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Exercise 1.1. Let P be a poset, p € P, 7 be a P-name and ¢ be a P-name such
that plF 7 € 0.
Prove that there is a P-name 7’ such that
(a) plk7 =17/, and
(b) for every (r,p) € 7’ the name p is in dom(r) for some 7 € dom(o).
Conclude that rank(7’) < rank(PP) + rank(o).
Hint. The argument resembles that in the proof of the maximality principle.
Notice that since IP is a set there are not too many possibilities for names that “are
forced to be elements” of o.

Exercise 1.2. Let P be a poset and Q be a P-name for a poset. Use Exercise 1.1.
to find suitable a such that such that letting

Pro Q={(p,q) EPx Vo |lFp g€ Q}
is the correct definition of P x Q.
Also observe that if 5 > « then
id:Pxe Q= Px5Q

is an embedding such that for every (p,q) € P x5 Q there is (f,§) € P %, Q such
that (p, ) = (p,¢) where “=” denotes the conjunction “< & >”. So in particular,
the identity above is a dense embedding.

Exercise 1.3. Given a complete embedding 7 : P — Q work out all details of the
standard facts concerning the transfer of names and generics. For instance, verify
the following:

(a) If G is a generic for Q over V then G = 7~1[G] is generic for P over V.

(b) Letting n*(0) = {(n(r),7*(p)) | (r,p) € o} where o is a P-name, we have
0% =7*(0)C.

(¢) For any p € P, any Yg-formula ¢(v) and any P-name o we have

plFp ¢(o) <= m(p) IFq @(7*(0))

(d) If  is a Xy-formula then we still have = in (c).

(e) Prove that if 7 is a dense embedding then 7 is a complete embedding, and
additionally if G is generic for P over V then G’ = 7[G] 1 (i.e. G’ is the
upward closure of 7[G] in Q) is generic for Q over V.

(f) Given a poset P prove that i : P — RO(P) defined by i(p) = (p })° is a
dense embedding.

Exercise 1.4. Let P, Q be posets and Q be a P-name for a poset. Verify that the
maps
ip :P—>PxQ defined by p— (p,1g)
ig:P—PxQ defined by p— (1p,q)
i:P—PxQ defined by p+— (p,1g)



are complete embeddings.

Exercise 1.5. Let 7 : P — Q be an embedding. Prove the equivalence of the
following.
(a) 7 is a complete embedding, i.e. by our definition 7[A] is a maximal antichain
in Q whenever A is a maximal antichain in P.
(b) w[D] is a predense set in Q whenever @) is a predense set in P.
(¢) Every g € Q has a reduct in P, that is an element p € P such that 7 (p’) || ¢
whenever p’ < p.

Exercise 1.6. I sketched the proof of the fact that if G is generic for P’ over V and
H is generic for Q¢ over V[G] then

K={(p,q) |peG&i®eH}

is generic for P« Q over V. So given a dense D C PxQ such that D € V we need to
see that D N K # @. This boiled down to showing that D€ is dense in Q%, which
in turn relied on the fact that given (p, ¢) € P Q the set

D={peP|(@.d)eD&p i <q}

is dense in P. Fill in the details in the proof here and complete the proof of the
fact.

Exercise 1.7. Prove the following fact mentioned in the lecture. Assuming P, Q
are posets and o is a Q-name such that
(a) of is a generic filter for P over V whenever H is generic for Q over V, and
(b) for every p € P there is some H as in (a) such that p € o'’
Then the map
p| P € o |lrow
is a complete embedding of P into RO(Q).



