
HOMEWORK 41. Modify our logi
al 
al
ulus by deleting the quanti�er rule and adding thefollowing axiom s
hema: ('!  ) ! ((9x)'!  )where x has no free o

uren
e in  . Do we get a useful dedu
tive 
al
ulusthis way? Make this statement pre
ise and �nd and justify the answer.The following exer
ises are intended to pra
tise arguments that involveappli
ations of the Compa
tness Theorem.2. Let � be a set of L-senten
es and � be an L-senten
e. Prove: If � j= �then there is a �nite � � � su
h that � j= �.3. Let � and �0 be two sets of L-senten
es.(a) Assume that � [ �0 has no model. Show that there is an L-senten
e �su
h that � j= � and �0 j= :�.(b) Assume for any L-stru
ture A we haveA j= � i� A 6j= �0or equivalentlyK� \K�0 = ? and K� [K�0 = the 
lass of all L-stru
tures.Show that both � and �0 are �nitely axiomatizable.4. Let �0 � �1 � � � ��n � � � � be an in
reasing sequen
e of sets of L-senten
essatisfying the following requirement for ea
h n 2 !:� There is some � 2 �n+1 su
h that �n 6j= �.Intuitively, this requirement expresses that �n relly in
rease in terms ofstrentgh. Let � = 1[n=0�n:Show that � is 
onsistent and it is not �nitely axiomatizable.1



5. Let � be an L-senten
e. The �nite spe
trum of �, denoted by FSP(�)is the set of all positive integers n su
h that there is a �nite model of � ofsize n. Symboli
ally,FSP(�) = fn 2 N jA j= � for some L-stru
ture A of size ng:In the following we write N for ! and N+ for ! � f0g.(a) Let L 
ontain only one binary predi
ate symbol _E. Let � be the sen-ten
e in L expressing that _E is an equivalen
e relation all of whoseequivalen
e 
lasses have size 2. Show that FSP(�) is the set of all evenpositive integers.In ea
h of the following 
ases �nd a �nite language L and an L-senten
e �su
h that the given set of integers is the �nite spe
trum of �.(b) fn 2 N j n is oddg(
) f2n jn 2 N+g(d) f2n � 3m jm;n 2 N+g(e) fp 2 N j p is a primeg(f) f
 2 N+ j 
 is a 
omposite numbergHint. In (
) { (f) look at the right algebrai
 stru
tures. A 
ompositenumber is a number that 
an be expressed as the produ
t a�b where a; b 2 N+ .
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