3.5 Two dimensional systems and their vector fields

Isolated critical points of linear systems
Definition. A critical point of a system of ODEs is isolated if there are no other critical points nearby.
Consider the following linear system with critical point (0, 0):
& — gx + by a b
g; s x’zsz( >X (*)
F=cx+dy c d

Does it have any other critical points?

Recall that the point (xo, yo) is critical if and only if is a constant solution to the differential equa-
tion: that is, if and only if it solves the matrix equation

ARG

We conclude that (x) has a non-zero critical point (xo,y0) # (0,0) if and only if the vector <;O> is an
0

eigenvector of the matrix A with eigenvalue 0.

Alternatively: A has characteristic equation: A2 — (a 4+ d)A + ad — bc = 0.
N’
det A
Plainly this hasaroot A =0 <= detA = 0.

We conclude: (*) has an isolated critical point at the origin if and only if both of its eigenvalues are
non-zero, and if and only if det A # 0.

We now classify the types of isolated critical point dependent on the signs of the eigenvalues.

Each case has an example matrix: you should...

1. Calculate the eigenvalues and eigenvectors, making sure you get the answers given
Think about the asymptotic/long-behavior of the solution curves.
Try to construct the phase portrait yourself: see if it matches the picture given.

Associate the terms sink /source/center/spiral, etc. with each picture/eigenvalues

S N

Generalized eigenvectors and non-isolated critical points are non-examinable; these pictures
are only given for completion.

6. Do not memorize the vector form of the solution for complex eigenvalues: it is very messy and
for interpretation purposes only!



Eigenvalues positive and distinct: A; > A, >0

If the eigenvalues are distinct then they each have a corresponding eigenvector vy, v, and we have
the general solution

Mt

x(t) = cieMtvy 4 ety

Suppose that cy, c; are both non-zero. Since A1, Ay > 0 it is immediate that
|x(t)] —> o0 and Ix(t)] — 0
t—o0 t——o0

We can say more than this: how does the vector x(t) get larger /smaller?

For large positive t Note thaiﬂ eMt > oMt Tt follows that, as t — oo, the solution vector x(t)
approaches being parallel to vi. We would write

At

X(t) tﬁrjroo c1e'vy

Mty as t — .

and say that x(t) is asymptotic to cie
For large negative t We have eM! < ™! (both are very small). Since e™! — 0 faster than e we
conclude that, as t — —oo, the solution vector x(t) approaches being parallel to v,. We would write

Aot

X(t) t%Nfoo e vy

A2

and say that x(t) is asymptotic to cye"2'v; as t — —oo.

To summarize Mosﬁ trajectories have leave the origin tangent to the eigenvector v, and, as t in-
creases, approach being parallel to the eigenvector vi. We call the critical point (0,0) an improper
nodal source.

The example shows the phase portrait and direc-
tion field of the system

x/—71x
- \6 8

with eigenvalues/vectors

A =10 Ay =5

a=() ()

The black arrow x(0) = <_0067> is the posi-

tion vector corresponding to the constants c; =,
0.1,co = 0.5. The green curve is the trajectory
with this initial condition, evolving as t increases
from zero. '

1e)ut t

is much much greater than e*?!, even though both will be exceptionally large!
2Those with initial conditions so that ¢1, ¢y are both non-zero.



Eigenvalues negative and distinct: A; < A, <0

The situation is exactly the opposite of the previous case. The general solution remains

x(t) = c1eMtvy + cre’tvy

where, if both ¢y, ¢; are non-zero, then

Ix(t)] =20 and [x(t)] T
Asymptotically,
Ast — co we have eM! < ¢!, whence x(t) ~ ceM'v,
t—+o0

As t — —oo we have eM! >> ¢! whence x(t) ~ c1e’Mtvy
t [

To summarize Most trajectories are nearly parallel to the eigenvector vi when far from the origin

(t — —o0) and approach the origin tangent to the eigenvector v,. We call the critical point (0,0) an
improper nodal sink.

The example shows the phase portrait and direction field of the system
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Eigenvalues opposite signs: A1 > 0 > A,

We still have two eigenvectors vy, v and general solution x(t) = cieMtvy + cpet?tvy, however we
now have
. 0 ifc;=0 . 0 ifcp,=0

lim |x(t)| = . and lim |x(¢)| = o

t—ro0 oo ifcp #0 t——co oo ifcy #£0
Asymptotically,

As t — co we have e!f — co and e™! — 0, whence x(t) et cretitvy

—+00
As t — —oo we have ¢Mf — 0 and 2! — 0o, whence x(t) M coe’ty,
——00

For large negative t the tragectories are nearly parallel to the eigenvector v,, while for large positive
t the trajectories are nearly parallel to v;.

We call the critical point (0,0) a saddle point.
The example shows the phase portrait and direction field of the system

x/—5_9x
- \3 -7

with eigenvalues/vectors




Repeated real eigenvalues: A; = A, # 0

When a 2 x 2 matrix has a single eigenvalue A, there are two possibilities:

1. A=Al = (39) is a multiple of the identity matrix. Then any non-zero vector v is an eigen-

0A
vector and so the general solution is x(t) = e*v = ¢! (). All non-zero trajectories move
away from (A > 0) or towards (A < 0) the origin in a straight line. We call (0,0) a proper nodal

source/sink depending on the sign of A.
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2. A has only one eigenvector vi: in this case the general solution is

x(t) = eM(c1vi + ca(tvy +v2))

where v; is a generalized eigenvector’|of A. The asymptotic behavior is x(t) et coteMvy regard-
— 0

less of the sign of A. All trajectories become tangent to v; at the origin and as t — co.
(0,0) is an improper nodal source (if A > 0) or sink (if A < 0).
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3This is non-examinable. Generalized eigenvectors will be covered in a later linear algebra course.



Complex eigenvalues: A = p +ig, A= p—iq (q#0)

If the eigenvector v = p + iq correspoinds to A, then Vv = p — iq is the eignevector ofA.
The general solution is x(t) = c;R(eMv) + 23 (eMv). Applying Euler’s formula and some trigono-
metric identities we may write the general solution as

x(t) = Ce (sin(gt — y)p + cos(qt — 7)q) (%)

where C and vy are arbitrary constants.

Consider the trigonometric part of the solution. Recalling that the parameterized circle cos ti + sin tj
rotates from i to j, we see that that (if 4 > 0) then the general solution (*) rotates around the origin
from q towards p.

The exponential part of the solution is easier to consider:

p > 0 Trajectories spiral outwards: (0,0) is a spiral source
p =0 Trajectories are closed ellipses: (0,0) is a stable center

p < 0 Trajectories spiral inwards: (0,0) is a spiral sink

An example of each is drawn below.
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In practice it is wasted effort to write the solution in the form (). Simply compute the eigenvalues

A = p £ ig and observe the sign of p: this gives you a spiral source or sink, or a center. To determine
the direction of rotation, choose a point (say (1,0)) and compute the direction vector at that point.

With our first example, if x = <(1)>, then X’ = Ax = <_21> points upwards. Therefore the spiral

rotates counterclockwise!



Summary: isolated critical points of linear systems

Make sure you are comfortable with this table and that you know why is line is true

Eigenvalues

Type of critical point

Both > 0, unequal
Both < 0, unequal
Opposite Signs
Both > 0, equal
Both < 0, equal
pLigwithp >0
pLigwithp <0
pLigwithp =0

Improper nodal source

Improper nodal sink

Unstable saddle point

Improper (rarely proper) nodal source
Improper (rarely proper) nodal sink
Spiral source

Spiral sink

Stable center



Non-isolated critical points (non-examinable): if one or both eigenvales are zero

Both eigenvalues zero There are two cases:
1. A= (39): every point is critical, all solutions are constant points (very boring!)

2. A= ( q‘f{XQ ff ; ) # 0 with a single eigenvector v = ( fa ) . In this case the general solution is

= () o [(8) s (5)]

We have a line of critical points kv, and all trajectories are parallel to v

One eigenvalue zero A =0 # Ap

With two distinct eigenvalues, we have distinct eigenvectors vy, vo and thus the general solution

haty,

x(t) = c1vy + e
Since Av; = 0, we have a line of critical points kv;.
All other trajectories are straight lines parallel to v;
These move away (A2 > 0) or approach (A, < 0) the line of critical points

Pictures for the two non-trivial cases are below.
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Both eigenvalues zero One eigenvalue zero, A, = —4

One eigenvect _ (2 _(? _ (=2
e eigenvector v = 1 vi= {4 2=



