SOLUTIONS TO THE MONGE-AMPERE EQUATION WITH
POLYHEDRAL AND Y-SHAPED SINGULARITIES

CONNOR MOONEY

ABSTRACT. We construct convex functions on R3 and R? that are smooth
solutions to the Monge-Ampere equation

det D?u =1
away from compact one-dimensional singular sets, which can be Y-shaped or
form the edges of a convex polytope. The examples solve the equation in

the Alexandrov sense away from finitely many points. Our approach is based
on solving an obstacle problem where the graph of the obstacle is a convex

polytope.

1. INTRODUCTION

The problem of constructing singular Monge-Ampere metrics has attracted re-
cent attention due to its connections with mirror symmetry ([8], [9], [10], [4], [7]).
By a singular Monge-Ampere metric we mean the Hessian of a convex function u
on R” that is a smooth solution to the Monge-Ampeére equation

(1) det D?u = 1

away from a small singular set I, where Au blows up. Of particular interest seems
to be the case that I" is a trivalent graph and n = 3.

The purpose of this paper is to develop a robust method for constructing such
examples. In particular, we show:

Theorem 1.1. Let Q@ C R™ be a compact convez polytope, and let Ty, denote its k-
skeleton. Assume further that n =3 or n = 4. Then there exists a convex function
u:R™ = R such that T'y C {u =0}, u € C*(R"\I'1), and

(2) det D*u =1+ Z aqdy
g€l

in the Alexandrov sense, for some coefficients aqg > 0.

By k-skeleton we mean the collection of faces of dimension at most k. We also
construct examples where the singular set is a Y-shape that may lie in a plane
(in which case it is not contained in a level set of u) or not. In [7] the authors
studied equations of the form (2) in R™, where the right hand side is the sum of a
constant with some Dirac masses. They showed when n < 4 that global solutions
are smooth away from the collection of line segments that connect pairs of masses,
but it remained open whether the solutions could in fact be singular on these
segments. Theorem 1.1 answers this question positively.

Remark 1.2. Such examples are not possible in dimension n = 2 because in that
case, solutions to det D?u > 1 are strictly convex ([1], see [11] for a proof).
1
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Remark 1.3. The polytope € from Theorem 1.1 is allowed to be degenerate, e.g.
the convex hull of n or fewer points.

Our approach to Theorem 1.1 is based on solving an obstacle problem for the
Monge-Ampere equation, with an obstacle whose graph is a convex polytope. To
obtain the examples we take the Legendre transform of solutions to the obstacle
problem. By playing with the choice of obstacle, one can in fact construct a variety
of singular examples in R? and R* where the singular set is a graph that need not
be the set of edges of a convex polytope or a trivalent graph (see the discussion
at the beginning of Section 5). In [13] Savin studies an obstacle problem for the
Monge-Ampere equation with a linear obstacle, and the existence and regularity
theory developed in that paper are important in our constructions.

Most of the steps in the proof of Theorem 1.1 work in any dimension. We spe-
cialize to dimension n < 4 to prove a certain qualitative regularity result about
solutions to the obstacle problem (see Lemma 4.2). Provided the analogue of that
result holds in higher dimensions, we can generalize Theorem 1.1 to higher dimen-
sions (see Proposition 4.1). We state the generalization here as a conjecture:

Conjecture 1.4. Let Q CR"™ be a compact convex polytope, and let Ty, denote its
k-skeleton. Then there exists a convex function u : R™ — R such that

Ira ypc{u=0} wel® (R”\F[%_q) , and detD*u=1+ EF: a0,
qel’o

for some coefficients aq > 0.

Here [t] denotes the smallest integer greater than or equal to t. We can verify
Conjecture 1.4 when n < 4, and in some simple cases when n > 5. It is not clear
whether it is reasonable to expect that it holds in general (see Remark 4.5).

Remark 1.5. The subgradient maps of the Legendre transforms of the examples
from Theorem 1.1 can be viewed as optimal transport maps for the quadratic cost.
They push forward the uniform measure to the uniform measure plus a sum of
Dirac masses, and they transport convex sets with nonempty interior to the points
where the masses are centered.

Remark 1.6. At infinity, the solutions from Theorem 1.1 have the asymptotic be-
havior

1
u(z) = const. + §|le|2 +O(|z]>™™).

By the results in [3] and [7] about solutions to det D?u = 1 in exterior domains,
these are the unique solutions with this asymptotic behavior. In this paper we are
concerned with the local behavior of solutions.

The paper is organized as follows. In Section 2 we prove some preliminary
results. In particular, we solve an obstacle problem for the Monge-Ampere equation
with general convex obstacle, construct a family of barriers, prove a result about
propagation of singularities, and state versions of a few regularity results from [13].
In Section 3 we construct, in any dimension, global solutions to an obstacle problem
where the graph of the obstacle is a convex polytope. In Section 4 we prove that if
the global solutions to the obstacle problem satisfy a certain qualitative regularity
condition, then their Legendre transforms settle Conjecture 1.4. We then prove that
this condition is satisfied when n < 4 to obtain Theorem 1.1. Finally, in Section 5
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we explain how to modify the approach to construct examples where the singular
set is a Y-shape.
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2. PRELIMINARIES

In this section we recall the notion of Monge-Ampere measure, solve an obstacle
problem for the Monge-Ampeére equation, build a family of barriers, prove a result
about the propagation of singularities, and recall some regularity results from [13].

2.1. Monge-Ampeére Measure. To any convex function v on a domain @ C R™
we associate a Borel measure Mv on 2, called the Monge-Ampére measure of v,
that satisfies

Mv(E) = |0v(E)|
for any Borel set £ C Q. Here dv denotes the subgradient of v. When v € C?
we have Mv = det D?vdz. Given a Borel measure p on €2, we say that v is an
Alexandrov solution to the Monge-Ampere equation

det D*v =p
if
Mv = p.
Alexandrov solutions are closed under uniform convergence: if convex functions

v converge locally uniformly in © to v, then the Monge-Ampere measures Moy,
converge weakly to Mwv. For proofs of these results see [6].

2.2. Obstacle Problem. Let €2 C R™ be a bounded strictly convex domain, ¥ a
convex function from R" to R, p a finite Borel measure on 2, and ¢ € C(92) with
@ > 1 on 002. We define

f::{v:veC(ﬁ) convex,vzwinQ,vbQ:cp,Mvg,u}.

We note that the convex envelope ® of ¢ is in F and has vanishing Monge-Ampere
measure (see [6]).
The main result of this subsection is the solvability of an obstacle problem:

Proposition 2.1. The function
u = info
_F

is in F, and
Mu = pin {u>yp}nNQ.

The proof of Proposition 2.1 follows the same lines as that of Proposition 1.1 in
[13], where the special case ¥ = 0 and ¢ = const. is considered. The key points
are the equicontinuity of F (a consequence of the Alexandrov maximum principle
and the continuity of ® up to the boundary), the closedness of F under taking the
convex envelope of the minimum of two functions in F (see [13]), the closedness of
F under uniform convergence (a consequence of the weak convergence of Monge-
Ampere measures), and the solvability of the Dirichlet problem for Alexandrov
solutions in strictly convex domains (see [6]).
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Remark 2.2. We can also write u as the infimum of functions in
.7}::{17:1760(5) convex, U > ¥ in Q, ¥|gq > ¢, Mﬁgu}.

Indeed, for any function & € F there is a function v € F such that v < 9, given by
the convex envelope of min{®, o}.

2.3. Barriers. We denote points in R™ by (z, ) with x € R"~* and y € R*. For
n>3and 1 <k <3, welet

—k
yi= 2%, ro=lz|, t:=ly|, and s:=r77¢
Then the function wy, 1 defined on R™ by
WIE Lo r2), t<
3 <7) —1)7nwy, k(z, y) =14 2
) ) = D)F wnae, 9) L,t>w

satisfies
det D*w,, 1, = (1 — 52)"_kx{t<m}

in the Alexandrov sense. We omit the calculation, which is straightforward using
coordinates that are polar in x and y. In particular,

(4) det D*w,, 1, < 1.
We also note that w,, 1(0) = 0 and that
(5) wn, (2, y) = c(n, Ky,

S0 wp, ;, has a Lipschitz singularity at the origin.

Remark 2.3. The functions wy, j resemble the Legendre transforms of the Pogorelov
example |2/[27% (1 + 22) in the case k = 1 (here (2, #,) € R") and its generaliza-
tions [2], which are nonnegative and have Monge-Ampeére measure bounded between
positive constants near the origin, but vanish on convex sets of dimension k.

We extend the definition of wy, 1 to n > 1 and k = 0 by taking
1

Wy, o(z) == §|x\2

Finally, for n > 1 we let

6) vmwwzluwﬂ4ﬁd&
which vanishes in B; and solves
(7) det D*W,, = X{jz|>1}
in the Alexandrov sense. It also satisfies
O(lz]), n=1
(8) Wa(z) = 5lal® = § O(loglal), n=2

c(n) +O(lz*™), n=3

for some constants ¢(n) < 0.
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2.4. A Propagation Result. In this subsection we prove a propagation result
that complements the family of barriers {wy,, r}. Again we denote points in R™ by
(z, y) with x € R"™* and y € R*.

Proposition 2.4. Assume det D>u < A < oo in By CR". Ifk > %, u(0) =0 and
u > |y|, then {u = 0} has no extremal points in {y =0} N By.

The case n = 2, k = 1 is a classical result of Alexandrov ([1], see also [12]). Propo-
sition 2.4 can be viewed as a generalization of this result to higher dimensions. The
proof relies on the following volume estimate (see e.g. Lemma 2.5 from [11]):

Lemma 2.5. Assume that det D*u < 1 on a bounded convex domain Q and that
u|lgqo = 0. Then

n

2

S .
Q] > e(n) ‘n}%nu

We proceed with the proof of the propagation result. Below, a Lipschitz rescaling
refers to a rescaling of the form u — A~tu(\:) with A > 0.

Proof of Proposition 2.4: Assume by way of contradiction that {u = 0} has an
extremal point in {y = 0} N B;. Then after an affine transformation in z and a
Lipschitz rescaling we may assume that the domain of definition for u is still By,
that A = 1, that «(0) = 0, that

{fu=0} c{y=0}n{x <0},
and that

{u=0}N{z1 > -} CC By
for some dg > 0. Fix § < dg and let

In == h(x1+9).

Then for h small we have that {u < 1,} CC B; and furthermore that

{u<in}y C{lza] <0} 0 {lyl <ln}-
It follows that
{u =1l <0} < C(n) & (3h)".
Applying Lemma 2.5 to the function u — I, and using that |(u —1)(0)| = 0h we
conclude that

(6h)% < C(n)S(6R)F,

which is not possible when £ > & and ¢ is chosen small. O

For our purposes, the following corollary of Proposition 2.4 will be useful:

Corollary 2.6. Assume that det D?>u < 1 on R”, and that det D?u is not identi-
cally zero. Then dim(Ou(p)) < 5 for all p € R™.

Proof. Assume by way of contradiction that du(0) has dimension k > %, and let
(r,y) € R® with x € R** and y € RF. After subtracting a linear function,
rotating, and multiplying by a constant, we may assume that det D?u < A < oo
and that By N {z = 0} C 0u(0). Then u > u(0) + |y|. By Proposition 2.4, the set
{u = u(0)} contains a line. By convexity, « is invariant under translations along
this line, hence det D?u = 0. O
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2.5. Regularity Results. To conclude the section we state some regularity results
for solutions to the obstacle problem with linear obstacle. These can be viewed as
localized versions of results from [13]. The first result is a consequence of Lemma
3.3 from [13]:

Proposition 2.7. Assume that det D?u = X{u>0} i a bounded conver domain
Q CR"™, and that u > 0. Let S be a supporting hyperplane to {u = 0} at a point in
Q. Then SN {u =0} is either a single point, or it has no extremal points in €.

In particular, if € 9{u = 0} N Q, then there are two possibilities: either every
supporting hyperplane to {u = 0} at = intersects {u = 0} only at z, or else z lies
in the interior of a segment in 9{u = 0} with an endpoint on 9Q. By combining
this result with the proof of Proposition 2.8 from [13] we obtain:

Proposition 2.8. Let u be as in Proposition 2.7. Then du(p) = {0} at every
extremal point of p of {u =0} in Q.

Remark 2.9. These regularity results still hold when we replace the right hand
side by f X{u>0}, for any function f that is bounded above and below by positive
constants.

3. GLOBAL OBSTACLE PROBLEM

In this section we let 2 C R™ be a compact convex polytope of dimension d, and
we denote by T'y its k-skeleton (that is, the union of its faces of dimension at most
k). With the convention that I'y = () when k < 0, we let

Sk = Fk\Fk—l

be the union of the interiors of its k-dimensional faces. Finally, we assume that the
d-dimensional interior of Q contains the origin, and when we write R® = R*~¢ x R?
that Q C {0} x R4

We define the convex function P on R™ by

©) P@) = {3_’00% erE R™\Q

and we denote by P* its Legendre transform

(10) P*(z) := sup (y-z — P(y)) =sup(y - x).
yER? yeN
The function P* is one-homogeneous, nonnegative, and convex, and the set
Q :={P* <1}

is the convex dual of Q. We note that Q* = R"~¢x Q*, where Q* (the d-dimensional
convex dual of ) is a compact convex polytope with the origin in its interior.

We let I'; denote the j-skeleton of Q* (note that I'; = () when j < n —d), and
we let S¥ =T7\I';_; denote the union of the interiors of the j-dimensional faces of
Q*. Finally, we let X; = 0 for | < n — d, and we let

5 R4 x {0}, l=n—d,
b {tz:t>0andzx €Sy}, n—d<l<n

be the cone over S} ; in R™. We observe for [ > n — d that dim(3;) = [, and that
P* is linear when restricted to any connected component of ¥;.
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FIGURE 1. In the case that P* = |z,| and n > 3, the contact set
K = {u* = P*} extends to {z, = 0}.

Example 3.1. If Q = {0}, then P* =0 and X, =R".
Example 3.2. When Q is the line segment connecting +e, we have
P*=|z,|, Z,={x,>0}tU{z, <0}, and %,-1={z,=0}

Example 3.3. When Q is a reqular tetrahedron in R? centered at the origin, so
is Q*. In this case X1 consists of the four open rays over the vertices of 0*, ¥o
consists of the siz open planar sectors over the edges of Q*, and finally X3 consists
of the four open solid sectors over the faces of (2*.

In this section we construct global solutions to an obstacle problem with P* as
the obstacle. We first define what it means to be a global solution to the obstacle
problem.

Definition 3.4. We say that a convex function u* : R™ — R is a global solution to
the obstacle problem with obstacle P* if u* > P*, det D?>u* < 1 in the Alexandrov
sense, and det D?u* =1 in {u* > P*}. We let

K :={u"=P*}
denote the contact set.

Example 3.5. The function W,, defined by (6) is a global solution to the obstacle
problem with P* =0 and K = Bj.

Below we say that K has nonempty interior in a set S if S contains interior points
of K. Our main result of this section is:

Proposition 3.6. There exists a global solution u* to the obstacle problem with
obstacle P* such that K is compact, has nonempty interior in each connected com-

ponent of ¥y for k > %, and X C R"\K for all k < 3.

Example 3.7. When ) is the line segment connecting +e,, the contact set K is
the union of two compact convex sets with nonempty interior, one in {x, > 0}
and the other in {z, < 0}. When n < 2 these sets are disjoint and do not meet

{z,, = 0}, but when n > 3 these sets meet along a convez set in {x, = 0} that
contains interior points of K (see Figure 1).
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K N conn. comp. of T

FIGURE 2. A connected component of K N X3, in the case that
and Q* are tetrahedra in R3.

Example 3.8. When § is a reqular tetrahedron in R?® centered at the origin, the set
K is the union of four compact convex sets with nonempty interior, each intersecting
one connected component of ¥z. FEach of these sets meets all three of the others
along two-dimensional conver sets in the planar sectors that comprise s, but they
do not intersect the origin or the rays that comprise X1 (see Figure 2).

To conclude the section, we prove the proposition.

Proof of Proposition 3.6. It suffices to prove Proposition 3.6 with the obstacle
dP* for any fixed § > 0, since then §~?u*(dz) is a global solution to the obstacle
problem with obstacle P* and satisfies the remaining conditions.
Let
p:=W, —1onR".
For € > 0 to be chosen, we can take § small so that
W, +¢€>0P" on R".

Here and below we assume that R >> 1, and we denote by u% the solution to the
obstacle problem in Br with obstacle § P*, boundary data ¢, and measure pu = dz.
Since det D2W,, < 1, we have (see Remark 2.2) that

up < W, +¢in Bpg.

Since ¢ < 0 < dP* < uj in By and det D2g0 = 1 outside of B, we have by the
maximum principle that

¢ < u} in Bp.
Up to taking a subsequence, the functions u} thus converge locally uniformly as
R — oo to a global solution u* to the obstacle problem with obstacle § P*, which
satisfies
(11) p<u* <W,+eonR"
In particular,
(12) 0<6P*<u*<ein Bj.

We now examine K = {u* = § P*}. There exists rg € (0, 1/2) depending only on
2* such that, for all j > 1, each (nonempty) connected component of ¥; contains a
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point p € 0By 5 such that B, (p) does not intersect any other connected component
of 3;. Fix n —k > 1 and pick any such point p € ¥,,_;. Then by the inequality
(12) the functions

Q(x) =1y 2P (p+rox), v(x):=rs2u*(p+ro2)
satisfy
OSQSUSTJQEinBl.
Furthermore, we may choose coordinates x = (z, y) with z € R"7* and y € R,
such that
Q(z) = L(z) + M(y) in By,
where L is affine and M (0) = 0. Assume now that k& < %, and let

w(x) := L(2) + wp, k().

Since wy, k(x) > c(n, k)|y| (we take the right side to be 0 when k = 0), we have for
e sufficiently small that

w > Q in Bj.
Furthermore, since
Wp, i > ¢(n, k) >0 on 0By,
we have for e sufficiently small that

w > erg? > v on OB;.

We conclude that if v(0) > Q(0) = w(0), then for some h > 0 the function w + h
touches v from above somewhere in {v > Q} N By, which by (4) violates the maxi-
mum principle. By translating the origin a little and applying a similar argument
e.g. in By, we see that in fact v = @ in a neighborhood of the origin, hence
uw* = §P* in a neighborhood of p. This shows that K has nonempty interior on
each connected component of ¥, when k < 3.

Finally, assume by way of contradiction that K contains a point p € ¥,,_;, with
k> %. Then

dim(9u* (p)) > dim(IP*(p)) = k > 7.,

so by Corollary 2.6, det D?u* = 0. This contradicts the inequality (11), which
implies in particular that u* has a bounded sub-level set, in which it must have
positive Monge-Ampeére mass by the Alexandrov maximum principle. The first
inequality in (11) also implies that K is compact, since ¢ > dP* outside a large
ball, and this completes the proof. ([

4. PROOF OF THEOREM 1.1

In this section we let u* be a global solution to the obstacle problem with obstacle
P*, as obtained in Proposition 3.6. We will show in dimensions n = 3 and 4 that
the Legendre transform of u* satisfies the conditions of Theorem 1.1. We first prove
a more general result that holds in any dimension:

Proposition 4.1. If Ou* = OP* on K, then the Legendre transform u of u* satisfies
the conditions of Conjecture 1.4.
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Proof. We first claim that u* is smooth on R™\K. If not, then by the results
in [5] v* is affine along a line segment in R™\K that has an endpoint in K. At
this endpoint, this contradicts that du* = 9P*. In particular, Vu* is a smooth
measure-preserving diffeomorphism between R™\ K and R™\du*(K). Since

we conclude that Vu is a smooth measure-preserving diffeomorphism between
R"\F[QAW and R™\ K. We also have on ou*(K) = 9P*(K) = F(ﬂiﬂ that
2 2

u=u"*=P*=P=0.

It only remains to show that det D?u = 1 in the Alexandrov sense away from T,
where it has Dirac masses. To see this, we note for & < % that du(Sy) is contained
in a finite union of codimension k planes, hence it has measure zero for £ > 1.
Thus, for any Borel set A C R"™ we have

u(d)] = [ou (40T, )|+ [V (AT )|
= [0u(ANTo)| + | ALy |
=|0P(ANTy) N K|+ |4],
and the first term is positive if and only if A N Ty is non-empty. ]
We now specialize to dimension n < 4:

Lemma 4.2. Let u* be a global solution to the obstacle problem as obtained in
Proposition 3.6, and assume n < 4. Then Ou* = OP* on K.

Proof. When n < 2 each connected component K of K is compactly contained in
a connected component of ¥, where P* is linear. The result thus reduces to the
case P* = 0, treated in [13]. (Or, apply Proposition 2.7 to conclude that K is
strictly convex, then apply Proposition 2.8).

So assume that n = 3 or n = 4. Then are just two cases to consider: points
in 0KNY,, and in 0K NX,_;. Consider first a point y € 0K N X,_;. After a
translation we may assume that y = 0, and after rotating, adding an affine function,
and quadratically rescaling, we may assume that «*(0) = 0, that

u* > (axy)y = P* in By

for some @ > 0, and that the interior of K intersects By N {z, = 0}. We need to
show that du*(0) is the segment [0, ae,] connecting the origin and ae,. It is clear
that
[0, ae,] C Ou™(0).

Recall that by the first inequality in (11), u* has quadratic growth. It follows
from Corollary 2.6 and the fact that n < 4 that Ou*(0) is contained in the x,,-
axis. Finally, Ou*(0) cannot contain a point of the form be,, with b > a or b < 0,
otherwise u* > P* in one of {x, > 0} or {z, < 0}, contradicting that K contains
a ball centered on By N {x, = 0}. Thus du*(0) = [0, ae,].

It only remains to consider a point y € 0K NY,,. Let Ky denote the intersection
of K with the connected component of ¥,, containing y. After subtracting a linear
function we may assume that v* = 0 on K. If y is an extremal point of K, then the
conclusion follows from Proposition 2.8. By Proposition 2.7, the alternative is that
y is in the interior of a segment in 0K that has an endpoint in ¥,,_;. Normalize
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FIGURE 3. The graph of u when Q = [—e,, ¢,], and n > 3.

the picture as in the first case so that the endpoint of this segment which lies in
Y,—1 is the origin, u* is tangent from above to P* at the origin and P* = (ax,)+
for some a > 0 in a neighborhood of the origin, and y € {z,, < 0}. Since y is in the
interior of the segment we have

ou*(y) C Ou*(0) = [0, aey,).

If be, € Ou*(y) with b > 0, it follows that that »*(0) > 0, a contradiction. We
conclude that

du*(y) = {0}

is a single point, as desired. ([l
Theorem 1.1 (in fact, Conjecture 1.4 in dimensions n < 4) follows.

Proof of Theorem 1.1. Let u be the Legendre transform of the solution u* ob-
tained in Proposition 3.6. When n < 4, the function wu satisfies the desired condi-
tions by Lemma 4.2 and Proposition 4.1. O

Remark 4.3. The simplest nontrivial instance of Theorem 1.1 is the case that € is
the segment connecting +e,, (see Figure 3).

Remark 4.4. The key point when n < 4 is that du*(p) is either a point or a line
segment for any p € R™ by the propagation result Corollary 2.6. In contrast, if
n > 5, then Ju*(p) can be two-dimensional, so when one considers points e.g. in
0K N ¥, _1, then after normalizing as in the proof of Lemma 4.2 so that u* is
tangent from above to (az, )+ at the origin, the propagation result doesn’t prevent
Ou*(0) from having points off of the z,-axis.

Remark 4.5. A model case for Conjecture 1.4 in R® would be to take coordinates
(2,y) with 2 € R? and y € R?, and let © be a regular triangle in the y-plane
centered at the origin. Then it is not hard to show that the function u constructed
as above satisfies that w > 0, and that u is singular on {u = 0} = Q. However, it
is not obvious to us whether w is smooth away from ). It remains a possibility,
for example, that u is affine when restricted to other triangles in the y-plane that
share an edge with Q.

Remark 4.6. By Theorem 1.5 from [7], Au is bounded by inverse distance from the
singular set I'; in our examples from Theorem 1.1. In this remark we briefly discuss
some model behaviors for the Monge-Ampere metric D?u near T';.
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First we discuss the edges. Since du maps each point in S; to a convex set of
dimension n — 1, the function w has a Lipschitz singularity on each edge. In par-
ticular, Au grows exactly like inverse distance from S;. A cylindrically symmetric
model for such a singularity is the Pogorelov-type example

E(z)=p+ pn/2f($n)a

where z = (2/, z,,), p = |2/], and f > 0 is smooth, even and uniformly convex.
(This example has Monge-Ampeére measure bounded between positive constants
near the origin). Near the origin the metric D?E has the behavior

A
)

D?En~p22Vp@Vp+pie,@en+p L (I-VpRVp—e,®ep).

We now discuss the vertices, where again u has Lipschitz singularities. A model
for the behavior of u near an isolated vertex (the case 2 = {0}) is the radial function

V() =r4r"t,
where 7 = |z|. For r small the metric D?V has the behavior
DV ~ " r @ Vr + 7 (I — Vr @ Vr).

If the vertex is not isolated then u is affine along each edge in I'; that meets the
vertex, and we expect that the behavior of the metric D?u transitions from the
model D2V to the model D?FE as one moves towards an edge.

5. Y-SHAPED SINGULARITIES

The approach to constructing singular Monge-Ampere metrics by solving an
obstacle problem is flexible, and by changing the obstacle one can produce examples
similar to the ones from Section 4 that are singular on a variety of graphs (not just
the edges of convex polytopes). For example, if we instead take P* to be the
maximum of finitely many affine functions, then the approach produces examples
that are affine when restricted to the line segments that connect pairs of points
which are gradients of P* in open regions of R™ that share an n — 1-dimensional
face. To produce examples with singularities that form a Y-shape, we need to refine
our choice of obstacle. In this section we indicate how to construct such examples,
again in dimensions n = 3 and n = 4. More precisely, we show:

Theorem 5.1. Let ' be a finite union of line segments in R™ that share a common
vertex and point in distinct directions from this vertex. Assume further that n =3
orn = 4. Then there ezists a convez function u : R™ — R such that u € C*°(R™\I'),
u s affine when restricted to any of the segments in ', and

det D*u =1+ Z aq0q,

g€l

where I'y is the set of endpoints of the segments in I' and ag > 0.

In particular, when I consists of three segments with a common endpoint we have
a Y-shaped singular set. The singular set I" is not in general contained in a level
set of u (unlike the examples in the previous section), but it is possible to make
this happen when I" has certain symmetries (see Remark 5.3). Since the proof of
Theorem 5.1 is similar to that of Theorem 1.1 we just sketch the main steps.
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Proof of Theorem 5.1: After a translation we may assume that the common
vertex is the origin. By taking quadratic rescalings, we see it suffices to prove
Theorem 5.1 with singular set 0I', for some d > 0 small to be chosen.

Step 1: Obstacle Problem. The first step is to solve a global obstacle problem.

In this step the dimension n is arbitrary. For some rg € (0, 1/4) depending on the
directions of the segments in I', we can find a collection {L;}}, of affine functions
such that VL; are the nonzero endpoints of the segments in 6I", and the sets By N
{L; > 0} are congruent, pairwise disjoint, and have exterior tangent ball B;_,, at
points p;. Take € > 0 small so that {W,, < e} N{L; > 0} are also pairwise disjoint,
then take ¢ small so that {L; > (W,, — €)1} are pairwise disjoint and

max L; < W, + ¢ on R",

i<M
for some € > 0 to be chosen later. Finally, let

o(x) :=max{W,, — €, 0, Ly, ..., Ly}

We observe that the sets {¢ = L;} = {L; > (W,, — €)1} are pairwise disjoint.

For R >> 1, let u% be the solution to the obstacle problem in Br with boundary
data and obstacle equal to ¢, and measure dz. Since W, + € is a supersolution to
the equation that lies above the obstacle, we have that

o <up <W,+¢éin Bpg.

Up to taking a subsequence, the functions u} thus converge locally uniformly as
R — oo to a function u* on R™ that satisfies

0<p<u* <W,+éonR" detD?*u* <1, detD?u* =11in {u* > ¢}.

Step 2: The Contact Set. The second step is to study the geometry of

K= {u" =},

and to show that to show that dp(K) = éT'. In this step we assume that n > 3.
We claim that K has nonempty interior in each of the (pairwise disjoint) n — 1-
dimensional balls By N {L; = 0}, and that K C {¢ > W,, — €}. To prove the first
claim we use that 0 < u* < € in By. Provided € is sufficiently small depending
on ry, we can use the barrier wy, ; in the same way as in the proof of Proposition
3.6 to show that K contains a neighborhood of each point p;. The second claim
follows from the strong maximum principle. If u* = ¢ at a point in {¢ = W,, — €},
then u* + € touches W,, from above at some point in the open set {W,, > €/2}.
However, u* +¢ > W, in a neighborhood of {W,, = €/2}. Since W,, smoothly solves
det D2W,, = 1 in {W,, > ¢/2}, this contradicts the strong maximum principle.

The set K is thus the union of M + 1 compact convex sets, one “central”’ set
(contained in {¢ = 0}) and M “external” sets (each contained in one of {p =
L;}M ), such that the central set meets each external set along an n— 1-dimensional
face and the external sets are pairwise disjoint (see Figure 4 for the case M = 3).
Furthermore, since K C {¢ > W,, — €}, we see that u* is in fact a global solution
to the obstacle problem with obstacle

pP* .= maX{O, L17 ceey LM},

and that
0p(K) =0P*(K) =JT.
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FIGURE 4. The obstacle ¢, the solution v*, and the contact set K
when T" is a Y-shape.

Step 3: Subgradients on the Contact Set. The last step is to show when
n = 3 or 4 that the Legendre transform of u* satisfies the conditions of Theorem
5.1. It suffices to show that du* = dP* on K, by essentially the same argument
as in the proof of Proposition 4.1. (The only difference in this case is that the
Legendre transform w is linear, rather than zero, on each segment in 6I".) Showing
that Ou* = OP* on K when n = 3 or 4 is the same as in the proof of Lemma 4.2,
and this concludes the proof. ([l

Remark 5.2. The idea is to slowly lower the boundary data for the obstacle problem
with obstacle P*. At first the solution will stick to the obstacle on only one region
where P* is affine. Eventually, it will stick on all such regions and the n — 1-
dimensional faces that join them. The game is to stop somewhere in between.

Remark 5.3. It is possible to construct instances of Theorem 5.1 where I lies in a
set where u is linear, for example when n = 3 and I" consists of segments of unit
length that start at the origin and end on the vertices of a regular polygon that
does not contain the origin.
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