
Continuity in Several Variables

Example 1: f (x, y) = xy
x2+y2 with two sequences

satisfying

lim(xn, yn) = (0, 0)

Red: (xn, yn) = ( 1
n , 0) =⇒ f (xn, yn) = 0

Blue: (xn, yn) = ( 1
n , 1

n ) =⇒ f (xn, yn) =
1
2

Different limits =⇒ lim
(x,y)→(0,0)

f (x, y) does not exist

and f is not continuous at (0, 0)

Example 2: g(x, y) = x2y
x2+y2 has limit

lim
(x,y)→(0,0)

g(x, y) = 0

To see this, use polar co-ordinates:

g(x, y) =
r3 cos2 θ sin θ

r2 = r cos2 θ sin θ

=⇒ |g(x, y)| ≤ r −−−→
r→0+

0

All sequences (xn, yn) → (0, 0) have the same limit

lim
n→∞

g(xn, yn) = 0

If we define g(0, 0) = 0, then g is continuous at (0, 0).

http://www.math.uci.edu/~ndonalds/math2d/ch14/cont1.html
http://www.math.uci.edu/~ndonalds/math2d/ch14/cont2.html


The Tangent Plane

Example: z = f (x, y) = −x2 − 1
2 y2 + xy + 2 at (x0, y0) = (1, 2)

u =

 1
0

fx(1, 2)

 =

1
0
0

 v =

 0
1

fy(1, 2)

 =

 0
1
−1


n = u × v =

0
1
1


u is tangent to the curve r(t) =

(
t
2

f (t,2)

)
at t = 1

v is tangent to the curve r(s) =
(

1
s

f (1,s)

)
at s = 2

If F(x, y, z) = z − f (x, y), then n = ∇F(1, 2)

The Gradient Vector

Example: f (x, y) = 1
4 x2 − 1

8 y2 =⇒ ∇ f =

(
x/2
−y/4

)
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Gradient vector field ⊥ to level curves Warmer color ↭ increased height

http://www.math.uci.edu/~ndonalds/math2d/ch14/tangentplane.html
http://www.math.uci.edu/~ndonalds/math2d/ch14/levelcurves.html

