MATH 2E WINTER 2018 SAMPLE WRITING

Purpose: Please have a look at sample writing. On these samples I would like
to make clear how to write a mathematics text, and what kind of explanations I
prefer.

In particular:

(a) Please always write down which integration formula you are going to use,
in its general form. Then show how you are substituting the concrete data
into it.

(b) Do not do too many calculations on top of your head. This generates
mistakes. Also, I want to see what steps you are making.

These examples do not cover all topics that will be on the exam; that is, there will
be questions on other topics on the exam, too.

1. Consider the wire in the shape of the portion C' of the circle in the xzz-plane
above the ry-plane in R3 centered at (0,0, 1) which intersects the xy-plane in points
(1,0,0) and (—1,0,0). The density function is given by o(z,y, z) = z.

(a) Calculate the mass of the wire.

(b) Calculate the center of gravity of the wire. Calculate only those integrals
which need to be calculated. If the moments can be determined without
calculation based on geometric properties of the wire and properties of the
density function, do not perform the calculation, but explain which of these
properties and how determine the moments.

Sample solution. (a) The radius of the circle is the distance of the center from
the point on the circle is the distance of the points (0,0,1) from (1,0,0), and this
is v/(0—1)24(0—0)2+ (1 —0)2 = /2. Since the circle is in the zz-plane its
y-coordinate is 0. Since its center is (0,0, 1), it has parametric expression

z(t) =V2-cost y(t) =0 =z(t)=-(1+sint).

We are considering only the portion above the xy-plane. The line connecting the
center (0,0,1) with (1,0,0) has angle —7/4 against axis x, and the line connecting
the center (0,0,1) with (—1,0,0) has angle 57/4. Therefore we have the following
bounds for the parameter ¢ for C:

—m/4 <t <b5n/4

The formula for mass is the line integral of the density function along C"

57 /4
M = /Co(sc,y, z)ds = / 2(t)/x' ()2 + o' (£)2 + 2/ (t)2 dt

—m/4
Now
()= —V2-sint y'(t) =0 2'(t)=+2-cost
S0

(1) + o' (1) + 2/ (t)? = 2sin?t 4+ 2cos® t = 2(sin? t + cos?t) =21 =2
1



2

and /7' (t)2 + y'(t)2 + 2/(t)2 = V2. By substituting to the above formula, we have

57 /4
/ (14 V2sint)v/2 dt = V2[t — V2 - cos t]ﬁ{/‘;

—m/4

M

V2 (57r/4 — (—7/4) — V2 - cos(5m/4) + V2 - cos(fw/4))
= V2(6m/4- V2 (—V2/2)+ V2 (v2/2))
V2(37/2 — (=1) + 1) = V2(37/2 + 2)

(b) The formula for M,,, is:

57 /4
M:/Cza(ac,y,z)ds:/ 2(t) - 2(t) /2 ()2 + v ()2 + 2/ (1)2 dt

—7/4

We insert our concrete data and obtain:

57 /4 57 /4
M, = / (1+V2sint)2vV2 dt = V2 (14 2V2-sint + 2sin’t) dt
—n/4 —m/4
57 /4
= V2 (1+2v2-sint+1—cos2t) dt
—m/4

= V2t —2v2-cost +t—1/2-sin 2]/},

Here we use the equatlity 2sin® ¢ = 1—cos 2t. We calculate, and also use calculations
from above:

M,, = V2 (37r/2 — V2 (—V/2/2) + 2V2 - (V2/2) + 37/2 — (1/2) sin(57/2) + (1/2)sin(—77/2))
= V2037 4+2+2-1/2-1/2) = V237 +3) = 3v2(r + 1)

Then

7= =

M \2037/2+42) 37/2+1
The other two moments:

e M,, =0 because C lies entirely in the xz-plane. Hence y = 0.
e M. = 0 because C lies in the zz-plane, and in this plane both the density
function and C are symmetric about axis z. Hence = 0.

3(7T+1) )

Then the center of gravity is (0,0, T /ot

2. Use Green’s theorem to calculate the work done by the force field

2

. 2z
F(r.y) =In(L+9%)i + {12

which pushes an object along the path C' making one loop clockwise where C' is the
boundary of the square with corners (0,0), (0,1),(1,1) and (1,0).

J

Sample solution. We need to evaluate the integral

2

2xy
In(1 +4?%) dz + d
/Czn( y)z1+y2y




where C' is oriented clockwise, that is the orientation is negative. We have

2%y
_ 2 _
P(z,y) = zIn(1 + y°) Q(w,y)—1+y2-
Then
8P( ) 2zy 8Q( ) dxy
—_— x = = .
Oy T 2 ar Y T 1y 2

We need to check the assumptions of Green’s theorem. The partial derivatives
are clearly continuous in R? and C is clearly piecewise smooth and closed. C is
also simple, as we do only one loop. Green’s theorem for positively oriented curve

K reads 5 op
/sz+Qdy:// <—Q—) dA.
K p\dx Oy

where D is the region inside K. Since our C' is negativelyh oriented, we need to
change the sign on the right side. Therefore

[roan- ] (5-5)

where D is the region inside C. Since D is the square with corners (0, 0), (0, 1), (1,1)
and (1,0), the bounds for z and y are:

0<z<1 0<y<L
Then

1 1 1
// a—Pfa—Q A = // vy _dzy dyd:c:// 229 dyda
o Jo \1+y? 142 o Jo 1+y?
1 1
2y
= - xdx | - / dy>
</0 > (0 1+ y?

= —(1/2)[z%)} - [In(1 +y)}
= —(1/2)-1-(In2—-1In1) = —(1/2) In2.




