
HOMEWORK 81. In the le
ture we proved by indu
tion on the 
omplexity of formulae thatif '(x1; : : : ; x`) is a �1-formula, a1; : : : ; a` 2 N andN j= '[a1; : : : ; a`℄then A ` '( _Sa1( _0); : : : ; _Sa`( _0)):The proof by indu
tion on 
omplexity of formulae is important be
ause thisproof 
an be formalized in Peano Arithmeti
, whi
h is 
ru
ial for the proofof the Se
ond G�odel's In
ompleteness Theorem. However, if we only want toprove the First G�odel's In
ompleteness Theorem in set theory as a metathe-ory, we don't need to formalize the arguments in Peano Arithmeti
. In this
ase the above result on �1-formulae has a fast proof using G�odel's Com-pleteness Theorem.Assume M j= A.(a) Show that N is isomorphi
 to an initial segment of M.(b) Show that if '(x1; : : : ; x`) is an arbitrary �1-formula, a1; : : : ; a` 2 Nand N j= '[a1; : : : ; a`℄ then M j= '[a1; : : : ; a`℄.(
) Use G�odel's Completeness Theorem to 
on
lude that the above theoremholds.Hint. Regarding (a), go over the formulae from the le
ture whi
h weshowed to be provable in A. One of them implies (a). Regarding (b), this isan indu
tion on 
omplexity of formulae, but an easy and fast one.2. Prove that every partial re
ursive fun
tion is �1.This is an indu
tion on 
omplexity of the building s
hema of partial re-
ursive fun
tions. Basi
 fu
tions are easily seen to be �0. The indu
tion stepuses several intermediate steps whi
h are des
ribed below.(a) Prove that if R(y1; : : : ; y`) is a �1-relation and fi(x1; : : : ; xk) are partial�1-fun
tions for i 2 f1; : : : ; `g then the relation R0(x1; : : : ; xk) is also�1. Re
all that R0 is de�ned as follows:R0(x1; : : : ; xk)if and only if hx1 : : : xki 2 dom(fi) for all i 2 f1; : : : ; `g, and lettingyi = fi(x1 : : : xk), we have R(y1; : : : ; y`).1



(b) Prove that if R(y1; : : : ; y`) is a �1-relation and fi(x1; : : : ; xk) are partial�1-fun
tions for i 2 f1; : : : ; `g then the relation R0(x1; : : : ; xk) is also�1 where R0 is as in (a).(
) Use (a) to prove the following. If g(y1; : : : ; y`) is a partial �1-fun
tionand fi(x1; : : : ; xk) are partial �1-fun
tions for i 2 f1; : : : ; `g then the
omposition g(f1(x1; : : : ; xk); : : : ; f`(x1; : : : ; xk)) is also a partial �1-fun
tion.The above shows how to do the indu
tion step in the 
ase of 
omposition.Now follows a list of steps that will give the indu
tion step for the primitivere
ursion.(d) Let R(z; x1; : : : ; x`) be a �1-relation. Show that the relation R0 de�nedby R0(y; x1; : : : ; x`) () (8z < y)R(z; x1; : : : ; x`)is also a �1-relation.For ea
h z < y, the fa
t that R(z; x1; : : : ; x`) holds is witnessed by someu whi
h witnesses an existential quanti�er. You have to work with allz < y as well as with 
orresponding witnesses u for ea
h su
h z.(e) Show that the fun
tion op(x; y) de�ned byop(x; y) = 12(x + y)(x+ y + 1) + xis a primitive re
ursive bije
tion between N � N and N . In this oneparti
ular 
ase I do not require that you give a rigorous proof of bije
-tivity; instead, I am satis�ed if you explain informally (possibly usinga pi
ture) how the fun
tion op a
ts.The fun
tion op is a tool for 
oding ordered pairs of numbers by num-bers. We will also need to 
ompute the 
orresponding proje
tions. Wede�ne fun
tionsl(z) = the unique x su
h that z = op(x; y) for some y.r(z) = the unique y su
h that z = op(x; y) for some x.Thus, l(z) is the left 
oordinate of the ordered pair 
oded by z, andr(z) is the right one. Use (d) to prove that the fun
tions l and r areprimitive re
ursive. 2



(f) Prove the Chinese Remainder Theorem: Assume d1; : : : ; d` > 1 arenumbers that are relatively prime and a1; : : : ; a` are su
h that ai < difor all i 2 f1; : : : ; `g. (Two numbers d; d0 are relatively prime justin 
ase that their only 
ommon divisor is 1.) Show that there is aunique number 
 < d = d1 � d2 � � � � � d` su
h that ai = rm(
; di) for alli 2 f1; : : : ; `g; here rm(
; di) is the remainder of division of 
 by di.There is a fast proof of this theorem whi
h has a set-theoreti
 
avor:First show that the map
 7! hrm(
; d1); : : : ; rm(
; d`)iis an inje
tion from f0; : : : ; d� 1g into the Cartesian produ
tỲi=1f0; : : : ; di � 1g:Then try to �nish the proof on your own.(g) Prove that for every ` and a there are numbers d1; : : : ; d` > a thatare relatively prime. Try di = (i � 1) � s! + 1 for i 2 f1; : : : ; sg wheres > maxfl; ag.As a 
onsequen
e of the above, if ha1; : : : ; a`i is a sequen
e of naturalnumbers, we 
an �nd a number b su
h that 1 � b + 1; 2 � b + 1; : : : ; ` � b + 1are relatively prime, and by the Chinese Remainder Theorem, we 
an �nd aunique number 
 su
h that ai = rm(
; i�b+1). This way the ordered pair hb; 
i
odes the sequen
e ha1; : : : ; a`i. Then op(b; 
) is a single natural number that
odes this sequen
e. It is important that this 
oding is suÆ
iently simple.(h) Show that the fun
tion rm is �0.(i) We de�ne fun
tions �(x; y; z) and Æ(x; y) as follows.�(x; y; z) = rm(y; z � x + 1)Æ(u; v) = �(r(u); l(u); v)Show that the fun
tions � and Æ are �0. The fun
tion � is 
alledG�odel's �-fun
tion. 3



By the remarks pre
eding (h) and (i), if we let a = op(b; 
) we obtainai = Æ(a; i) for all i 2 f1; : : : ; `g. Now we 
an approa
h primitive re
ursion.(j) Let f(x1; : : : ; x`) and h(u; v; x1; `; x`) be partial �1-fun
tions. The par-tial fun
tion g(y; x1; : : : ; x`) is de�ned from f and h using primitivere
ursion, that is:g(0; x1; : : : ; x`) ' f(x1; : : : ; x`)g(y + 1; x1; : : : ; x`) ' h(g(y; x1; : : : ; x`); y; x1; : : : ; x`):Show that g is a partial �1-fun
tion.Verify that g is de�ned as follows:z ' g(y; x1; : : : ; x`)if and only if there is a number a su
h that the following three 
lauseshold:{ Æ(a; 0) = f(x1; : : : ; x`),{ (8i < y)(Æ(a; i+ 1) = h(Æ(a; i); i; x1; : : : ; x`)),{ z = Æ(a; y).Then show, using (a) { (i) that this statement 
an be expressed usinga �1-formula.Finally we pro
eed to the �-operator.(k) Let f(z; x1; : : : ; x`) be a partial �1-fun
tion and g(x1; : : : ; x`) be de�nedfrom f using the �-operator, i.e.y ' g(x1; : : : ; x`)if and only if for all z � y the value f(z; x1; : : : ; x`) is de�ned,f(y; x1; : : : ; x`) = 0and if z < y then f(z; x1; : : : ; x`) is distin
t from 0.Again, using (a) { (i) show that this de�nition 
an be expressed usinga �1-formula. 4



3. Show that Robinson Arithmeti
 A does not prove that _< denotes a stri
tlinear ordering. In parti
ular, show that A does not prove that _< denotes abinary relation that is (a) irre
exive and (b) transitive.Hint. Regarding (a), 
onsider the ordinal !! with the standard su

essoroperation, ordinal addition and multipli
ation. Extend the ordering 2 on !!so that it will violate irre
exivity, but still satisfy the axioms of A. Regarding(b), 
onsider the model of A that is a result of pla
ing a �nite \
y
le" on topof the standard model N.
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