Partial Differentiation To differentiate f(x,y) with respect to x, treat y as a constant

Examples

1. Let f(x,y) = 2x?y® + sinx. Then
9 d
f = fx(x,y) = 4xy® + cos x, ajyf = fy(x,y) = 637>

2. Let f(x,y,z) = x> + yz~ . Then
Floyz) =2v fltys) =2 f(nyz) =y
3. Let f(x,y,z) = x*tan(yz?). Then
fv =2xtan(yz?), f, = x*zsec’(yz*), f. = 2x’yzsec*(yz*)

15 Multiple Integrals

15.2 Iterated Integrals

Interpretation: If R is a region in two-dimensions and f is an integrable function on R, then

/ fdA = fay - Area(R)
JJR
where f, is the average value of the f over R. In particular [[, 1dA = Area(R)

If E is the volume in three-dimensions above R and underneath the graph of z = f(x,y), then

/ FdA = Volume(E)
R
Otherwise said: Volume = Average height x Area of base

Theorem (Fubini). Suppose R = [a,b] x [c,d] a rectangle and f continuous. Then

//Rf(x,y)dA:/ab/cdf(X,y)dydx:/Cd/gbf(x,y)dxdy

b pd
Order: evaluate inside integral first / / f(x,y)dy dx
Ja Cc

Example If R = [1,2] x [0,1] and f(x,y) = x?y, then

dA 122dc1 1132d 17d
//Rf(x,y) —/0/1xyxy—/o[3xyL_l y—/ogy y=-

This is easy for separable functions

[ [ stomw)ayax= [ syax [“aty)ay

Recalling the previous example: f = gh where ¢(x) = x? and h(y) = y, whence

//fxydA //xydxdy /xdx/ydy g% Z

1



15.3 Double Integrals over General Regions

Y y = g(x)
Typel: a<x<bandgi(x) <y < g(x)
Integrate with respect to y first R
[ seman=[" [y aya
X, = X, x
R o Jap TP y=81(x)
a b X

Example For R defined by 0 < x < 1 and 3x <y < 8 — 4x? we have

1 8—4x? 1 y=8—422 1
//di:/ / xdydx:/ xy‘ dx:/ 8x — 4x® — 3x*dx
R 0 J3x 0 y=3x 0

1
:4x2—x4—x3‘ =2
0

Type2: h(y) <x<hy(y)andc <y <d

Integrate with respect to x first

[fsaman= """ e avax

1(x

Example For R definedby 0 <y <landy < x <e¥ wehave

1 pe¥ 1
// 2di:/ / 2xdxdy:/ x?
R 0 Jy 0
1, 1 1 1, 5

=eY 1 1 1 1
dy = 2 2 dy = —e — —3
- Y /oe yay =37 T3,

X
x=

2° 737 272° %6

Both Type 1 + Type 2: Integrate either way! Z ..................... o
R can be described .~
a<x<band g (x) <y <g(x), or (\
{c <y<dandi(y) < x < h(y) el =
; o



Example Triangle T is a region of type 1 Y 5
0<x<1 0<y<3-3x

and type 2 2—

Hence 194 T

1 3-3x 1 1
//di:/ / xdydx:/ 3x —3x?dx = -
T 0 Jo 0 2

3 r1-3% 31 ]/2 1 0
Or—/o/o xdxdy—/o 5(1—§> dy—i 0 1

Other regions: Cut region two create several integrals of either type. For example the following
region may be sub-divided into two regions of type 1

X

Foranyfunctionf,wehave//RfdA=//R fdA—I—//R fdA
1 2

15.4 Double Integrals in Polar Co-ordinates

x =rcosf {r:\/m
R ad

Polar co-ordinates: {

y =rsinf tanf = <

Infinitessimal Area: Starting at (x,y), increase polar co- y dr
ordinates by infinitessimal amounts dr and df. Infinitessi-
mal area is swept out e

d6 L7 rde

dA = (n(r+dr)2 - 7'(1’2>2— =rdrdo e
) A
since (dr)? < dr for infinitessimals. e /)\/6/ -
7 dA is the area of a segment between two circles X



Theorem. Suppose that R is a polar rectangle defined by ri < v < rpand 6y < 0 < 6, and that f isa
continuous function of R. Then

o T
// f(x,y)dA:/2/2f(rcosi9,rsin9)rdrd9
R 61 Jr

Example Find / / 4x + 3 dA for the annular region R described 2
R
by 1 < x2—|—y2 <4withx,y >0

In polar co-ordinates Ris1 <r <2and 0 <6 < % Hence

- 1- R
// 4x+3dA:/ /24r2c039+3rd9dr
R 1 0

2 /2

:/ 4rzsin0—|—30r‘ dr
1 60=0
2 371 28 97 0 1 1

_ 2 i _ = i

Advanced: The Theorem may be modified for regions of the plane where ¢(6) < r < h(#) for some
functions of g, I of r (the polar equivalent of Type 1):

‘ 6 h(6)
// fdA:/ f(rcosf,rsinf)rdrdf
R 6 Jg(0)

A similarly approach can be taken for the analogue of a region of Type 2.

Example The three-leaved rose has equation r = cos36.

Find its area. 17
Choose R tobe half of oneleaf: 0 < r < cos36and 0 < 6 < %
/6 pcos36 /6 1 cos 30
// dA:/ / rdrdez/ ~2[ a0
R 0 0 o 2 =0 R
L o 0do — . e 6+ 1d6 |
_/0 Ecos 3 _Zl/o cos 60 + -1 1
111 . e n
—4|:651n69+0:|0 _ﬁ
. T T
By symmetry, the total area of the rose is therefore 6 - M1 —1-



15.7 Triple Integrals

Interpretation: If E is a region in two-dimensions and f is an integrable function on E, then

///Ede = fav - Volume(E)

where f, is the average value of the f over E. In particular [[[.1dV = Volume(E)

For example, if T(x,y, z) is the temperature at a point (x,y, z) in a room E, then the average temper-
ature in the room is

T“:v(,m;e(zs)//gfdv

[[ ¢ f dV can be interpreted as a hypervolume in four-dimensions, but this is unhelpful to most of us!

Theorem (Fubini). Suppose that E = [p,q] X [r,s] X [t,u] is a cuboid and f is continuous on E. Then

///Ef(x’y’z) dv = ‘/l;q/rs./thuf(x/y,z) dzdydx

More generally, if E is the region defined by the inequalities

a<x<b

g1(x) <y < o(x)
hi(x,y) <z < hy(x,y)

borga(x) rha(xy)
///f(x,y,z)dV:/ / / f(x,y,z)dzdydx
E a gl(x) hl(x/y)

In general there are six ways of ordering the variables x, y, z.

then

Example Find the integral [[[,, fdV, where z

f(x,y,z) =x+2yz
and V is defined by

0<xy<l,
x—y<z<x+y

d 1 1 x+y d d d
v=[ L[, e
[l rav= [0 [ [, x+2vmdzdyas
1 1 2x+y
—/0 /0 Xz+yz i
1 1 5 5
:/0 /0 x(x+y—(x—y) +y((x+y)"—(x—y)*)dydx

1 12 4P dydx =
—/0/0 xy + 4xy yx—g

dydx
—y

X




////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20131204
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
//
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+='  END\n';
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')||
    scene.nodes.getByName('Clipping Plane')){
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();
    }
  }
  restoreTrans(curTrans);
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton0'){ocgs[i].state=false;}}


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License, either version 1.3
// of this license or (at your option) any later version.
// The latest version of this license is in
//   http://www.latex-project.org/lppl.txt
// and version 1.3 or later is part of all distributions of LaTeX
// version 2005/12/01 or later.
//
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();




15.8 Triple Integrals in Cylindrical Co-ordinates

Polar co-ordinates + z
dV = dAdz =rdrdfdz

Useful when the domain of integration has rotational
symmetry, or when x2 + 4 is dominant in the integrand

///Ede - ///Ef(rcosf),rsin(),z)rdrdedz

Co-ordinate surfaces

Constant z: horizontal planes
Constant 7: cylinders

Constant 6: planes touching z-axis

Example Calculate the integral of the function

flx,y,2z) = x2—|—y2—|—2z

under the paraboloidal cap z = 1 — x* — y? and above the

xy-plane.

In cylindrical polars, the cap has equation z = 1 — 72, and

intersects the plane z = 0 in the circle r = 1, hence

27 1 p1—12
// de:/ / / (22 + r2)rdzdr d6
14 0 0 0
1 1

42
= Zn/ rz? —|—r3z|i_g dr = 27r/ r(1—r)2 4+ —rdr
0 = 0

1 1 1. «
”{ sl 8, 2
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Example A cone has height & and circular base of radius R.

Find its volume using an integral.
The cone is created by rotating the line joining (0,0, %) and
(R,0,0) around the z-axis. This line (in the xz-plane) has
equation

z X

42—

PR
Rotating this simply means replacing x with the radius, this
the cone has equation

z
h
z r r . jra—
E+E=1:>z:h(1—§) S ‘: -
X

Its volume is therefore

/[, av= /Ozn/()R/Oh(l—ﬁ)rdzdrde :271'/0Rrh (1- 1) a

R 2 R2 R\ 1
_9 h/ o () 2 L2
7T 0 r R r 7T (2 3R) 37'[

15.9 Triple Integrals in Spherical Co-ordinates

Three co-ordinates:

p: the distance from the origin

¢: the angle down from the positive z-axis
f: the polar angle in the xy-plane

X = psin¢cos0
y = psin¢gsinf
Z = pcos¢
p=>0 0<¢p<m 0<0 <2

p=/x2+y?+22

y

z
tanf = = = —
an . cos ¢ -

Compute infinitessimal volume by increasing each
co-ordinate by small amount: volume swept out is
approximately cuboidal, with volume

dV = dppsingpdf pdp = p*sing dp do d¢

Warning! In many places later on, r is used instead of p: make sure you know which co-ordinate
system (cylindrical or spherical) you are using!
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Example (x,y,z) = (1,/3,3) has spherical polar co-ordinates

_ 13 7
(p,¢,0) = (\/ﬁ,cos Nikd 3>

Co-ordinate surfaces

p constant: sphere radius p

6 constant: plane touching z-axis making angle 6 with
xz-plane

¢ constant: cone centered on z-axis, angle ¢ from verti-
cal

Example A sphere of radius R has volume

7'[27'cR2' dd@d 7'[. d aneRZd
| [ e*sinedpdodg = [singdp [ a0 [ o*dp

1 4
=2.27-=R® = —nR®
7T 3 37‘[

Example A solid lies above the cone

z = /x> +y?
and below the sphere
22 =1

Its volume is

n/4 2m 1 1
0 0 0 3" o

e
2

3 3
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Example Find the integral of f(x,y,z) = yz over the vol-
ume shown

1<p<2 0<60<n

s
<< —
0_4)_2

2 /2 T
:/ p4dp-/ cos4)sin2gbd4)-/ sin 6 do
0

:—(32—1 sin 4)| =15

Example A plum is modeled by the equation
p=1—cos¢
If p is measured in inches, find the volume of the plum

If you think back to 2D, r = 1 — cos 0 is the equation of a
cardioid in polar co-ordinates. The plum is just the surface
formed by rotating a cardioid.

2t pm pl—cos¢
Volume = / / / p?sing dp d¢ do
o Jo Jo

= 271/0”%(1 — cos ¢)?sin¢p d¢

. 16 8w "
12 3
For a sanity check, thls is precisely the volume of a sphere of radius v/2 ~ 1.2599 in.

=27 i(1 — cos ¢)* ‘
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15.10 Change of Variables in Multiple Integrals
How to integrate in arbitrary co-ordinates?
Definition. Lef (x,y) = (x(u,v),y(u,v)) be a transformation of co-ordinates

The Jacobian of the transformation is

N X xu xU
"0 = z-component of |y, | x | vo
Yu Yo 0 0

Example Suppose x = u —2v and y = 3u + 4v. Then

d(xy) _dx dy dx dy _

d(u,v) " Ou dv I Ju

I(x,y) _ _ _
a(u,v)_x”yv XoYu =1-4—(-2)-3=10

Theorem. The Jacobian of the inverse transform (u,v) = (u(x,y),v(x,y)) is

Example If x = u —2vand y = 3u + 4v, then we may solve for u, v to obtain
u—1(2x+ ) and v—i( —3x)
5 ~ 10V

The inverse Jacobian is therefore

:uxvy_uyvxzf'i_f'izi

What does this have to do with integration? Let the par-
allelogram R have corners (0,0), (1,3), (—1,7) and (—2,4)
It is easy to see that its area is 3 - 10-2 = 10 (=1,7)

Opposite edges of the parallelogram are parallel lines, the
equations of which are similar.

For example, y = —2x and y = —2x + 5 may be written
y+2x = 0and y + 2x = 5: on opposite edges, the same
function of x and y is equal to two different constants.

If we define the functions u = £(2x +y) and v = 75(y — 3x), then the four edges of the parallelogram

may be described as u = 0,u = 1,v = 0,0 = 1. With respect to the new co-ordinates (u,v), the
parallelogram becomes a square S with area 1.

10



The factor relating the (u,v)-area and the (x,y)-area is
precisely the Jacobian:

I(x,y)
a(u,v)

Written in terms of a double integral, this reads

//R dA://R dxdy://sgézizg du do

Area(x/y) = 10Area(ulv) = Area(u,v)

-2-10 1

X

0 1
u

The same idea applies to any change of co-ordinates. Given a domain of integration R, search for
functions u(x,y),v(x,y) so that, in terms of u,v, the domain becomes a simpler shape S, one over

which integration is simpler.

Theorem. Suppose S is a region in the (u,v)-plane that is
mapped 1-1 onto a region R in the (x,y)-plane by a transforma-
tion (x,y) = T(u,v) with continuous 1st partial derivatives. If f
is a continuous function on S, then

u,v)

[fi st axds= [[ ferwon| 50 duas

- (u,0)

[~

Warning! Take the absolute value of the Jacobian. This was not needed in our parallelogram example

since the Jacobian was already positive.

Example Find the moment of inertia [ [, y?dA of the par-
allelogram R about the x-axis

First find the equations of the edges: y = 4x,y = 4x 412
and y = —2x,y = —2x + 6. This suggests new co-ordinates

u=y—4x, v=y+2x

Rbecomes the rectangle S defined by 0 < u <12, 0 < v < 6.

Compute the Jacobian:

do(u,v)
(%, y)

Uy Uy

[

2 1‘:_6

0 12
u

Finally, solve for y to transform the integrand, u + 2v = 3y = y = }(u + 2v), and compute:

//Ryzdxdy: //S (u 2220)2

1 6 (12
= 5—4/ / (u+2v)*dudo = 224
0 Jo

9(x,y)
a(u,v)

11
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Polar co-ordinates The usual formula for converting an integral to polar co-ordinates has the same
Jacobian origin: x = rcos 8, y = rsin 6 have Jacobian

d(x,y)

cosf —rsin6
sinf rcos6

Xy  Xg

Yr Yo

a(r,0)

=rcos’0+rsin®0 =r

= //Rf(x,y)dxdy://Sf(rcosf),rsiné))rdrdQ

We can also convert the other way: r = \/x +y2, 0 = tan"' £ yields

X Y 2 2
a(r,0) e | |V Ve x* 4y _ 1
0wy 10 bl | L | @rAVER VR R

— //Rf(r,(?)drdez//sf<\/m,tanl Z)ﬁdxdy

Change of Variables in Triple Integration The idea is identical to that for double integrals, we
simply need a Jacobian for three variables.

Definition. Let (x,y,z) = (x(u,v,w),y(u,v,w),z(u,v,w)) be a transformation of co-ordinates
The Jacobian of the transformation is

a(x, Y, z) - Xu Xy Xw B Xu . Xy y Xw
78(1/[, 0, ) =\Yu Yo Yo| = | Yu Yo Yw
Zy Zv Zw Zy Zy Zw

Example Ifx=v—w,y= —u+w,and z = u — 2v, then

(5

Theorem. Suppose S is region of (u, v, w)-space mapped 1-1 onto a region R in (x,y, z)-space by a transfor-
mation (x,y,z) = T(u,v, w) with continuous 1st partial derivatives. If f is continuous on R, then

J[[ rewraayaz = [[[ p(rio,m) | FELE dudodo

Just as for polar co-ordinates, we can use this method to derive other change of variable formulee:

0o 1 -1
=-1 0 1
1 -2 0

a(x,y,z)

(u,v,w)

Cylindrical Polar Co-ordinates x =rcosf,y = rsinf,z = z gives

cosf —rsinf 0
sinf rcosf O
0 0 1

a(x,y,z)
a(r,0,2)

=r =— dV =rdrdfdz
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x psin ¢ cos 6
Spherical Polar Co-ordinates |y | = | psingsinf | gives

z 0 cos ¢

Xp Xp Xp sin¢pcos® pcos¢pcost —psingsind
M = singsin® pcos¢sind sin ¢ cos 0
T Zp Z¢p Zg cos ¢ —psing¢ 0
sin ¢ cos 0 p? sin® ¢ cos 0
= | singsin® | - | p?sin® ¢psind
cos ¢ p? sin ¢ cos ¢
= p? sin ¢(sin? ¢ cos? O + sin” ¢ sin? O + cos” )
= p?sin¢

Since sin ¢ > 0 for the allowed range of spherical co-ordinates (0 < ¢ < 77), we conclude that

dV = p?sin¢dpdf de

The Volume of an Ellipsoid Finally, consider applying a
change of co-ordinates to compute the volume of a general
ellipsoid

2
_|_

x2 oyt 22

mT =1 %

a
We could employ a brute force approach in Cartesian co-ordinates: since an ellipsoid has eight oc-
tants each with the same volume, we could compute

a rbvV1—x2/a2
V:8/ / c\/l—xz/az—yz/bzdydx
0 Jo

Continuing from here requires a tricky trig substitution: let y = bv/1— x?/a%sinf so that dy =
bv/1—x?/a?cos 0 df and

7r2 4
—8bc// 2/a C0829d9dx=---=§7'[61b(1

A much simpler approach involves changing co-ordinates so that the ellipsoid becomes a sphere.
Since we know the volume of a sphere, the calculation becomes trivial.
Let x = au, y = bv, z = cw, then

awya) (o) (0 o (o) — e
= () () 2) ==

In u, v, w co-ordinates, the ellipsoid has equation u? + v? + w? = 1: it has become a unit sphere! If E
is the solid ellipsoid and S the solid sphere, then

V:/// dxdydz:///abcdudvdw:abc-Volume(S) = gnabc
E S

13
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