
HOMEWORK 2Important point: It is important that you in
lude all relevant details inyour solutions. It is a part of the 
ourse to learn to re
ognize whi
h detailsare relevant and whi
h not.1. Work in ZF. Prove:(a) AC =) DC.(b) For every set A we have DC(A) =) AC!(A)(
) For every set A, the axiom DC(A) is equivalent to the statement: IfT � <!A is a tree su
h that{ Every s 2 T has a proper lengthening in Tthen T has an in�nite bran
h.Hint. Re
all the material on weak versions of the Axiom of Choi
e. Thisalso in
luded the material on trees used in (
). In (b) you have to 
omeup with the relation that will return a sequen
e of elements of A needed forAC!(A). In (
) you have to prove two impli
ations. To get the existen
eof an in�nite bran
h through T you have to 
ome up with a binary relationthat together with DC(A) will give you the bran
h. In order to get DC(A)you have to �nd a suitable tree T � <!A. Its bran
h will be the sequen
e asin DC(A).2. Work in ZF. Cantor's theorem tells us that there is no surje
tion of Aonto P(A), and so there is no inje
tion from P(A) into A. Prove the followingversion of Cantor's theorem for inje
tions: There is no inje
tion of P�(A) intoA where P�(A) = fx 2 P(A) jx is well-orderableg:Noti
e that in the absen
e of the Axiom of Choi
e this is mu
h stronger thanthe statement \there is no inje
tion from P(A) into A", as there may be onlyvery few well-orderable subsets of A. This exer
ise a
tually shows that evenin the absen
e of the Axiom of Choi
e, there are still many well-orderablesubsets of A.Hint. Pro
eed by 
ontradi
tion. Assume there is su
h an inje
tion, sayf : P�(A) ! A. Fix some 
 =2 A. By re
ursion on ordinals de�ne a map1



F : On ! A [ f
g su
h that F (�) = f(F [�℄) whenever F [�℄ � A. Thenshow that F � � is inje
tive whenever F [�℄ � A and obtain a 
ontradi
tion.Write down all relevant details 
arefully.3. Work in ZFC.(a) Let h�i j i 2 Ii be a system of 
ardinals, all �i 6= 0. Show thatXi2I �i = (supi2I �i) � j I j :(b) Let � be an in�nite 
ardinal. Show that � 
an be split into � manydisjoint sets of size �. That is, show that there are sets A� � � for� < � that are mutually disjoint and[�<�A� = �:Give an example of su
h a de
omposition.(
) Let h�i j i 2 Ii be a system of 
ardinals, all �i 6= 0. Let hAj j j 2 Ji bea partition of I. Constru
t a bije
tion witnessing thatYi2I �i � Yj2J Yi2I �i! :This 
an be viewed as the 
ombination of the asso
iativity and 
om-mutativity of multipli
ation.(d) Let h�� j � < �i be an in
reasing, but not ne
essarily stri
tly, se-quen
e of 
ardinals where � is a 
ardinal. Assume all �� 6= 0. Let� = sup�<� ��. Show that Y�<� �i = ��:Hint. Regarding (a): Prove two inequalities. Both require just straight-forward 
omputations with supremas (getting useful upper bounds) andknowledge about produ
ts of two 
ardinals. Regarding (b): Re
all that ���is equinumerous to �. Regarding (
): If p is a map with domain I, look atall restri
tion of p on the sets Aj. Regarding (d): Prove two inequalities. �is easy. To prove � use (b) and (
). Neither of the inequalities requires adire
t use of the S
hr�oder-Bernstein theorem.2


