
HOMEWORK 71. Assume AC. Let L be a 
ountable language and A be an un
ountableL-stru
ture. Show that there is a 
lub C in P(A) in the sense of Woodin'sde�nition su
h that every �A 2 C indu
es an elementary substru
ture of A.Hint. Consider Skolem fun
tions for A.For all problems 
on
erning ultrapowers assume that the stru
tures inquestion have Skolem fun
tions.2. Re
all that an ultra�lter U on a set I is prin
ipal i� there is some i� 2 Isu
h that the set fx � I j i� 2 xg is in U .Let L be a language and hAi j i 2 Ii be an indexed system of L-stru
tures.Assume that U is a prin
ipal ultra�lter on I. Prove that the ultraprodu
tUlt(hAi j i 2 Ii; U) is isomorphi
 to one of the stru
tures Ai. Whi
h one isit? Con
lusion: In order that the ultrapower 
onstru
tion gives somethingnew we need that the 
orresponding ultra�lter is non-prin
ipal.3. Any ultra�lter is �nitely 
omplete, that is, if X � U is �nite thenTX 2 U . An ultra�lter U on a set I is 
ountably 
omplete if and only iffor every 
ountable X � U we have TX 2 U .Assume L is a language that 
ontains (among other possible symbols)a binary predi
ate symbol _E. Let A be an L-stru
ture su
h that _EA is awell-founded relation. Let U be an ultra�lter on I and A0 = Ult(A; U).Prove: _EA0 is well-founded () U is 
ountably 
omplete:Hint. Using the  Lo�s Theorem redu
e the question of well-foundedness of_EA0 to that of well-foundedness of _EA. Start with the impli
ation (= whi
his simpler and whi
h will give you a hint how to approa
h the 
onverse.4. Assume AC. Prove the 
ompa
tness theorem using ultrapowers.Hint. Assume � is a set of L-senten
es su
h that every �nite � � � hasa model. Your index set I will be the set of all su
h �'s, i.e. I = [�℄<!. Toea
h � 2 I pi
k an L-stru
ture A� su
h that A� j= �. This 
an be doneby the assumptions. Now for ea
h � 2 I let X� = f�0 2 I j� � �0g. Showthat there is an ultra�lter U on I su
h that X� 2 U for ea
h � 2 I. Thenshow that Ult(hAÆ j� 2 Ii; U) j= �. 1



5. Let N be the standard model of arithmeti
; here we understand that the
orresponding language L 
ontains the usual symbols _0; _S; _+; _� and _<. LetU be a nonprin
ipal ultra�lter on ! and let N0 = Ult(N; U).Prove that real numbers 
an be embedded into N0 in the following sense:There is a map f : R ! N0 su
h that for every a; b 2 R we havea < b =) f(a) _<N0f(b):Here < is the usual ordering on real numbers.This says that the ultrapower N0 has large 
ardinality and its ordering_<N0 is 
ompli
ated.
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