
Non-linear Systems

Linearization

Definition. Suppose P = (x0, y0) is an isolated critical point of the system{
dx
dt = f (x, y)
dy
dt = g(x, y)

and that f and g are differentiable at P. The linearization of the system at P is the linear system{
du
dt = fx(P)u + fy(P)v
dv
dt = gx(P)u + gy(P)v

Written in matrix format:(
du/dt
dv/dt

)
=

(
fx(x0, y0) fy(x0, y0)
gx(x0, y0) gy(x0, y0)

)(
u
v

)

where
(

fx(x0, y0) fy(x0, y0)
gx(x0, y0) gy(x0, y0)

)
the Jacobian matrix.

Example The following system is non-linear.{
dx
dt = (x− 2y)x
dy
dt = (x− 2)y

Thinking carefully, you should be able to see that the systems has two critical points: (0, 0), (2, 1).
The Jacobian is the matrix

(
fx fy
gx gy

)
=

(
2x− 2y −2x

y x− 2

)
=



(
0 0
0 −2

)
at (0, 0)(

2 −4
1 0

)
at (2, 1)

The linearizations and their eigenvalues at the critical points are therefore{
du
dt = 0
dv
dt = −2v

at (0, 0), with λ1 = 0, λ2 = −2,{
du
dt = 2u− 4v
dv
dt = u

at (2, 1), with λ1 = 1 +
√

3i, λ2 = 1−
√

3i.

Recalling our discussion of linear systems, we see that the linearization at (0, 0) is degenerate (has
a zero eigenvalue), while the linearization at (2, 1) is a spiral source (complex eigenvalues with real
part positive). But what about the critial points of the original non-linear system?
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A numerically generated phase-portrait of the non-linear system

Zoomed in near (0, 0) Zoomed in near (2, 1)

The critical point at (2, 1) certainly looks like a spiral source, but (0, 0) just looks bizarre. This
approach of linearizing, analyzing the linearizations, and piecing the results together is a standard
approach for non-linear systems. Note carefully: this is a qualitative approach; we are not solving the
non-linear system. Indeed it is probably impossible to solve this example explicitly. We should also
ask when it is legitimate to use information about the critical points of the linearizations to decide the
type of critical point of the non-linear system. In our example, it seems legitimate at (2, 1), but not so
at (0, 0). Why?
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Almost Linear Systems

Definition. A non-linear system is almost linear at an isolated critical point P = (x0, y0) if its lineariza-
tion has an isolated critical point at the origin (0, 0).

Recall that the linearization (a linear system) has an isolated critical point at the origin if and only
if both of its eigenvalues are non-zero. Thus, in our example, the system is almost linear at (2, 1)
(eigenvalues 1±

√
3i) but not almost linear at (0, 0) (eigenvalues 0,−2).

The following Theorem states that almost linear critical points behave similarly to that of their
linearization

Theorem. Let λ1, λ2 be the eigenvalues of the linearization of an almost linear system at a critical point
P = (x0, y0). Then the critical point P is identical in type to that of (0, 0) in its linearization, except in two
cases:

λ1 = λ2 The eigenvalues are repeated and real. The linearization has a node (proper or improper) at
the origin, but the original almost linear system has either a node or a spiral point at P.

λ1 = λ2 The eigenvalues are pure imaginary. The linearization has a center at the origin, but the
original almost linear system has either a center or a spiral.

In summary:

Eigenvalues of linearization Type of critical point of almost linear system
Real, positive, unequal Improper nodal source
Real, negative, unequal Improper nodal sink
Real, opposite signs Saddle point
Real, positive, equal Nodal or spiral source
Real, negative, equal Nodal or spiral sink
Complex, real part positive Spiral source
Complex, real part negative Spiral sink
Complex, real part zero Center or Spiral source/sink

Returning to our example, the Theorem says that we have a spiral source at the point (2, 1), but
it says nothing about the type of critical point at (0, 0). The best we could say from looking at the
picture is that the critical point at (0, 0) is some sort of non-linear saddle.

Once you are used to the Theorem, it provides very efficient way of analyzing non-linear systems.
Here are a couple of examples:
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Question Identify the type of the critical point (0, 0) of the non-linear system{
x′ = 2x− 3y + 4x2 + 2xy
y′ = x + 2y− 3xy + 4x3

Solution The Jacobian is
(

2 + 8x + 2y −3 + 2x
1− 3y + 12x2 2− 2x

)
which, at (0, 0), yields

(
2 −3
1 2

)
. For refer-

ence, the linearization is the system{
u′ = 2u− 3v
v′ = u + 2v

The eigenvalues are λ = 2±
√

3i. These are both non-zero, whence (0, 0) is an isolated critical point
of the linearization. It follows that (0, 0) is an isolated critical point of the original non-linear system,
and so the system is almost linear at (0, 0). Applying the Theorem, we see that the critical point (0, 0)
is a spiral source.

Note that the phase portraits are different, but critical points have the same type
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Linearization
It is not asked, but the original system can also be seen to be almost linear at (x, y) ≈ (0.956, 5.126)

where there is a saddle point.
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Question Find all the critical points of the non-linear system{
dx
dt = x− y− x2 + xy
dy
dt = −x2 − y

and identify their types. The sketch a possible phase-portrait for the system.

Solution To find the critical points we need to find all solutions to the simulatanous equations{
x− y− x2 + xy = 0
−x2 − y = 0

In general there is no guaranteed method for doing this, so be creative! Factorizing the first equation
we obtain (x− y)(1− x) = 0, whence x = 1 or x = y. Substituting x = 1 into the second equation
yields y = −1, while substituting x = y into the second yields y2 + y = 0, whence y = 0,−1. We
therefore have three critical points (1,−1), (0, 0), and (−1,−1).

The Jacobian is
(

1− 2x + y −1 + x
−2x −1

)
. Evaluating at the three critical points and computing the

eigenvalues, we obtain the following table:

Point Linearization Eigenvalues Type

(0, 0)

{
du
dt = u− v
dv
dt = − v

±1 Saddle

(1,−1)

{
du
dt = −2u
dv
dt = −2u− v

−2,−1 Nodal Sink

(−1,−1)

{
du
dt = 2u− 2v
dv
dt = 2u− v

1
2 ±

√
7

2 i Spiral Source

Since all three linearizations have non-zero eigenvalues, we conclude that the original system
is almost linear at all three of its crticial points. The Theorem applies and tells us that the original
system has exactly the same critical points as it linearizations.

This is enough to make a very rough sketch of the
phase-portrait: the computer’s efforts are shown.

For greater detail, we should compute the eigenvec-
tors of the linearizations at the saddle and nodal sink
in order to determine how these are oriented. We
should also identify in which direction the spiral is
rotating: in this case asking for the direction vector
at the point (−2,−1) and observing that it is point-
ing downwards suffices to show that the spiral rotates
counter-clockwise.
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Stable Trajectories — non-examinable

Nonlinear systems can have other strange behaviors; for example, consider the system{
dx
dt = −ky + x(1− x2 − y2)
dy
dt = kx + y(1− x2 − y2)

where k is a constant.
To solve this, we convert to polar co-ordinates

dr
dt

=
d
dt

(x2 + y2)1/2 =
1
r

(
x

dx
dt

+ y
dy
dt

)
=

1
r

(
−kxy + x2(1− r2) + kxy + y2(1− r2)

)
= r(1− r2)

and
dθ

dt
=

d
dt

tan−1 y
x
=

xy′ − x′y
r2 = k

These equations are easily solved:

r(t) =
1√

1 + (r−2
0 − 1)e−2t

θ(t) = θ0 + kt

If k > 0 we see that the angle θ increases counter-clockwise. The remainder of the interpretation
depends on the value of the initial radius r0:

r0 > 1 Trajectory spirals in towards the circle r = 1

r0 = 1 Trajectory is the circle r = 1

r0 < 1 Trajectory spirals outwards towards circle r = 1

The critical point (0, 0) is an unstable spiral source,
and the circle r = 1 is a stable closed trajectory

If k < 0 spirals are clockwise

If k = 0 we have zero rotation, the origin is a
proper nodal source, and all of the points on the
unit circle are critical

Such complex behavior as this cannot occur with linear systems, yet the key to undertanding
them is to be very fluent in linear methods.
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