Math 2E Midterm #1
Solution

1. Compute the volume of the parallelepiped determined by vectors (1,-1,2), (1,1,1) and
(1,2,-1).
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2. Compute the arc length of the line in 3-dimensional space; the line is given
parametrically by:

x(t) = tcost—sint
y(t) = tsint+cost
z(t) = t?

where t ranges from 0 to2rx .
r(t)=(tcost—sint,tsint+cost,t*) so r'(t) = (~tsint,tcost, 2t) and
[r(t)] = Vt* sin? t+ t? cos® t + 4t? =\/t2 (sin” t+cos’t) + 4t =5t =[t|\/5. In this

range t is strictly positive, so |r'(t)|=tv5.

So the arc length is s = J';”tx/g dt = %[tz}tz” = 27°\5



3. Compute the surface area of the surface given by the equation z = x* + y? above the
region in the xy -plane between two circles centered at the origin, one of radius 2 and one
of radius 3.

We are looking for the area of the shaded region of the following shape:
-2

We can apply the surface area formula using a function:
A= HR\/( f,) +(fy)2 +1dA with f,(x,y)=2x and f, (x,y)=2y

soA:J‘J‘R«MxZ +4y? +1dA=J'_|'R1/4(x2 +y°)+1dA.

The region we're integrating on is an annulus (the area between the circles on the plane),
so we'd benefit from performing the integral in polar coordinates:

A=, [ Nart s Lrdrdo=([1d0) ([} Vart +1rar) = 22 Var +Lrdr. well do

a substitution to complete this integral:
Let u=4r?+1so du=8rdr. Ourendpoints become u(2)=17 and u(3)=37.
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4. Evaluate the integral — change the coordinates suitably.

” sin(x+Y) dx dy
Ay —2X
The region A is the parallelogram bounded by the lines:
y = =X
y = m—X
y = 2x+1
y = 2X+3

We'll let u=y+ x and v =y —2x. Under these new variables u varies from 0 to =
and v varies from 1 to 3.

Solving for the inverse functions, we find that u = y + X < x =u —y. Substituting this

into the other equation and solving we find that v=y — 2(u - y) Sy = %v +§u SO

x=u- Y20 1 L, 5o the inverse functions are x(u,v) = Lu-Ly and
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The Jacobian matrix is J = y = ) . We need the absolute value of the
yu v “ -
3
determinant |det J| = 1 Z :%.
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