
Sample solution: Book, Exer
ises for Se
tion 15.6, problem 44.I give only main points, please �ll in the details.We want to 
ompute the 
ux of F(x; y; z) = hx; y; zi over the surfa
e S whereS is the boundary of the region bounded by z = 0 and z = �p4� x2 � y2. Thebook does not spe
ify the orientation of S whi
h is a mistake in the book. Let usorient S so that the normal ve
tor n points outward.The surfa
e is the portion below the xy-plane of the sphere with radius 2 
enteredat the origin. I will present both methods of 
omputing the 
ux.Method 1: Dire
t evaluation. We �rst 
ompute the normal ve
tor n(x; y; z).The sphere is des
ribed by equation x2 + y2 + z2 = 4, so the fun
tion h(x; y; z) inthe \guide" is given by h(x; y; z) = x2 + y2 + z2 � 4. Thenn(x; y; z) = � rh(x; y; z)k rh(x; y; z) k = � hx; y; zipx2 + y2 + z2Noti
e that n(x; y; z) has the same dire
tion as the ve
tor hx; y; zi. Sin
e h has
ontinuous partial derivatives, it suÆ
es to 
he
k the orientation of the ve
tor in asingle point. In the point h0; 0;�2i whi
h lies on S the value of hx; y; zi is h0; 0;�2i(in this 
ase it is the 
omputation of the unit normal ve
tore is easy { it is h0; 0;�1i,but in the 
ase of other surfa
es the denominator in the fra
tion above might be
ompli
ated.) This ve
tor points outwards, so we have so in this 
ase our 
hoi
e ofthe sign is \+". We thus have:n(x; y; z) = hx; y; zipx2 + y2 + z2and F(x; y; z) � n(x; y; z) = (x; y; z) � hx; y; zipx2 + y2 + z2 = x2 + y2 + z2px2 + y2 + z2 = 2:Hen
e Z ZS F � n dS = Z ZS 2 dSNow the relevant potion of sphere is given by fun
tionf(x; y) = �p4� x2 � y2:The interse
tion with the xy-plane is given by equation 4 � x2 � y2 = 0, whi
his the 
ir
le x2 + y2 = 4; denote the disk surrounded by this 
ir
le by D. So thesurfa
e S is the graph of f(x; y) for hx; yi ranging over D. We 
ompute the partialderivatives: fx(x; y) = xp4� x2 � y2 and fy(x; y) = yp4� x2 � y2 :Then 1 + f2x(x; y) + f2y (x; y) = 1 + x24� x2 � y2 + y24� x2 � y2 = 44� x2 � y21



2and Z ZS F � n dS = Z ZD 2q1 + f2x(x; y) + f2y (x; y) dxdy= Z ZD 4p4� x2 � y2 dxdyNow integration over the disk D works best with polar 
oordinates, so we 
hangethe 
oordinates to polar. We get r(r; �) = hx(r; �); y(r; �)i wherex(r; �) = r 
os �; y(r; �) = r sin �;0 � r � 2 and 0 � � � 2�. Then j J j= r where J is the Ja
obian hen
e after the
hange of 
oordinates we get the integralZ ZS F � n dS = 2�Z0 2Z0 4rp4� r2 drd� = 2Z0 8�rp4� r2 dr:Substitution s = r2 gives2Z0 8�rp4� r2 dr = 4Z0 4�p4� s ds = 8�[�p4� s℄40 = 16�:Method 2: Using formula (5) in the \guide". Re
all formula (5) readsZ ZS F � n ds = � Z ZA F(x(u; v); y(u; v); z(u; v)) � (ru � rv) dudvwhere r(u; v) = hx(u; v); y(u; v); z(u; v)i is a parametrization of S with the param-eters u; v ranging over a region A.We use spheri
al 
oordinates to parametrize the sphere. We get:r('; �) = h2 sin' 
os �; 2 sin' sin �; 2 
os'i:The region is the half-sphere below the xy-plane, so 0 � � � 2� and �=2 � ' � �.Then r'('; �) = h2 
os' 
os �; 2 
os' sin �;�2 sin'ir�('; �) = h�2 sin' sin �; 2 sin' 
os �; 0iand rr � r� = h4 sin2 ' 
os �; 4 sin2 ' sin �; 4 sin' 
os'i:FurthermoreF(x('; �); y('; �); z('; �)) = h2 sin' 
os �; 2 sin' sin �; 2 
os'ihen
eF(x('; �); y('; �); z('; �)) � (r' � r�) = 8 sin3 ' 
os2 � + 8 sin3 ' sin2 � + 8 sin' 
os2 '= 8 sin3 '+ 8 sin' 
os2 ' = 8 sin'Then Z ZS F � n ds = � 2�Z0 �Z�=2 8 sin' d'd� = �16�



3Finally we have to 
he
k the orientation of r' � r�. Sin
e the partial derivativesare 
ontinuous for 0 < ' < � and 0 < � < 2� we may 
hoose ' = �=2 and � = �;the 
ross produ
t has the value h�4; 0; 0i in the point h�2; 0; 0i on the sphere, so itpoints outwards and therefore points the same dire
tion as n. Hen
e the integralhas to be taken with positive value, i.e.Z ZS F � n ds = 16�Compare the two methods and try to see the advantages and disad-vantages of ea
h one.


