
Sample solution: Book, Exer
ises for Se
tion 15.6, problem 52.I give only main points, please �ll in the details.The surfa
e is the portion of paraboloid z = x2+y2 inside the 
ylinder x2+y2 = 4.The density is given by �(x; y; z) = z.Draw a pi
ture as usual. The interse
tion of the paraboloid with the 
ylinderis in the plane z = 4 (why?). This interse
tion proje
ts into the xy-plane as the
ir
le x2 + y2 = 4. The surfa
e is inside the 
ylinder, so it 
onsists of the portionof paraboloid z = x2 + y2 above the disk in xy-plane x2 + y2 � 4. Denote this diskby A. The mass M is given byM = Z ZS �(x; y; z) dSSin
e the paraboloid is given by a fun
tion f(x; y) = x2+y2, we may use evaluationformula (2) from the \brief guide". However, we use the evaluation formula (3) todemonstrate the method. This may look more 
ompli
ated, but 
he
k that if weused formula (2) we would have to do 
hange of 
oordinates, so the 
omplexity ofthe entire 
omputation in both 
ases is about the same.We use polar 
oordinates to parametrizeA. We thus get r(r; �) = hx(r; �); y(r; �); z(r; �)where x(r; �) = r 
os � and y(r; �) = r sin �. Sin
e the disk A has radius 2, we have0 � r � 2 and 0 � � � 2�. Thenz(r; �) = r2 
os2 � + r2 sin2 � = r2:We then 
ompute the partial derivatives:rr(r; �) = h
os �; sin �; 2rir�(r; �) = h�r sin �; r 
os �; 0iThen rr � r� = h�2r2 
os �;�2r2 sin �; riand k rr � r� k= rp8r2 + 1:Substituting into evaluation formula (3) from \brief guide" we getM = Z ZS �(x; y; z) dS = 2�Z0 2Z0 �(x(r; �); y(r; �); z(r; �) k rr � r� k drd�= 2�Z0 2Z0 r2rp8r2 + 1 drd� = 2� 2Z0 r2rp8r2 + 1 drThe last equality holds sin
e the argument of integration does not depend on �.Now if we substitute r2 = s in the last integral we getM = � 4Z0 sp8s+ 1 ds1



2This integral 
an be solved by integration in parts: we let u = s and v0 = p8s+ 1.Then u0 = 1 and v = 112 (8s+ 1)3=2. We then getM = � 4Z0 sp8s+ 1 ds = �12[s(8s+ 1)3=2℄40 � �12 4Z0 (8s+ 1)3=2dsThe last integral is easy to evaluate.Now 
ompute the 
enter of mass (�x; �y; �z). Here is an important point: Theparaboloid is symmetri
 with respe
t to x; y and the density �(x; y; z) = z, i.e. itdepends only on z. In this 
ase �x = 0 = �y (if you don't believe you 
an verifythis by 
omputation) so we only need to 
ompute �z. As in Problem 50, we have�z = Mz=M where Mz = Z ZS z�(x; y; z) dSUsing our previous work we again use formula (3) from \brief guide" with g(x; y; z) =z�(x; y; z) = z2 and get Mz = 2�Z0 2Z0 r4rp8r2 + 1 drd�Then substitution s = r2 and the fa
t that the integrand does not depend on � givethe integral Mz = � 4Z0 s2p8s+ 1 dswhi
h 
an be evaluated in parts setting u = s2 and v0 = p8s+ 1 similarly as in the
omputation of mass. In this 
ase the 
omputation is more lengthy.


