
GRADED HOMEWORK 31. (2pt) Prove by indu
tion that for all n > 0 we havenXk=1 k3 = 14n2(n+ 1)2:2. (1+1pt) De�ne a sequen
e of numbers a1; a2; a3; : : : by re
ursion asfollows:� a1 = a2 = 1� an = 2an�1 + 3an�2.Use mathemati
al indu
tion to prove:(a) If n > 2 then an > 3n�2.(b) If n > 2 then an < 2 � 3n�2.3. (3pt) Prove by indu
tion on n that for all n > 0, the arithmeti
 meanof 2n positive real numbers is at least as large as the geometri
 one. That is,prove that if a1; a2; : : : ; a2n are positive real numbers then12n (a1 + a2 + � � �+ a2n) � 2npa1 � a2 � � � � � a2n :Hint. Do the 
ase n = 1 
arefully. For larger n+1, express the arithmeti
mean of 2n+1 many numbers as the arithmeti
 mean of two arithmeti
 meansof 2n many numbers. Then apply the indu
tion hypothesis for n and also forn = 1.Remark. The above inequality holds for all natural numbers, not onlyfor those of the form 2n, but the proof is a bit more involved.4. (3pt) Prove by indu
tion on n the so-
alled Diri
hlet (or pigeonhole)prin
iple: If n > 1 and we split a �nite set with at least n elements intostri
tly less than n disjoint nonempty pie
es then at least one of those pie
eshas more than one element.Hint. First observe that \at least n" 
an be repla
ed by n, and it ispra
ti
al to 
onsider the set f1; 2; 3; : : : ; ng. Then pro
eed by indu
tion onn. At step n 7! n + 1, split the set f1; 2; 3; : : : ; n; n + 1g into less thann+ 1 pie
es and dis
uss the two 
ases: either fn+ 1g is one of the pie
es orotherwise. 1


