
GRADED HOMEWORK 41. (2pt) Use indu
tion to prove that every nonempty �nite set of naturalnumbers has a largest element.Hint. Do indu
tion on the number of elements of sets. When doing theindu
tion step n 7! n+ 1, write down 
arefully the statement you intend toprove. Here is the strategy: Given an (n+1)-element set of natural numbers,remove one element. You obtain an n-element set of natural numbers. Ex-plain in detail how you get the largest element of the original (n+1)-elementset on
e you know the largest element of the n-element set that you obtainedby removing one element.2. (2+2pt) Given is a natural number b > 0. Prove that every z 2 N 
anbe uniquely expressed in the forma0 + a1 � b+ a2 � b2 + � � �+ an � bn:where 0 � ak < b for all k 2 f0; : : : ; ng and an 6= 0. That is, prove that givenz 2 N , numbers n; a0; : : : ; an as above exist and are unique in the followingsense: Ifa0 + a1 � b + a2 � b2 + � � �+ an � bn = a00 + a01 � b + a02 � b2 + � � �+ a0m � bmwhere 0 � ak < b for all k 2 f0; : : : ; ng, 0 � a0k < b for all k 2 f0; : : : ; mg,an 6= 0 and am 6= 0 then m = n and ak = a0k for all k 2 f0; : : : ; ng.The above way of expressing integers is 
alled b-adi
 expansion, and b is
alled the base of expansion. In pra
ti
e, the most 
ommonly used expan-sions are de
adi
 (here b = 10) and dyadi
, or binary (here b = 2).Hint. Pro
eed by indu
tion, but use the strong version of indu
tion:Assuming that the result on expansions holds for all z0 < z prove that theresult holds for z. Here you have to use the division algorithm (Theorem 4.1in the le
ture).3. (4pt) If a; b; 
 are integers then the greatest 
ommon divisor of a; b; 
 isthe unique d 2 N satisfying the following two 
onditions:(a) d is a 
ommod divisor of a; b; 
, i.e. d ja; d j b and d j 
.(b) If d0 is any 
ommon divisor of a; b; 
 then d0 j d.1



Noti
e that (a) implies that d > 0. Prove:(i) (1pt) d is really unique, that is: If d1 and d2 are natural numbers thatsatisfy (a) and (b) then d1 = d2.(ii) (2 + 1pt) If at least one of the numbers a; b; 
 is distin
t from 0 thenthe largest 
ommon divisor of a; b; 
 exists.Hint. (i) follows from the de�nition of the greatest 
ommon divisor by astraightforward argument. 
on
erning (ii), imitate the proof of Theorem 4.5from the le
ture. This is the theorem on greatest 
ommon divisor of twonumbers.
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