

is positive, we also have for € sufficiently small that ¥(K), the connected component

of {0 ¥~ <O(0) + €2} containing the origin, is analytic and uniformly convex.

Now, for ¢* := ©(0) + €2, let v be the solution in a small neighborhood of K to
F(D*v) =¢*, wvlog =®, wvlox = Py.

Here v is the outer unit normal to 0K and we obtain v using Cauchy—Kovalevskaya.
Since ¢ and v solve the same equation on 0K and have the same Cauchy data there,
we have

D?*v = D?® on 0K.

As aresult, for zg € 0K, all third derivatives of ® and v that involve a differentiation
in a direction tangent to 0K at x( agree. Since ©, > 0 on JK by construction and
F(D?v) is constant, we conclude on 9K that

0 < 8,(0 — F(D?*v)) = Fij(®iju — viju) = Fuu(Puww — Vo),
which implies that
(4) Vo < Py on OK.
We let K, denote the set of points a distance less than p from K.
Lemma 2.3. We have det D*v < 0 on K,\K, for u >0 small.

Proof. Let G denote determinant. Since G(D?v) = G(D?*®) = 0 on K, it suffices
to show that

9,(G(D?v)) <0 on K, and where equality holds, that 92(G(D?v)) < 0.

To that end we fix 2y € 0K, and we let ¢ denote the eigendirection at x( corre-
sponding to the 0 eigenvalue of D?® (). We distinguish two cases.

The first case is that £ is not tangent to OK. Then at xy we pick a system of
coordinates with v being a coordinate direction, and at xy we compute

0,(G(D*v)) = 8, (G(D*v) — G(D?*®))

= G (vijy — Pijv)

== Guu (Uul/u - q)w/l/)a
using that vijk(xo) = ®;;,(xp) unless i = j = k = v. Since v is not perpendicular to
¢, we have that G, (D?(®(z0))) > 0, and we obtain the desired (strict) inequality
using (4).

The second case is that £ is tangent to K. Choose coordinates at xg such

that both ¢ and v are coordinate directions. In these coordinates the only nonzero
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derivative of G is G¢¢ > 0. In particular, G, = 0, so the previous calculation
implies that 9, (G(D?v)) = 0. Combining these observations we have

0=9,(G(D*)) = 8,(G(D*®)) = Gecveer = GeePeeu,s
hence
(5) Veer = Peer = 0.
Now we calculate the second normal derivative:
92(G(D?v)) = 83(G(D*v) — G(D*®))
= Gee(Veery — Pecvn) + Gij, ki (VijuViiy — Piju Pran)
=I+1I.

Since all third-order derivatives of v and ® involving a tangential direction agree,
the only possible nonzero terms in II are those with ¢ = j = vor k =1 = v.
Using (5), we further reduce II to terms involving Gy, k; where k and [ are not
both £. Finally, using that D?®(x() vanishes in the £ column and row, we see that
Guu ki =0 when (k, 1) # (&, €), thus the term IT vanishes.

To estimate the term I note that

(Vo — Pur)ee = KUy — Puiw),
where k > 0 is the curvature of K in the direction . Using (4) we conclude that
02(G(D*v)) = KGee(Vypy — Puuy) <0,
completing the proof. O

® in K,
’LU ==
vin K,\K.
Note that w € C* ! and

(6) D?w is within Ce of the matrix 2\(I — e3 ® e3) in K,

Now, we let

(we assume 4 was taken small). We let
I':= Vw(K),

and we note that I' is the piece of the paraboloid ¥ (see (3)) that lies over the
projection of ¥(K) to the horizontal plane.

Lemma 2.4. For p/ > 0 small, the map Vw is one-to-one on K, \K and maps
K, \K diffeomorphically to a neighborhood of T'.

Proof. Let y = H(z) := (w1(z), wa(zx), x3). Similar calculations to those in Propo-
sition 3.1 from [WY2] imply that det DH > 0 and that H is distance-expanding,
up to a factor depending on A. Both facts follow quickly from (6), which im-
plies that DH is within Ce of the diagonal matrix with entries 2, 2\, 1 in K.
(To verify distance-expanding one can e.g. combine the preceding observation
with the fundamental theorem of calculus, which implies that H(z) — H(z) =
[fol DH(tz+ (1 —t)z)dt] - [z — z]). In particular, H is a global diffeomorphism of
K. As noted above, the set H(K) = V(K) is an analytic uniformly convex set.
Thus, for p/ > 0 sufficiently small, H(K ) is contained in a convex neighborhood
D C H(K,) of H(K). We will show that Vw is injective in K,/ \K.
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Because H is a diffeomorphism, it suffices to check that T := Vw o H™! is
injective on D\ H(K). We have

T(y) = (y1, y2, w3(H ' (y))).

Since D is convex, every vertical line intersects it in a connected segment, so it
is enough to show that 957° = 9, (ws(H '(y))) < 0, with strict inequality when
y € D\H(K). This follows directly from the identity

(1) Oy lws(H™ () = det DT (y) = det D2w(H"(y)) det DH(y)

and Lemma 2.3.

It just remains to show that Vw maps K, into a neighborhood of I'. Equiva-
lently, T maps H (K,) into a neighborhood of I'. Using the monotonicity 0313 <0
away from H(K) we see that the image of T' contains a small vertical segment
through every point in I'; and the result follows from the continuity of T O

For a C? function w, we define its Legendre transform w* on the image of the
gradient of w by the formula

(8) w*(Vw) =z - Vw — w(z),

with w* being possibly multivalued. Although the Legendre transform is typically
used for convex functions, this definition enjoys some of the same important proper-
ties. More precisely, if det D?w(zg) # 0, then in a neighborhood of zo the Legendre
transform w* is single-valued, Vw* is the inverse of Vw, and D?w* = (D?*w)™1,
hence
2, * 2 ™
F(D*w*)+ F(D*w) = (n—2l)§,

where [ denotes the number of negative eigenvalues of D?w. Geometrically, taking
the Legendre transform corresponds to making a rigid motion of the gradient graph,
which can be seen using the gradient-inverting property.

Using Lemma 2.4 we conclude that there exists a neighborhood of I' on which
the Legendre transform u = w* of w is single-valued. Away from I, the function
u is analytic and has two positive Hessian eigenvalues and one negative Hessian
eigenvalue, thus it solves
(9) F(D*u) = g —c'i=c
classically away from I'. We also calculate away from I" that

1
=—— cof(D? 0
133 det(D?w) cof(Dw)3s <0,

and uz3 tends to —oo on I'. On I'\AT', the function u has a “downward” Lipschitz
singularity. Indeed, from the identity

us(y1, y2, ws(H ™ (y))) = us(Vw(H ™' (y))) = ys
we infer that ud and wug, the limits of uz from above and below along vertical
segments through I'\OT', satisfy that

(u;‘ - u;)(yh Y2, ’U}3(H_1(y))) = _L(yla y2) < 07

where L(y1, y2) is the length of the intersection between ¥(K) and the vertical line
through (y1, y2, 0).

We conclude from this discussion that u is concave along vertical lines, and on
I it cannot be touched from below by any C? function. As a consequence, u is
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a viscosity super-solution to (9). Note also that F(D?w) < c¢*. It follows that
wy, = w — 22 /k satisfies F(D?wy) < ¢* for all k > 0. We note that D?wj, has two
positive eigenvalues and one negative eigenvalue, and by similar considerations to
those above, wj; is single-valued and solves

F(D*w};) = 7/2 — F(D*wy) > ¢

classically in a neighborhood of I'. We claim that wj, converge uniformly to u in
a neighborhood of T', which implies that « is also a viscosity sub-solution to (9)
and completes the construction. To prove the claim, note that by the definition of
Legendre transform (8),

wi(Vw(z) — 2k trzes) — w* (Vw(z)) = —k a3,
and use that wj, have uniformly bounded gradient (their gradients lie in K,).

Remark 2.5. By combining the proofs of Lemmas 2.3 and 2.4 one can show that
wis CHY2 up to T from each side at points on Mar, and u is CY1/5 on Or.
Indeed, for zg € T\JI, let xo be either pre-image under Vw of 2o in K. Lemma
2.3 shows that 9,(G(D?w)) < 0 at x¢. Using this in (7) one can conclude that
|Vw(z) — Vw(zo)| > C7Ya — xo|? for € B, (0) N (K,/\K) and 7 small, giving
C'/? regularity of Vu on each side of I' at zy. Likewise, if zg € I, then one
has 0%(G(D*w)) < 0 at 9. Using the uniform convexity of 9K one concludes in
a similar way using (7) that |[Vw(z) — Vw(zg)| > C7 1tz — x| for z € K,/\K,
corresponding to C''/5 regularity of Vu at zg.

3. RELATED EXAMPLES

The examples in [NV2] and [WY2] are obtained by starting with an analytic
solution to the special Lagrangian equation with singular Hessian at the origin and
injective gradient. The gradient graph can then be rotated so it has a “vertical”
tangent direction at the origin, and the new potential (the Legendre transform of
the original one) is C* but not C2. Rotating the gradient graphs a tiny bit further
gives rise to a potential that is multi-valued in a small neighborhood of the origin.
By solving the Dirichlet problem for (1) with boundary data given by that of the
multi-valued potential, one obtains solutions that cannot have minimal gradient
graph. Here and below, by minimal we mean a mass-minimizing integral varifold.
In this section we outline a proof, and we discuss the relationship between these
examples and the one from the previous section. The idea of working in rotated
coordinate systems has been used to prove regularity and Liouville-type theorems
in many contexts, see e.g. [Y2], [CY], and [CSY].

Step 1: Calculations in Section 2 of [WY2] show that there is a solution w to
the special Lagrangian equation with ¢ = 7/2 in By, C R® such that

1
w=g (m% +x§) + z3(2? — 22)

1 1
+ ﬁ$§ (1827 + 1823 — 23) — g(xf +23)? + O(|z).
It is shown that the two largest eigenvalues of D?w are close to 1, and that the
smallest eigenvalue A3 of D?w is analytic near the origin and satisfies

(10) A3 = —|z> + O(Jz]?).
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Remark 3.1. The expansion of w follows from the form of the polynomial P on pg.
1161 of [WY2]. We took m = 2, which determines the coefficients ag = —1, a; =
6, az = —3/2 (see the bottom of pg. 1162). Taking v = 1/12 and using the formulae
for H and A3 on pages 1162, 1163 gives the conclusions above.

Let € > 0 be small and let tanf = e. Let (x, y) be coordinates of R® with z and
y in R®. Rotating the gradient graph of w by an angle 6, that is, representing the
graph in new coordinates

T = cosfr —sinfy, ¢ = sinfz 4+ cosby,
we get a new potential w which satisfies
V(cos bz — sin Vw(z)) = sin 6z + cos Vw(z),
D?i(cos Oz — sin OVw(z)) = (I — eD*w(z)) (el + D*w(x)),
F(D*®) = g +30 in B,.
Letting A3 be the smallest eigenvalue of D2, we conclude using (10) that
As(cos 0z — sin OVw(z)) = € — (1 + €2)|z]> + O(|z|?),
hence A3(0) = ¢, VA3(0) = 0, and

2(1 + €2)

D?)3(0) = —
A3(0) cos? 6

((1 - 6)72(61 ®er+ex®@ez) +e3® 63) .
For e small, the connected component Z of the set {\3 > 0} containing the origin
is thus an analytic uniformly convex set contained in B¢ /. (Here and below, C
and ¢ will denote constants independent of € that may change as we refer to them.)
Furthermore, for

\I'(x) = (’LZIl, 71)2, .133),
the same is true for the set ¥(Z), that is, the connected component of {;\30\11_1 > 0}
containing the origin.

Step 2: The Legendre transform w* of w is defined in a ball Byg, and for € small
it is analytic and single-valued in Bag\Bg4/s. Let u be the viscosity solution to the
Dirichlet problem

~ %

F(D2u) = —30 in B3d/2a u|3B3d/2 =w,

the existence of which was established in [HL2]. We claim that for e small u is
smooth in By\By/2, and furthermore that

||u — 11)*||02(Bd\3d/2) < Cé>.
To show this, it suffices to establish that
(11) ||u_u~)*||L°°(B3d/2\Bd/4) <C€2.

Indeed, the small perturbations theorem in [Sa] then implies that w is smooth
and bounded in C?¢ in Bsa/4\Bsqs. Applying the Schauder interior estimates
([GT]) to the difference of v and @w* (which solves a linear equation with coefficients
bounded in C“ by the preceding observation) implies the desired C? estimate.
We show (11) using barriers. First, using the convexity of ¥(Z) and arguments
similar to those in Lemma 2.4, one can show that the preimages under Vw of vertical
lines are nearly vertical curves that have connected intersection with Z. As one
follows one of these curves upwards, w3 decreases when the curve lies outside of Z
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FIGURE 1. The graph of w* restricted to a vertical line.

and increases when it is inside of Z. This means that @w* is multivalued in a simple
way: the graph of @w* along a vertical line is either single valued and concave, or it
consists of two crossing concave pieces that lie below and are connected by a convex
piece (see Figure 1). Since w* solves the dual equation F(D?*@*) = —30 where it is
concave in the vertical direction, we conclude that the function min(@w*) given by
the minimum of the possible values of w* is a super-solution to the equation solved
by u. In particular, u < min(w*).

Second, since a;; := Fij(D2u7) is nearly constant in B,, we can build a positive
super-solution ¢ to the linearized equation a;j¢;; < 0 in B, that agrees (up to
an affine transformation) with |z| to a negative power outside B. f, is glued to
a quadratic polynomial with Hessian eigenvalues smaller than —10 in Be, /, and
satisfies |p| < Ce. More precisely, we may assume after an affine transformation
that a;; = 6;; +O(|z|), so for x small, the function |z|~1/2 is a super-solution to the
linearized equation in B, \{0}. If we replace this function by a paraboloid in B¢,/
with matching values and derivatives on the boundary (call the resulting function
¢o), then D2py = —ce /4T in Bg e Taking ¢ = Cé/*py does the job, since
o < Ce M4 in B¢ je. We remark that by gluing || ~1/2
more carefully, we may assume that ¢ is smooth.

We conclude for € small that w := W + €p is a super-solution to the nonlinear
equation solved by w. Since D% < —10I in B e the smallest eigenvalue of D?w
is everywhere negative, and by similar considerations as in the previous section,
w has a single-valued Legendre transform. Moreover, w* lies within Ce? of @w* in
Bsg4/2\Bay/4 and is a sub-solution of the dual equation solved by u (again by similar
reasoning as in the previous section). For the last claim we are using that

F(D*w*) = g — F(D*w) > g — F(D*w) = —36.

to a paraboloid a little

The maximum principle implies that v > w* — Ce? in Bsq/o (indeed, the function
on the right lies below u on dB34/2 and is a smooth sub-solution to the nonlinear
equation solved by u). In particular, we have

W* —20e? < w* — Ce? <u < min(d*) = v*

in Bsg/2\Bay4, establishing the inequality (11).
Step 3: Assume by way of contradiction that I, is a mass-minimizing integral

varifold. By the above considerations, the graphs T, := {(Vu(y), y) : y € By} and
Iy = {(z, Vi(z)) : € B,} are e’-close in C' when y is restricted to Bq\Bq2.
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Note that I'y is graphical over its tangent 3-plane P at the origin provided x is
small, and lies within a cylinder of radius Cx? around P. The same is thus true
of I';, near its boundary, hence everywhere by the maximum principle. There is a
competitor for I', in the ball B of radius « in R® obtained by connecting I, to P
on OB and replacing ', with P in B that has mass (1 + €,)|By|, where ¢, << 1
for k small (we in fact have ¢, < Ck3). Since this bounds the mass of T, from
above in B, for x small we can apply the Allard theorem (as stated e.g. in Theorem
3.2 and the remark thereafter in [DL], see also [A] and [Si]) to conclude that T',
is smooth in B/2. Moreover, T, and T'y; are the graphs over P of maps that are
€2-close in C! in an annulus, have gradient bounded by Ck (for 'y this is just from
Taylor expansion and for T',, this follows from a quantitative form of the Allard
theorem, see e.g. Theorem 2.1 in [DGS]) and solve the minimal surface system
(this last statement due to the fact that I', and T'; are mass-minimizing, so in
particular they are critical points of area). Using the standard regularity theory of
systems arising as Euler-Lagrange equations of functionals with uniformly convex
integrands (the area element is uniformly convex for maps with small gradient) we
infer that I', and I'; are everywhere e?-close in the C! sense. In particular, T, is
graphical in the x variable as well, so u* is single-valued and satisfies

D?u*(0) = D*w(0) + O(e?) > O el

for € small. This implies that D?u(Vu*(0)) is a positive matrix, contradicting the
equation for wu.

One feature of the examples in this section is that the singularities occur near
the center of a ball, in contrast with the examples in the previous section, which
are only constructed in a small neighborhood of a singularity. Another feature is
that the singularities of the examples in this section exist for all choices of € small,
illustrating their stable nature.

The argument above shows that u is not well-approximated by w* near the
origin. Instead, we need to consider the Legendre transform of a solution v to the
modified equation

max{F(D%v) — g —30,det D*v} =0, v=1 ondB,.

This is in fact the starting point of our construction in Theorem 1.1, in which we
exhibit a C%! solution of (2) with an analytic compact free boundary between the
two operators.

We expect that the examples constructed in the previous section are in fact
local models for the singularities appearing in this section. More precisely, we
conjecture that for all € > 0 small, the examples u constructed in this section
exhibit Lipschitz singularities, and moreover that their Legendre transforms u* solve
degenerate Bellman equations with compact free boundaries. The main difficulty
consists in showing that solutions v to the equation above are of class C? and have
injective gradient. On the other hand, after an appropriate rescaling, as ¢ — 0 the
equation linearizes to a model equation of the type

max{Av,v33 + 1 — |z|*} =0, v—0 as|z|— oo.

This problem has a compact free boundary which seems to have good regularity
properties. We intend to analyze these questions further in a subsequent work.
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