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6. Recursion on Well-Founded Relations
We work in ZF without foundation for the following:

6.1 Recall: For a binary relation R (may be a proper class):
(i) predg(a) = {z[(z,a) € R}
(ii) R is set-like iff for each a € V: predg(a) is a set, i.e. predg(a) € V.
(iii) If R is set-like then for any A € V we let

To=A
Thi1 = U predg(a)

a€Ty,

and then we let the transitive closure of A with respect to A:

(End of Chapter 2)

trelp(A) = | T,

new

Note that trcle(A) = trel(A).

(iv) R (now need R to bet set-like) is well-founded iff every nonempty A has an R-
minimal element, i.e. some element a € A such that:

(z,a) ¢ R for all z € A.
Equivalently: AN predg(a) = 2.

6.2 Theorem: Construction by Recursion on Well-Founded Relations; Bar
Induction/Recursion

Assume R is a binary relation that is well-founded and set-like. Let
G:V-V
be a class function. Then there is a unique class function F': V' — V such that

F(z) = G(F | predg(z)) for all x € V.



Proof. Uniqueness: Assume F', F’ are two such functions and F' # F’.

So X = {a € V|F(a) # F(d')} is a nonempty class. We proved before that if R is
well-founded + set-like and X # & then X has an R-minimal element. So let b € X be
R-minimal. Then predg(b) N X = @. Hence, F(y) = F'(y) for all y € predg(b). So F' |
predg(b) = F’ | predg(b). Hence

F(b) = G(F | predg(b)) = G(F" | predg(b)) = F'(b)
Existence: We show: to each x € V' there is a unique function
fo i trelg({z}) =V
such that
(1) fo(2) = G(f. | predg(2)) for all z € trclg({z}).
This implies that if z, 2’ € V then:
(2) fo = for whenever z € dom(f,)N dom(f,) = trclg({z})N trelp({z'})

This is because if z € trclg({x})N trclg({2'}) then trclg({z}) C trelg({z})N trelg({2'}).
So f. | trelg({z}) = f. = fu | trelr({z}) because f,, f»» and f, follow (1).
Hence fz(2> = fz(z) = f:r’(z)'
So if we let

F = the class of all functions f, satisfying (1)

we can let

F=Jr

Then check that this is as required.
Now show that we have these functions:

Uniqueness: Pick x and show that there is at most one f, satisfying (1). This is like
the proof of uniqueness above.

Existence: Show that f, exists for each x € V. If not:
Y = the class for all z € V such that there is no f, as in (1).

Then Y # @. Since R is well-founded and set-like: ¥ has an R-minimal element c.
This means that f, exists and is unique for each z € predg(c).

By the fact that predg(c) is a set + Replacement:

U f. is a set function.

z€predpr(c)
In fact: f' = F | predg(c), then f, = f"U{(z,G(f"))}.
So x ¢ Y after all, a contradiction. This proves existence. ]



6.3 Corollary:

Let R be a binary relation that is well-founded and set-like. Then there is a unique
class function o : R — O,, such that:

o(z) =sup{o(y) + 1|y € =}

Notice: (z,2') € R = o(z) < o(2’).
Moreover: If ¢’ is any map such that (x,2') € R = o¢'(x) < ¢'(2') then o(z) < o'(x)
for all = € Field(R) = dom(R)U rng(R).

6.4 Definition: Rank

Let R be a binary relation that is well-founded and set-like. The unique map from
6.3 is called the rank. We write rankg(z) instead of o(x).

6.5 Example (Foundation):
We write rank(x) instead of ranke(z).

In fact:
rank(x) =the unique a € O,, such that x € V1 — V.

6.6 Definition: Extensional Binary Relation

A binary relation R is extensional iff for all x,y we have

predg(x) = predgr(y) =z =1y
Equivalently,
(Vz)(zRx < zRy) = x =y

6.7 Example:

By the Axiom of Extensionality, € is extensional.

6.8 Theorem: (Mostowski Collapsing Theorem)
Let A be a class and let R C A x A be a binary relation that is

- set-like
- extensional

- well-founded
Then there is a unique pair (U, o) such that

- U is a transitive class



- 0: (A, R) — (U, €) is an isomorphism

Proof. U is transitive: (U is a class by T.6.2). Let a € U. Then a = o(x) for some = € A.
Now if b € a then b = o(z) for some b such that bRa since a = o(z) = {o(z)|zRz}. So
b e rng(o) =U.

Uniqueness: Since o is an isomorphism for each x € A we have

(Vz) zRx < 0(2) € o(z) which means that o(x) = {o(2)|2Rz}

By the theorem on construction by recursion T.6.2 there is a unique o that satisfies
this recursion formula. Since U = ¢[A], U is also unique.

Existence: By T.6.2 there is some o : V' — V that satisfies o(x) = {o(2)|zRx}. Let
U be o[A]. From now on write o instead of o [ A. Then

(i) 0 : A — U is surjective
(ii) 2Rz = o(z) € o(x) for all z,z € A.

We show that o : (A, R) — (U, €) is an isomorphism.

o is injective: Suppose not. This means that we have some z,y € A such that x # y
and o(x) = o(y). Because R is set-like and well-founded, we can minimize z, i.e. we can
find an x € A such that

(a) o(x) = o(y) for some y # x
(b) If zRz then o(z) # o(2’) whenever z # 2'.

We show: predg(z) C predg(y).

Pick zRz. Then o(z) € o(x) by the definition of 0. Since o(z) = o(y) we have
o(z) € o(y) = {o(2')|z’Ry}. Hence there is some 2z’ such that z’Ry and o(2') = o(z). But
by (b) above: z' = z. Hence zRy.

A symmetric argument shows: predg(y) C predg(z). (Check this!)
So we have: predg(z) = predg(y).

Because R is extensional: we have that © = y. Contradiction, as we assumed z # y.

This proves injectivity of o.

0(z) € o(z) = zRx for all z,z € A:



If 0(2) € o(z) then o(z) = o(z') for some 2z’ such that z’Rx because o(z) =
{o(#")|#’ Rz} by definition. Since o is injective: z = 2’. So zRx.

This has finished the proof of the theorem. m

6.9 Example:

Let (A, <) be a well-ordered set. Notice that < is extensional on A. So by Mostowski
there is exactly one transitive set a and exactly one map ¢ such that o : (A, <) — (o, €)
is an isomorphism. Notice: oo = otp(A, <). Similarly, if A is a proper class and < is a set-
like well-ordering on A then (A, <) is isomorphic to (O,,, €) and the isomorphism is unique.

6.10 Proposition: (ZF)

Assume U, U’ are transitive classes and
o:(Ue)— (U,€)

is an isomorphism. Then U = U’ and o = id.

Proof: Immediate from Mostowski.

6.11 Corollary: (ZF)

If M is a proper class and o : (M, €) — (V, €) is an isomorphism, then M =V and
o =1d.

7. Elements of Cardinal Arithmetic

For the moment we work without Foundation in ZF'.

Recall that if & € O,, then a set A C « is cofinal in o or unbounded in « iff

(V¢ < a)(IC € A)(E < ().

If a is a limit ordinal then we can replace “¢ < (7 by “¢€ < (7.

7.1 Definition: Cofinality of an Ordinal

Let o € O,,. The cofinality of « is the least ordinal v such that there is a set A C «
cofinal in « such that otp(A) = . We denote it by cf(a). So:

cf(a)=min{ otp(A)|A C « is cofinal in a}

7.2 Proposition:

If av is a successor ordinal then cf(a) = 1.

Proof. Say a = &+ 1. Then {a} is cofinal in a. O
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7.3 Proposition:

For every ordinal o we have: cf(a) < a.
Proof. This is because « is a cofinal subset of a. ]

7.4 Examples:

a) cf(w) =w.

(
f(
f(
(
(

@]

wtw)=w; A={w,w+1,. . ,w+n, ..} ={w+n|ne€w}
‘w)=w; A={w-nln € w}.

(c
d

o
&

(
(b
(d) cf(w?) =w; A ={w"n € w}.

)
)
)
)
(e) cf(R.) = w; A ={R,|n € w}.

7.5 Proposition:
Let « be a limit ordinal. Then v =cf(«) iff

(a) v = the least ordinal such that there is a strictly increasing cofinal map f: v — «a.

(b) v = the least ordinal such that there is a closed unbounded C' C « in « with
otp(C') = 1.

(¢) v = the least ordinal such that there is a normal cofinal map f : v — a. (Recall:
normal = strictly increasing and continuous).

Proof. (a) If v =cf(a), we have some unbounded A C « with otp(A) = v. Then if
f v — A is the corresponding isomorphism, it is also a strictly increasing cofinal map
in . On the other hand: if ¥ < v and g : ¥ — « is strictly increasing and cofinal then
let A =rng(g). Then A C « is cofinal and otp(A) =7 < v =cf(«).

Contradiction.

(b) Follows from HW1: If A C « cofinal and A = the topological closure of A in «

then otp(A) = otp(A).

(c) Then: if A C o is cofinal and otp(A) = v =cf(a) then otp(A) = v =cf(a). Now
if g : v — A is the isomorphism then ¢ : 7 — « is normal and cofinal and by (a) there is
no such map with domain 5 < ~. [

7.6 Proposition:

Assume «, d are limit ordinals and f : 6 — « is cofinal (not necessarily increasing).
Then cf(a) < 0.

Proof. Let



D = {¢|¢ < ¢ such that f(&) > f(n) for all n < £}

So D C ¢. This means: otp(D) < 4.
We show:

(i) f I D is strictly increasing.
(ii) f [ D is cofinal in a.

(i) is immediate from the definition: if ¢ < £ are in D then f(£) > f(n), in particular,

f(&) > (&)

(i) Pick some & < a. Assume for a contradiction that f(§) < & for all £ € D. But
we know f is cofinal, so there is some 6 < § such that f(f) > a@. Let

0* = the least 6 such that f(0) > a.

Then: If 6 < 6* then f(0) < a < f(6%), so 0" € D. Contradiction. O

7.7 Proposition:

Let a be a limit ordinal.
(a) cf(cf(a))=cf(a)
(b) cf(«) is a cardinal.

Proof. (a) Suppose not. Let v = cf(cf(a)). Since cf( cf(a)) < cf(a) by P.7.3, we must
have v < cf(a). By P.7.5:

There is a cofinal strictly increasing map f : v — cf(a).
There is a cofinal strictly increasing map g : cf(a) — a.

Sogo f:vy — «ais a cofinal strictly increasing map into a (Exercise). This would
mean that cf(a) <~ < cf(a). Contradiction.

(b) Assume a is not a cardinal. So let x =card(«). So there is a surjection f : & 253 .

Of course, f is cofinal by P.7.6: cf(a) < k < a (we assume that « is not a cardinal).
Since cf( cf(a)) = cf(e): cf(a) must be a cardinal.

]

7.8 Definition: Regular/Singular Cardinals
A cardinal k is regular iff cf(k) = k.

Cardinals that are not regular are called singular.

Examples

(a) w is regular — cf(w) = w.



(b) If o € (w,wy) cf(a) = w.
(c¢) cf(X,) =w so R, is singular.

7.9 Proposition:

Let a, 8 be limit ordinals. Assume there is a cofinal strictly increasing map f : a — .

Then cf(a) = cf(B).

Proof. We know there is a cofinal strictly increasing map ¢ : c¢f(a) — a. Then fog :
cf(a) — B is a cofinal strictly increasing map into 5. So cf(3) < cf(a).

We also know there is a cofinal strictly increasing map h : cf(3) — .

Notice: f~! o h need not be cofinal. So we need to define a new map: We define k :

cf() — « by recursion:

k(€) = the least 7 < a such that

e f(n) > h(§) (This will guarantee that f is cofinal).

o f(n) > k(&) for all ¢ < . This will guarantee k is strictly increasing.

If k£(¢') is defined for all values < &, then k s strictly increasing. So we have k | €.
Now ¢ < cf() < cf((), so k | £ cannot be cofinal in .

So there is some 77 < « such that n > k(¢') for all £ < ¢&.
So we can find 1 < a such that f(n) > h(§) and n > k(&) for all £ < &.
This tells us that

(i) k(&) is defined for all £ < cf(f)
(ii) k is strictly increasing.

(iii) k is cofinal. If n < a: Since h is cofinal in § we can find £ < cf(8) such that
h(&) > f(n). Then k(&) > n by the definition of k.

Conclusion: k : cf(f) — « is a cofinal strictly increasing map. Hence, cf(a) < cf(3). O

Remark: Alternatively, we could define k' : ¢f(5) — « by dropping the second clause
in the definition of k. Then £’ is still cofinal in a but not necessarily strictly increasing.
By P.7.6 cf(a) < cf( cf(B)) = cf(5).

What we proved so far about cofinalities is practically all what can be done in ZF
alone.

We have seen: examples where o was a limit ordinal and cf(«) = w. This is all one
can prove in ZF alone, by the result of Gitik (1980):

Con(ZFC + (*))= Con(ZF+ Every limit ordinal is w-cofinal)



Here (*) is so-called large cardinal axiom. See below.

7.10 Definition: Weakly Inaccessible Cardinal
A cardinal that is both regular and limit is called weakly inaccessible.
The following holds:

(i) It cannot be proved in ZF that a weakly inaccessible cardinal exists.

(ii) We have seen in 280A examples like CH where one could prove:

Con(ZFC)= Con(ZFC+CH)
Con(ZFC)= Con(ZFC+-CH)

Let WI abbreviate the statement “there is a weakly inaccessible cardinal.” Then
Con(ZF)=- Con(ZF+-WI)

is provable. However, the implication
Con(ZF)= Con(ZF+WTI)

cannot be proved in ZF. This resembles the situation where, letting
ZF/™ . 7ZF without the Axiom of Infinity

Inf : Axiom of Infinity
Then

Con(ZF)= Con(ZF/™ +— Inf)
But
Con(ZF/™)= Con(ZF/™ + Inf)

is not provable in ZF/".
For this reason, inaccessible cardinals are considered as “infinities of higher level.”

As of today: there is a decent collection of known large cardinal axioms. Interestingly,
they are all linearly ordered in terms of consistency. WI is the weakest of them.

From now on, work in ZFC.

7.11 Proposition: Let v < k be cardinals and let (A¢|¢ < v) by a sequence of sets
such that |A¢| < & for all £ < 7. Then



U A < n.

<y

Proof. Since |A¢| < k, there is a surjection fe : kK — A¢. So Fe = {fe|fe : kv — Acis a
surjection } # &.

Notice: (F¢l€ < ) is a set. By AC there is a sequence (f¢|¢ < ) such that f; € Iz,
i.e. fe 1k — Ag is a surjection.

Now define a function g : v X kK — qu A¢ by
9(&,m) = fe(n).

Since each f¢ is a surjection onto A¢, we have: g: vy x kK — qu Ag is a surjection.

Since v < k, we have |y x k| = k. Hence there is a surjection of x onto UE<V Ae. O

7.12 Remark:
The previous proof can be “localized”in terms of hypothesis.

Let A be a class, k be an infinite cardinal. Then
AC,(4)

is the following statement:

Whenever (X¢|¢ < k) is a sequence of nonempty subsets of A, there is a sequence
(ae|¢ < k) of elements a such that az € X for all £ < k.

Also, let AC,; stand for AC, (V).

It is easy to see that the conclusion in T.7.11 follows from AC,.

7.13 Proposition:

For every infinite cardinal x: we have k™ is regular.
Proof. Suppose not then ~ et cf(kT) < k*. Since there are no cardinals in the interval

(k,kT) and cf(k") is a cardinal: v < k. By P.7.5 there is a cofinal function f : v — k¥,
Now each f(§) < k™, so |f(§)| < k. But then

k= £9)

By P.7.11, U, f(§) is of size < k. This gives |x7| < . Contradiction. O

7.14 Remark:
The conclusion in P.7.13 can be proved from AC,(P(k)).

7.15 Example:
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(i) By the above: wy,ws, ...,w, are all regular.
(ii) There is no sequence (ay,|n € w) that would converge to w;.

(iii) There are unboundedly many o < wy such that cf(a) = w;.
Given (< wy, we find o < wy such that a > [ and cf(a) = w;.

By recursion define a function f : w; — wq as follows:

0) =5
f(£+ 1) = some ordinal < ws that is larger than f(&).
F(€) = sup{f(€]E < &) if € is a limit.

Note: f(&) is defined for all £ < wy:

—

- If f(&) is defined then f(£) < wy and ws is a limit ordinal. So this is an ordinal
in the interval (f(&),ws).

- If € is limit and f(€) is defined for all £ < €, ie. f | € is defined. Now
f I € cannot be cofinal in ws because £ < w; < wy and cf(ws) = wy. Hence
sup{f(£|€ < €} < wo. This sup is the value of f(&).

Now let v = sup,_,,, f(§). Because cf(wy) < wa: o < wo.

Moreover: f :w; — « is a strictly increasing cofinal map. So by 7.9, cf(«a) =
Cf(u)1> = Ww1.

(iv) Also notice: If f < wy then 4+ w; < wy and (S + w1) = wy. Le. the map
& B +E& (Or, in (iii) take “the least”instead of “some”).

7.16 Proposition:

From the above we have the following formulae:
(a) If k, A € w then ordinal arithmetic = cardinal arithmetic.

From now on, let at least one of k, A be infinite.

(b) k+0=k
k-0=0

If both k, A > 0 then
K+ A=k -A=max(k,\)

(c) All cardinals:
RATH = A . g
(K- A =gH- A

() =

11



(d) If k > 2 then k* > X\ (Cantor Theorem).

() k <K and A < N = k* < K A" and similarly for + and - .

7.17 Definition:
Let A < k be cardinals.

(k] = {n C Kk :|n| = A} (= the set of all subsets of x that have size \).

The notation [k]<*, [k]=* is then self-explanatory, as well as [A]}, [A]<*, [A]=*.

7.18 Proposition:
Let A < k be cardinals and k be infinite. Then

Proof: application of Schroéder-Bernstein (HW).

7.19 Definition:
Let I # @ and (k;|i € I) be an indexed system of cardinals.

() Y ri= Ui} x w1)]

iel el

iel i€l
7.20 Remark:
(a) These definitions are consistent with the definitions of + and - if we let I = {0, 1}.
(b) Assume all k; agree, say x; = k for all ¢ € I. Then

> wi= A} x w0)| = [|J{i} x 5| = I x k| = 1] - &.

iel el el

Hlii: | X k| = || = kM.

el iel

7.21 Proposition: Let (k;|i € I) be an indexed system of cardinals, at least one k;
be infinite. Then

Z/ﬂ)i = |I] - sup ;.

il el

Proof. Let k = supk;. So k; < k for alli € I. Let f; : k; — k. Then the map
i€l

12



defined by

is an injection. So Y ., k; < |I] - k. O

For the converse, notice WLOG we may assume x; > 0 for all i € I. (Check this!).

Then: k; <) ., k; for all j € I. Hence

(*) supk; < Z/ii

g€l i€l

el

Since we are assuming that x; > 0 for all ¢ € [I:

(%) 1] = |U({i} <{0})] < \U{i} X kil = ZF&@‘
= {0} < k.

From (*) and (**) we get

supi 11 < (L) - (L) = L

iel il el

Where the last step is justified because (>, #;) is infinite, because we are assuming that
at least one of k; is infinite.

7.22 Proposition:

Let A be an infinite cardinal and (k¢|§ < ) be an increasing sequence of cardinals
such that kg > 0. Then the product

H ke = (sup re)

£<A £<A

Proof. Let k = supg_y ke. Assume WLOG that (x¢|§ < A) is strictly increasing; for non-
strictly increasing , it then easily follows. (Either pick a strictly increasing subsequence
of else consider the largest element).

< is easy: H§ oy ke < HE k= x*, where the < follows from the argument similar to
the proof of < in P.7.21.

To see >: Since A is infinite: A ~ A X A\. So we can re-index the system (k¢|€ < A)
and get (¢, |€,m < A) so that {r¢|§ < A} = {r¢,|{,n < A}
Notice: If we fix £ = &, then the set

{Kgynn < A}

13



is cofinal in £ = supg_, ke. Why: Because Ag, has size A but for every o < k the set
{Ke¢|ke < a} has size < X: because let £* = the least { such that k¢ > «. Then

{relre < a} = {rel <&} and & <A

Point: if B is a well-ordered set whose order type is a cardinal, and B’ is a proper initial
segment of B then |B'| < |B].

Sot [Tean ke = Tepen ity = Tean (Hn<,\ ’i/&n) which is > k by the “Notice”above.
Then, that is > [[,_, & = £, O

7.23 Proposition:
Let X be a cardinal and (k¢|€ < ) be a sequence of cardinals. Then

(H”n)A:HK?z

n<y n<y
Proof. We construct a bijection directly. Let f € (an /in), ie. f:A— ><77<7 K.
We define
Fy: Axy — On by Fr(§,n) = f(§)(n).
Now let

gim A — Oy defined by g;,(§) = Fr(€§,n) = f()(n) € Ky

(We are fixing the first argument, then we are fixing the second argument.)
So gr, € (Mky). Now let

gy : v — V defined by g¢(n) = g5,y € ()‘/@7)

So gr € ><?7<7 Ii%
We defined a function

from ’\( X /177) into X HJ;\] by f — gy
n<y

Injectivity: Assume f # f’. Then there is some & < X such that f(£) # f'(£). Hence there is

some 7 < 7 such that f(£)(n) # f'(§)(n) = g (&) # 95(n)(§). Hence, gr(n) #
g;(n), ie. gr # g

Surjectivity: Switch the coordinates back. Given g € an(%n). Let f: A — )(77<7 ke be defined
by f(£)(n) = g(n)(§). Then gr = g.

O

7.24 Proposition:
Let (ke¢|€ < A) be an increasing sequence of cardinals.

Then, letting £ = sup,_ K¢:

14



/{A:Hmé\

£<A
Proof. H Hé\ 2 (H /ig)A 22 (kM) = K
£<A £<A

7.25 Definition: J
The function J (third hebrew letter of alphabet) is defined by:

The function J is fundamental in cardinal arithmetic, because it completely determines
the value of Nzﬁ )

Before we prove the theorem, one more proposition:

7.26 Proposition: Let A be a limit cardinal, say A = sup;_., Ae where (\¢|§ < A) is
strictly increasing and (2*¢|¢ < ) is increasing, but not eventually constant.

2 = 1( supg.., 2*)

Proof. >: SUP¢ -y X < 24

cf(supe., 2%¢) < . This is true if (2*|¢ < ) is not eventually constant because
€ +— 2% is a cofinal map from v into SUPg .y 2X¢ by 7.6.

So J(supe., 2%¢) < (2)7 = 2
<: We inject P(A) into X, __ P(X¢) by
A (AN elé <)

Easy to see this is an injection.

But | X P(Ae)| = [ 2%

E<y <y

Let K < v be such that & — 2% is strictly increasing on K. Also, choose such a K
with smallest possible order-type. Then the above argument shows that the assignment

(AN Xl € K)

is injective as well. But then

| X 77()\5)} = H e 22 (sup2)‘5)|K| . 3(sup2’\5)

¢eK ceK (eK (eK

(1) is because |K| = otp(K) = cf(supgeg 2*). O
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7.27 Theorem:

The value x* are completely determined by function J.

Proof. By induction on &, we show that the values x* for all A < x are determined by 1.
This sufices, as if A > & then * = \\.

For x > 2:
2)\ S /{)\ S /\)\ S (2)\))\ — 2/\-)\ — 2/\

Induction: Assume A < x and " is determined by J for all N < A\. Want to compute

KA.

Claim 1: X < cf(k).

W =Pl 9] Ca) 2 suplal?

A<a<k <k

(1) Since A < cf(k) : Every f: A — k is bounded.

(2) Note: a < Bso (*a) C (Af).
The rest follows from the fact: If (X,|a < k) (Xo # @) is an increasing sequence

with respect to C sequence of sets, then |{J,.,.(Xa) = & - sup,, | Xq| since
Xsl < || < | k< | | Xl (1)
(67 a<K

= Supﬁ<n |Xﬂ| < ‘ Ua</~i Xa|‘
Converse: U, Xe = U (X1 — Xe) = .

Where the above is a disjoint union.

Or else: notice

U Xel < [ U6} x Xe| = - sup | X,

E<k E<k

Now since A < a: A < |a| so we already know that |a|* is determined by J by the
induction hypothesis, as |a| < x. This means that

K= sup |aft

A<a<K

Is determined by 1.
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Case 2: cf(k) < X < k.

Hence cf(k) < k so k is a singular cardinal. Let (k¢|{ < cf(k)) be a strictly
increasing sequence of cardinals converging to k.

Case 2A: The values /ﬁ? for £ < cf(k) are eventually constant. Then

A 724 PEY; A (LA _ o xef(r)
05 Tecopa e = Hegeecopa e = (”véo)cf(“) = R, = Rg

(1) & is such that /{g\ = /4:20 for all £ > &,. Use Schroéder-Bernstein.

Now pick & so that A < k¢,. This is possible, as A < k.

So we have k* = /ig‘o and this value is determined by J by the induction hy-
pothesis.

Case 2B: Otherwise. In this case we can pick the sequence (k¢|{ < cf(k)) so that the
values of Iﬁé\ are strictly increasing. So we get

7.24
A2 R

£<cf(r)
@2( sup Hé\)cf(ﬂ)
£<cf(r)
_ A\ ef (SUPe<cfn) 7 A
=( sup ;) =1( sup ~g)
£<cf(r) £<cf(r)

Notice the function & — /@'2‘ is a strictly increasing function from cf(k) into
SUDe o f () o- BY 790 cf(supg_ () ke) = cf( cf(k)) which is the same as cf(k).

Case 3: A\ =k
Case 3A: k is regular. Then cf(k) = k. So k" = k) = I(k).

Case 3B: k is singular.
k" =25 =1(sup,., 2")

Where p# is known by the induction hypothesis.

7.28 Definition: Strong Limit Cardinal

A cardinal « is strong limit iff

2t < g for all p < k.

7.29 Proposition:
If k is strong limit singular cardinal then
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2% = 1(k)

Proof. 2% "2 I(sup,, 2") = I(k)

Where the middle supremum is equal to k since u < 2#k (k is strong limit). ]

7.30 Definition: Strongly Inaccessible Cardinal
A cardinal that is that is both strong limit and regular is called strongly inaccessible.

So in particular:
k strongly inaccessible = k weakly inaccessible.

Hence the existence of strongly inaccessible cardinals cannot be proved in ZFC, and
actually the statement

Con(ZF+SI)

cannot be proved in ZFC (where SI=“There is a strongly inaccessible cardinal”).

On the other hand, the following is provable:
Con(ZFC+WI)<Con(ZFC+SI)

7.31 Proposition:

Let I # @ be a nonempty index set and x; < \;, @ € I be cardinals such that \; > 1.
Then

Z Ki < H Ai
iel il

7.32 Theorem: (Ko6nig’s Inequality)
Let I be a nonempty index set x; < \;, ¢ € I be cardinals. Then

el i€l

Proof. Notice: WLOG k; > 0 for all i € I. Then \; > k; > 1. So 7.31 applies and we get
<. We want to see that < holds, i.e.:
There is no surjection F': (J;c;({i} X £;) — X,_; Ai- So let

Fo [ J{i} x m1) = XA

iel el

We find a function f € X, ; A; that is not in rng(F). This is a diagonal argument.
To each (i,§) € U, ({7} x ri), F(i,§) is a function in X, _, A If we fix i € I then

A, ={F(i,8)(4)|¢ € K;} is of size < k;.
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(Because F'(i,£)(i) depends only on & and there are k; many &s).
By the assumption that x; < \j: \j—A; # @. Soif f € Xep Ai such that f(i) € Ni—A,;
then f # F(i,§) for all £ € ;. So let f € X._; Ai be defined by

f(@) = min(\; — A;).

Then f(i) # F(i,£)(7) for all i € I and all £ € k;, so f # F(i,€) for all ¢ € I and all
5 € K;.
This means: f ¢ rng(F). O

7.33 Proposition:

(a) Let k be a cardinal. Notice:

1<2
1+1+...+1<2-2...-2

K K

So k < 2°F

(Cantor)

(b) k < cf(2") (tells us that you cannot split the continuum into countably many sets).

If k is regular, this follows from (a). Now assume that & is singular. Let v = cf(2").
Let (kel€ < 7y) be a strictly ascending sequence of cardinals converging to 2%. As-
sume v < K.

K 7.21 ; K K K- K
28(= - SUDgey Kg) = D ey Rl < Lo, 27 = (29)7 = 277 = 2,
So 2% < 2%, a contradiction.

(¢) k < 3(k), K infinite.

Again, if k is regular, this follows from (a). If k is singular, then pick a strictly
increasing sequence (k| < cf(k)) converging to x. Then

Koni
e Z Ke < H k= kY = (k).

§<cf(k) £<cf (k)

Since (b)=- (a) in 7.33, we can summarize the known facts about the function x +— 2%
as follows:

(i) k < A= 28 < 22

(ii) & < cf(2%).
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For regular cardinals, this is all one can prove in ZFC, by a theorem of Easton.

Easton (1970): Assume F is a class of ordinals and
fiE— O,
is a function satisfying for each o, 3 € F
(i) @ <f = Ry) < Ry)
(i) cf(Rp)) > Ry
If N, is regular for all & € E then the statement
(Vo € E)(Rye) = 2%)

is consistent with ZFC.

However, this is not the case for singular cardinals.

Silver (1974): If  is a singular cardinal with uncountable cofinality and 2* = pu*
for all (acually only “many”) p < k then 2% = k™.

Jensen (1974): If s is a singular strong limit cardinal and 2 > 25" then Con(ZFC+SI).

(He actually proved: there is an inner model L and a nontrivial elementary embedding
J:L— L)

If p(vy,...,v;) is a formula, then for any ay, ..., q

L| = p(ay,....a) < Ll = o(jlar), ..., j(ar)).

7.34 Definition: Singular Cardinal Hypothesis (SCH)

SCH is the following statement: for a singular cardinal «:

SCH,: (k) = k™.
We saw that if « is singular strong limit then J(x) = 2* so for singular strong limit «:
SCH, < 2% = kt = GCH,,

SCH is one of the major topics in set theory with many questions open.

Milestones:

k singular strong limit and 2% > k™ = Con(ZFC+ o(k) = k™)
(Mitchell 1980s)
And < by Magidor; early 1970s.
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Where o(k) = k' is a very strong large cardinal axiom; much larger than SI.

Another milestone: Galvin-Hajval-Shelah?
2% < N, = IN,) <N, in ZFC
Major open question:
Mo < N, = I(R,) < Ny,
8. Boolean Algebras, Filters and Ideals

8.1 Definition: Boolean Algebra

A Boolean Algebrais a structure B = (B, A, V,’, 0, 1) where V, A are binary operations,
"is a unary operation and 0,1 € B.

And the following equalities hold:

Commutativity:
sVy=yVvVr;zNy=yAzx
Associativity:
(xVy)Vz=xzV(yVz); (@xAy)ANz=zA(yAz)
Absorbtion:
zAN(xVy =z;zV(xtAy) ==z
TN =x;,2Vr =2

Distributivity:

cANyVz)=(@Ay)V(eAz);zV(yAz)=(xVy A(xzVz2)
Complementation:
AN =0;zva =1

8.2 Example:
Given any set A we have the power set algebra (P(A4),N,U,, 2, A).

8.3 Proposition:
(i) 2AN0=0,2V0=z,2AN1l=z,2V1=1.
(ii) 2’ is unique.
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(ili) (xAy) =2'Vy, (xVy) =2 Ny
Proof: Exercise. Regarding (iii): Show (zAy)A(2'Vy') =0and (xAy)V(2'Vy') = 1.

8.4 Proposition:
If B is a Boolean Algebra we define a binary relation < on it by

r<yiffz ANy=u.
Then
(i) < is a partial ordering on B.
(ii) O is the least element and 1 is the largest element.
(i) s <yiff s Vy =1y.

Proof. To see (i): x Az =z, s0 x < x.
Ifzr <yandy <xthenxAy=x, v Ay =y. This implies x = y.
r<yandy<zthenzAz=(xAy)Az=azA(yAz)=xANy==zx. ]

In the above proposition, x V y is the sup of x,y, i.e. the least upper bound. That is,
z=xVyiff < z,y <z and if 2/ is such that x,y < 2’ then z < 2/

Dually: z Ay is the infimum of z,y, i.e. the greatest lower bound.

8.5 Definition:

Let B be a Boolean Algebra and X C B.

\/ X is the supremum (join) of X, if it exists. In general, \/ X need not exist.
Similarly, A X is the infimum (meet) of X if exists.

So:

\/ X = the least upper bound on X
/\ X = the greatest lower bound on X.

8.6 Exercise:
Let B be a Boolean Algebra and X C B. If \/ X exists and b € B then also

\/ (b A ) holds and

zeX

oA (VX)=\ (o).

zeX
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Similarly with A X.

8.7 Definition: x-Complete

Let B be a Boolean Algebra and  be a cardinal. B is k-complete iff A X, \/ X exist
for any X C B such that | X| < k.

(So by definition, every B is w-complete). (By exercise 8.6 + DeMorgan it would
suffice to postulate just the existence of A X or just \/ X).

8.8 Definition:
Let B be a Boolean Algebra.

(a) A filter on B is a set F' C B such that

(i) le Fand 0 ¢ F.
(i) z,ye F=a2ANy€eF.
(ili) (re Fandz <y)=>y e F

(b) An ideal on B is a set I C B such that:

(i) 0€Tand1¢ 1.
(i) zr,yel=zVyel.
(iii) (relandy <z)=yel.

A filter F on B is
(1) Principal iff there is some a € B such that
F={xe€Bla<uz}
(2) Maximal iff there is no filter F” on B such that F’ D F.

For ideals, we define these notions dually.

Intuition: Members of a filter are “large” while members of ideals are “small”.

Given a filter F' on B, we let
F={a|zeF}

Easy to check: F is an ideal on B. This ideal is called the ideal dual to F.
Dually, if I is an ideal on B then

[={2|zel}
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is the filter dual to I.

In particular, we have

If I is an ideal on B then
IT=B-—-1

The elements of I are called I-positive.

If F is a filter on B then F*+ < (F)*.
Notice: a € F™ iff a Ax # 0 for all x € F. (Check this).

8.9 Definition: Ultrafilter
A filter F' on B is an ultrafilter iff for every x € B we have

re€ForaxekF.

8.10 Definition: Filter Base

Let B be a Boolean Algebra. A set X C B is a filter base or a centered system iff
A\ X' # 0 for all Finite X’ C X.

A base for an ideal is defined dually.

8.11 Proposition:
If B is a Boolean Algebra and X C B is a filter base, then

F = {z € B|3 finite X' C X with A X' <z}

is a filter; this filter is called the filter generated by X. Dually for ideals.

8.12 Proposition:
Let B be a Boolean Algebra and F be a filter on B. Then

either F'U {a} or F'U{d'} is a filter base.

Proof is as in Fall quarter with sets.

8.13 Proposition:
Let B be a Boolean Algebra and F' be a filter on B

(i) F' is an ultrafilter iff F' is maximal.
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(ii) F can be extended to an ultrafilter.

Proof: As in Fall.

8.14 Definition: Prime Ideal

An ideal I on a Boolean Algebra B is a prime ideal iff [ is an ultrafilter. So an ideal
is a prime ideal iff it is a maximal ideal.

Notice: if I is a prime ideal, then IT = 1.

8.15 Definition + Proposition:

An atom in a Boolean Algebra B is an element a > 0 such that for every x € B:
r<a=x=aorz=0.

An ultrafilter F' is principal iff there is an atom a such that
F={xe€Bla<uz}

Next come a few remarks to exercise &.6:

8.16 Proposition:
Let B be a Boolean Algebra. Then

(i) (@a<a*and b<b*)=aAb<a*AbD*;aVb<a" Vb
(i) a<bsanb =0.
Proof. Toward the proof of 8.6. We assume that A C B and \/ A exists.
Want to show: for every b € B: \/ . ,(b A a) exists and

bAVA=\/(bra)

acA

is easy, as bA'\/ A > b Aa for each a € A using P.8.16.

>
<: Assume z is an upper bound on all b A a where a € A. So

P.8.16(ii)

bAha<z= (' ANb)ANa=2"AN(bAa) 0

Since (' Ab) Aa =0, by 8.16(ii) we have a < (z/ A b)’ for all a € A.
So VA< (:U’/\b)’&:1>6 (' Ab) A/ A =0 and this tells us that bA\ A < z.
Summary: (Va € A)(bAa<z)=bAV A<z

So: b A'\/ A is an upper bound on all b A a, a € A and if = is any upper bound on all
bAathenbA\ A<z,

This says:

bAVA=\/(bAa).

a€A
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This proves 8.6. [

We defined k-complete Boolean Algebra. Now:

8.17 Definition: Complete Boolean Algebra

A Boolean Algebra is complete iff it is k-complete for all .

8.18 Definition:

Let B be a x-complete Boolean Algebra and F' be a filter on B. We say that F' is
r-complete iff for every X we have:

(X CFand |X|<k)=ANXE€EF.
r-complete ideal is defined dually.

8.19 Definition:
Let By, By be Boolean Algebras and h : By — Bs.

(a) The map h is a homomorphism iff h preserves the operations (including mapping 0
to 0 and 1 to 1).

(b) An injective homomorphism is called an embedding.

(c) If both By and By are k-complete then a homomorphism A : By — B, is k-complete
iff h preserves joins and meets of size < k.

(d) If h: By — By is a homomorphism of complete Boolean Algebras then h is complete
iff it preserves all joins (and meets).

8.20 Definition:
Let B, By be Boolean Algebras with domains By, Bs.

(a) We say that By is a subalgebra of B, iff B; C By and the operations of By, By agree
on B;. Equivalently, B; is a subalgebra of B iff id : B; — Bs is an embedding.

(b) By is a k-complete (complete) subalgebra of B, iff B; is a subalgebra of B, and the
meet and join of size < x (all meets and joins) agree in By, Bs.

Equivalently: iff id : By — B, is a k-complete (complete) embedding.

Definition for isomorphism is obvious.

8.21 Notation:

We will write
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a—bfor a ANV (difference)
aAb = (a—b)V (b—a) (symmetric difference)

8.22 Definition 4+ Proposition:
Let B be a Boolean Algebra and I be an ideal on B. We define a binary relation ~ by

a~bift aAbe I.
Then ~ is an equivalence relation on B. We define the quotient algebra B/I by
B/I = the set of all equivalence classes [a] where a € B.
The operations are defined in the obvious way:
00a/s = (0], [1s/1 = [1a]. [e] Anys [y) = £ Agl... ete.
These operations are well-defined and
B/I = (B/I,Vpi, /\B/hlB/I’OB/I’ 1g/r) is a Boolean algebra
(check this). From this we get the quotient map
k:B—B/I
Defined by k(a) = [a]. By what we said above, k is a homomorphism. Moreover
ker(k) = k={0}] =1

because aA0 = (a — 0) V (0 — a) = a. We also have the usual factor theorem:

If h : B — C is a homomorphism of Boolean Algebras then ker(h) is an ideal on B
and we have a unique isomorphism ¢ that makes the following diagram commutate:

B - C
k 1
NS

B/ ker(h)

8.23 Proposition:

Assume B is a k-complete BA and [ is a k-complete ideal on B. Then B/ is -
complete.
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Proof. If v < k and (x¢|€ < ), (ye|l€ < ) are such that [z¢] = [ye] for all £ < 7, then

(V2 AV )

<y £<y
= (Vae= Vo) v (Ve =\ )
<y <y <y <y
= (376 - \/ yu)
£<y <y
< \/ (ze — yu) (2)
&<y
el (3)

where (1) comes from ye < \/,__ ¥, and (2) since [ is k-complete.
This shows: the definition

Vze =1\ =

<y <y

is meaningful.

8.24 Definitions:
Let B be a BA.

(a) Two elements a,b € B are incompatible iff a A b =0 for a,b # 0.
(b) X C B is an antichain on B iff X consists of pairwise incompatible elements.

(c) The algebra B is k-saturated (or k-c.c.) iff every antichain in B is of size < k.

The smallest cardinal s such that B is x-saturated is called the saturation of B,
sat(B).

It can be shown that sat(B) is always a regular cardinal.

(d) Let I be an ideal. Elements a,b € B are incompatible mod I iff a Ab € I for
a,beIt.

(e) X CBis an antichain mod [ iff every a,b € X are incompatible mod I.

(f) I is k-saturated iff every antichain has size < r. The saturation of I is the least
such that mod [ is k-saturated.

Remark: (a)—(c) are just special cases of I = {0}.

8.25 Proposition: Let B be a BA and [ be an ideal on B. Then [ is k-saturated iff
B/I is k-saturated.

28



Proof (sketch): a Ab € I iff [a] A [b] = [0]. Exercise.

8.26 Proposition:
Let B be a BA and X C B. Let X* be the downward closure of X, i.e.

X*={ze€B|(Fre X)(z <)}

and let A C X* be an antichain that is maximal among all antichains contained in X*.

If the join of one of these sets exists then the two other joins exist and are equal. In
particular, if \/ A exists, then also \/ X* and \/ X exist and

VX =VX =VA

Proof. Do the nontrivial one: \/ X = \/ A. Notice: Enough to prove \/ A is an upper
bound on X.

If not: we have some x € X such that © £ \/ A. Hence y = 2 —\/ A # 0. But if
a€ Athenany < (JA) Ay=0.

Also, y € X* as y < x. Hence, AU {y} C X* is an antichain. This contradicts the
maximality of A. ]

8.27 Proposition:
Let B be a BA that is k-complete and k-saturated. Then B is complete.

Proof. Tt is enough to check that \/ A exists whenever A is an antichain in B. By satura-
tion, if A is an antichain in B then |A| < k. By k-completeness of B, \/ A exists. O

8.28 Proposition:

Let B be a k-complete BA and I be a k-saturated x-complete ideal on B. Then B/
is complete.

Proof. From 8.23, 8.25 and 8.27. [

The obvious Boolean Algebra is (P(A),N,U,", &, A). We show that any BA can be
represented this way.

8.29 Definition:
Let B be a BA. We let

S(B) ={U € P(B)|U is an ultrafilter on B}
To each a € B let

N, ={U € S(B)|a € U}

29



8.30 Proposition:
Let B be a BA,

B* = {N,|a € B}
and
B* = (B*,N,U,,9,5(B))
Then B* is a Boolean subalgebra of P(S(B)) and the map
a+— N,
is an isomorphism.

Proof. Ny = @ because no ultrafilter contains 0.
N; = S(B) because every ultrafilter contains 1.
Narnp = N, N Ny because any filter contains a, b iff it contains a A b.

Navpy = Ny U Ny because any ultrafilter contains a V b iff it contains at least one of the
elements a, b.

Ny = S(B) — N, because any ultrafilter contains o’ iff it does not contain a. O

8.31 Remark:

P.8.30 is called Stone representation theorem and S(B) is called the Stone space of B
(named by Marshall Stone).

8.32 Proposition:
B* is a base for topology on S(B).

Proof. (1) U,ep+ Na = S(B) since S(B) = N;.

(ii) If Gy, ...,G, € B* then G; N ... N G, can be expressed as a union of elements of B*.
In any case:

Na1 N...N Nak - Nal/\‘../\ak

8.33 Proposition:
The topological space S(B) is
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(a) 0—dimensional; this means: it has a base for topology consisting of clopen sets.
(b) Hausdorff (a topological space in which distinct points have disjoint neighborhoods).
(c) Compact.

Proof. —
(a) Ny =S5(B) — Ng.

(b) If Uy, Uy € S(B) and U; # U, then we have some a € B such that e.g. a € U; and
a ¢ Uy. But then o' € Uy. So: Uy € N, and Uy € Ny. Now N, N Ny = Nypor =
Ny = @.

(c) Enough to prove: If C is a centered system of sets in B* then (C # @. (Notice:
{S(B) — A|A € B*} = B*. So every closed set can be expressed as (| X for some
X CB*)

So let C C B* be a centered system. Then we have some F' C B such that C =
{N,|a € F}. Now if ay,...,a; € F then

Nainonap = Nay N ... N N,, # &, as we are assuming the system is centered.
Hence, a; A ... A a, # 0. So we have:

ai,...,ap € F=a1 N...Nap #0

This means that F' is a filter base. So we can extend F' to some ultrafilter U D F,
Ue€ SB). But thena € U foralla € F,so U € N, for all N, € C. So (C # @.

]

8.34 Proposition:

Let (X,7) be a 0—dimensional compact Hausdorff space. Then there is a BA B such
that X = S(B).

Proof. Let B = the collection of all clopen sets in (X,7) and B = (B,N,U,’, @, X). Now
define a map f: S(B) — X by

f(U) = the unique element in (U.

This works, because if U is an ultrafilter on B, then (U is a singleton.
Why: U # @, as U is a centered system of closed subsets of X.

(U cannot have more than one element: if z,y € X, then we can separate z,y by
open sets since the space is Hausdorff. So e.g. we can find a clopen set A from the base
of clopen sets such that t € Abuty ¢ A. Soy€ X —A. Butthen Ac Uor X —AecU.
But only one of A, X — Aisin U.

So f is well-defined. Also f is injective, since if U; # Us,, then we can find clopen A
such that A € Uy and X — A€ Uy, so (NU) N(NUs) = @.

Also, f is surjective: if x € X then
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U={AeBlze A}

is easily seen to be an ultrafilter on B such that (U = {z}.

So f is a bijection. To see that f is a homeomorphism (a continuous function between
two topological spaces that has a continuous inverse function) it suffices to show that f
is continuous, as both X, S(B) are compact.

But notice: f(U) € Aiff Ac Uiff U € Ny, ie. f71A] = Ny. O

Conclusion: there is a 1-1 correspondence between Boolean Algebras and Compact
Hausdorff 0-dimensional spaces, called Stone duality. So everything about Boolean Alge-
bras can be expressed in the language of these spaces and vice versa, but the translation
is a “mirror image”: e.g.

If f:B; — By is an injective homomorphism, then f': S(By) — S(B;) is a surjective
continuous map. Etc...

CONSTRUCTING COMPLETE BOOLEAN ALGEBRAS

8.35 Definition:
Let (X, 7) be a topological space. Let

e A= the topological closure of A.

e A°= the topological interior of A.
Both of these operations are monotonic. Moreover:
AUB=AUB and (AN B)° = A°N B°.

A set A C X is regular open iff A° = A.

8.36 Proposition:
Let (X, 7) be a topological space and A C X.

(a) If A C X then A° is a regular open set.

(b) If A is open then A° is the smallest regular open set that contains A. (A open
= A C A°).

Proof. First: If A C X, then A° is regular open:
By the monotonicity of the operations, we have that A° C (Z)O
On the other hand: (E) C A because A° C A. Hence Ao C A°.

Now assume that R is regular open and A C R. Then A° C R° = R. ]
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8.37 Proposition:
Let (X, 7) be a topological space and A, B C X be open sets. Then

O

ANB =(ANB)° = A°NB°

Proof. Of (1) (the essential part), C is easy, as AN B C AN B, and in fact holds for any
A BCX.

We prove DO:
Let G = (AN B)° — AN B. It is enough to prove that G # &.

To see that G is empty, notice that G is open. G C AN B. Therefore, if G # @ then
GNA#42and GNB # 2.

Claim: (GN A)N B = @, because G N (AN B) = @. (Need G N A open here).
So: G'N A is open and nonempty, (GNA)NB =@ and GNAC B. O

8.38 Theorem:
Let (X,7) be a topological space. Let

RO(X)= the collection of all regular open subsets of X.

Then the Boolean Algebra ( RO(X),C) is a complete Boolean Algebra. We denote
this Boolean Algebra again by RO(X).

Proof. If a C RO(X), we let

Va=Ud
By 8.36, \/ a is the smallest regular open set that contains all sets from a. We also let
Na=(Na).

Clearly ([ a)° is the largest open set contained in all sets from a.
(Na)”" C A° = Aforall A€ a.
So: (Na)°” € Na. Since (Na)° is open, we have ((a)° C ((a)°.
This shows that ((Ja)° C ((a)°; the converse is 8.36 (b).

In particular:

AV.VA, =AU . UA,
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So RO(X) is a complete lattice. From this, we abstractly get commutativity and
associativity for V and A. The absorbtion laws can be easily verified.

Distributivity: AA(BVC) = (AAB)V(AAC). (ANBNC = (ANB)U(ANQ)).
Equality:

© 8.36

(ANB)U(ANC) =An(BUC) 2 A°NBUC" =ANBUC .

Verification of the other distributive law is similar.

Complementation: If A € RO(X) welet A/ = (X —A)P° (=X - A").
Obviously: AANA'= AN A = @. We must verify AVA = AUA” = X.

Enough to prove: AUA’ = X. However, G = X — AU A’ is open and is disjoint
with A. So G C (X — A)° = A". But G is also disjoint with A’, so G C A. This implies
G=g. O

Remark: So RO(X) C P(X). The orderings are the same on both sets. But RO(X)
is not a subalgebra of P(X) because the operation V is distinct in RO(X) and P(X).

Example 1: P(w) is a complete BA. Notice:
sat(P(w)) = wy
Example 2: Let
7 = the collection of all finite subsets of w.
Then Z is an ideal on P(w).
sat(Z) = (2¢)T.

Why: sat(Z) < (2¥)" because |P(w)| = 2“.
However, there is an antichain @ modulo Z such that |a| = 2.
This means: if A, B € a, then AN B is finite and a C Z+.

The corresponding quotient algebra P(w)/Z, also referred to as P(w)/fin, is a BA such
that sat(P(w)/Z) = (2¥)* by 8.7 (saturation of ideal same as saturation of quotient).

Notice we have the quotient homomorphism
h:P(w)— P(w)/fin.
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8.39 Proposition:

Let B be a complete BA. Let k be a cardinal and A C B. Then there is a smallest
r-complete subalgebra B’ C B that contains A.

B’ is called the x-complete subalgebra generated by A.
Proof. (1) Let
B= the family of all k-complete subalgebras of B that contain A.

Then B’ = N B.

(2) By recursion define collections ¥, I1,:

Y= A
I, = {d']a € £}

Sas1 ={\/ 2l € (U U | za)“

a<a a<a
Yo = Za(= | BauTls)
a<o a<a
if v is limit.
Next, we get a diagram with sigmas on top where sigma 0 points to pi 0 on bottom
nw arrow sigma 1 etc...

Easy to see: a < 8 = X, C g, II, C 3.
Then B’ = ¥.+. In fact: if k is regular then B’ = X,..
To see the latter (the former then directly follows): Show ¥, = X,.

Assume k is regular and a € X, ;. This means we have some sequence (a¢|{ < )
where a¢ € ¥, v <k and a = \/,__ ag.

Each ag € .., ¢, i.e. to each ¢ there is some ag < k such that ag € 3.

Because ~ is regular: there is some « such that a¢ < a for £ < . This means:
a € Za+1 g fo- ]

Example 3: Borel sets. Consider topological space (X,7). Borel sets is the w-
complete subalgebra of P(X) generated by (X, 7).

8.40 Proposition:

Let B be a complete BA, B’ be a k-complete subalgebra and Z be a k-complete ideal
on B. We can extend B’ to a k-complete subalgebra B’ modulo Z as follows:

aceB; < (IbeB)(aAbel).

Proof. Exercise. Similar to the proof that if an algebra is k-complete, then its quotient
modulo any x-complete ideal is again k-complete. O]
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Example 4: Baire property. If (X, 7T) is a topological space then a set K is nowhere
dense iff K° = @. A set is meager, or “of the first category”iff there is a countable
sequence of closed nowhere dense sets (F;|i € w) such that A C (J,., Fi. Letting

Ty =the family of all meager subsets of X

we have: 7, is an wy-complete ideal on P(X).

Note: w;i-complete is the same as what is in mathematics called o-complete. Let
Baire(X)=Borel(X)z,,.

Then Baire(X) is the so-called family of all Baire sets, the sets with Baire property. By
8.40, Baire(X) is a o-complete subalgebra of P(X) that contains all Borel sets.

Also notice: if F' is closed then F' — F° is meager, and is even closed nowhere dense.
So FAF° € I),. This gives an alternative characterization of Baire(X):

A €Baire(X) < there is some open set G such that AAG € Zy,.

Most interesting space (X, 7) for this example are complete separable metric spaces
“/ Polish spaces. E.g. R™.

Another important example is the Baire space N' = (“w) = the topological product
of w copies of w with discrete topology.

So: Elements of A are infinite sequences = € (“w). Basic open sets have the form:
Bg = {z € (“w)|x extends s (s C x)}

for s € (““w).

We can define the metric:
d(z,y) = k+_1 when k = the least such that x(k) # y(k).

Note: N is homeomorphic to the space of irrational numbers.

Example 5: Let (X,7) be a topological space. A set A C X is G, iff A is an
intersection of countably many open sets.

A measure p on X is regular from above iff for any pu-measurable set K there is some
Gs set A O K such that pu(K) = p(A).

Notice:
Iy = the family of all subsets K of X such that u(K) = 0.

Then Zy is an wyi-complete ideal, called the ideal of null sets. By 8.40, for regular measures
1 we can define

Meas,, (X) =Borel(X)z,.
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Meas,, (X) is the family of all y-measurable sets.

This gives an alternative definition of Meas, (X). We can define measure on Borel(X)
first. Then we can let

Iy ={Y € P(X)| There is some A €Borel(X) with A O Y and u(A) =0}

Hence: A is p-measurable iff AAB € Ty for some Borel B.

8.41 Proposition:

Let (X,7) be a Polish space and u be a regular measure on (X,7). Then both
I, Iy are wy-saturated. Le. if A is a family of Baire u-Measurable sets such that for all
A Be AABeZ,and ANB €Iy, A,BeI)and AN B € Iy.
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