
HOMEWORK 11. Work in ZF. Let � be an in�nite 
ardinal. Prove that the following twofa
ts are equivalent.(a) P(�) 
an be well-ordered for every ordinal �.(b) Axiom of Choi
e, or equivalently, every set 
an be well-ordered.Hint. By indu
tion on � prove that ea
h V� 
an be well-ordered. (Whyis this suÆ
ient?) The su

essor step of the indu
tion is easy. To see that V�is well-orderable for limit � use the fa
t that ea
h x 2 V� 
an be en
oded intoa subset of � � � for some ordinal � via an obvious bije
tion. This 
odingmakes use of the Mostowski 
ollapsing theorem. The argument is similar tothe argument for HW3, Problem 3(f) from winter assignment.2. Let L be a �rst-order language and � be a set of L-senten
es. De�ne thefollowing binary relation on the set of all L-senten
es:' �  () � ` '$  :Show that � is an equivalen
e relation on the set of all L-senten
es. Let Bbe the 
orresponding quotient set.(a) Assume that � is 
onsistent. On B de�ne operations ^, _, 0, 1 and 0 asfollows: ['℄^ [ ℄ = ['& ℄, ['℄_ [ ℄ = ['_ ℄, 0 = [�&:�℄, 1 = [�_:�℄and ['℄0 = [:'℄. Show that the stru
ture B � with support B andthe above operations is a Boolean algebra. This algebra is 
alled theLindenbaum algebra of �. Find the de�nition of the 
orrespondingpartial ordering in terms of provability from �.(b) For any L-senten
e � prove that � ` � i� [�℄ = 1, and � is 
onsistentwith � i� [�℄ 6= 0.(
) More generally, let � be a set of L-senten
es. Show thatS� = f[�℄ j� 2 �gindu
es a �lter F� on B� in a natural manner if and only if � [ � is
onsistent. Find out how is this �lter indu
ed and write down a formalde�nition of F� from S�. 1



(d) Let � be a set of L-senten
es su
h that �[� is 
onsistent. Show thatthe Lindenbaum algebra B�[� is isomorphi
 to the qotient B �=F�.(e) Let B be the Lindenbaum algebra for the axioms of predi
ate logi
 in L,that is, B = B � where � is just the set of all axioms of predi
ate logi
.Let � be a 
onsistent set of L-senten
es. Show that � is 
omplete i�F� is an ultra�lter on B .(f) Determine the Lindenbaum algebra of a 
omplete set of senten
es.
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