
HOMEWORK 21. Prove that 2 is a stri
t linear ordering on !.Hint. Transitivity and irre
exivity of 2 are easy 
onsequen
es of thefa
ts we proved in the le
ture. Transitivity follows sin
e every element of !is a transitive set. Irre
exivity follows from the well-foundedness of 2 on !.Write down how the transitivity and irre
exivity 
an be derived from thosetwo fa
ts.The only part that requires some work is the tri
hotomi
ity of 2. Youneed to show that for every x; y 2 ! either x 2 y or x = y or y 2 x. This isdone by simultaneous indu
tion. Say prove this by indu
tion on y. The basestep y = ? has to be proved by indu
tion on x, and is straightforward. Theindu
tion step in the indu
tion on y is straightforward up to one point: youneed to verify that y 2 x �! (S(y) 2 x _ S(y) = x). Do this by indu
tionon x.2. Study the properties of transitive 
losures.(a) Find a pair of sets x; y su
h that x 6= y but tr
l(x) = tr
l(y).(b) Work in ZF, that is, also 
onsider the Axiom of Foundation. Show thatif x; y are sets and tr
l(fxg) = tr
l(fyg) then x = y.Hint. Assuming tr
l(fxg) = tr
l(fyg) and x 6= y show that x 2 tr
l(x);from this �nd a �nite set with no 2-minimal element.3. A sequen
e of elements of A of length n is a fun
tion s : n ! Awhere n 2 !. The 
lass of all su
h senten
es is denoted by nA. We let<!A = [n2! nA = fs j(9n 2 !)(s : n! A)g:The elements of <!A are 
alled �nite sequen
es of elements of A.Prove that if A is a set then also <!A is a set.Hint. This is a proof by re
ursion. Design a fun
tion G : V ! Vthat will determine the indu
tion step. Noti
e: you have to prove, using theaxioms, that G is a 
lass fun
tion. This in
ludes proving that the values ofG are sets. 1


