
HOMEWORK 31. Let L be a �rst-order language. It is possible to imitate the proof of theCompleteness Theorem to obtain a dire
t proof of the Compa
tness Theorem.This way we do not obtain the Completeness theorem, but we obtain aproof of the Compa
tness theorem that avoids any referen
e to syntax, i.e.to axioms, rules and proofs. Try to 
arry out the proof. Below are thene
essary requisities.We say that a set of L-senten
es � is satis�able or has a model just in
ase that there is some L-stru
ture A su
h that A j= �; su
h a stru
ture Ais 
alled a model of �.Compa
tness Theorem. Let � be a set of L-senten
es. If every �nite� � � has a model then also � has a model.De�nition 1. We say that a set of L-senten
es �:� Is 
omplete just in 
ase that for every L-senten
e � we have � 2 � or:� 2 �.� Has Henkin 
onstants just in 
ase that for every formula '(x) witha single free variable x we have: If (9x)'(x) 2 � then there is some
onstant symbol 
 in the language L su
h that '(
) 2 �.Prove the following analogue to Theorem 7.8 from the le
ture:Theorem 7.8.A Assume � is a set of L-senten
es satisfying the following
onditions.(a) Every �nite � � � is satis�able.(b) � is 
omplete.(
) � has Henkin 
onstants.Then � has a model whose 
ardinality is at most that of CL where CL isthe set of all 
onstant symbols of L.Here 
ompleteness and Henkin 
onstants are understood in the sense ofDe�nition 1. 1



Hint. De�ne a binary relation � on the set CL as follows.
 � 
0 () � j= 
 _= 
0:From now on imitate the proof of Theorem 7.8 from the le
ture, repla
ingarguments for ` in that proof by arguments for j=; this requires modifyingthe arguments appropriately.Next imitate the proof of Theorem 7.10 from the le
ture, again by repla
-ing arguments for ` by arguments for j= in the proof of Theorem 7.10 andamending the arguments appropriately. You obtain:Theorem 7.10.A. Let � be a set of L senten
es su
h that every �nite � � �is satis�able. Then there is a language L� and a set of L�-senten
es �� su
hthat(a) j L� j � maxfjL j;�0g.(b) � � ��.(
) Every �nite � � �� is satis�able.(d) �� is 
omplete.(e) �� has Henkin 
onstants.Again, 
ompleteness and Henkin 
onstants are understood in the senseof De�nition 1.
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