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I. What is Coding Theory All About?
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Communication over a Noisy Channel

Suppose we want to communicate over a noisy channel.

I will send you a message: 0 or a 1.
If I send 0, there is a 90% chance you receive 0.
If I send 1, there is a 90% chance you receive 1.

Idea: Instead of sending 0 or 1, I will send 000 or 111.

◦ If you receive 010, you ‘decode’ as 000 because it is likelier that I sent 000
and that there was 1 error than it is that I sent 111 and there were 2 errors.

If I send 0 or 1, there is a 90% chance you receive the correct message.
If I send 000 or 111, you receive the correct message with probability

(.9)3 +
(
3
1

)
(.9)2(.1) = .972.

There is a cost for this increased reliability– have to send 3 bits instead of 1.
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Major Question

How do we efficiently build redundancy into our set of
messages so that we can identify and correct errors?
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Coding Theory Basics I

Let Fq be a finite field of size q.

Definition
A code over Fq of length n is a subset C ⊆ Fn

q.

C is a linear code if it is a linear subspace of Fn
q.

That is, if c1, c2 ∈ C then c1 + c2 ∈ C and αc1 ∈ C for any α ∈ Fq.

For x=(x1,...,xn)
y=(y1,...,yn)

∈ Fn
q, the Hamming distance between x and y is

d(x , y) = #{i | xi 6= yi}.

The Hamming weight of x is wt(x) = d(x , 0) = #{i | xi 6= 0}.

Example
{(0, 0, 0), (1, 1, 1)} ⊂ F3

2 is a 1-dimensional linear code.

d((0, 0, 0), (1, 1, 1)) = 3.
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Coding Theory Basics II

Definition
The minimum distance of a code C is

d(C ) = min
x ,y∈C
x 6=y

d(x , y).

◦ If C is linear, d(C ) is the minimum weight of a nonzero c ∈ C .

d(x , y) = d(x − y , y − y) = wt(x − y)

◦ In a code with minimum distance d , can correct up to t = bd−1
2 c errors.

Example
C = {(0, 0, 0), (1, 1, 1)} ⊂ F3

2 has d(C ) = 3.
You can correct up to t = b3−1

2 c = 1 error.
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Main Problem in Combinatorial Coding Theory

We want codes C ⊆ Fn
q of large size and large minimum distance.

Definition
Let Aq(n, d) be the maximum size of a code C ⊆ Fn

q that has minimum
distance at least d .

Main Problem in Combinatorial Coding Theory:
Compute values of Aq(n, d).

Kaplan (UCI) Codes from Polynomials January 7, 2021 7 / 33



Tables for A2(n, d)

[Östergård, 2011]: A2(17, 8) = 36.

Figure: Brouwer’s tables of upper and lower bounds for A2(n, d)

What is A2(17, 6)?
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Tables for Linear Codes (codetables.de)
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II. Reed-Solomon Codes
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MDS Codes

Proposition (Singleton Bound)

Aq(n, d) ≤ qn−(d−1)

Proof.
1 Let C ⊆ Fn

q have |C | = Aq(n, d) and d(C ) ≥ d .
2 Write down all the Aq(n, d) codewords.
3 Choose any d − 1 coordinates and erase them.
4 Get Aq(n, d) distinct elements of Fn−(d−1)

q .

Definition
A code for which equality holds, |C | = qn−(d−1) is called
Maximum Distance Separable or MDS.
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Reed-Solomon Codes

Let p1, p2, . . . , pq be an ordering of the elements of Fq.
Let Vd be the vector space of polynomials in Fq[x ] of degree at most d .

Definition
The evaluation map is defined by

ev : Vd 7→ Fq
q

ev(f ) = (f (p1), . . . , f (pq)) ∈ Fq
q.

ev(f + g) = ev(f ) + ev(g) and ev(αf ) = α ev(f ).
The image ev(Vd) ⊆ Fq

q is a linear code.

It is the Reed-Solomon code of length q and order d , RS(q, d).
As long as there is no nonzero polynomial vanishing at every element
of Fq, this map is injective, and dim(RS(q, d)) = dim(Vd) = d + 1.

xq − x vanishes at every element of Fq, so suppose q > d .
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Reed-Solomon Codes are MDS

Proposition
Let F be a field.
A nonzero f ∈ F [x ] with deg(f ) = d has at most d distinct roots in F .

Suppose f , g ∈ Fq[x ] each have degree at most d .
Then f − g is either 0 or has at most d roots in Fq.

Conclude that d(RS(q, d)) = q − d .

|RS(q, d)| = qd+1 = qq−(d(RS(q,d))−1).

Therefore, RS(q, d) is an MDS code.

Kaplan (UCI) Codes from Polynomials January 7, 2021 13 / 33



Main Conjecture for MDS Codes

Definition
Let M(k, q) be the maximum n such that a k-dimensional linear MDS code
C ⊆ Fn

q exists.

Conjecture (Main Conjecture for MDS Codes)
1 If q ≤ k , M(k, q) = k + 1. (Easy: Suppose now that q > k .)

2 If q is even and k = 3 or k = q − 1, then M(k , q) = q + 2.

3 Otherwise, M(k , q) = q + 1.

Reed-Solomon Example: For q > d , M(d + 1, q) ≥ q.
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Reed-Solomon Code: Example

Let q = 5, d = 2. Consider RS(5, 2) ⊆ F5
5.

Choose a basis for polynomials in F5[x ] of degree at most 2: 1, x , x2.
RS(5, 2) is the row span of the generator matrix 1 1 1 1 1

0 1 2 3 4
0 1 4 4 1


No nonzero linear combination of rows has 0s in 3 or more coordinates.
No 3× 3 submatrix has determinant 0.

Question
Can we add another column to to get a 3× 6 matrix over F5 such
that no 3× 3 submatrix has determinant 0?
Is there a 3-dimensional MDS code C ⊆ F6

5 that gives RS(5, 2) if you
puncture in the last coordinate?
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Doubly Extended (Projective) Reed-Solomon Codes

Let
f (x) = adx

d + ad−1x
d−1 + · · ·+ a1x + a0

where each ai ∈ Fq.

Consider the map

ev′ : Vd 7→ Fq+1
q

ev′(f ) = (f (p1), . . . , f (pq), ad) .

The image is a linear subspace of Fq+1
q .

If q > d this map is injective and the dimension is d + 1.
The image is an MDS code.
If f , g have the same xd coefficient, then deg(f − g) ≤ d − 1 and
either f − g = 0 or f − g has at most d − 1 roots in Fq.
This is a Doubly Extended or Projective Reed-Solomon code.
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Reed-Solomon Code: Example 2

Let q = 5, d = 2. The doubly extended Reed-Solomon code is the
row span of the generator matrix 1 1 1 1 1 0

0 1 2 3 4 0
0 1 4 4 1 1


No nonzero linear combination of rows has 0s in 3 or more coordinates.
No 3× 3 submatrix has determinant 0.
This is a 3-dimensional MDS code C ⊂ F6

5.
There is no 3-dimensional MDS code C ⊂ F7

5.
M(3, 5) = 6.
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Main Conjecture for MDS Codes II

1 A k-dimensional linear code C ⊆ Fn
q is the row span of a k × n

generator matrix G .

2 C is an MDS code if and only if every nonzero linear combination of
the rows of G has at most k − 1 coordinates equal to 0.

3 Equivalently, no k × k submatrix of G has determinant 0.

M(k , q) is the maximum n such that a k-dimensional linear MDS code
C ⊆ Fn

q exists.

M(k , q) is the maximum n for which there exists a k × n matrix with
entries in Fq such that no k × k submatrix has determinant 0.
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Main Conjecture for MDS Codes III

Definition
Let M(k, q) be the maximum n such that a k-dimensional linear MDS code
C ⊂ Fn

q exists.

Conjecture (Main Conjecture for MDS Codes)
1 If q ≤ k , M(k, q) = k + 1. (Easy: Suppose now that q > k .)

2 If q is even and k = 3 or k = q − 1, then M(k , q) = q + 2.

3 Otherwise, M(k , q) = q + 1.

Doubly Extended Reed-Solomon codes give M(d + 1, q) ≥ q + 1.
Ball: True for q prime.
Nathan’s Favorite Matrix: 5-dimensional MDS code C ⊆ F10

9 that does not
‘come from’ a Reed-Solomon code [Glynn].
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III. Projective Reed-Muller Codes
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More Variables: Reed-Muller Codes

Definition
Choose an ordering of the points of Fn

q : p1, . . . , pqn .

Let Vn,d be the
(n+d

d

)
-dimensional vector space of

polynomials in x1, . . . , xn of degree at most d .

The evaluation map is defined by

ev : Vn,d 7→ Fqn
q

ev(f ) = (f (p1), . . . , f (pqn)) ∈ Fqn
q

The image is a linear code.
As long as there is no degree d polynomial vanishing at every element
of Fn

q, which is true for q > d , this map is injective and the image
RMq(d , n) had dimension

(n+d
d

)
.

Note that RMq(d , 1) = RS(q, d).
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Reed-Muller Codes II

Question
What is the minimum distance of RMq(d , n)?
What is the maximum number of zeros of a polynomial of degree at
most d in Fq[x1, . . . , xn]?

Let α1, . . . , αd be distinct elements of Fq.

f (x1, . . . , xn) = (x1 − α1)(x1 − α2) · · · (x1 − αd)

vanishes at d · qn−1 elements of Fn
q.

d(RMq(d , n)) = qn − dqn−1 = (q − d)qn−1.

For n > 1, these codes are very far from being MDS.
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IV. Weight Enumerators of Reed-Muller Codes
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The Hamming Weight Enumerator of a Code

Definition
The Hamming weight enumerator of C ⊆ Fn

q is

WC (X ,Y ) =
∑
c∈C

X n−wt(c)Y wt(c) =
n∑

i=0

Ai · X n−iY i ,

where Ai = #{c ∈ C | wt(c) = i}.

Example
For C = {(0, 0, 0), (1, 1, 1)} ⊂ F3

2, WC (X ,Y ) = X 3 + Y 3.

Question
What is the weight enumerator of the Reed-Solomon code RS(q, d)?
How many f ∈ Fq[x ] of degree at most d have exactly m distinct
roots in Fq?

◦ Fact: The weight enumerator of a k-dimensional MDS code C ⊆ Fn
q is

determined by its parameters.
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Quadratic Polynomials in 2 Variables

Computing the weight enumerator of RMq(1, n) is easy.
Computing the weight enumerator of RMq(2, n) is a counting problem
about quadratic forms over finite fields.

Proposition
We have that WRMq(2,2)(X ,Y ) is equal to

X q2
+

(q − 1)(q3 − q + 2)
2

Y q2
+

(q − 1)2q3

2
XY q2−1

+
(q − 1)2q3(q + 1)

2
X q−1Y q2−q+1 + (q3 − q)(q2 − q + 2)X qY q2−q

+
(q − 1)3q3

2
X q+1Y q2−q−1 +

(q − 1)(q + 1)q3

2
X 2q−1Y q2−2q+1

+
q(q + 1)(q − 1)2

2
X 2qY q2−2q.
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Reed-Muller Codes from Cubic Curves

Question
1 How many f3 ∈ Fq[x , y ] of degree at most 3 have exactly m zeros?
2 How many smooth cubic curves {f3(x , y) = 0} have exactly m

Fq-rational points?

A smooth cubic curve with an Fq-rational point defines an elliptic curve.

Question
1 How many isomorphism classes of elliptic curves E/Fq have a given

number of Fq-points?
2 For how many a, b ∈ Fq does the equation y2 = x3 + ax + b have

exactly m solutions (x , y) ∈ F2
q?

Deuring, Waterhouse: Answer involves class numbers of orders in imaginary
quadratic fields.

Put this together and get WRMq(3,2)(X ,Y ).
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Reed-Muller Codes from Quartic Curves

Question
1 How many f4 ∈ Fq[x , y ] of degree at most 4 have exactly m zeros?

2 How many smooth quartic curves {f4(x , y) = 0} have exactly m
Fq-rational points?

3 What is the maximum number of Fq-points of a smooth quartic curve
{f4(x , y) = 0}?

Question
Can we say statistical things about the coefficients of WRMq(2,4)(X ,Y )?

The coefficients of WRMq(2,3)(X ,Y ) have a symmetry that the coefficients
of WRMq(2,4)(X ,Y ) no longer have...
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Rational Point Counts for Quartic Curves: Asymmetry

Definition
Let Nq(t) be the number of Fq-isomorphism classes of smooth (projective)
plane quartics with #C (Fq) = q+ 1− t, each class weighted by 1

#AutFq (C) .

For 0 ≤ t ≤ 6
√
q, let

Vq(t) := Nq(t)− Nq(−t).

Not true that Nq(t) must equal Nq(−t).

Figure: Graphs of N11(t) and V11(t)

See work of Lercier, Ritzenthaler, Rovetta, Sijsling, and Smith.
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The Dual Code of a Linear Code

Definition
1 For x=(x1,...,xn)

y=(y1,...,yn)
∈ Fn

q let 〈x , y〉 =
∑n

i=1 xiyi .

2 For a linear code C ⊆ Fn
q, the dual code is defined by

C⊥ =
{
y ∈ Fn

q | 〈x , y〉 = 0 ∀x ∈ C
}
.

Example
Let C = {(0, . . . , 0), (1, . . . , 1)} ⊂ Fn

2.
Then C⊥ = {y ∈ Fn

2 | wt(y) is even}.
We see that

WC (X ,Y ) = X n + Y n,

and

WC⊥(X ,Y ) =

b n2 c∑
i=0

(
n

2i

)
X n−2iY 2i =

(X + Y )n + (X − Y )n

2
.
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The MacWilliams Identity

Theorem (MacWilliams)
For a linear code C ⊆ Fn

q

WC⊥(X ,Y ) =
1
|C |

WC (X + (q − 1)Y ,X − Y ).

◦ One way to prove this involves discrete Poisson summation.

Idea: Study the weight enumerator of a code C by studying the weight
enumerator of its dual code C⊥.
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V. What else is there?
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Algebraic Geometry Codes

Idea: Take a vector space of polynomials V . Get a code by evaluating
elements of V at some subset of points of Fn

q.

◦ Number Theory → Coding Theory. Construct ‘good codes’ from
Riemann-Roch spaces of divisors of algebraic curves with many Fq-points.
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Codes to Communication

Suppose you have a good code C ⊆ Fn
q.

Question
How do you construct an efficient encoding/decoding scheme?

Question
I send you a message. You receive something that is not in the code.
How do you find the codeword closest to it?
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