
HOMEWORK 1Important point: It is important that you in
lude all relevant details inyour solutions. It is a part of the 
ourse to learn to re
ognize whi
h detailsare relevant and whi
h not.1. Work in ZF. Give a \
lassi
al" proof of the impli
ationAC =) Zorn0sLemma:That is, given a partial ordering P = hP;�i satisfying Zorn's 
ondition andsome q 2 P , �nd a maximal element p in P above q as follows.Use the following notation. If b � P thenAb = fz 2 P j(8u 2 b)(u � z)g:Fix a sel
tor f on P(P ). De�neF = the set of all 
hains b in P su
h that(a) q is the least element of b;(b) for every proper initial segment 
 of b we havef(A
) 2 b and if z 2 b \ A
 then f(A
) � z:Then pro
eed as follows:(a) Show that if b; b0 2 F then b is an initial segment of b0 or vi
e versa.(b) b� = SF is in F and b� has a largest element, 
all it p.(
) p is a maximal element in P and q � p.2. Give a dire
t proof that AC implies the well-ordering prin
iple. Pro
eedsimilarly as in the proof of Zorn's lemma in the le
ture. Let A be a set. Youintend to �nd a well-ordering on A. Fix a sele
tor f on P(A) and some element
 =2 A. Then de�ne, using re
ursion on ordinals, a map F : On! A[f
g sothat F � � is inje
tive whenever F [�℄ � A and F [�℄ = A for some � 2 On.Give the de�nition of F and prove all its relevant properties.3. Let V be a ve
tor spa
e over R. (Here R is not relevant, any �eld wouldbe OK.) A set X � V is 1



(a) linearly independent i� for all n 2 N , all x1; : : : ; x` 2 X and alla1; : : : ; a` 2 R we havea1x1 + a2x2 + � � �+ a`x` = 0 =) a1 = a2 = � � � = a` = 0(b) generates the spa
e V i� every element of V 
an be expressed as thesum a1x1 + a2x2 + � � � + a`x` for some n 2 N , x1; : : : ; x` 2 X anda1; : : : ; a` 2 R.A set X � V is a base of the spa
e V i� X is both linearly independent andgenerates X.Show that under AC, any linearly independent X � V 
an be extendeda base. That is, there is a base of V , say B su
h that X � B.Hint. Use Zorn's lemma. Consider P to be the set of all linearly inde-pendent subsets of V 
ontaining X, partially ordered under in
lusion.4. Let B be a Boolean algebra. A maximal �lter on B is 
alled an ultra�lter.Prove(a) A �lter F is an ultra�lter i� for every b 2 B either b 2 F or b0 2 F .Re
all that b0 is the 
omplement to b in B .(b) Use Zorn's lemma to show that if F is a �lter on B then F 
an beextended to an ultra�lter, i.e. there is an ultra�lter U on B su
h thatF � U .Hint. Regarding (b), 
onsider the poset P of all �lters on B extending F ,partially ordered under in
lusion.
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