
2.5 Nonhomogeneous Equations

Example. Solve the initial value problem
y′′′ − 3y′′ + 3y′ − y = 2ex

y(0) = 1
y′(0) = 0
y′′(0) = −1

Solution. First find the complementary function. The characteristic equation is

λ3 − 3λ2 + 3λ− 1 = 0 ⇐⇒ (λ− 1)3 = 0 ⇐⇒ λ = 1.

We thus have a repeated root. The complementary function is therefore

yCF(x) = (c1 + c2x + c3x2)ex.

Now search for a particular integral. Our first guess might be yPI(x) = aex, where a is unknown.
However this solves the homogeneous equation, so we are forced to multiply by x. Indeed xex and
x2ex also solve the homogeneous equation, so our guess should therefore be

yPI(x) = ax3ex.

Now differentiate and substitute into the ODE:

y′PI(x) = aex(x3 + 3x2),

y′′PI(x) = aex(x3 + 3x2 + 3x2 + 6x) = aex(x3 + 6x2 + 6x),

y′′′PI(x) = aex(x3 + 6x2 + 6x + 3x2 + 12x + 6) = aex(x3 + 9x2 + 18x + 6),

y′′′PI − 3y′′PI + 3y′PI − yPI = aex(x3 + 9x2 + 18x + 6− 3(x3 + 6x2 + 6x) + 3(x3 + 3x2)− x3)

= aex [(1− 3 + 3− 1)x3 + (9− 18 + 9)x2 + (18− 18)x + 6
]

= 6aex

= 2ex ⇐⇒ a =
1
3

.

The general solution is therefore

y(x) = yCF(x) + yPI(x) =
(

c1 + c2x + c3x2 +
1
3

x3
)

ex.

To find the constants, differentiate and apply the initial conditions:

y(0) = 1 =⇒ c1 = 1.

y′(x) =
(

1 + c2 + (c2 + 2c3)x + (c3 + 1)x2 +
1
3

x3
)

ex

y′(0) = 0 =⇒ 1 + c2 = 0 =⇒ c2 = −1.



y′′(x) =
(
−1 + 2c3 + (1 + 4c3)x + (c3 + 2)x2 +

1
3

x3
)

ex

y′′(0) = −1 =⇒ −1 + 2c3 = −1 =⇒ c3 = 0.

The particular solution satisfying the initial conditions is therefore

y(x) =
(

1− x +
1
3

x3
)

ex.
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