
HOMEWORK 41. Prove the following.(a) If � and � are ordinals and � � � then � � �. So � is the set-theoreti
al version of � in the 
ase of ordinals.(b) If � is an ordinal then S(�) is the smallest ordinal larger than �.(
) If A is a set of ordinals then SA is the smallest ordinal larger than allelements of A. This justi�es writing sup(A) instead.Hint. Use (a) for the proof of (b) and (
).2. Let R be a set-like relation.(a) Show that the relationR is well-founded if and only if there is a fun
tionf : V! On su
h that for every x; y 2 V we havexRy =) f(x) < f(y):(b) Assume f is a fun
tion as in (a). Show that for every x 2 V we haverankR(x) � f(x).(
) Assume the full ZF. Letf(x) = the least ordinal � su
h that x � V�.Show that f(x) = rank(x).Hint. (a) is just straightforward appli
ation of the de�nition of well-foundedness and rank fun
tions. (b) is proved by indu
tion on R. To see (
)use the uniqueness part of the theorem on 
onstru
tion by re
ursion.3. Work in ZF without the foundation axiom.(a) Give a rigorous proof that WF is well-founded, i.e. that if x 2WF isnonempty then x has an 2-minimal element.(b) Show that V� =2 V� for all � 2 On.1



Hint. For (a) use the properties of the V� hierar
hy from the le
ture.4. Show that the lexi
ographi
 ordering indu
ed by two well-orderings is awell-ordering.Hint. This is a straightforward veri�
ation of the de�nition.5. Prove the following fa
ts about ordinal arithmeti
. Let � and � beordinals.(a) �+ � = otp�(f0g � �) [ (f1g � �); <Lex �.(b) � � � = otp(� � �;<Lex)Hint. In either 
ase pro
eed by re
ursion on �.
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