
HOMEWORK 21. Let L be a language.(a) For any n 2 ! � f0g �nd a senten
e �n su
h that for any L-stru
tureA we have A j= �n if and only if(i) A has at most n elements;(ii) A has at least n elements;(iii) A has pre
isely n elements.(b) Show that there is no L-senten
e � su
h that for every L-stru
ture Awe have A j= � i� A is �nite.(
) Is there an L-senten
e � su
h that for every L-stru
ture A we haveA j= � i� A is in�nite? Justify your answer.(d) Find a set of L-senten
es � su
h that for every L-stru
ture A we haveA j= � i� A is in�nite.(e) Is there a set of L-senten
es � su
h that for every L-stru
ture A wehave A j= � i� A is �nite? Justify your answer.Hint. (b) and (e) rely on the Compa
tness Theorem.A 
lass of stru
tures K is elementary just in 
ase that there is a set ofL-senten
es � su
h that K = fA jA j= �g;in this 
ase we say that � axiomatizes K, and write K� for K.2. In either of the following 
ases �nd a set of L-senten
es, if possible a �niteone, that axiomatizes the respe
tive 
lass of stru
tures.(a) L has only one binary predi
ate symbol _< and K is the 
lass of allstri
t linear orderings.(b) L has only one binary predi
ate symbol _< and K is the 
lass of allstri
t dense linear orderings without endpoints.1



(
) L has only one binary predi
ate symbol _E and K is the 
lass of allequivalen
e relations.(d) L has only one binary predi
ate symbol _E and K is the 
lass of allequivalen
e relations all of whose equivalen
e 
lasses have pre
isely twoelements.(e) L has only one binary predi
ate symbol _E and K is the 
lass of allequivalen
e relations that have in�nitely many equivalen
e 
lasses andall equivalen
e 
lasses have in�nitely many elements.3. In the following de
ide whether the given 
lass of L-stru
tures is elemen-tary.(a) L has only one binary predi
ate symbol _< and K is the 
lass of allwell-orderings.(b) L has only one binary predi
ate symbol _E and K is the 
lass of allequivalen
e relations whi
h have only �nite equivalen
e 
lasses.(
) L has only one binary predi
ate symbol _E and K is the 
lass of allequivalen
e relations whi
h have in�nitely many equivalen
e 
lasses.(d) L has only one binary predi
ate symbol _E and K is the 
lass of allequivalen
e relations all of whose equivalen
e 
lasses are in�nite.(e) L has only one binary predi
ate symbol _E andK is the 
lass of all equiv-alen
e relations that have in�nitely many in�nite equivalen
e 
lasses(but not ne
essarily all all equivalen
e 
lasses are in�nite).(f) L has only one 
onstant symbol _0 and one binary predi
ate symbol _+and K is the 
lass of all torsion-free abelian groups.(g) L has only one 
onstant symbol _0 and one binary predi
ate symbol _+and K is the 
lass of all abelian groups with torsion.Hint. Some of the negative answers rely on the 
ompa
tness theorem,some not. Try to �nd out.
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