
HOMEWORK 6Given an L-stru
ture A, an automorphism of A is any isomorphismh : A ! A. Given any L-formula '(x1; : : : ; x`) and any a1; : : : ; a` 2 A wethen have A j= '[a1; : : : ; a`℄ i� A j= '[h(a1); : : : ; h(a`)℄and hen
e if R � `A is an `-pla
e relation that is lightfa
e de�nable in A weget ha1; : : : ; a`i 2 R i� hh(a1); : : : ; h(a`)i 2 RThis fa
t 
an be used to prove that 
ertain relations are not de�nable ingiven stru
tures.1. In the following de
ide the de�nability of given relations in given stru
-tures. For aÆrmative answers give the de�nitions of the respe
tive relations.For negative answers use the above fa
t on automorphisms; in ea
h 
ase
onstru
t an automorphism that witnesses that the given relation is not de-�nable.(a) L is the language f _<g for linear orderings. Show that ? and Q are theonly subsets de�nable in the stru
ture (Q ; <).(b) L is the language f _<g for linear orderings and LQ is its usual extension
ontaining 
onstant symbols denoting elements of Q . Show that aset A � Q is de�nable in the stru
ture (Q ; <)Q if and only if A isa �nite union of intervals (possibly unbounded ones). Here we alsoallow degenerate intervals, so the 
losed interval [q; q℄ is 
onsidered tobe equal to the singleton fqg.Hint. To see that �nite unions are the only sets de�nable in the stru
-ture (Q ; <)Q , �rst show the following. Given a set K � Q , the languageLQ;K is the usual extension of L that 
ontains 
onstants denoting ele-ments of K. Show that if K is �nite then a set A � Q is de�nable in(Q ; <)Q;K if and only if A is a �nite union of intervals whose endpointsare elements of K. (Here (Q ; <)Q;K is the obvious stru
ture for thelanguage LQ;K .) 1



(
) L 
ontains only one binary fun
tion symbol _+. Let A be an Abeliangroup viewed as a stru
ture for L. Show that 0 is de�nable in A. Alsoshow that if a 2 A is su
h that a+ a 6= 0 then a is not de�nable in A.(d) Let L be as in (
). Let L0 be a language with one binary fun
tionsymbol _+, one unary fun
tion symbol _� and one 
onstant symbol _0.We 
an veiw Abelian groups as L0-stru
tures where the above symbolsare interpreted as addition, inversion and 0. Show that if A is anAbelian group and X � A is de�nable in the sense of L0 then X is alsode�nable in the sense of L.(e) This is 
omplementary to (
). Let L be as in (
). Noti
e that everyelement a of the group Z2 satis�es the equation a + a = 0. However,show that every element of Z2 is de�nable. On the other hand, everyelement a of the group Z2 � Z2 also satis�es the equation a + a = 0.Show that the only de�nable element of Z2 � Z2 is 0.(f) Let L 
ontain one binary fun
tion symbol _�, whi
h is interpreted in theset N of all natural numbers as multipli
ations. Show that addition isnot de�nable in the L-stru
ture (N ; �), i.e. the relationfhx; y; zi 2 N � N � N j x + y = zgis not de�nable in (N ; �).Hint. Look at the prime de
ompositions of natural numbers.2. Let � be a set of L-senten
es and '(x1; : : : ; x`) be an L-formula. Let
1; : : : ; 
` be new 
onstant symbols and L0 be the language obtained by addingthe symbols 
1; : : : ; 
` to L. Show that� j=L (8x1) � � � (8x`)'(x1; : : : ; x`)if and only if � j=L0 '(
1; : : : ; 
`):This is just a dire
t 
onsequen
e of the de�nition of j=.3. Let L be a language and hAi j i 2 Ii be a dire
ted elementary system ofL-stru
tures. So if C is the 
orresponding dire
ted partial ordering on I theniC j =) Ai � Aj:2



Re
all the de�nition of the union of the dire
ted system of stru
tures fromthe le
ture. We let A be the L-stru
ture whose support A is the union of allsupports Ai of stru
tures Ai and interpret the L-symbols as follows:� If 
 is a 
onstant symbol then 
A = 
Ai for all i 2 I.� If F is an `-pla
e fun
tion symbol thenFA(a1; : : : ; a`) = aif and only ifFAi(a1; : : : ; a`) = a for all i 2 I su
h that a1; : : : ; a`; a 2 Ai.� If P is an `-pla
e predi
ate symbol thenha1; : : : ; a`i 2 PAif and only ifha1; : : : ; a`i 2 PAi for all i 2 I su
h that a1; : : : ; a` 2 Ai.Prove the theorem from the le
ture on unions of dire
ted systems:(a) Prove that the interpretations of symbol have 
orre
t de�nitions; statewhat \
orre
t" means in the 
ase of ea
h symbol and prove the 
orre-sponding statement 
on
erning \
orre
tness".(b) Prove by indu
tion on 
omplexity of formulae that for ea
h i 2 I wehave Ai � A.(
) Prove that if A0 is an L-stru
ture su
h that Ai � A0 for all i 2 I thenA � A0.4. Let L be a language 
onsisting of one binary predi
ate symbol _< and letN be the L-stru
ture with support ! and with the interpretation _<N beingthe usual ordering on natural numbers. For any model A of Th(N) let �Abe the binary relation on A de�ned bya �A b () there are only �nitely many 
 2 A su
h that a _<A
 _<Ab.3



Then �A is an equivalen
e relation on A. On the quotient set A= �A de�nea binary relation �A as follows:[a℄�A [b℄ () a _<Ab and [a℄ 6= [b℄:So [a℄�A [b℄ just in 
ase that a _<Ab and there are in�nitely many 
 2 A su
hthat a _<A
 _<Ab.(a) Use elementary diagrams to show that for every L-stru
ture A that isa model of Th(N) there is an L-stru
ture A0 su
h that:(i) A � A0.(ii) There is some 
 2 A0 su
h that for every a 2 A we have [a℄�A0 [
℄.(iii) If a; b 2 A are su
h that [a℄�A [b℄ then there is some 
 2 A0 su
hthat [a℄�A0 [
℄�A0 [b℄.(b) Use elementary 
hains to show that there is an L-stru
ture A� su
hthat A � A� and the linear ordering �A� on A�= �A� is dense anddoes not have a largest element. (Here A� is the support of A�.) Re
allthat a linear ordering is dense i� between any two distin
t elementsthere is a third one.5. Show that the Robinson Joint Consisten
y Theorem follows from theCraig Interpolation Lemma.
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