
A Brief Guide on Surfa
e IntegralsMost important point: You have to understand the surfa
e integral of a fun
tionof a fun
tion over a surfa
e S:(1) Z ZS g(x; y; z) dS:All other surfa
e integrals are just spe
ial 
ases of this one.The most straightforward appli
ation of this integral are the following:� Computing the mass of S given density per square unit. In this 
ase weput g(x; y; z) = �(x; y; z) in (1) where �(x; y; z) is the density fun
tion.� Computing the 
enter of mass h�x; �y; �zi of S. Re
all that �x =Mx=M whereM is the mass of S and Mx is given by the surfa
e integral (1) where weput g(x; y; z) = x�(x; y; z) where again �(x; y; z) is the density fun
tion.Similarly we 
ompute �y and �z.� Computing the ele
tri
 
harge of S given the 
harge density. In this 
asewe let g(x; y; z) = �(x; y; z) where �(x; y; z) is the 
harge density.Now re
all there are two formulas for evaluating the integral in (1).Case 1. The surfa
e S is given as a graph of a fun
tion f(x; y) over a region Ain the xy-plane. Then(2) Z ZS g(x; y; z) dS = Z ZA g(x; y; z)q1 + f2x + f2y dxdywhere fx; fy are the partial derivatives of f .Case 2. The surfa
e S is given parametri
ally by r(u; v) = hx(u; v); y(u; v); z(u; v)iwhere the parameters u; v range over a region A in a 2-dimensional uv-plane. Then(3) Z ZS g(x; y; z) dS = Z ZA g(x(u; v); y(u; v); z(u; v)) k ru � rv k dudvNow 
onsider the 
ux integral of a ve
tor �eld F(x; y; z) over a surfa
e S(4) Z ZS F � n dS:This is a spe
ial 
ase of (1) where we putg(x; y; z) = F(x; y; z) � n(x; y; z)Re
all that the most straightforward appli
ations of 
ux integral in
lude:� Computing rate of 
ow of a 
uid through a surfa
e S. In this 
ase F(x; y; z)is the velo
ity �eld of the 
uid.� Computing the rate of heat 
ow through a surfa
e S. In this 
ase F(x; y; z)is the ve
tor �eld of heat 
ow.If the surfa
e S is given by an equation h(x; y; z) = 0 thenn(x; y; z) = � rh(x; y; z)k rh(x; y; z) k :If the surfa
e S is given by a parametrization r(u; v) thenn(x; y; z) = � ru � rvk ru � rv k :1



2In either 
ase the sign depends on the orientation of the surfa
e S.If the surfa
e S is given by a parametrization r(u; v) where the parameters u; vrange over a region A in a 2-dimensional uv-plane, the 
ux integral (4) may alsobe evaluated using the evaluation formula(5) Z ZS F � n dS = � Z ZAF(x(u; v); y(u; v); z(u; v)) � (ru � rv) dudvwhere the sign on
e again depends on the orientation of surfa
e S. Noti
e thatformula (5) makes the evaluation a sort of a routine, sin
e on
e you get theparametrization r(u; v) for your surfa
e then you just me
hani
ally follow (5).Gauss (Divergen
e) Theorem. F(x; y; z) is a ve
tor �eld with 
ontinuouspartial derivatives in an open region Q and �Q is the boundary of Q. Then(6) Z Z�Q F � n dS = Z Z ZQr �F dVThe most straigthforward appli
ation of the divergen
e theorem is turning 
uxintegrals over �Q into triple integrals over Q. This frequently simpli�es the 
om-putation.Stokes Theorem. F(x; y; z) is a ve
tor �eld with 
ontinuous partial derivativesin an open regionD. We have a surfa
e S entirely 
ontained in D and the boundaryof S is a 
losed pie
ewise smooth 
urve C. Then(7) IC F dr = Z ZS(r�F) � n dSThe most straightforward appli
ation of Stokes theorem is turning line integralsinto 
ux integrals that may be evaluated more easily.Noti
e that the two above mentioned appli
ations of the divergen
eand Stokes theorems are purely me
hani
al | the only thing you haveto do is to evaluate the integrals on the right sides.


