Points and Position Vectors
Point P = (x9,Yo,20) (co-ordinates xo, Yo, Z0)
Position vector joins origin O (origin) to P

X0
p= O? = | yo | = (x0,Y0,20) = xoi + yoj + zok

20

2
Length = \/x3 +y3 +z3 = \/<1/x§+y%) + 22

General vector p: any directed line segment with same
length and direction
Does not require tail at origin, tip at P

Dot Product and Projection

Givena:Oji:(%),b:O?:(%;)deﬁne A
3

a-b= a1b1 + azbz + 613b3

Decompose a into component Ab = proj, a parallel to
b and p perpendicular. Use Pythagoras to find A: 5  Ab = proj, a
a]> = [Ab + |p|* <= A= —

ab

Scalar Projection of a onto b: comp, a = A |b| = g

Angle between vectors: A = *“'Tb = |a|cos® = a-b = |a] |b| cosf
Orthogonality =0 <= a-b =0
b

b
Vector Projection of a onto b: proj, a = 2|‘b|2b = (comp, a) o]

a — .
Vector projection has length comp, a = = |a| cos 6, in direction of unit vector ‘%' parallel to b

bl
Work done by force F in moving object through displacement d is


http://www.math.uci.edu/~ndonalds/math2d/ch12/position.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/position2.html

Cross Product, Right Hand Rule, Area and Volume

Given a = @ = (%),b = @ = <§;>,define
3

a2b3 — a3b2
axb= a3b1—a1b3
a1b2 — lebl

Length |a x b| = |a| |b|sin 6 equaldl|area of parallelo-
gram spanned by a, b

Parallel: 0 =0 <= axb =0

Right-hand Rule: if curl fingers of right hand from a to
b, then thumb points in the direction of a x b
(Some memory aids...)

Triple Product: (a x b) - ¢ = |a x b|comp, ., ¢

Triple produce equals the (signed) volume of the par-
allelepiped spanned by a, b, c

Parametrized Lines

To describe a line: choose a point P (position vector
r9) and a direction vector v
Position vectors of point on the line:

r(t) =rg+ tv (parameter t € R)
As t changes, tip traces line through P parallel to v

Alternative description: choose two points P, Q (po-
sition vectors rg, r1)

r(t) = (1 —t)rg + trg

To compare: v =1r] — 19 = 1@

IMultiply out |a x b|? and compare it to |a|? [b|?sin2 6 = |a|* |b|* (1 — cos? 8) = |a|* |b|* — (a - b)? (horrible!)


http://xkcd.com/199/
http://www.math.uci.edu/~ndonalds/math2d/ch12/righthandrule.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/parallelepiped.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/line2.html

Planes
1. Through point P (position vector ryp), perpendicular to n
n-(r—r) =0
r — 1y parallel to plane
2. (For Math 2E) Through a point P, spanned by constant vectors u, v
r(u,v) =19+ uu+ov

Two parameters u,v € R

V4 Z

X X
First description Parametrized (Math 2E) description

Cylinders

Translate a plane curve to form a surface

Right-circular cylinder x* 4 z* = 4 Parabolic cylinder z = y= — 1


http://www.math.uci.edu/~ndonalds/math2d/ch12/plane1.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/plane2.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/cylinder1.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/cylinder2.html

Paraboloids

Use the co-ordinate curves to help visualize/sketch

Elliptic paraboloid z = x? + £ Hyperbolic paraboloid y = 2x? — z2
z = x? z:y‘T2 y=2x> y= -2
Ellipsoids
2P 2
Standard formula: — + 25 + — =1 describes ‘squashed/stretched sphere’
a2 b c?
Z

%,
_I_

44—22:1

22
Example % + yz + z? = 1: each intersection with a co-ordinate plane is an ellipse


http://www.math.uci.edu/~ndonalds/math2d/ch12/paraboloid1.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/paraboloid2.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/ellipsoid.html

Hyperboloids

2 2 2
x . o
Standard formula: +— + Y 4+ % —1with one or two negative signs
a2 b2 2
Again use the co-ordinate curves to help visualize/sketch

One sheet (single — sign) x* +y* —z= =1 Two sheets (two — signs) x* —y* —z° =1
Circle x* + y> = 1 Hyperbola x*> —z2 =1 Hyperbolee x> — > =1 x> —2z2 =1

First example as a doubly-ruled surface


http://www.math.uci.edu/~ndonalds/math2d/ch12/hyperboloid1.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/hyperboloid2.html
http://www.math.uci.edu/~ndonalds/math2d/ch12/coolingtower.html

