
HOMEWORK 3Important point: It is important that you in
lude all relevant details inyour solutions. It is a part of the 
ourse to learn to re
ognize whi
h detailsare relevant and whi
h not.1. Work in ZFC. Let � be an in�nite 
ardinal. Prove that the following twofa
ts are equivalent.(a) 
f(�) � 
.(b) There is a family of sets hA� j � < 
i su
h that ea
h A� has 
ardinalitystri
tly smaller than � and � = [�<
A�:Con
lude that the least ordinal 
 with the property� � 
an be expressed as the union of a family hA� j � < 
i where ea
h A�has size stri
tly smaller than �is equal to 
f(�).Hint. Show that if � is the union of sets A� for � < 
 where jA� j < �then the 
ardinals �� = jA� j are unbounded in �.2. Work in ZFC. Let � be an in�nite 
ardinal and � � � be a 
ardinal.Re
all that [�℄� = fx � � j jx j = �g:Prove that j[�℄� j = ��.Hint. Prove two inequalities. Here use the S
hr�oder-Bernstein Theorem.To see �, �rst show that for ea
h Æ 2 [�; �+), ea
h subset of order-type Æ
an be identi�ed with a fun
tion from Æ into �. This gives you an inje
tionfrom [�℄� into SfÆ� j Æ 2 [�; �+)g. To see �, show that ea
h fun
tion from �to � 
an be identi�ed with a subset of �� �.3. Work in ZF. Let � be an in�nite 
ardinal. De�ne the 
lass H� as follows:x 2 H� () j tr
l(x) j < �:1



(a) Prove that H� � V�. Con
lude that H� is a set.(b) Prove that H� is transitive.(
) Prove that H! = V!.(d) Work in ZFC. Prove that if � is strongly ina

essible then V� = H�.(f) Work in ZFC. Prove that if � is a su

essor 
ardinal then H� is aproper subset of V�.Hint. Regarding (a): Inspe
t the rank fun
tion restri
ted to tr
l(fxg)for ea
h x 2 H�. Regarding (b) and (
): This is easy. Regarding (d):By indu
tion on � < � show that the size of V� is stri
tly smaller than �.Regarding (e): use Cantor's theorem.
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