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Summary

In this thesis we investigate applications of the theory of symmetric R-spaces: conju-
gacy classes of height 1 parabolic subalgebras of a semisimple Lie algebra. We study
the submanifold theory of symmetric R-spaces firstly in the form of the conformal ge-
ometry of line congruences in P3 viewed as maps into the Klein quadric P(L3,3), and
secondly in terms of the isothermic submanifolds of arbitrary symmetric R-spaces.
We also study the application of symmetric R-spaces to the transformation theory of
certain geometric objects, where elements of symmetric R-spaces are seen to generate
Bäcklund-type transforms in the theory of loop group dressing actions.
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Mathematics may be defined as the subject in which we never know
what we are talking about, nor whether what we are saying is true.

Bertrand Russell

Analytical geometry has never existed. There are only people who do linear
geometry badly, by taking co-ordinates, and they call this analytical geometry.

Out with them!

Jean Dieudonné
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Introduction

In short this thesis consists of three self-contained studies of some of the applications
of parabolic geometry in classical and modern Differential Geometry. In particular
we study height 1 parabolic subalgebras of semisimple Lie algebras and the conjugacy
classes of these, namely the symmetric R-spaces. Although parabolic subalgebras are
not introduced explicitly until Chapter 3 and symmetric R-spaces until Chapter 5,
their influence pervades the thesis. Symmetric R-spaces feature in two distinct ways:
in chapters 2, 5 and 6 we consider the geometry of certain submanifolds, while chap-
ters 3, 4 and parts of Chapter 5 discuss transformations of various geometric objects
constructed out of maps into symmetric R-spaces. Symmetric R-spaces were intro-
duced to mathematics (without the name or any mention of parabolic subalgebras) by
Kobayashi–Nagano in their 1965 discussion of filtered Lie algebras [42]. This paper con-
tains the definitive list of symmetric R-spaces of simple type,1 out of which all others
can be built. Symmetric R-spaces are indeed symmetric spaces as their name suggests:
if M = G/P is a homogeneous G-space where the elements of M are subalgebras of
g, then M is a symmetric G̃-space, where G̃ is the maximal compact subgroup of G.
Conversely if a symmetric space M = G̃/K with G̃ compact admits a Lie group G of
diffeomorphisms strictly larger than G̃, then M is a conjugacy class of height 1 para-
bolic subalgebras of the Lie algebra g of G.

A large number of homogeneous spaces of various types play important roles in
this thesis, the symmetric R-spaces comprising only a fraction. In particular we have
already seen that symmetric R-spaces have two identities: when viewed as conju-
gacy classes of parabolic subalgebras they are non-reductive homogeneous spaces,
e.g. Pn−1 = P(Rn) = SL(n)/P, P(Lp,q) = SO(p, q)/Q, whilst viewed as symmet-
ric spaces they are necessarily reductive, e.g. Pn−1 = SO(n)/S(O(1) × O(n − 1)),
P(Lp,q) = (SO(p) × SO(q))/(Q ∩ (SO(p) × SO(q))). Other examples of homogen-
eous spaces which play a role are the non-reductive height 2 R-space of isotropic
2-planes in Rp,q viewed as an O(p, q)-space, and the pseudo-Riemannian symmet-
ric spaces of complementary pairs of height 1 parabolic subalgebras. The variety of

1Conjugacy classes of parabolic subalgebras of a simple Lie algebra.

1



INTRODUCTION 2

the homogeneous spaces involved motivates the discussion in Chapter 1. We take an
approach to homogeneous spaces which largely avoids the unsatisfactory process of
constantly referring everything to a fixed base point. We describe the tangent bundle
to reductive and non-reductive homogeneous spaces and the various incarnations of
the soldering form β which identifies the tangent bundle to a homogeneous space with
a quotient subbundle of the trivial Lie algebra bundle. When a homogeneous space
G/H is reductive, there exists an Ad H-invariant splitting of the Lie algebra g of G:
g = h ⊕ m. For such spaces we define the canonical connection D on the trivial Lie
algebra bundle G/H × g as the restriction of flat d to the factors h,m. In particular we
show that the pull-back of D by an immersion into a symmetric space is flat iff σ is a
curved-flat, as described by Ferus–Pedit [31].

We also discuss the theory of parabolic subalgebras of semisimple Lie algebras. This
theory is also widely referenced in various parts of the thesis, but is best introduced
in context (cf. page 5). This chapter serves both as an introduction to notation and as
a glossary of repeatedly quoted results.

Chapter 2 is a study of line congruences: immersions ` of a real 2-manifold Σ into
the space of lines in P3 = P(R4). The study of line congruences in Rn is a classi-
cal subject, dating back to the late 1800s with Ribaucour and Darboux (vol. 2 of his
Leçons). Line congruences were extensively investigated by Demoulin, Hammond,
Jonas, Tzitzeica, Weingarten and Wilczynski, amongst others, in the early 1900s (e.g.
[25, 27, 36, 39, 57, 58, 59, 64]). Eisenhart [28] collected together most of the early results
while Finikoff [32, 33] and Lane [46] helped revive interest in the middle of the 20th
century by propounding a more modern discussion of line congruences in the pro-
jective space setting. The study of line congruences is a classic example of Geometers
taking inspiration from the study of PDEs: originally a line congruence was defined as
a two parameter family of lines tangent to a conjugate net; a surface f with co-ordinates
x, y satisfying a Laplace equation

fxy + a fx + b fy + c f = 0. (1)

Laplace investigated transforming the solutions of scalar equations of the above form
and observed that the Laplace transforms f 1 := fy + a f and f−1 := fx + b f are also
solutions to a hyperbolic PDE of the same form, but with different coefficients a, b, c.
One could then iterate the process in the hope that the Laplace equation satisfied by
one of the Laplace transforms f j was an equation which was better understood. Re-
trieving the solution to (1) is then a matter of following iteration formulae. Multiple
independent solutions to (1) define a conjugate net in Rn. The 2-parameter family



INTRODUCTION 3

of lines joining f with the Laplace transform f 1 form a line congruence `, tangent to
the focal surfaces f , f 1. Laplace transforms are then transformations of surfaces, in-
deed the most common classical and modern applications of line congruences are as
surface transforms: for example the classical Bäcklund transform of pseudospherical
surfaces in R3. Instead of working in R3, it is more natural [64] to take four indepen-
dent solutions to (1) viewed as the homogeneous co-ordinates of a surface in P3. One
can reverse the analysis: a generic 2-parameter family of lines ` in P3 possesses two
(possibly complex conjugate) focal surfaces f , g and co-ordinates x, y (again possibly
complex conjugate) tracing out conjugate nets on f , g to which ` is tangent. The rea-
son that P3 is the natural home for the study of line congruences is two-fold: firstly in
higher dimensions a generic congruence has no focal surfaces, and conversely generic
surfaces do not possess conjugate nets. Classical studies of line congruences viewed
the focal surfaces as fundamental and used them as the basis for most calculations.
In particular the (projective) invariants of a line congruence, those of Laplace H and
WeingartenW are constructed by consideration of the focal surfaces.

Thus far the discussion is entirely classical. Our contribution is to investigate line
congruences from the viewpoint of conformal geometry. In so doing we obtain con-
formal definitions of the Laplace and Weingarten invariants which require no knowl-
edge of the focal surfaces, or of special co-ordinates. The Klein correspondence is a bi-
jection between the space of lines in P3 and the Klein quadric P(L3,3): the space of null
lines with respect to a signature (3,3) inner product on R6 (and a symmetric R-space).
Immersions into projective light-cones are known to possess invariants of a similar
flavour to the Laplace and Weingarten invariants. The two of interest to us are the
Willmore density and the curvature of the weightless normal bundle. It is known (e.g.
[29]) that congruences for which the Weingarten invariant vanishes (W-congruences)
have flat normal bundle and indeed we see that the curvature of the normal bundle
(up to a duality between symmetric 2-tensors and 2-forms) is preciselyW. The Will-
more density C is seen to be related to the Laplace and Weingarten invariants by

H =
1
2
(C+W).

The analysis is independent of the signature of the inner product on R6 and can
therefore be viewed as a definition of the Laplace invariant of a generic immersion
` : Σ2 → P(L) into any light-cone in R6 when there is not necessarily any concept of
focal surface to fall back on. More is true, for we see that, with respect to the Klein
correspondence, the Laplace transforms of ` are precisely the null directions of the
conformal structure in the weightless normal bundle. The concept of Laplace trans-
form therefore has meaning in other projective light-cones in P5. In particular we
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learn about Laplace transforms of sphere congruences in Lie sphere geometry, the
geometry of the Lie quadric P(L4,2) which parametrises spheres in S3. The concept
of a W-congruence translates exactly to that of a Ribaucour congruence of spheres:
both have flat weightless normal bundles and while a line congruence is W iff the
asymptotic lines on its focal surfaces coincide, a sphere congruence is Ribaucour iff
the curvature lines on its enveloping surfaces coincide.

We return to a classical description of line congruences for the finale. The Laplace
invariant H∗ of the dual congruence `∗ : Σ → P(R4

∗), the annihilator of `, is seen
to satisfy H∗ = 1

2 (C−W). Moreover Laplace transforms commute with duality in
that (`∗)1 = (`1)∗. By calculating the structure equations of a congruence with re-
spect to a natural moving frame of R4 we deduce a couple of corollaries: a proof of
the Demoulin–Tzitzeica theorem [25, 58] on the existence of isothermic-conjugate co-
ordinates on focal surfaces, and a discussion of congruences whose image under the
Klein correspondence lies in a linear complex. The Demoulin–Tzitzeica theorem mo-
tivates a definition of isothermic line congruence and we see that the Laplace transforms
of an isothermic congruence are also isothermic. The definition provides a link with
our second discussion of submanifolds of symmetric R-spaces: the isothermic sub-
manifolds of Chapter 5.

Chapters 3 and 4 are two sides of the same coin: the abstract theory of loop group
dressing of maps by simple factors, followed by the application of this theory to
Burstall’s p-flat maps [11]. For us a loop group is a group G, under pointwise mul-
tiplication, of holomorphic maps of subsets U ⊂ P1 into GC where U is P1 minus a
finite set of points and GC is the complexification of a compact Lie group. The sub-
groups of positive and negative loops G+ and G− (those loops holomorphic on C and
near ∞ respectively) are seen to satisfy a version of the Birkhoff factorisation theorem
[49] which states that the product sets G+

G
− and G−G+ are dense open subsets of the

identity component of G. Supposing that we restrict G+ to loops with g(0) = Id then,
by Liouville’s theorem, G+ ∩G− = {Id} and we can build a local dressing action of G−

on G+: i.e. g− # g+ := ĝ+ where g−g+ = ĝ+ ĝ−.
The theory of dressing by loop groups has found many applications, mostly to the

study of PDEs. Uhlenbeck [60] was one of the first to use the technique, observing
that harmonic maps into G correspond to extended solutions into a suitable G+, the
local dressing action of G− on G+ then corresponds to transformations of harmonic
maps (see also Burstall–Guest [12] and Burstall–Pedit [16]). Dorfmeister–Wu [26] used
dressing to investigate transformations of constant mean curvature surfaces in R3. By
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imposing various conditions2 on G, Terng–Uhlenbeck [56] describe how solutions to
certain families of PDEs correspond to maps intoG+ and how the dressing action gen-
erates new solutions. Sadly the action # is in general extremely difficult to calculate
(a Riemann–Hilbert problem). However there exist certain elements (Uhlenbeck’s el-
ements of simplest type) of G− whose dressing action is not only easily computable,
but computable algebraically, in terms only of g− and the values of g+ at at most two
points α, β ∈ C. Following Terng–Uhlenbeck [56] we will refer to such elements as the
simple factors. As they explain, the classical Bäcklund transforms of the Sine–Gordon
equation can be described in terms of dressing by simple factors: for this reason trans-
forms by simple factors are often referred to as transforms of Bäcklund-type. Our con-
tribution to the study of loop groups is to provide a concrete algebraic definition of
simple factor when G is a semisimple Lie group and to calculate their dressing action
explicitly. It is here that the symmetric R-spaces make a second appearance, for the
simple factors are seen to be parametrised by pairs of complementary parabolic subalge-
bras with Abelian nilradical. One of the simplest examples of a parabolic subalgebra
is the infinitesimal stabiliser of a null line ` in Rp,q under the action of so(p, q). The
parabolic subalgebra stab(`) has nilradical (perpendicular space with respect to the
Killing form) the subalgebra

stab(`)⊥ = {A ∈ so(p, q) : A` = 0, A`⊥ ⊂ `, ARp,q ⊂ `⊥}. (2)

With respect to the decomposition Rp,q = `⊕ `⊥/`⊕Rp,q/`⊥, the nilradical consists
of upper triangular matrices and indeed all parabolic subalgebras have this flavour.
A complementary parabolic subalgebra to stab(`) is stab( ˆ̀) where ˆ̀ 6= `. A comple-
mentary pair induces a grading of the Lie algebra:

so(p, q) = stab(`)⊥ ⊕ (stab(`) ∩ stab( ˆ̀))⊕ stab( ˆ̀)⊥ = g1 ⊕ g0 ⊕ g−1, (3)

where [gj, gk] ⊂ gj+k, such that gj := {0} when |j| ≥ 2. Given a complementary pair
(q, r) of parabolic subalgebras with Abelian nilradical of any semisimple Lie algebra
and constants α, β ∈ C, the simple factor pα,β,q,r is the map

pα,β,q,r : P1 \ {α, β} → Ad(gC) : z 7→ 1− α−1z
1− β−1z

π1 + π0 +
1− β−1z
1− α−1z

π−1, (4)

where πj is projection in the Lie algebra with respect to the decomposition (3). If we
let GC be the centre-free group Ad(gC) = Int(gC), then pα,β,q,r is an element of the

2‘Reality’, g(z) = g(z) with respect to some real form of GC, and/or ‘twisting’, τg(z) = g(ωz) where
τ is a finite order automorphism and ω a root of unity of the same order as τ.
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loop group G−. It turns out that the adjoint representations of all the elements of
simplest type as described by Terng and Uhlenbeck are in fact simple factors as in
our definition. Having defined and classified the simple factors, we prove that the
pointwise dressing action, when defined, of pα,β,q,r on g+ ∈ G+ is given by

p # g+ = pg+ p̂−1,

where p̂ = pα,β,q̂,r̂ ∈ G− is also a simple factor. Indeed q̂, r̂, and therefore p # g+, de-
pend only on q, r and the values of g+ at α, β. We conclude the abstract discussion
of simple factors with the first of several theorems of Bianchi permutability: given two
Bäcklund-type transforms by simple factors, there exists a fourth transform that is
simultaneously a Bäcklund-type transform of the first two and moreover the fourth
transform is computable without resorting to calculus. It may be that there exist fur-
ther simultaneous Bäcklund-type transforms, but for us a Bianchi quadrilateral al-
ways has the simultaneous transform computable ‘without quadratures’ (e.g. Eisen-
hart [28] p.143, 211).

Chapter 3 also includes a discussion of loop group dressing for loops twisted by
certain higher-order automorphisms τ of G. The expression for the simple factors (4)
is valid only when loops are untwisted or twisted by an involution. For higher order
τ the analysis fails, since any twisted g ∈ G− with a pole at α ∈ C \ {0} necessarily
has poles at αω j for j = 0, . . . , Ord(τ) − 1. However Terng–Uhlenbeck [56] provide
one example of dressing in the presence of a higher-order twisting: Bäcklund-type
transforms of the Kuperschmidt–Wilson hierarchy. We observe that the τ in question
is a Coxeter automorphism of sl(n, C), which has order n. Terng–Uhlenbeck’s simple
factors in this context have an interesting description in terms of root systems in sl(n)
which are suitably permuted by τ, the construction of which can be generalised to
other simple Lie algebras. We calculate the elements of simplest type for the orthogo-
nal algebras and show that, in contrast to sl(n) where simple elements are fractional
linear, the simplest elements for so(n) are quadratic fractional. One implication of this
is that the ‘usual’ simple factor dressing proof fails.

Chapter 4 describes the application of the loop group dressing theory of Chap-
ter 3 to Burstall’s p-flat maps [11]. p-flat maps were originally introduced in order
to study Christoffel pairs of isothermic surfaces in Sn, but their scope is somewhat
broader. Suppose g = k⊕ p is the symmetric decomposition of a real Lie algebra g

corresponding to a symmetric space G/K. A p-flat map is an immersion ψ : Σ → p,
whose tangent space at each point spans an Abelian subalgebra of p. p-flat maps pos-
sess a 1-parameter integrability: ψt := tψ is p-flat for any scalar t and satisfies the
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Maurer-Cartan equations

d(dψt) +
1
2
[dψt ∧ dψt] = 0,

from which we can locally integrate Φ−1
t dΦt = dψt to find a map Φt : Σ → GC for

every t ∈ C such that Φ0 ≡ Id. The Φt may be gathered into a single map Φ which can
be viewed as a map Σ→ G+ into the loop group of positive loops twisted with respect
to the symmetric involution on GC and real with respect to G. We call Φ an extended flat
frame of ψ. The quotient map ΦtK is a curved flat for every t ∈ R× and comprises the
spectral deformation of Φ1K. This 1-parameter integrability is worth stressing since it is
this that makes the study of p-flat maps into an interesting geometric theory. Extended
flat frames play the same role for p-flat maps as Uhlenbeck’s [60] extended solutions play
for harmonic maps. Happily the property of being an extended flat frame is preserved
by the dressing action of G− and so the dressing action descends to a local action on
p-flat maps g− # ψ = ψ̂. Moreover when g− is a simple factor we can calculate this
action: we see that g− # ψ− ψ is a scalar multiple of the canonical element of a pair of
parabolic subalgebras defined algebraically from g− and the value of Φ at a single
point.

Dressing p-flat maps by simple factors corresponds to known transforms in several
settings. We concentrate on Schief–Konopelchenko’s Bäcklund transform of O-surfaces
[53]: a derivation of the Fundamental transform of Jonas (more properly the Ribau-
cour transform [28]). A map of dual O-surfaces is a map R : Σ → Rm ⊗ Rn with
co-ordinates xi that are orthogonal on left and right contractions of R with respect to
fixed bases of Rm, Rn. We make no assumption on the signature of the inner products
on Rm, Rn although Schief–Konopelchenko restrict to m = 3 with a definite metric. By
judicious choices of the signature on Rn they show that many classical surfaces may
be described in this context: isothermic surfaces, constant mean and Gauss curvature
surfaces, Guichard surfaces, Petot surfaces, etc. Their Bäcklund transform involves
solving a large matrix-valued PDE to generate a new map of dual O-surfaces and, by
contraction, new surfaces in Rm, Rn. Depending on the choices of signature one sees
transformations of the already listed families of surfaces: in particular they show how
the classical Bäcklund transform of pseudospherical surfaces fits into this context. We
show that maps of dual O-surfaces correspond to a subset of the p-flat maps into the
orthogonal algebra so(p, q) where (p, q) is the signature of the combined inner product
on Rm ⊕Rn. Furthermore the Bäcklund-transform corresponds exactly to the dress-
ing action of certain simple factors on the associated p-flat maps. In particular this
gives us a clean method of obtaining graphical representations of the action of simple
factors in certain situations.
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In Chapter 5 we return to the submanifold geometry of symmetric R-spaces by
studying their isothermic submanifolds. Isothermic submanifolds generalise the clas-
sical subject of isothermic surfaces in Rn as pioneered by Bianchi and Darboux. By
inverse stereo-projecting the isothermic condition in Rn into the conformal n-sphere
Sn = P(Ln+1,1), we see that ` : Σ → Sn is isothermic precisely when there exists
a closed 1-form η taking values in ` ∧ `⊥ = stab(`)⊥ ⊂ so(n + 1, 1). As already
observed (2), the infinitesimal stabiliser of ` is a parabolic subalgebra with Abelian
nilradical. Motivated by this we define an isothermic submanifold to be an immersion
f : Σ → M of a real manifold Σ into a (real or complex) symmetric R-space M for
which there exists a closed 1-form η on Σ which takes values in the bundle (over Σ)
of nilradicals f⊥. Similarly by translating the definitions of Christoffel, Darboux and
T-transforms from Burstall’s [11] discussion of isothermic surfaces in the conformal
n-sphere, we obtain these transforms for general isothermic submanifolds, and the
classical interactions between them, for example Bianchi’s identity

Tt f c = D−tTt f .

The crucial observation driving Darboux and T-transforms is the existence of a pen-
cil of flat G-connections dt := d + tη on any trivial Lie algebra bundle. Although all
the classical relations between the three transforms are seen to hold, it is with the dis-
cussion of Christoffel and Darboux transforms that the abstract theory of isothermic
submanifolds deviates from the classical. The dual R-space M∗ to M is the conjugacy
class of all parabolic subalgebras complementary to some element of M. In the moti-
vating case M = P(Ln+1,1) it is easily seen that M∗ = M and so M is self-dual. When
M∗ 6= M we say that M is non-self-dual: for example M = Pn (n ≥ 2) is non-self-dual
with M∗ = Gn(Rn+1). Given an isothermic submanifold of M, its T-transforms are
seen to be isothermic submanifolds of M whilst Christoffel and Darboux transforms
are submanifolds of the dual space M∗. The difference between the two situations is
best exemplified by the Bianchi permutability of Darboux transforms. In a self-dual
symmetric R-space, given a pair f1, f2 of Darboux transforms of f , there (generically)
exists a simultaneous Darboux transform f12 of f1, f2 which can be constructed en-
tirely by algebraic considerations: i.e. without ‘quadratures’. In the non-self-dual case
the question of whether Darboux transform permute is currently open, although we
have obtained various theorems which may serve as a partial replacement.

In the second half of Chapter 5 we discuss the symmetric space Z ⊂ M × M∗ of
pairs of complementary parabolic subalgebras and observe the generalisation of [15]
that Darboux pairs of isothermic submanifolds are exactly the curved flats in Z. The
spectral deformation of a Darboux pair ( f , f̂ ) is seen to act by T-transforms on the
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individual isothermic submanifolds. We abstract slightly the study of curved flats
in order to describe a general method of transforming curved flats in any symmetric
G-space for which the Lie algebra gC possesses parabolic subalgebras with Abelian
nilradical. Since this is seen to correspond exactly to the discussion of dressing p-
flat maps by simple factors as described in Chapter 4, we refer to these transforms
as dressing curved flats. Applying the dressing theory to the curved flats formed by
Darboux pairs of isothermic submanifolds allows us to obtain a second proof of the
Bianchi permutability of Darboux transforms in a self-dual M and moreover a Bianchi
cube theorem: morally a triple permutability theorem. The correspondence with the
dressing of p-flat maps allows us to recover Burstall’s observation that the curved flats
frame Christoffel pairs of isothermic submanifolds.

Three examples of symmetric R-spaces and their isothermic submanifolds are con-
sidered in Chapter 6. Firstly we investigate the complexified light-cone in C6 and are
able to prove an extension of the Demoulin–Tzitzeica theorem: the Laplace transforms
of an isothermic line congruence are isothermic. Not only does this hold for maps into
the complex quadric, but also for maps into the three real forms: S4 = P(L5,1), the Lie
quadric P(L4,2) and the Klein quadric P(L3,3). In S4 this is not particularly interest-
ing since Laplace transforms are necessarily complex. The Lie quadric result is more
interesting: since the quadric parametrises 2-spheres in S3 in the same way that the
Klein quadric does for lines in P3, we see that an isothermic sphere congruence in S3

with two real enveloping surfaces has real isothermic Laplace transforms. The Klein
quadric result applied to line congruences with real focal surfaces recovers the corre-
spondence between the (classical) definition of isothermic line congruence as given in
Chapter 2 and the modern definition in Chapter 5. We are also able to see that isother-
mic submanifolds of higher-dimensional light-cones have, as expected, a flat normal
bundle.

The Grassmannians Gk(R
n) (k 6= n/2) comprise our first detailed investigation

of a non-self-dual symmetric R-space. In order to make contact with previous dis-
cussions we firstly work in G2(Rn): maps ` : Σ2 → G2(Rn) are line congruences in
Pn−1. A 2-parameter family of lines ` in Pn−1, n > 4 does not, in general, have any
special properties such as focal surfaces, special co-ordinates, Laplace transforms, etc.
However, when ` is isothermic a remarkable amount of the theory of Chapter 2 is pre-
served. For generic congruences the existence of a Darboux transform is enough for us
to be able to construct special co-ordinates, focal surfaces, Laplace invariants, isother-
mic Laplace transforms, dual surfaces, etc. and a canonical expression for the closed
1-form η. We see that isothermic line congruences are W-congruences in that there
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exists a suitable choice of second fundamental form on each focal surface such that
the asymptotic directions coincide. More interestingly we observe a duality: given
an isothermic congruence of k-planes π which is suitably maximal,3 there is a unique
(n− k)-plane π̃ which is isothermic with respect to the same closed 1-form η. We there-
fore have a duality between maximal isothermic submanifolds of Gk(R

n) and those of
the dual R-space Gn−k(R

n). Using this duality we are able to prove a pleasing substi-
tute for the Bianchi permutability of Darboux transforms.

Intriguingly a similar structure is observed in our second example of a non-self-
dual symmetric space. As a symmetric R-space, SO(n) comprises the stabilisers of
isotropic n-planes in Rn,n, and is self-dual iff n is even. When n is odd we find a du-
ality between maximal isothermic submanifolds of SO(n) and those of SO(n)∗. The
construction of the duality is very similar to that for the Grassmannians, relying in
both cases on the fact that the closed 1-form η is aware of greater structure than just
the original isothermic submanifold. The similarity of the constructs suggests the ex-
istence of a general duality theorem, from which a general replacement for the theo-
rem of Bianchi permutability of Darboux transforms in self-dual symmetric R-spaces
would follow. However, at the level of Lie algebras, the construction of the duality
is not clear and so a statement of a general theorem for non-self-dual symmetric R-
spaces currently eludes us.

3There exists a Darboux transform π̂ such that the image of the derivative of the curved flat (π, π̂)
is a maximal semisimple Abelian subalgebra: this is a standard assumption made repeatedly in papers
such as [9, 11, 56].



Chapter 1

Homogeneous Geometry and
Parabolic Subalgebras

This thesis repeatedly makes use of homogeneous spaces, both reductive and non-
reductive, and especially of the identification of the tangent bundle to a homogeneous
space with (quotient) subbundles of the trivial Lie algebra bundle. We give a discus-
sion of homogeneous spaces in a manner which allows us to work with homogeneous
spaces independently of a choice of base point. Throughout G is a Lie group with
Lie algebra g and M is a transitive G-space: a manifold on which G acts smoothly
and transitively. If x ∈ M, then Stab(x) ⊂ G is the stability Lie subgroup of x while
stab(x) ⊂ g, the Lie algebra of Stab(x), is the infinitesimal stabiliser of the tangent
space at x under the action of g. We write trivial bundles over M by underlining the
fibre: e.g. g = M× g. The main references for this discussion are [18, 41, 44, 47, 48].

1.1 The Tangent Bundle and the Soldering Form

Let H be the bundle of Lie subgroups of G over M with fibre Hx = Stab(x). The
Lie algebras hx = stab(x) of Hx are similarly the fibres of a bundle h over M. Fix a
base point x ∈ M, then M ∼= G/Hx : g · x 7→ gHx is a homogeneous space for any x.
We will often abuse notation and write G/H to stress the independence of the base
point. Similarly statements such as [h, h] ⊂ h and operators Ph = Projh are to be
understood fibrewise: for example if v ∈ Γg (a section), then (Projhv)x = Projhx

vx and
so Projhv ∈ Γh. We may also form the quotient bundle g/h, whose fibre at x is g/hx.

Definition 1.1
Let P, N be manifolds and L a Lie group. A principal L-bundle is a surjective submer-
sion π : P → N such that L has a free right action P× L → P with orbits the fibres of

11
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π:

p · L = π−1{π(p)}.

Given a principal L-bundle π : P → N and a left L-space F, the associated bundle to
P with typical fibre F is the right L-space

X = (P× F)/L = P×L F

where L acts freely by

(p, f ) · l = (p · l, l−1 · f ).

The orbit of L through (p, f ) is written [p, f ] = [pl, l−1 f ].

Let P = G and N = M in the above definition. The surjectivity of π means that
L −→ G π−→ M is exact and so M ∼= G/L is a homogeneous space. Taking x0 ∈ M to
be the identity coset gives L = Hx0 . It is clear that the bundle h is equivariant in the
sense that Ad ghx = hg·x and so

[g, ξ] 7→ (g · x, Ad gξ) (1.1)

is an isomorphism h ∼= G×Hx hx for any x ∈ M.

Lemma 1.2
Let M ∼= G/Hx be homogeneous. The map π : G → M : g 7→ g · x is a principal
Hx-bundle.

Proof Hx acts on G by right multiplication such that

(g · Hx) · x = g · (Hx · x) = g · x = π(g).

Thus g · Hx = π−1{π(g)}. It remains to show that π is a submersion. Consider first
g = Id. g is isomorphic to T1G via ξ 7→ d

dt

∣∣∣
t=0

exp tξ. Thus

ξ 7→ dπ1

(
d
dt

∣∣∣∣
t=0

exp tξ
)
=

d
dt

∣∣∣∣
t=0

π(exp tξ) =
d
dt

∣∣∣∣
t=0

exp(tξ) · x

is onto Tx M with kernel hx. dπ1 is surjective and so, by left translation, is dπg for all
g.
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Since the above holds for any x ∈ M, we have an isomorphism TM ∼= G×Hx g/hx

which, by the equivariance (1.1) of h, reads

TM ∼= g/h.

This identification is given by a family of isomorphisms

β : Tx M→ g/hx : Xx =
d
dt

∣∣∣∣
t=0

exp(tξ) · x 7→ ξ + hx (1.2)

which we will refer to as the soldering form.1 β will be viewed as a bundle-valued
1-form: β ∈ Ω1

M ⊗ g/h. It is clear from (1.2) that β is equivariant:

g∗β = Ad gβ. (1.3)

Furthermore (1.2) tells us that

Xx =
d
dt

∣∣∣∣
t=0

exp(tβ(Xx)) · x. (1.4)

It follows that for any section v ∈ Γg and vector field X ∈ ΓTM we have2

dv(X) =
d
dt

∣∣∣∣
t=0

exp(tβ(X))v = ad(β(X))v (mod [h, v]). (1.5)

Our bundle approach to the stability groups Hx has already born fruit, for we
can now almost entirely avoid talking about identifications (1.1) of associated bundles
with trivial bundles.

For certain homogeneous spaces, the soldering form takes on extra structure.

Definition 1.3
A homogeneous space G/Hx is reductive if g = hx ⊕mx for some Ad Hx-invariant mx

known as a reductive factor of G/Hx.

Since each mx is Ad Hx invariant we may left translate a reductive factor mx to
form a bundle m over M for which each fibre mx is a reductive factor for G/Hx as
in the definition. Thus g = h⊕ m is a bundle decomposition. Since g/hx ∼= mx as
Hx-spaces we say that g/h and m are bundle isomorphic as H-spaces. Under this
identification the soldering form β is now a genuine g-valued 1-form on M, rather

1Kobayashi [41] calls β a form of sodure (=welding). Soldering form is a translation used by Physicists.
2Another fibrewise statement: if X ∈ Tx M then we quotient out by [hx, v].
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than being quotient valued. Indeed for each X ∈ Tx M there is a unique ξ ∈ mx

satisfying

X =
d
dt

∣∣∣∣
t=0

exp(tξ) · x, β(X) = ξ, (1.6)

and so TM ∼= m (∼= G ×Hx mx, ∀x ∈ M), whence TM is identified with a genuine
subbundle of g. In the presence of a reductive factor the identification (1.5) now reads

dv(X) =
d
dt

∣∣∣∣
t=0

exp(tβ(X))v = ad(β(X))v. (1.7)

When M is reductive, the soldering form β is referred to as the Maurer–Cartan form
of M, for when M = G, (1.4) says that β is the right Maurer–Cartan form of G. We will
tend to writeN for β when M is reductive.

1.2 The Canonical Connection

Reductive homogeneous spaces M posses extra structure in the form of an invariant
connection on TM ∼= m. Our interest is not so much with TM as with the entire trivial
bundle g, so for us this connection will also be defined on h. Since N ∈ Ω1

M ⊗ g, we
may define a connection D = d− adN on g. This is the covariant derivative on g

induced by the canonical connection of M as the following proposition shows.3

Proposition 1.4
Fix any base point x ∈ M. The connection form α of D = d−N · under the isomor-
phism g ∼= G×Hx g is Projhx

θ, where θ is the left Maurer–Cartan form of G.

The proposition is the standard definition of the canonical connection on any asso-
ciated bundle G×Hx V ∼= M× V for which V is a representation of G. The following
proof is valid, with a little relabelling, in any such context.

Proof Under the identification G ×Hx g
∼= M × g, a section f of g corresponds to a

map f̂ : G → g via

f̂ (g) = Ad g−1 f (π(g)). (1.8)

Under the same identification,D f ∈ Ω1
M ⊗ g becomes a g-valued 1-form on G:

d f̂ + α · f̂ = Ad g−1(π∗D) f .

3This is similar to Proposition 1.1 of [18] in reverse.



1.2 THE CANONICAL CONNECTION 15

However by differentiating (1.8) we see that

d f̂ = −g−1dgg−1 · f ◦ π + Ad g−1d f ◦ dπ

= −θ · f̂ + Ad g−1π∗d f ,

and so

α · f̂ = Ad g−1π∗(d f −N · f )− d f̂

= θ · f̂ −Ad g−1 ◦ (N ◦ dπ) · (Ad g f̂ )

= (θ −Ad g−1(π∗N)) · f̂ .

However if Xg ∈ TgG, then

d
dt

∣∣∣∣
t=0

exp(tN(dπXg))π(g) = dπ(Xg) = dπ ◦ dLg
d
dt

∣∣∣∣
t=0

exp(tθX)

=
d
dt

∣∣∣∣
t=0

g exp(tθX)g−1π(g)

=
d
dt

∣∣∣∣
t=0

exp(t Ad gθX)π(g)

and so (π∗N)g = Ad gProjmx
θ. Thus α = Projhx

θ as required.

Remarks: The proof is a little overdramatic, for once one observes the expression
for the pull-back ofN by π and that the connection form of d is just θ then the theorem
simply says

d = D+N · ⇐⇒ θ = Projhx
θ + Projmx

θ.

It is clear that the canonical connection is metric for any invariant metric B on g, since
eachNX acts by inner derivations. In particularD is metric for the Killing form of g.

Definition 1.5
Let G be a Lie group endowed with an involution τ and H0 ⊂ G a closed Lie subgroup,
open in the fixed set of τ. The homogeneous space G/H0 is termed symmetric.4

The involution τ imparts extra structure on the Lie algebra g of G. The derivative
dτ1 (from now on also called τ)5 splits g into ±-eigenspaces

g = h0 ⊕m0, (1.9)
4For a more thorough discussion of symmetric spaces see e.g. [37].
5Since if τ is conjugation by ρ in a matrix group G, then dτ1 = Ad ρ is essentially the same map.
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where h0 is the Lie algebra of H0. Since τ is an automorphism it is clear that ad(τg) =
τ ◦ ad g ◦ τ−1, from which we have

[h0, h0], [m0,m0] ⊂ h0, [h0,m0] ⊂ m0, (1.10)

and so m0 is a reductive factor for G/H0. A splitting (1.9) of a Lie algebra g satisfying
(1.10) is termed a symmetric decomposition. Observe that ad h0 ◦ adm0 permutes h0,m0

and is therefore trace-free. Hence m0 = h⊥0 with respect to the Killing form. Also note
that a symmetric decomposition recovers τ by specifying its ±-eigenspaces h0,m0.

The subscript 0 reflects the fact that we have implicitly chosen a base point x0

(the identity coset of H0). One may remove this choice by letting τ be the bundle of
involutions with fibre τg·x0 = Ad g ◦ τx0 ◦Ad g−1. The eigenspaces of τ are therefore
the bundles h,m = h⊥ where hx = stab(x). We call

g = h⊕m (1.11)

a symmetric decomposition of the trivial Lie algebra bundle and G/H a symmetric
space. We will refer to this as the bundle definition of a symmetric space. Whenever
we need to work with τ, or an explicit symmetric decomposition, it will be explained
which definition we are working with. For the remainder of this section we stick to
the bundle definition.

Proposition 1.6
Let M = G/H be reductive and let D = Ph ◦ d ◦ Ph + Pm ◦ d ◦ Pm be the connection on
g given by restriction to h,m. Then D is the canonical connection iff M is a symmetric
space.

Proof Consider the projection maps Ph, Pm. If X ∈ Tx M and v ∈ Γg, (1.7) tells us that

dPh(X)v = d(Phv)(X)− Phdv(X) = [NX, Phv]− Ph[NX, v]

= [adNX, Ph]v,

and similarly dPm(X) = [adNX, Pm]. We now have

D = d− [adN , Ph] ◦ Ph − [adN , Pm] ◦ Pm.

= d− adN + Ph ◦ adN ◦ Ph + Pm ◦ adN ◦ Pm.

Thus D = D iff

Ph ◦ adN ◦ Ph = 0 = Pm ◦ adN ◦ Pm.
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Since adN is onto m, the first of these is equivalent to [h,m] ⊂ m which, since G/H
is reductive, we already know. The second holds iff [m,m] ⊂ h: that is M = G/H is
symmetric.

In this thesis we will never consider homogeneous spaces M intrinsically, rather
we will only concern ourselves with immersions σ : Σ → M of some (usually simply
connected) manifold Σ. The soldering form β identifies the image of the derivative of
σ with a (quotient) subbundle of M× g. We may therefore pull-back all bundles to Σ
and change notation accordingly:

g := σ∗(M× g) = Σ× g,

Underlining now refers to trivial bundles over Σ rather than M as previously. Simi-
larly we denote the pull-backs of the soldering form and the canonical connection (for
reductive M) by β, (N ,)D, etc. That is

dσ(= σ∗βold) = β : TΣ→ g/h ⊂ g = Σ× g, (1.12)

whileD is a connection on Σ× g.
We conclude with a discussion of curved flats in a symmetric space in terms of the

canonical connection.

Definition 1.7
A curved flat [31] is an immersion σ : Σ → M into a symmetric space for which the
image of each tangent space dσ(TsΣ) = N(TsΣ) ⊂ g is an Abelian subalgebra.

Proposition 1.8
Let σ be a map into a symmetric space of semisimple type (G/H where G is semi-
simple), then σ is a curved flat iff the canonical connectionD along σ is flat.

Proof The Abelian condition is equivalent to [N ∧N ] = 0.6 However, the flatness of
d = D+N · reads7

Rd = 0 = RD + dDN +
1
2
[N ∧N ], (1.13)

which, by collecting terms, gives

RD +
1
2
[N ∧N ] = 0 = dDN .

6Use the Lie bracket to evaluate products: [N ∧N ](X, Y) = [NX ,NY ]− [NY ,NX ] = 2[NX ,NY ].
7Recall that dDNX,Y = dDXNY − dDYNX −N[X,Y] = dDX ◦NY −NY ◦ dDX − · · · .
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Thus RD = 0 ⇐⇒ ad[N ∧N ] = 0 ⇐⇒ [N ∧N ] = 0 since ad is an isomorphism. It
follows that σ is a curved flat iffD is flat.

Caution is required when applying the above result. In the more standard discus-
sion of the canonical connection, D is a connection only on m ∼= TM rather than on
the whole of g. In such a case one has the restricted condition

RD = 0 ⇐⇒ [[N ∧N ],m] = 0.

Assuming that eachN(TsΣ) is conjugate to a fixed subalgebra a makes the above con-
dition algebraic and, in most contexts—in particular for G semisimple (Lemma 1 in
[31])—implies [a, a] = 0. This explains the caveat given in the discussion of curved
flats in [11]: “Under mild conditions ... the curvature operator of the canonical con-
nection on G/H vanishes on each

∧2 dϕ(TsΣ).”

1.3 Parabolic Subalgebras

Repeated use is made of this section in various parts of the thesis. The discussion of
simple factors in chapters 3 and 4 is mainly concerned with parabolic subalgebras of
complex Lie algebras, albeit occasionally with some reality condition, while chapters
5 and 6 require a thorough discussion of both real and complex parabolic subalgebras.
Being not widely discussed in the literature, it is useful to gather together all the re-
sults that will be of use in later parts of this thesis. We will only require results for
parabolic subalgebras with Abelian nilradical, although all statements in this section
are easily generalisable to arbitrary height. When it is straightforward to do so we give
general proofs. For further discussion of parabolic subalgebras see e.g. [18, 21, 40, 55].
I am grateful to Fran Burstall for his notes on this subject and from which many of the
arguments in this section originated.

Definition 1.9 (Grothendieck)
Let g be a (real or complex) semisimple Lie algebra. A parabolic subalgebra of g is
a subalgebra q such that q⊥ is a nilpotent subalgebra of q. We will refer to q⊥ as the
nilradical of q.

The more standard definition of a parabolic subalgebra is that its complexification
qC contains a Borel (maximal solvable) subalgebra of gC. The definition above is far
more useful to our needs: the two were shown to be equivalent by Grothendieck [35].
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Let q ⊂ g be parabolic. The nilpotency of q⊥ means that its central descending
series terminates. If we set

q(0) := q, q(1) := q⊥, q(j) :=

[q(1), q(j−1)], j > 1,

(q(−j+1))⊥, j < 0,
(1.14)

then ∃n (the height of q) such that q(n) 6= {0}, q(n+1) = {0}. Then g = q(−n) and
q(j−1) ) q(j), ∀j = −n + 1, . . . , n. For pi ∈ q, p⊥ ∈ q⊥, we have B([p1, p⊥], p2) =

−B(p⊥, [p1, p2]) = 0, where B is the (non-degenerate) Killing form, and so [q, q⊥] ⊂
q⊥. A straightforward induction argument shows that

[q(j), q(k)] ⊂ q(j+k) (1.15)

where, by convention, we set q(j) = {0} for |j| > n. g is therefore a filtered algebra.
A single parabolic subalgebra does not induce much structure on g: a pair however

will generally induce a grading on g from the two filterings (1.15).

Definition 1.10
A pair of parabolic subalgebras (q, r) are complementary if g = q(−j) ⊕ r(j+1), ∀j ≥ 0.

By (1.14) it is immediate that dim r(j) = dim q(j) and so complementary parabolic
subalgebras have the same height. Complementarity is clearly a symmetric relation
by taking Killing perps in the definition. It is not however an equivalence relation
since q is not complementary to itself. Real non-compact semi-simple Lie algebras al-
ways have complementary pairs of parabolic subalgebras since such algebras admit
Cartan decompositions: symmetric decompositions (Definition 1.5) g = k⊕ p where
the Killing form of g is negative-definite on k and positive-definite on p = k⊥; indeed
if τ is the corresponding Cartan involution (its ±-eigenspaces are k, p) then (q, τq) are
complementary for any parabolic subalgebra q. It should be observed that real com-
pact algebras have no non-trivial8 parabolic subalgebras, since the nilradical q⊥ would
necessarily be isotropic for the (negative-definite) Killing form.

Proposition 1.11
Complementary parabolic subalgebras q, r make g into a graded algebra

g =
⊕
|j|≤n

gj =
⊕
|j|≤n

q(j) ∩ r(−j)

where n is the height of q, r.

8Any semisimple Lie algebra is trivially parabolic with nilradical {0}.
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Proof Let j ≥ 0, define cj = q(−j) ∩ r(−j) and notice that

g0 := q∩ r = c0 ⊂ c1 ⊂ · · · ⊂ cn = g.

It is easy to see that cj ∩ c⊥j = {0}, so that B is non-degenerate on each cj. We therefore
have

cj = cj+1 ⊕ (c⊥j+1 ∩ cj), ∀j ∈ (1, n),

⇒ g = c0 ⊕
n⊕

j=1

c⊥j+1 ∩ cj = (q(0) ∩ r(0))⊕
n⊕

j=1

(q(j) ⊕ r(j)) ∩ q(−j) ∩ r(−j)

=
n⊕

j=−n

q(j) ∩ r(−j) =
n⊕

j=−n

gj.

(1.15) tells us that [gj, gk] ⊂ gj+k where this makes sense, and so g is a graded algebra.

The map gj 7→ jgj is a derivation of g. Since all derivations of a semi-simple algebra
are inner and ad g ∼= g is an isomorphism there exists a unique ξ ∈ g0 such that
(ad ξ)|gj

= j, ∀j. ξ is the grading or canonical element of the pair (q, r). Notice that ξ

both determines and is determined by the pair (q, r).
The existence of canonical elements yields an important result:

Lemma 1.12
Parabolic subalgebras are self-normalising.

Proof Let ξ be any canonical element for q. Then [ξ, q⊥] = q⊥ ⇒ [q, q⊥] = q⊥ ((1.15)
on its own only gives inclusion in one direction). Now [α, q] ⊂ q ⇐⇒ B([α, q], q⊥) =
0 ⇐⇒ B(α, [q, q⊥]) = 0 ⇐⇒ α ∈ [q, q⊥]⊥ = q. Thus the normaliser of q is as
claimed.

Given a fixed parabolic subalgebra q, we know that complementary parabolic sub-
algebras exist. The next proposition tells us exactly how large the set Cq of comple-
mentary parabolic subalgebras is.

Proposition 1.13
Given a fixed complementary pair (q, r), the map n 7→ Ad exp n r is a bijection q⊥ →
Cq.

Proof We prove this only for height 1 parabolic subalgebras. Let (q, r) be a fixed
complementary pair with canonical element ξ. Let X ∈ q and consider, for each j, the
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induced map (well-defined by (1.15))

adj X : q(j)/q(j+1) → q(j)/q(j+1) : Y 7→ ad(X)Y (mod q(j+1)).

It is clear that tr ad X = ∑n
j=−n tr adj X. Furthermore q(j)/q(j+1) = gj + q(j+1), ∀j. For

Y ∈ q(j),

adj ξ(Y + q(j+1)) ≡ ad ξ(Y) ≡ ad ξ
(

Y|gj

)
≡ j Y|gj

≡ jY (mod q(j+1)),

which is independent of ξ and thus of the choice of complementary parabolic. Hence

B(X, ξ) = tr ad X ad ξ = ∑
j

tr adj X adj ξ = ∑
j

j tr adj X

is independent of ξ and so if ξ ′ is the grading element with respect to a second com-
plement r′ of q then ξ − ξ ′ = n ∈ q⊥. Therefore

Ad exp(n)ξ = ξ + [n, ξ] = ξ − n = ξ ′

and so r′ = Ad exp(n)r. Conversely, suppose n ∈ q⊥ and define r′ = Ad exp(n)r.
Since Ad exp(n) preserves q it is clear that (q, r) are complimentary with canonical
element ξ ′ := Ad exp(n)ξ.

If ht(q) > 1 the proposition still holds in that ξ ′, ξ are conjugate by a unique ele-
ment n ∈ q⊥. The construction of n is however a little more delicate than the above.

Proposition 1.13 says that complementarity is an open condition: putting the vec-
tor space topology of q⊥ on Cq makes the correspondence into an isomorphism of q⊥

with a neighbourhood of r in its G-conjugacy class, while one can reverse the analysis
to see that there exists a neighbourhood U ⊂ G of the identity such that (Φ · q, Φ · r)
are complementary for any Φ ∈ U. Indeed the conjugacy class of r is a manifold9 of
which Cq is a dense open subset, thus making the correspondence into a diffeomorph-
ism.

While the existence of parabolic subalgebras of a complex semi-simple Lie algebra
is guaranteed, the existence of parabolic subalgebras with Abelian nilradical is not.
Indeed as [18, Theorem. 4.1] and [38, pg. 87, ex. 6] tell us, if h is a Cartan subalge-
bra10 of gC with positive root system ∆+ and simple roots α1, . . . , αl then any complex

9An R-space: see Section 5.3.
10Maximal semisimple Abelian subalgebra.
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parabolic subalgebra is conjugate to a unique

qI = h⊕ ∑
nI(α)≥0

gα

where gα = {x ∈ gC : ad(h)x = α(h)x, ∀h ∈ h} is the root space of α, I ⊂ {1, . . . , l} is a
multi-index and nI(α) = ∑i∈I ni where α = ∑l

i=1 niαi is a height function. Furthermore
the nilradical is conjugate to

q⊥I = ∑
nI(α)>0

gα.

Suppose for a moment that gC is simple. It is not difficult to see that if the weight11 of
αi is greater than 1, then q⊥I is non-Abelian for i ∈ I. Furthermore, if αi, αj ∈ q⊥I , i 6= j
it is easy to see that q⊥I is non-Abelian. Conversely ∑n{i}(α) g

α is obviously Abelian if
the weight of αi is 1. It follows that there are as many distinct conjugacy classes of
parabolic subalgebras of gC as there are simple roots of weight 1 in the Dynkin dia-
gram. In particular there do not exist height 1 parabolic subalgebras of the exceptional
algebras e8, f4, g2. For non-simple algebras, since root spaces corresponding to distinct
irreducible subsystems commute, one may choose at most one simple root of weight
1 from each irreducible subsystem. Thus if the decomposition of gC into simple ide-
als has n components, each of which has βi simple roots of weight 1, then there are

∏n
i=1(βi + 1) − 1 distinct conjugacy classes of height 1 parabolic subalgebras of gC.

As an example, every simple root in sl(n + 1, C) has weight 1 and so there exist n
distinct conjugacy classes of parabolic subalgebras of height 1: these will be seen to
correspond to the Grassmannians Gk(R

n+1), k = 1, . . . n. This example, and other
examples of conjugacy classes of parabolic subalgebras, will be discussed further in
Section 5.3 when we introduce (symmetric) R-spaces. Conjugacy classes of real para-
bolic subalgebras are less easy to discuss in the abstract since one has a choice of real
form of gC.

11The coefficient of αi in the expansion of the highest root: note that the highest root space is automat-
ically in the nilradical.



Chapter 2

Line Congruences and the
Conformal Gauss Map

2.1 Introduction

A line congruence ` is an immersion of a real 2-manifold into the space of lines in real
projective 3-space. In this chapter we show how studying the conformal geometry of a
line congruence, viewed as a map into the Klein quadric P(L3,3), provides a different
understanding of the two classical invariants of a line congruence, those of Weingarten
and Laplace. Indeed we will see that these invariants may be defined entirely in terms
of the conformal invariants of ` and without reference to the existence of focal surfaces
in P3 or special co-ordinates as their classical definitions require. We also observe that
the Laplace transforms `± (defined by rotating ` throughout 90o with respect to the
second fundamental form on each focal surface) have an invariant description as the
null directions in the weightless normal bundle to `. The dual congruence `∗ is intro-
duced and we see that the Laplace and Weingarten invariants of the dual congruence
are also related in a simple way to the conformal invariants of `. In the finale we con-
sider line congruences in terms of the structure equations of a natural moving frame
of R4. In so doing we define isothermic line congruences (to be considered more fully
in Chapter 6) and provide a proof of the Demoulin–Tzitzeica theorem [25, 58], which
effectively says that isothermic line congruences have isothermic Laplace transforms.
We also investigate when the Plücker image of a line congruence lies in a linear com-
plex (the intersection of a hyperplane with the Klein quadric).

Definition 2.1
A line congruence ` : Σ → G2(R4) is a map of a real 2-manifold Σ into the space of
lines in P3. Usually ` is given as the join of a pair of distinct surfaces f , g : Σ → P3

and we write ` = f ∧ g.

23
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The fundamental object of interest to us will be the space of lines in P3 = P(R4),
otherwise known as the Grassmannian G2(R4) of 2-planes in R4. Of all the Grass-
mannians, G2(R4) has perhaps been more extensively studied than any other because
of two special properties. Firstly G2(R4) is a conformal manifold: the tangent bundle
carries a natural family of conformal inner products. Indeed

TπG2(R
4) ∼= hom(π, R4/π)

and so choosing bases on π, R4/π and setting (A, A) := det(A) with respect to said
bases defines a (2,2)-signature inner product. A different choice of bases simply scales
the determinant and so all possible inner products so defined are conformal. The sec-
ond special property is the Klein correspondence: a diffeomorphism between G2(R4)

and the null lines in a (3,3)-signature vector space. It will be seen that the Klein corre-
spondence is in fact a conformal diffeomorphism, for the conformal structure induced
on TG2(R4) by the Klein correspondence is identical to that obtained above by deter-
minants. In some ways this makes the first property an avatar of the second.

2.2 The Klein Correspondence

The Klein correspondence is a special case of the Plücker embedding of the Grassman-
nian Gk(R

n) in the projective space P(n
k)−1 (see e.g. [34, pg.209]). Uniquely among the

Grassmannians, the Plücker map of G2(R4) is a bijection onto a quadric: specifically
the Klein quadric in P5 defined by the vanishing of a (3,3)-signature quadratic form
on R6. The bijective nature of the Plücker embedding of G2(R4) is a consequence of
the group isomorphism PSL(4) ∼= PSO(3, 3) via A 7→ Â where

Â : u∧ v 7→ Au∧ Av. (2.1)

We summarise the important points of the Klein correspondence, focusing on results
required later: for a more detailed discussion see e.g. [62].

In order to describe a line ` in P3 we must specify the 2-dim subspace U of R4

such that ` = P(U). Choose any two vectors u, v spanning U and abstractly associate
to U the bivector u ∧ v. Denoting by

∧2R4 the linear space generated by all bivectors,
define the map ∧ : R4 ×R4 → ∧2R4 : (u, v) 7→ u ∧ v by insisting upon bilinearity and
skew-symmetry. ∧ is extended as a map

∧2R4 ×∧2R4 → ∧4R4 in the same fashion.1∧2R4 is a 6-dim vector space (if {ei} is a basis of R4 then {ei ∧ ej : i < j} is a basis of∧2R4). Now choose a second pair of vectors û = αu+ βv, v̂ = γu+ δv (αδ− βγ 6= 0)

1Note that ∧ is symmetric over bivectors.
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spanning U. Then

û∧ v̂ = (αδ− βγ)u∧ v

and so the map K : G2(R4)→ P(
∧2R4) : 〈u, v〉 7→ 〈u∧ v〉 is well-defined. Conversely

suppose 〈û∧ v̂〉 = 〈u∧ v〉 and that û /∈ 〈u, v〉. Choose a basis 〈u, v, û, p〉 of R4 and write
v̂ = au+ bv+ cû+ dp to observe that

û∧ v̂ = aû∧ u+ bû∧ v+ dû∧ p.

Since û∧ v̂ ∈ 〈u∧ v〉 and by linear independence of bases we have a contradiction and
so û ∈ U. Similarly v̂ ∈ U and so the Klein correspondence injects.

A choice of volume form vol ∈
(∧4R4

)∗
gives a symmetric quadratic form

∧2R4 ×∧2R4 → R : (π1, π2) 7→ vol(π1 ∧ π2) of signature (3,3) (ei ∧ ej are null). Since
∧4R4

is a 1-dim space, any other choice of volume for simply scales the quadratic form. We
therefore get a (3,3)-conformal structure on

∧2 R4: consequently we will often refer to∧2R4 as R3,3.
What about Im K? Clearly a ∈ Im K ⇐⇒ ∃u, v ∈ R4 such that a = 〈u∧ v〉. Such

elements u ∧ v ∈ ∧2R4 are termed decomposable. Let ( , ) be a definite inner product
on R4 and define A ∈ End(R4) by ω(u, v) = (Au, v). Since A is skew, ∃ orthogonal
basis {ei : |i| = 1, 2} of R4 diagonalizing A: i.e. ω = ∑i=1,2 λiei ∧ e−i, for some scalars
λi. Thus

ω ∧ω = 2λ1λ2e1 ∧ e−1 ∧ e2 ∧ e−2,

which is zero iff at most one of the λi is non-zero. Thus ω is decomposable iff ω ∧ω =

0. Note that this result extends easily to
∧2 Rn. Decomposable elements are there-

fore exactly those elements of
∧2R4 which are null for the (3,3)-conformal structure

defined above. Projectivising this result tells us that the space of lines in P3 is in bijec-
tive correspondence with the Klein quadric P(L3,3), whereL3,3 denotes the light-cone
(null vectors) in R3,3.

The tangent bundle to P(L3,3) is found by differentiating the nullity condition, i.e.

T`P(L3,3) ∼= {A ∈ hom(`, R3,3/`) : (As + `, s) = 0, ∀s ∈ `}

= hom(`, `⊥/`).
(2.2)

which, up to tensoring by `∗, is the (2,2)-signature quotient space `⊥/`. Transferring
an inner product to `⊥/` involves choosing a section of `, any other choice scales
the inner product: the Klein quadric is therefore a (2,2)-signature conformal manifold
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(actually a diffeomorph of (S2 × S2)/Z2—see [1] for further details).
The conformality of the Klein quadric was to be expected since we already have

a conformal structure on G2(R4): it should be checked that the two structures co-
incide. Let ` = 〈u, v〉 , R4/` = 〈p, q〉 (mod `): given A ∈ hom(`, R4/`) define
Â ∈ hom(K`, (K`)⊥/`) by differentiating (2.1)2

Â(u∧ v) := Au∧ v+ u∧ Av (mod `).

It is easy to see that

(Â(u∧ v)) ∧ (Â(u∧ v)) = 2 det(A)p∧ v ∧ u∧ q

where det is calculated with respect to the given bases of ` and R4/` and so the con-
formal structures really do line up.

Only one further consequence of the Klein correspondence will be required: a pair
of lines `1, `2 in P3 intersect iff `1 ∧ `2 = 0. For this, notice that `1 = u1 ∧ v1, `2 = u2 ∧ v2

wedge to zero iff {u1, u2, v1, v2} are linearly dependent. Then (say) u1 = αu2 + βv1 +

γv2 ⇒ `1 = (αu2 + γv2) ∧ v1. But αu2 + γv2 ∈ `2 and so `1, `2 intersect.

It is worth taking a moment to clarify notation. The symbol ` will repeatedly refer
to three different objects depending on context: a bundle of lines in P3 (2-planes in
R4) over a base manifold Σ, the Plücker image of the same bundle in the Klein quadric
P(L3,3) ⊂ P5 and finally a global section (a lift) of this into the light-cone L3,3 ⊂ R3,3.
Notice that global sections exist for any light-coneLi,j (max(i, j) > 1): a smooth choice
of either of the antipodal sections `∩Si+j, where Si+j is a Euclidean unit sphere in Ri+j,
will do. It should be clear from the context which meaning we should ascribe to ` (in
particular if ` = `(x, y) is a map from some subset of R2 then the partial derivative
`x can only be taken in the context of ` being a lift into the light-cone). Points (on
surfaces) in P3 will have a normal font while lifts of the same into R4 will use the
same letter in a sans serif font. Spans will be denoted by 〈 〉 (thus f ∈ f ⇐⇒ f = 〈f〉)
and inner products by ( , ). The notation ` = f ∧ g for the join of two points in P3

(as used in Definition 2.1) is now seen to be motivated by the Klein correspondence
and will hopefully cause no confusion with the Plücker image of `: i.e. ` = f ∧ g =

〈f ∧ g〉 ∈ P(L3,3).

2From now on we drop the K when referring to the Plücker image of `.
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2.3 Focal Surfaces and Laplace Transforms

We focus on some of the classical theory of line congruences in P3, albeit in a more
modern setting. In particular we describe a line congruence in terms of its focal sur-
faces.

Definition 2.2
A focal surface of a line congruence ` is a surface f : Σ → P3 with which ` has first-
order contact: that is

f (p) ∈ `(p)
`(p) ≤ Tf (p) f

}
, ∀p ∈ Σ. (2.3)

Equivalently ` ∈ Γ(P(T f )) = {sections of the projective tangent bundle of f }.

Proposition 2.3
A generic line congruence has two complex focal surfaces.

Proof Let f : Σ → P3 intersect `. The tangent space Tf (p)P
3 is hom( f (p), R4/ f (p))

which, up to tensoring by a line bundle, is R4/ f (p). Therefore3 T f ∼= 〈f, df〉 / 〈f〉,
independent of choice of lift. f is therefore focal for ` iff ` ≤

〈
f, df(TpΣ)

〉
⇐⇒

` ∧ df(TpΣ) = 0 (i.e. the 2-planes ` and df(TpΣ) intersect). If ` = u ∧ v is given in
terms of any two surfaces intersecting `, then f = αu+ βv for some α, β where [α, β]

are the homogeneous co-ordinates of a point in P1. Choose local co-ordinates x, y on
Σ, then

` ∧ df(TpΣ) = 0 ⇐⇒ u∧ v ∧ (αux + βvx) ∧ (αuy + βvy) = 0. (2.4)

Since
∧4R4 ∼= R this is a quadratic condition on α, β for which there are generically

two solutions for [α, β].

All outcomes of the quadratic condition (2.4) are possible: a congruence lying
entirely in a plane will have f focal for all α, β while the lengthways tangent lines
to a cylinder have only one focal surface (the cylinder itself). A congruence is non-
degenerate if it has two distinct focal surfaces. We will tend to define congruences by
specifying a single real focal surface and a tangent direction. The second focal surface
is then manifestly real by the quadratic condition. We will therefore restrict attention
to non-degenerate congruences with real focal surfaces. With minor modifications the
following analysis still holds when ` has complex conjugate focal surfaces. The main

3By df we mean the image df(TΣ).
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difference will be seen to be in the signature of the conformal structure on Σ induced
by the Klein quadric: real focal surfaces induce a (1,1)-signature while complex con-
jugate focal surfaces induce a definite structure. This will be discussed more fully in
Section 2.5.

If we were to take our cue from Eisenhart ([28, pg.10]), we would have insisted
upon all congruences being non-degenerate. A developable surface is a 1-parameter
family of lines which is tangent to a curve, or such that all lines meet in a point (a 0-
dimensional curve). A non-degenerate congruence has exactly two such developable
surfaces through each line in the congruence. It is easy to see that a subfamily of
` = u ∧ v is developable iff ∃ co-ordinate x on Σ such that u ∧ v ∧ ux ∧ vx = 0 (since
a curve f = αu+ βv has f ∧ fx ∈ u ∧ v ⇐⇒ αux + βvx ∈ u ∧ v). There are therefore
exactly as many developable surfaces through any line in ` as there are solutions to
(2.4). Eisenhart defines a line congruence in an arbitrary dimensional vector space
to be a 2-parameter family of lines for which there exist two developable surfaces
of the congruence through each line. In P3, as we have seen, this is generic, but in
higher dimensions this is a strong condition. We will consider congruences in higher
dimensions in Chapter 6.

Let ` : Σ → G2(R4) be a non-degenerate line congruence with real immersed
focal surfaces f , g : Σ → P3. ` is tangent to both f , g and so picks out a direction on
each focal surface and, since f , g are immersions, picks out two directions on Σ. This
decomposes the tangent bundle to Σ into two line bundles

TΣ = L− ⊕ L+, (2.5)

defined by d f (L+), dg(L−) ⊂ `. For the present we ignore the possibility that L− =

L+: it will be seen in Section 2.5 that L− = L+ corresponds to a degenerate congruence
with only one focal surface. Let X ∈ L−, Y ∈ L+. Frobenius’ theorem (e.g. [43, 54, 63])
tells us that there exist local co-ordinates x, x1 on Σ such that X = ∂

∂x1
and the integral

curves of L− are given by x = constant (dx(L−) = 0). Similarly ∃y, y1 such that
Y = ∂

∂y1
and dy(L+) = 0. Thus T∗Σ = 〈dx, dy〉 and we have constructed a local

co-ordinate system on Σ such that

` = 〈f ∧ g〉 =
〈
f ∧ fy

〉
= 〈g ∧ gx〉 . (2.6)

x, y are conformal co-ordinates for ` and are defined only up to scaling: u(x), v(y) are
also conformal for any monotone, non-zero functions u, v. Conformal refers to the fact
that `x, `y are the null directions of the conformal structure on Im d` induced by the
Klein quadric (see Section 2.5).
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The co-ordinates x, y have a different flavour when we look at focal surfaces. By
(2.6) there exist scalar functions a, b, d, h such that

fy = −af + dg, gx = hf − bg. (2.7)

By taking f as fundamental, we define a lift of g by fixing d = 1. Consequently f, g
satisfy a Laplace equation:

fxy + afx + bfy + cf = 0,

gxy + a1gx + b1gy + c1g = 0,
(2.8)

where

c := ab + ax − h, a1 := a− (ln h)y, b1 := b,

c1 := ab + by − h− b(ln h)y = c + by − ax − b(ln h)y.
(2.9)

Our choice of notation is borrowed from [51] and we single out h = ab− c + ax due to
the starring role it will play in Section 2.4. Consider the second fundamental forms of
the focal surfaces. In projective space the concept of a unit normal vector to a surface
is not defined, however we can canonically define the dual surface to a surface which
plays much the same role.

Definition 2.4
Given an immersed surface f : Σ → P3, the dual surface f ∗ : Σ → P3

∗ = P(R4
∗) is the

annihilator of 〈 f , d f 〉.

Equivalently f ∗ is the span of the linear operator p 7→ vol(f ∧ fx ∧ fy ∧ p) for any lifts
f, p and any co-ordinates x, y on Σ. Instead of performing calculations with this linear
operator we will later (Section 2.8) define a canonical lift f∗ of f ∗ in another way.

Definition 2.5
The second fundamental form I f of a surface in P3 is the conformal class of the metrics
f∗(fxx dx2 + 2fxy dx dy + fyydy2).

It is easy to see that different choices of lifts of f , f ∗ preserve the conformal class and
so I f really is an invariant of the surface.

(2.8) now says that x, y are conjugate co-ordinates (I(∂x, ∂y) = 0) for both focal
surfaces f , g. Suppose that ` = f ∧ g is non-degenerate, then f, g, fx, gy are linearly
independent (if not then every 4-form in (2.4) vanishes), so introduce functions δ, γ′ :
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Σ→ R such that

fxx ≡ δgy (mod f, g, fx),

gyy = γ′fx (mod f, g, gy).
(2.10)

The second fundamental forms are the conformal classes

I f =
〈
δ dx2 + dy2〉 , Ig =

〈
h dx2 + γ′ dy2〉 . (2.11)

It should be noted that the imposition of a conjugate net on a focal surface is a
piece of additional structure—a immersed surface in P3 has an infinity of conjugate
nets (just pick a direction and rotate 90o with respect to I for the other direction). Such
a set-up fails in higher dimensions when there is no second fundamental form. It also
fails when we consider asymptotic congruences—the family of lines tangent to the
asymptotic directions on f , i.e. f ∧ fz where ∂z is a null direction of I. If z is the other
asymptotic co-ordinate, then the 4-form (2.4) applied to λf + µfz becomes

µf ∧ fz ∧ fz ∧ fzz,

which is either always zero, in which case I f ≡ 0 and any surface intersecting f ∧ fz

is focal, or never zero, whence f is the only focal surface. Asymptotic congruences are
therefore always degenerate.

So far we have used only one co-ordinate on each focal surface to define a congru-
ence. Define

`−1 = 〈f ∧ fx〉 , `1 =
〈
g ∧ gy

〉
.

It is easy to see that second focal surfaces of these new congruences are f−1 := 〈fx + bf〉
and g1 :=

〈
gy + a1g

〉
respectively.

Definition 2.6
f−1 is the −ve-first Laplace transform of f while g = f 1 is the first Laplace transform.
Similarly `−1, `1 are Laplace transforms of `.

It is an easy, if tedious, exercise to check that Laplace transforms are well-defined
up to the freedoms inherent in our set-up, namely the choice of lift f and the choice of
conformal co-ordinates. The functions a, b, c, h will change, but `−1, `1 and so f−1, g1

are well-defined. When we write f−1 for a lift of f−1 it is to be understood that f−1 =

fx + bf is given in terms of our choice of f and co-ordinates x, y.
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We now have a well-defined recipe for finding new line congruences from old:
given a line congruence ` find a focal surface g, rotate 90◦ with respect to Ig to define a
new congruence `1, find the second focal surface of `1, etc. This Laplace sequence makes
sense as long as focal surfaces and congruences do not degenerate. Such a sequence
was originally studied in order to investigate the transformation of hyperbolic PDEs
(2.8) for scalar f, g. Since Laplace transforms of solutions satisfy a new PDE with dif-
ferent coefficients it was hoped that a known equation might appear somewhere in
the sequence. Solving the original equation is then simply a matter of keeping track
of the coefficients a, b, c using iteration formulae (2.9).

Notice that if ` is non-degenerate then ` = T f ∩ Tg and f , g, f−1, g1 are indepen-
dent. Upon fixing a lift of f we have canonical choices for lifts of g, f−1, g1 and so a
moving frame of R4. For future use define functions α, . . . , δ′ : Σ→ R by

f−1
x = αf + βg+ γf−1 + δg1,

g1
y = α′f + β′g+ γ′f−1 + δ′g1

(2.12)

and observe that δ and γ′ are exactly as defined in (2.10). We will work with the frame
f, g, f−1g1 repeatedly in this chapter and will calculate its structure equations in Section
2.9.

2.4 The Laplace and Weingarten Invariants

As already discussed, we have made two choices in determining the Laplace sequence
of a focal surface. Let us see how these choices affect the functions a, b, c. Under a
change of lift f 7→ µ−1f the scalars a, b, c transform asa

b
c

 7→
 a + (ln µ)y

b + (ln µ)x

c + a(ln µ)x + b(ln µ)y + µxy/µ

 .

Similarly, under the change of co-ordinates u = u(x), v = v(y), we havea
b
c

 7→
 a dy

dv

b dx
du

c dx
du

dy
dv

 .

If we now set

h = ab− c + ax, k = ab− c + by,
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we see that the symmetric 2-forms

H := h dxdy, K := k dxdy,

are invariant under the above choices. H ,K are the Laplace invariants of the surface f
with conjugate net x, y.4 Repeating the calculations for g, f−1 gives

Kg = H f , andK f = H f−1 .

It would therefore seem more logical to dispense with the classical identification and
label the Laplace invariants as belonging to line congruences rather than focal sur-
faces. Accordingly we use the notation Hi, i ∈ Z to denote the Laplace invariant of
`i. It should now be clear that the Laplace invariant of `i is independent of the order
of the co-ordinates x, y: in case of confusion, H is calculated on either focal surface
by taking ab− c (for that surface) and adding ax if y is the co-ordinate taking you to
the other focal surface and by if x takes you to the new surface. In Section 2.7,H will
be seen to depend directly on ` in another way, without having to work with focal
surfaces. The following proposition is a simple matter of calculation.

Proposition 2.7
For as long as the Laplace sequence remains non-degenerate, the functions ai, bi, ci

satisfy

ai+1 = ai − (ln hi)y, bi+1 = bi,
ci+1 = ci − (ai)x + (bi)y − bi(ln hi)y,

i ≥ 0,

ai−1 = ai, bi−1 = bi − (ln k|i|)x,
ci−1 = ci + (ai)x − (bi)y − ai(ln k|i|)x,

i ≤ 0,
(2.13)

while the Laplace invariants satisfy

hi+1 + hi−1 = 2hi − (ln hi)xy, ∀i,
hi+1 = hi + h1 − h0 − (ln(h1 · · · hi))xy,
ki+1 = ki + k1 − k0 − (ln(k1 · · · ki))xy.

i > 0,
(2.14)

A second classical invariant may be associated to a line congruence. The Wein-
garten invariant measures the difference between the conformal structures of the sec-
ond fundamental forms on the focal surfaces of a congruence.

W := W dxdy = (h− δγ′)dxdy.

4Eisenhart [28] callsH ,K the point invariants of the conjugate net.
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In exactly the same manner as for the Laplace invariants,W is invariant under choices
of lifts and conjugate co-ordinates. It is immediate from (2.11) that W = 0 ⇐⇒
I f , Ig are the same conformal class. Congruences with W = 0 are W-congruences. It
is possible to obtain recurrence relations between successive Weingarten invariants,
but we shall leave this until Section 2.8 when we have a better understanding of the
geometric meaning of the invariant δγ′dxdy.

Now that all the classical machinery is in place, it is worth recording an example
of Laplace transforms in action. For this we lift shamelessly from [51]. Consider the
quadratic surface XY = Z2 + U2 in P3. Depending on the choice of affine chart this
is an ellipsoid, a paraboloid or a hyperboloid in R3: e.g. U = 1 gives a 2-sheeted
hyperboloid whilst X = 1 yields a paraboloid. The following parameterisation is in
terms of conjugate co-ordinates:

f (x, y) = [f(x, y)] = [ex+y, e−x−y, cos(x− y), sin(x− y)].

By direct computation we see that fxy = f, hence a = b = 0, c = −1 and so h = k = 1.
Furthermore

f1 = g = fy, f2 = g1 = fyy + a1g = fyy = fxx,
f3 = fxxy = fx, f4 = fxy = f.

The Laplace sequence of f in these co-ordinates is therefore 4-periodic, with all
focal surfaces being quadratic. The line congruences `i = f i ∧ f i+1 have Laplace in-
variants H i = dxdy and all are W-congruences. Figure 2-1 comprises two different
views of segments of the four focal surfaces in the Laplace sequence joined by lines
from the congruences and is obtained by taking the affine chart X = 1 on P3 so that

f (x, y) = (e−2(x+y), e−(x+y) cos(x− y), e−(x+y) sin(x− y))

is a paraboloid.

2.5 Co-ordinates and the Contact Structure

It is worth having a careful discussion about the conformal/conjugate co-ordinates
x, y since they play several different roles. We need not work with focal surfaces at all
to determine the existence of x, y. Indeed the following analysis applies equally to any
immersion of a 2-manifold into a projective light cone P(Li,j) for which the induced
conformal structure is non-degenerate.

Given a general immersion ` : Σ → P(Li,j), there are four possibilities for the



2.5 CO-ORDINATES AND THE CONTACT STRUCTURE 34

Figure 2-1: The Laplace sequence for f

induced conformal structure (d`, d`) on Σ:

• Im d` is isotropic: any α, β solve (2.4) and so there are a P1-worth of focal sur-
faces and the image under d` of any line subbundle L ⊂ TΣ is null.

• Im d` contains a single null line: (2.5) degenerates so that L− = L+ and there is
only one focal surface.

• Im d` is a (1,1)-plane: we are in the case of (2.5) where L−, L+ are real and dis-
tinct.

• Im d` is definite: the null directions in Im d` are complex conjugates and so we
have a splitting TCΣ = L⊕ L.

The first two cases describe degenerate congruences, while the final two describe real
and complex conjugate focal surfaces respectively. The difference in the signature of
Im d` is one of the reasons that we do not consider complex focal surfaces in this
account. The more obvious reason is that the Laplace transforms of such congruences
are no longer real. The following theory remains completely true however, with slight
modifications of signatures and co-ordinates when required.

Definition 2.8
Given a non-degenerate immersion ` : Σ2 → P(Li,j), conformal co-ordinates for ` are
local co-ordinates x, y on Σ satisfying

(`x, `x) = 0 = (`y, `y), (`x, `y) 6= 0.

If Im d` has signature (1,1) we can pull-back the null directions of the conformal
structure to Σ, from which the Frobenius argument of Section 2.3 yields conformal
co-ordinates. If ` has definite structure one can obtain complex conjugate conformal
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co-ordinates by appealing to the existence of isothermal co-ordinates [23]: the null
directions of the conformal structure splits TCΣ = L⊕ L into complex conjugate line
subbundles; there is a complex co-ordinate z on Σ such that L =

〈
∂
∂z

〉
, L =

〈
∂
∂z

〉
.

Σ is therefore a Riemann surface. Observe that ` being either holomorphic or anti-
holomorphic forces the degeneracy of `, since (`z, `z) = 0 contradicts Definition 2.8.

It is clear from the above that knowledge of focal surfaces is not required in or-
der to obtain conformal co-ordinates: the conformal structure on Im d` is enough to
determine the line bundles L± and thus x, y (or L, L and z).

Contact structure

There are two further conformal structures on Σ induced by `: those of the second fun-
damental forms of the focal surfaces f , g. We have already seen (2.11) that conformal
co-ordinates x, y are conjugate for both I f , Ig. There is another way of viewing I f , Ig,
which is more akin to the determinant construction on T`G2(R4). Indeed I f , Ig can
be recovered by the following discussion even when one refuses to work with focal
surfaces.

Definition 2.9
A contact element in P3 is a point-plane pair where the point lies on the plane. Equiv-
alently it is the set of lines through a point in P3 which also lie in a plane. The set of
contact elements Z is a contact manifold. The contact lift of a surface f : Σ → P3 is a
map F : Σ→ Z where each point of f in P3 is replaced by the contact element tangent
to f at that point.

Throughout this section we use notation and analysis similar to that in [13]. For
further discussion of contact manifolds and structures see [2, 5, 22].

Via the Klein correspondence, we know that the manifold Z of contact elements
of P3 is the space of null-lines in the Klein quadric, or equivalently the Grassmannian
of null 2-planes in R3,3. Either way the contact lift of a focal surface f is a map F :
Σ → Z and, by considering the relation ` = 〈f ∧ g〉 = T f ∩ Tg, we see that the exact
correspondence between the pictures in P3 and the Klein quadric is ` = F ∩ G as in
figure 2-2.

It is clear that O(3, 3) acts transitively on Z and so we can view Z as a homogen-
eous O(3, 3)-space. Let the stabiliser of a fixed point F0 ∈ Z be K ⊂ O(3, 3) so that
Z ∼= G/K. If k is the Lie algebra of K then the tangent bundle is given by the usual
identification TgKG/K ∼= Ad(g)(g/k) = g/ stab(g · k) of Section 1.1

Ad(g)(g/k) 3 ξ + Ad(g)k 7→ d
dt

∣∣∣∣
t=0

exp(tξ)gK. (2.15)
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`

g

f

P3

F G

`

P(L3,3)

Figure 2-2: Contact lifts of surfaces in P3

That is

TFZ ∼= so(3, 3)/ stab(F) = {A ∈ hom(F, R3,3/F)
∣∣ (Ap1, p2) + (p1, Ap2) = 0}

via X 7→ AX where AXσ = dXσ (mod F). It is not difficult to see that dim Z = 5 (in
general the manifold of null 2-planes in Rp,q, p, q ≥ 2 has dimension5 2(p + q)− 7).

Definition 2.10
A contact structure D/ on an odd dimensional manifold Z is a codimension 1 sub-
bundle D/ ⊂ TZ such that the map P :

∧2
D/ → TZ/D/ : X, Y 7→ π([X, Y]) is non-

degenerate, where π : TZ → TZ/D/ is the bundle projection.

Remark: Writing L for the line bundle TZ/D/ we see that P = −dπ on any patch where
L is trivial. Our definition ties in with the more usual definition given in (e.g.) [7, 8, 65]
where π is a contact form andD/ the contact distribution.

Z gets a contact structure by lettingD/ be the subbundle of TZ with fibres

D/ F = hom(F, F⊥/F).

The map P is non-degenerate iff for every A ∈ D/ F there exists a B ∈ D/ F such that
π([A, B]) 6= 0 which means there exist f1, f2 ∈ ΓF such that ([A, B] f1, f2) 6= 0. Given
A, B ∈ D/ F we extend by (2.15) to sections ofD/ ⊂ TZ:

Ãp =
d
dt

∣∣∣∣
t=0

exp tA · p,

5dim Z = dim stab(F)⊥ = dim(F⊥ ∧ F) via the isomorphism (3.7). Indeed stab(F) is a bundle of
height 2 parabolic subalgebras of so(3, 3) (Section 1.3) and so Z is a height 2 R-space (Section 5.3).
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while [37] (pg. 122) gives the relation [Ã, B̃] = −[̃A, B]. Thus

([̃A, B] f1, f2) = −([Ã, B̃] f1, f2) = (B̃Ã f1, f2)− (ÃB̃ f1, f2)

= (B f1, A f2)− (A f1, B f2).

Fix A. Since we have a free choice of B f1, B f2 ∈ F⊥ it is easy to find a B such that
([̃A, B] f1, f2) 6= 0. We thus have non-degeneracy and soD/ is a contact structure.

In the case at hand when F, G are contact lifts of focal surfaces, both F and F⊥/F are
2-dimensional and soD/ gets a natural (2,2)-conformal structure from (A, A) = det A.
Choice of bases on F, F⊥/F are the only freedoms left to us, but these just scale the
resulting determinant.

Definition 2.11
A map F : Σ → Z is Legendre if it is tangent to the contact structureD/: i.e. if u, v are
any sections of F → Σ then (du, v) ≡ 0.

The contact lifts F, G are clearly Legendre (take u = `, v = `−1, etc.). Since F is an
immersion and Im dF ⊂ D/, we can pull back the conformal structure onD/ to Σ. The
induced structure turns out to be exactly that of the second fundamental form of f . To
see this, note that the null directions of I f are the asymptotic lines, spanned by

v± =
∂

∂x
±
√
−δ

∂

∂y
.

Considering the maps

Ax : σ 7→ Proj⊥(σx), Ay : σ 7→ Proj⊥(σy),

where σ is a local section of F and Proj⊥ is projection in F⊥ away from F, we see that,

Av± :

(
f ∧ g

f ∧ fx

)
7→
(
−1 ±

√
−δ

±
√
−δ δ

)(
g ∧ fx

f ∧ gy

)
mod F

and so det Av± = 0. The conformal structures have the same null directions and are
thus identical.

We now have three distinct conformal structures on Σ induced by `, the metric
(d`, d`) and the second fundamental forms of the focal surfaces I f , Ig, each of which
can be defined in two separate ways. The two second fundamental forms of course
coincide when ` is a W-congruence.
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The above analysis is not restricted to P(L3,3). Indeed one may let Z be the set of
null 2-planes in R4,2 and observe that Z is a homogeneous O(4, 2)-space and a contact
manifold. Since 4 + 2 = 6 we again get a conformal structure of signature (2,2) onD/,
which Legendre immersions will pull back to Σ. Given a line congruence with induced
signature (1,1), it will be seen in the next section that the union of the contact lifts F∪G
is exactly the intersection of I⊥ with the light-cone where I = 〈`, d`〉. Similarly given
an immersion ` : Σ2 → P(L4,2) (into the Lie quadric) of definite signature we may define
F ∪ G := I⊥ ∩L4,2 and ask what the conformal structures on Σ induced by F, G are.
As described in [13, 22], such an ` corresponds to a sphere congruence (2-parameter
family of spheres) in S3 and that F, G correspond to the families of spheres in first order
contact with surfaces f , g that envelope `, see figure 2-3. F, G are then the contact lifts
of f , g. Moreover the conformal structures on Σ induced by F, G have null directions
the principal curvature directions of f , g. Just as the induced structures coincide when
a line congruence is W, one defines a Ribaucour sphere congruence exactly when the
curvature lines on the enveloping surfaces line up: indeed Eisenhart [28] describes
‘transformations R of nets Ω’ as exactly the transform f → g of enveloping surfaces
of a sphere congruence where the curvature lines coincide.6 The restrictions on the
signatures in both cases is so that P(I⊥ ∩L) is not just the point `. If one complexifies I
andL then similar results can be obtained in terms of complex conjugate focal surfaces
and enveloping surfaces.

Figure 2-3: Sphere congruence with enveloping surfaces

2.6 The Conformal Gauss Map and the Normal Bundle

The discussion now becomes more modern as we consider the conformal geometry
of line congruences. In conformal geometry there are a number of natural invariants
of an immersion into a light cone, in particular we will concentrate on the Willmore

6The Ω nets are the enveloping surfaces f , g together with the (orthogonal) curvature line co-ordinates
x, y.
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energy and the curvature of the normal bundle. The main ingredient in this discussion
is the conformal Gauss map [10] or central sphere congruence.7

Definition 2.12
The conformal Gauss map of a non-degenerate line congruence ` : Σ→ P(L3,3) is the
bundle of (2,2)-planes

S =
〈
`, d`, `xy

〉
where x, y are any conformal co-ordinates.

It is clear that S is a conformal invariant of ` in that different choices of lift and
of conformal co-ordinates make no difference to S. The synonymous expression cen-
tral sphere congruence comes from the fact that the projective intersection of S with
the light-cone L3,3 is a bundle of ‘(1,1)-spheres’ S1 × S1/Z2 [1] and that under any
stereo projection,8 the mean curvature vectors of S and ` coincide [11]. S is yet more
fundamental than the definition suggests, for, as the following discussion shows, it
can be naturally defined for any non-degenerate immersion into a light-cone without
appealing to the existence of conformal co-ordinates.

Let σ : Σ → Lp,q be a non-degenerate isometric immersion. The pull-back con-
nection σ∗∇ on TΣ ∼= σ∗TRp,q induced by flat differentiation d is easily seen to be
torsion-free and flat. The normal bundle Nσ := (Im dσ)⊥ is well-defined and comple-
ments Im dσ by non-degeneracy. We can therefore split the pull-back connection into
tangent and normal parts respectively:

(σ∗∇)X(dσ(Y)) = dσ(DXY) + I(X, Y).

It is easy to see that the connection D so defined is the Levi-Civita connection for
(Σ, (dσ, dσ)). The normal part of the splitting is the second fundamental form I ∈
Γ(S2T∗Σ⊗ Nσ) of the immersion σ. The mean curvature vector is built out of the trace
of I with respect to (dσ, dσ)

Hσ :=
1

dim Σ
tr I,

while the central sphere congruence of σ is

S := 〈σ, dσ, Hσ〉 .

7Blaschke’s Zentralkugel [6].
8The concept of stereo-projection in a generic light-cone, or indeed any symmetric R-space, is de-

scribed in Chapter 5.
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If {ei} is a basis of TΣ with dual basis9 {ei} with respect to σ then

(σ, Hσ) =
1

dim Σ

dim Σ

∑
i=1

(σ, σ∗∇ei(dei σ)) = −
1

dim Σ

dim Σ

∑
i=1

(dei σ, dei σ) = −1.

It follows that 〈σ, Hσ〉 is a bundle of (1,1)-planes perpendicular to Im dσ. Suppose
that Im dσ has signature (a, b): S is therefore a bundle of (a + 1, b + 1)-planes and
so P(S ∩Lp,q) ∼= Sa × Sb/Z2 making S a congruence of (a, b)-spheres. Observe that
under scalings of σ the mean curvature vector picks up tangent valued terms only
and so S is invariant under scalings. It follows that S is well-defined and a conformal
invariant for maps into the projective light-cone.

Specialising to the line congruence situation we see, once we have fixed conformal
co-ordinates x, y and a choice of lift of `, that the mean curvature vector is

H` =
1

(`x, `y)
ProjN``xy

and so the central sphere congruence is S =
〈
`, d`, `xy

〉
as advertised.

Instead of considering lifts of ` we return to maps into the Klein quadric P(L3,3)

and decompose the tangent bundle of the quadric along `. Thus

`∗TP(L3,3) = Im d`⊕ N`

where the rank 2 bundle N` is the normal bundle10 of `. As observed in (2.2) we have

`∗T`P(L3,3) ∼= hom(`, `⊥/`).

Let I = 〈`, d`〉 (independent of lift) so that Im d` ∼= hom(`, I/`). It follows that
N`
∼= hom(`, I⊥/`). Define the weightless normal bundle by

N` = I⊥/`

which differs from N` only up to tensoring by a line bundle. Since the Plücker images
of the Laplace transforms `±1 are perpendicular to ` and its derivatives (e.g. (`1, `x) =

vol(g ∧ g1 ∧ (fx − bf) ∧ g) = 0) we see that

I⊥ =
〈
`, `−1, `1

〉
.

9(dσ(ei), dσ(ej)) = δij.
10Not to be confused with N` above: the rank 4 bundle normal to a specific lift of ` into the light-cone.



2.7 NORMAL CURVATURE AND THE WILLMORE DENSITY 41

By calculation it is easy to see that
〈
`−1, `1〉 = S⊥ where S is the conformal Gauss map

defined above: we have therefore proved the following theorem.

Theorem 2.13
The Laplace transforms of a non-degenerate line congruence are the null directions in
the weightless normal bundle to ` when canonically identified with S⊥.

This theorem may be used as a definition of Laplace transform in any light cone
in R6. Indeed given a non-degenerate immersion ` of a 2-manifold Σ into P(Ln,6−n)

we may define I = 〈`, d`〉 and the conformal Gauss map S and, since I ⊂ S, it is clear
S⊥ ⊂ I⊥. S⊥ is therefore canonically identified with the weightless normal bundle
by restriction of the projection I⊥ → I⊥/` to S⊥. The null directions of S⊥ may then
be taken as the definitions of two (possibly complex conjugate) Laplace transforms.
In Lie sphere geometry a non-degenerate congruence of 2-spheres in S3 corresponds
to an immersion ` : Σ → P(L4,2) where Im d` has signature (2,0) or (1,1) and so
Laplace transforms are either real or complex conjugate respectively. Indeed recalling
our short discussion of sphere congruences with regard to contact lifts in Section 2.5
we see that real Laplace transforms of a sphere congruence ` share an enveloping sur-
face with `. In the case of non-degenerate maps into P(L5,1) ∼= S4 the normal bundle
has definite signature and Laplace transforms are forced to be complex conjugates.

2.7 Normal Curvature and the Willmore Density

In this section we build two modern invariants out of the bundle decomposition Σ×
R3,3 = S⊕ S⊥. By decomposing flat differentiation d in the trivial bundle Σ×R3,3 we
get connections on S and S⊥, the curvatures of which are manifestly invariants of the
congruence `. Similarly the Willmore density of ` is easy to define as the pull-back of
an invariant metric on hom(S, S⊥).

The weightless normal bundleN` has a natural connection inherited from flat diff-
erentiation on R3,3: let [σ] = {σ + λ`}λ∈R be a local section ofN` and set

∇⊥[σ] = [ProjI⊥dσ].

This is easily seen to be a connection on N`. Indeed it is clear from S⊥ ⊂ I⊥ that ∇⊥

is the connection on N` obtained by the restriction of flat differentiation to S⊥ under
the identification S⊥ ∼= N`. We compute the curvature of ∇⊥.

Let ∇T,∇⊥ be the restrictions of flat differentiation on Σ ×R3,3 to S, S⊥ respec-
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tively and define 1-forms A ∈ Ω1
Σ ⊗ hom(S, S⊥), A′ ∈ Ω1

Σ ⊗ hom(S⊥, S) such that

d = ∇T +∇⊥ + A + A′.

Expanding for the curvature of d gives four vanishing terms

0 = d2 = (R∇
T
+ A′ ∧ A) + (R∇

⊥
+ A ∧ A′)

+ (A ◦ ∇T +∇⊥ ◦ A′) + (∇T ◦ A + A′ ◦ ∇⊥)

where we have grouped terms according to the decomposition R3,3 = S⊕ S⊥. Upon
choosing a lift of the focal surface f , and therefore lifts of `, etc., it is easy to calculate
R∇

⊥
= −A ∧ A′. Let σ = p`−1 + q`1 be a local section of S⊥ and let X = ∂

∂x , Y = ∂
∂y .

Clearly A ∧ A′(X, X) = 0 = A ∧ A′(Y, Y), so it remains to calculate the cross term:

A′Xσ = ProjS(p`−1
x + q`1

x)

= ProjS(pfxx ∧ f + q(gx ∧ gy + g ∧ gxy))

= (hα′q− βp)f ∧ g+ (hq− δp)f ∧ gy,

AY A′Xσ = ProjS⊥(A′X)y

= (hq− δp)ProjS⊥(fy ∧ gy + f ∧ gyy)

= (hq− δp)(−γ′`−1 + `1).

Similarly

AX A′Yσ = (p− γ′q)(h`−1 − δ`1).

It follows that

R∇
⊥
(X, Y)σ = p(δγ′ − h)`−1 + q(h− δγ′)`1.

Hence with respect to the null basis {`−1, `1} of S⊥ we have

R∇
⊥
= W

(
−1 0
0 1

)
dx ∧ dy (2.16)

where x is the co-ordinate associated to the −ve entry in the matrix: i.e. to the Laplace
transform `−1 = f ∧ fx. It is therefore clear (and reassuring) that swapping the roles of
the co-ordinates x, y has no effect on W if we choose to define W this way.

We can do better by observing a canonical duality between 2-forms and symmetric
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2-tensors in the conformal class of dxdy. Recall the line subbundles L−, L+ of TΣ
defined in (2.5). Define the bundle endomorphism J ∈ End TΣ by J = ∓Id on L−, L+

respectively and observe that since L± are the null directions of (d`, d`) we have

g(X, JY) = g(X+ + X−, Y+ −Y−) = −g(X+ − X−, Y+ + Y−) = −g(JX, Y)

and so J is skew for any representative metric g in the conformal class of (d`, d`). It
follows that

(X, Y) 7→ R∇
⊥
(X, JY)

is the symmetric 2-tensor ĴW ∈ Γ(S2T∗Σ ⊗ End S⊥) where Ĵ = ±1 on `±1 respec-
tively. This association is consistent with the labelling of the Laplace transforms as
positive and negative from the outset. Indeed the labelling of the Laplace transforms
defines which of the line subbundles of TΣ are positive and negative for if f := ` ∩ `−1

then we define L− as the line subbundle such that f ∧ d f (L−) = `−1. The Weingarten
invariant may therefore be defined without reference to focal surfaces and, up to sign,
without reference to which Laplace transform is positive.

We have proved that W-congruences correspond to surfaces in the Klein quadric
with flat normal bundle. An avatar of this can be found in Eisenhart [28] and Fera-
pontov [29] where W-congruences are shown to have Plücker co-ordinates satisfying
a Laplace equation (e.g. 2.8). Indeed it is easy to see that the co-ordinates on Σ for
which one obtains the Laplace equations are asymptotic for the focal surfaces f , g.
The asymptotic directions are, of course, coincident iff ` is a W-congruence.

One may perform the same calculations for immersions into the Lie quadric: the
curvature of the normal bundle of a non-degenerate sphere congruence may not have
a classical name but it is an invariant of the congruence. Moreover it is known (e.g.
[28, 29]) that a sphere congruence has flat normal bundle iff the congruence is Ribau-
cour. Indeed Lie’s line-sphere correspondence [28], taking line congruences to sphere
congruences, is known to send W-congruences to Ribaucour congruences.

The conformal Gauss map of a non-degenerate congruence gives rise to a further
invariant 2-form which will be seen to be conformal toH andW. Define a metric on
hom(S, S⊥) by

(A, B) := tr(A∗B)

where ∗ is the adjoint. Both S, S⊥ are non-degenerate, so ( , ) is well-defined. Being
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a map into a non-degenerate Grassmannian, S : Σ → G(2,2)(R
3,3) has tangent bundle

TS ∼= hom(S, S⊥) and so we can pull-back ( , ) via S to get a well-defined metric on
Σ. dS is the map

TΣ 3 X 7→ (σ 7→ ProjS⊥dXσ)

where σ is a local section of S. Specifically the tangent vector ∂
∂x gets mapped by dS to

Sx : σ 7→ ProjS⊥
(

∂σ

∂x

)
.

Let σ = p`+ q`x + r`y + s`xy be a local section of S given in terms of some lift ` = f ∧ g.
Then

Sxσ = ProjS⊥(q`xx + s`xxy)⇒ ker Sx ⊇
〈
`, `y

〉
and so

Im S∗x ⊆ ProjS
〈
`, `y

〉⊥
=
〈
`, `y

〉
,

since
〈
`, `y

〉
, being 2-dimensional, is maximally isotropic in S. The endomorphism

S∗x ◦ Sx is therefore identically zero: similarly for Sy. The induced metric on Σ thus
depends only on the cross term. Now ker Sx ⊇

〈
`, `y

〉
and Im S∗y ⊆ 〈`, `x〉, so we need

only evaluate on `x to calculate the trace of S∗ySx.

(Sx, Sy) = tr S∗ySx = coeff`x(S
∗
ySx`x)

= coeff`x(S
∗
yProjS⊥`xx) = − coeff`x(S

∗
y(h`

−1 + δ`1))

= − coeff`x(h(g ∧ fx − bf ∧ fy) + δγ′g ∧ fx)

= h + δγ′.

We therefore have a third invariant symmetric 2-tensor C := (h + δγ′)dxdy on Σ in
the same conformal class as the Laplace and Weingarten invariants. Indeed since we
have seen thatW andC can be defined without reference to focal surfaces, the relation

H =
1
2
(C+W)

may serve as a definition of the Laplace invariant of a line congruence.
We are now in a position to make a strong case for a conformal redefinition of

the Laplace invariant of a line congruence as a genuine 2-form. The 2-form E :=
C(−, J−) = (h + δγ′)dx ∧ dy = (h + δγ′)dA ∈ Ω2

Σ is exactly the Willmore density
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(H2 − K)dA [13] of `. With only the choice of which Laplace transform is positive we
see that the curvature R∇

⊥
of the normal bundle is the 2-form R := WdA and so we

may define the Laplace invariant of ` to be the 2-form

Ĥ :=
1
2
(E+R) = h dA.

The sign of Ĥ obviously depends on the orientation of Σ. We also have the question
of what is 1

2 (E− R) obtained by reversing the choice of which Laplace transform is
positive. This amounts to finding a more geometric description of

δγ′ dxdy =
1
2
(C−W),

which will be tackled in the next section.

2.8 Dual Congruence

Definition 2.4 introduced the dual of a focal surface in P3 as the annihilator of its
tangent bundle: f ∗ := Ann 〈 f , d f 〉. The dual congruence to ` = f ∧ g is the line congru-
ence `∗ in P3

∗ obtained by joining the two dual surfaces f ∗, g∗. `∗ can be viewed more
invariantly as the annihilator of ` since

` = 〈 f , d f 〉 ∩ 〈g, dg〉 = f ∧ g =⇒ `∗ = f ∗ ∧ g∗ = Ann f ∩Ann g.

More is true, for differentiating the relations f∗f = f∗g = g∗f = g∗g = 0 gives

f∗x f = f∗xg = g∗yf = g∗yg = 0 =⇒ f∗x , g∗y ∈ `∗.

f ∗, g∗ are therefore the focal surfaces of the dual congruence for which x, y are con-
formal co-ordinates. Notice that the roles of x, y have swapped over

fy, gx ∈ ` ! f∗x , g∗y ∈ `∗.

Fix lifts of the dual surfaces by forcing f∗g1 = 1 = g∗f−1. Indeed by calculating
(f∗xv = (f∗v)x − f∗vx, etc.) it is easy to see that we have the equivalent of (2.7)

f∗x = bf∗ − δg∗, g∗y = −γ′f∗ + ag∗, (2.17)
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and so

f∗xy + a∗f∗x + b∗f∗y + c∗f∗ = 0,
a∗ = −a− (ln δ)y, b∗ = −b,
c∗ = b(a + (ln δ)y)− by − δγ′,

g∗xy + a∗1g
∗
x + b∗1g

∗
y + c∗1g

∗ = 0,
a∗1 = −a, b∗1 = −b− (ln γ′)x,
c∗1 = a(b + (ln γ′)y)− ax − δγ′,

h∗ = a∗b∗ − c∗ + b∗y = δγ′,
k∗ = a∗b∗ − c∗ + a∗x = δγ′ − by + γy + (a1)x − δ′x + (ln h/δ)xy.

(2.18)

Since the roles of x, y have swapped over we must add b∗y , not a∗x as previously, to
calculate h∗. The geometric meaning of the mystery δγ′dxdy is now clear: it is the
Laplace invariant H∗ of the dual congruence `∗. Furthermore W = H −H∗ and
so the Weingarten invariantW∗ of `∗ is simply −W, while the metric on Σ induced
by the central sphere congruence is C∗ = C. W∗ = −W can be seen directly from
our expression (2.16) for the curvature of the normal bundle: the entire calculation of
R∇

⊥
∗ is the same as that of R∇

⊥
except for the fact that the role of the co-ordinates has

reversed and so the only change is dx ∧ dy 7→ dy ∧ dx.
It is a matter of calculation to see that Laplace transforms commute with duality:

i.e. (f∗)−1 := f∗y + a∗f∗ is the dual surface to f−1 and (g∗)1 := g∗x + b∗1g
∗ is dual to g1.

The following diagram therefore commutes:

· · ·

f−1∗
y
oo

x
//

OO

��

`−1∗
f ∗y

oo
x
//

OO

��

`∗ g∗y
oo

x
//

OO

��

`1∗
g1∗

y
oo

OO

��

x
//

· · ·

f−1
x
oo

y
// `−1

fx
oo

y
// ` gx

oo
y
// `1

g1
x
oo

y
//

Similarly to equations (2.13,2.14) we have the following recurrence relations for
the dual Laplace invariants h∗i and coefficients a∗i , b∗i , c∗i

a∗i+1 = a∗i , b∗i+1 = b∗i − (ln h∗i )x,
c∗i+1 = c∗i + (a∗i )x − (b∗i )y − a∗i (ln h∗i )x,

i ≥ 0,

a∗i−1 = a∗i − (ln k∗|i|)y, b∗i−1 = b∗i ,

c∗i−1 = c∗i − (a∗i )x + (b∗i )y − b∗i (ln k∗|i|)y,
i ≤ 0,

h∗i+1 + h∗i−1 = 2h∗i − (ln h∗i )xy, ∀i,
h∗i+1 = h∗i + h∗1 − h∗0 − (ln(h∗1 · · · h∗i ))xy,
k∗i+1 = k∗i + k∗1 − k∗0 − (ln(k∗1 · · · k∗i ))xy.

i > 0,
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while the Weingarten invariants and metrics Ci satisfy

Ci+1 + Ci−1 = 2Ci − (ln hih∗i )xy dxdy,

Ci+1 = Ci + C1 − C− (ln h1 · · · hih∗1 · · · h∗i )xy dxdy,

Wi+1 +Wi−1 = 2Wi − (ln hi/h∗i )xy dxdy,

Wi+1 =Wi +W1 −W−
(

ln
h1 · · · hi

h∗1 · · · h∗i

)
xy

dxdy.

As a corollary to the second last equation we obtain a classical result: if two con-
secutive Wi are zero, then all congruences in the Laplace sequence are W (since
Wi = 0⇒ hi = h∗i ).

2.9 The Structure Equations

Suppose ` is non-degenerate and fix a lift of f so that e = (f, g, f−1, g1)T is a moving
frame of R4. Define a 1-form ω ∈ Ω1

Σ ⊗ gl(4) by de = ωe. Because of (2.12) and the
easily verifiable

f−1
y = kf − af−1, g1

x = h1g− bg1,

it is seen that

ω =


−b 0 1 0
h −b 0 0
α β γ δ

0 h1 0 −b

dx +


−a 1 0 0
0 −a1 0 1
k 0 −a 0
α′ β′ γ′ δ′

dy =: Adx + Bdy.

The structure equations are 0 = d2e = dωe−ω ∧ de: i.e. dω = ω ∧ω or equivalently
−Ay + Bx = [A, B]. Now

[A, B] =


k− h 0 0 0

h(a1 − a) h− h1 0 0
k(b + γ + δα′ α + δβ′ + β(a− a1) δγ′ − k β + δ(a + δ′)

−αγ′ − hβ′ −h1(a1 + δ′)− βγ′ −α′ − γ′(b + γ) h1 − δγ′

 ,

and so the structure equations are therefore

1. by − ax = k− h,

2. hy = h(a− a1),
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3. by − a1
x = h− h1,

4. αy = kx − k(b + γ)− δα′,

5. βy = −α− δβ′ + β(a1 − a),

6. γy = k− δγ′ − ax (= W + by − 2ax),

7. δy = −β− δ(a + δ′),

8. α′x = −αγ′ − hβ′,

9. β′x = h1
y − h1(a1 + δ′)− βγ′,

10. γ′x = −α′ − γ′(b + γ),

11. δ′x = h1 − δγ′ − by (= W + a1
x − 2by).

The first three equations tell us nothing new, although a number of the remainder
will be useful for the applications below. For our purposes it is not really necessary
to calculate all the structure equations in the above manner since they are all readily
available as ‘mixed partial derivatives commute’ conditions, but for completeness we
record them all. Since the structure equations are all that are required to define a
line congruence, many people have approached this subject by simply defining a line
congruence as a solution to the structure equations. A good example of this is the
Wilczynski-frame [64] where the author chooses a specific lift of the focal surfaces for
which an even simpler set of structure equations than ours is available.

Isothermic congruences

Definition 2.14
Conjugate co-ordinates x, y on a surface f are strictly isothermic conjugate if x± y are
asymptotic co-ordinates (i.e. null for I).

Remarks: In our notation strictly isothermic means δ = −1. We will refer to co-
ordinates x, y as isothermic conjugate if there exist monotone functions u, v such that
u(x), v(y) are strictly isothermic conjugate.

Theorem 2.15 (Demoulin–Tzitzeica [25, 58])
Let f be a focal surface of a W-congruence ` = f ∧ fy with conformal co-ordinates x, y.
The Laplace transform `−1 = f ∧ fx is a W-congruence iff x, y are isothermic conjugate
on f .

Proof Calculating W−1 via our expression (2.18) for k∗ and the 6th and 11th structure
equations yields

W−1 = W + (ln δ)xy.
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The theorem now reads ‘isothermic conjugate iff (ln δ)xy = 0’. Since any logarithm of
−1 is constant it is clear that strictly isothermic co-ordinates satisfy (ln δ)xy = 0.

Conversely, suppose that δ < 0 and (ln δ)xy = 0, then we can choose a logarithm
of δ such that ln δ = U(x) + V(y) + iπ where U, V are real functions. Let U(x) =

2 ln u′(x), V(y) = −2 ln v′(y) for some functions u, v with positive derivatives. Then

δ = −u′(x)2

v′(y)2 .

It is easy to see that in the new co-ordinates u, v we have ĝ = dy
dvg, f̂−1 = dx

du f
−1, ĝ1 =(

dy
dv

)2
g1, f̂∗ =

(
dv
dy

)2
f∗, etc. and so

f̂∗ f̂uu = f̂∗ f̂−1
u = δ

(
v′

u′

)2

f∗g1 = −1, f̂∗ f̂vv = f∗g1 = 1.

u, v are therefore isothermic conjugate as in the definition.
If δ > 0 and (ln δ)xy = 0 then I f is definite and so asymptotic co-ordinates are

complex. By a similar process as above we can find conjugate u, v such that δ = 1, the
asymptotic co-ordinates are then u± iv and so u, iv are isothermic.

With half an eye on chapters 5 and 6 we make the following definition.

Definition/Theorem 2.16
A line congruence ` is isothermic if there exists conformal co-ordinates x, y which are
strictly isothermic conjugate on both focal surfaces. Equivalently ` is a W-congruence
with x, y isothermic on both surfaces.

The implied theorem is that this definition of isothermic is consistent with that to
be given in Chapter 5 and with any other of which the reader may be aware. We shall
prove this in Section 6.2.

By the Demoulin–Tzitzeica theorem we see that the Laplace transforms `±1 of an
isothermic congruence are W-congruences and that consequently all Laplace trans-
forms are W. Furthermore the same theorem says that x, y are isothermic conjugate
on every focal surface. The entire Laplace sequence of an isothermic congruence is
therefore isothermic.

None of this is new: Tzitzeica [58] defined an R net to be a surface f with conju-
gate co-ordinates x, y such that f ∧ fx and f ∧ fy are both W-congruences. In such a
case either of the W-congruences tangent to f are named R-congruences. The discus-
sion in section 45 of Eisenhart [28] shows that an R net has x, y isothermic conjugate
(Tzitzeica) and conversely that if f ∧ fx is W where x, y are isothermic conjugate on f
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then ( f , x, y) is an R net (Demoulin). Thus R-congruence is a synonym for isothermic.
Eisenhart also demonstrates that the Laplace transforms of an R net are R nets. All we
have done is to obtain the same results in a different manner.

Example: Our earlier hyperboloid example (figure 2-1) has δ = 1 and so the co-
ordinates x, iy are isothermic on f . Since all congruences in the Laplace sequence are
W it follows that all four congruences are isothermic.

Line congruences in a linear complex

Definition 2.17
A linear complex [28] is a 3-parameter family of lines in P3 whose Plücker images lie
in a hyperplane in P5. A line congruence ` is said to lie in a linear complex iff the
Plücker images of ` lie on a hyperplane.

Suppose ` lies in a linear complex, then so do its derivatives. The central sphere
congruence S is therefore in the supplied hyperplane which must therefore be perpen-
dicular to a section of the normal bundle S⊥. Let

ξ = pf ∧ f−1 + qg ∧ g1

be such a section of S⊥ =
〈
`−1, `1〉. If the hyperplane is to be constant we must have

ξx ≡ 0 ≡ ξy (mod ξ).

Calculate

ξx = pβf ∧ g+ (pδ + qh)f ∧ g1 + (px + p(γ− b))f ∧ f−1 + (qx − 2qb)g ∧ g1,

ξy = qα′f ∧ g+ (p + qγ′)g ∧ f−1 + (py − 2pa)f ∧ f−1 + (qy + q(δ′ − a1))g ∧ g1.

It is clear that both p, q are non-zero, for otherwise h = 0 and ` is degenerate. We
therefore require

− p
q
=

h
δ
= γ′, β = 0 = α′,

qpx − pqx + (γ + b)pq = 0 = pqy − qpy − (δ′ + 2a− a1)pq.

The second line follows from the first by differentiating and applying the 7th and 10th

structure equations. In conclusion we have obtained a theorem of Sasaki [51] in sim-
plified form:
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Theorem 2.18
A line congruence ` lies in a linear complex iff W = β = α′ = 0.

The following result is also implied, but not proved, by Sasaki.

Corollary 2.19
A line congruence belongs to a linear complex iff ` and `∗ are projectively equivalent:
i.e. there exists a constant linear map T : R4 → R4

∗ such that T` = `∗.

Proof From the 6th and 11th structure equations ((γ− b)y = −2ax, (δ′ − a1)x = −2by)
we can choose functions λ, µ such that

(ln λ)x = −2b, (ln λ)y = δ′ − a1, (ln µ)x = γ− b, (ln µ)y = −2a. (2.19)

It follows that

grad
(

ln
λ

µ

)
= grad

(
ln

p
q

)
⇒ λ

µ
= C

p
q

,

for some constant C. We have freedom up to scaling by constants in λ, µ, so we can
choose λ, µ such that C = 1.

Fix a lift of f and consider the lifts of the dual surfaces f ∗, g∗ given by

f̂∗ = λf∗, ĝ∗ = µg∗.

It is easy to see that

f̂∗x = ((ln λ)x + b)f̂∗ − δ
λ

µ
ĝ∗ = hĝ∗ − bf̂∗,

ĝ∗y = f̂∗ − aĝ∗.

Comparing this with fy = g − af, gx = hf − bg we see that f and ĝ∗ have the same
conjugate net equation, as do g, f̂∗. We can also calculate Laplace transforms (f̂∗)−1 :=
f̂∗y + a1f̂∗, (ĝ∗)1 := ĝ∗x + bĝ∗ and their affect on the moving frame (f, g, f−1, g1). Thus

(f̂∗)−1


f

g

f−1

g1

 =


0
−λ

0
λy + λ(a1 − δ′)

 =


0
−λ

0
0

 , (ĝ∗)1


f

g

f−1

g1

 =


−µ

0
0
0


It is now simple to see that

(f̂∗)−1
y = β′ĝ∗ + γ′(f̂∗)−1 + δ′(ĝ∗)1,
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(ĝ∗)1
x = αf̂∗ + γ(f̂∗)−1 + δ(ĝ∗)1,

which are exactly the same equations satisfied by g1
y, f−1

x respectively. Define a linear
map T(x, y) : R4 → R4∗ by T : (f, g, f−1, g1) 7→ (ĝ∗, f̂∗, (ĝ∗)1, (f̂∗)−1). The above equa-
tions are exactly what are required to guarantee that T is constant. Hence there exists
a constant projectivity mapping ` to its dual and so `, `∗ are projectively equivalent.

For the converse note that focal surfaces and conjugate co-ordinates are preserved
by a constant T and so T( f , g, f−1, g1) = (g∗, f ∗, (g∗)1, ( f ∗)−1). Define λ := (Tg)g1,
µ := (Tf)f−1 and evaluate (Tg)x = h(Tf)− b(Tg) and (Tf)y = Tg− a(Tf) on f−1, g1

respectively to obtain

λ = −γ′µ, λδ = −hµ, (ln λ)x = −2b, (ln µ)y = −2a.

Thus ` is a W-congruence and we can cross-differentiate using the structure equations
to see that

(ln λ)y = δ′ − a1 +
β

δ
, (ln µ)x = γ− b +

α′

γ′
.

Now evaluate (Tf)1
x = α(Tf) + β(Tg) + γ(T f )−1 + δ(Tg)1 on f to see that µx = µ(γ−

b)⇒ α′ = 0. Similarly β = 0 and so λ, µ satisfy (2.19) and the theorem is proved.

2.10 The Euler–Darboux Equation

We conclude this chapter with another example, again inspired by Sasaki. The Euler–
Darboux equation E(m, n) can be expressed as follows

fxy +
n

x− y
fx −

m
x− y

fy = 0, (2.20)

where m, n are constant. A solution can be found by separation of variables, yielding
the following family of conjugate nets in P3 satisfying the Euler–Darboux equation.
Let a, b, c, d be distinct constants, then

f (x, y) = [(x− a)m(y− a)n, (x− b)m(y− b)n, (x− c)m(y− c)n, (x− d)m(y− d)n]

are the homogeneous co-ordinates of a surface satisfying (2.20): the surfaces f consti-
tute exactly those separable solutions of E(m, n).
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It is easy11 to see that the Laplace transforms of f (where they make sense) have
the following homogeneous representations

f i(x, y) =[(x− a)m+i(y− a)n−i, (x− b)m+i(y− b)n−i,

(x− c)m+i(y− c)n−i, (x− d)m+i(y− d)n−i].

Notice that f i is a solution to E(m + i, n− i). By calculating determinants (f∗ ∝ f ∧ fx ∧
fy) the dual surface can also be expressed in homogeneous co-ordinates:

f ∗ =[Cabc(x− d)1−m(y− d)1−n, Cabd(x− c)1−m(y− c)1−n,

Cacd(x− b)1−m(y− b)1−n, Cbcd(x− a)1−m(y− a)1−n]

where Cpqr is the cyclic expression (p− q)(q− r)(r− p) for any p, q, r. By weighting co-
ordinates on P3

∗ we can fix all constants C = 1: the dual surface is therefore a solution
to E(1−m, 1− n). The Laplace invariants of the line congruences `i := f i ∧ f i+1 are
calculable from the Euler–Darboux equations themselves:

H
i = − (m + i + 1)(n− i)

(x− y)2 dxdy, H
∗i = − (m− 1 + i)(n− 2− i)

(x− y)2 dxdy,

and so

W
i = H i −H∗i = 2

1−m− n
(x− y)2 dxdy,

which is independent of i. Thus any `i is a W-congruence ⇐⇒ all are ⇐⇒ m + n = 1.
This example is easy to work with since we only need to change the indices in our

expressions to find all relevant surfaces:

f : (m, n) oo //
OO

��

f i : (m + i, n− i)
OO

��
f ∗ : (1−m, 1− n) oo // f ∗i : (1−m− i, 1− n + i)

By similar determinant calculations to the above we see that

δ = −m(m− 1)(y− a)(y− b)(y− c)(y− d)
n(n− 1)(x− a)(x− b)(x− c)(x− d)

=⇒ (ln δ)xy = 0.

x, y are therefore isothermic conjugate on all focal surfaces, although not strictly so.
Indeed by Demoulin–Tzitzeica (Theorem 2.15) ` is an isothermic congruence iff W = 0

11For Maple buffs!
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iff all Laplace transforms are isothermic.
Similarly it can be seen that α′ = β = 0 ⇐⇒ two of a, b, c, d are equal in which

case the congruence lives in a P2. This links up with the Klein correspondence, where
the set of lines lying in a hyperplane in P3 corresponds to a null (projective) 2-plane in
the Klein quadric: a so-called β-plane. We therefore see that ` lies in a linear complex
iff it actually lies in a fixed β-plane.

2.11 Further Work

There are a plethora of classical questions that can be asked of line congruences to
which answers are known: i.e. investigations of Laplace sequences that terminate,
special types (e.g. quadratic) of focal surfaces, consideration of affine minimal sur-
faces via W-congruences. Many of these problems should be easy to translate into
the conformal setting and perhaps something intelligent can be said regarding the
Plücker images of such congruences. As has already been said, much of the analysis
in this chapter can be repeated in the context of Lie sphere geometry [22]. It would
be interesting to do this analysis rather than deducing results by hand-waving or an
appeal to Lie’s line-sphere correspondence: indeed since real spheres are mapped to
complex lines under Lie’s transformation we cannot prove theorems about real sphere
congruences this way, the correspondence merely helps us decide what we would like
to prove. In particular, we would like a concrete geometric idea of how the Laplace
transforms of a sphere congruence relate—is there a relation between the curvatures
of the corresponding spheres for instance? Can we view Laplace transforms of sphere
congruences entirely in terms of their enveloping surfaces? Do the conformal co-
ordinates x, y arising from a sphere congruence have any geometric meaning on the
enveloping surfaces? We know that the curvature of the normal bundle vanishes iff
we have a Ribaucour congruence, so does the curvature of the normal bundle measure
how close the curvature lines are to coinciding in the same way that the Weingarten
invariant measures the difference between asymptotic lines on focal surfaces? Can
we see the ‘R-invariant’ and Laplace invariants of a sphere congruence—defined in
terms of the curvature of the normal bundle and the Willmore density—directly in
terms of its enveloping surfaces. One possible approach to this could be via a second
real form of the complex Klein correspondence su(2, 2) ∼= so(4, 2): this should yield a
4-dimensional description of sphere congruences. Ferapontov [30] makes use of this
approach. Finally, is there a sensible definition of the dual to a sphere congruence in
S3?



Chapter 3

Loop Groups and Simple Factors

3.1 Introduction

In this chapter we discuss various subgroups of the loop group G := {g : dom(g) →
GC holomorphic} where dom(g) is P1 = P(C) minus a finite set of points and GC

is the complexification of a compact Lie group: in particular we prove a version of
the Birkhoff decomposition which allows us to build a local dressing action of the
subgroup of negative loops G− on the subgroup of positive loops G+. The theory is
stated in such a manner as to apply in many situations, namely when we restrict to
loops that are real (g(z) = g(z)) with respect to some real form of GC and/or twisted
(τg(z) = g(ωz))1 by some finite order automorphism τ of GC. Following Uhlenbeck
[60] we look for the simple factors inG− for which the dressing action is most easily cal-
culated: calculation of the action depends only on the values of the inputs and not on
their derivatives. For loops which are either untwisted, or twisted by an involution,
we observe that the simple factors are classified by at most two complex scalars and a
complementary pair of parabolic subalgebras of gC, the Lie algebra of GC. Moreover
we calculate the dressing action of all simple factors in these cases and obtain a theo-
rem of the Bianchi permutability of dressing transforms by simple factors. As a coda
we discuss the existence of simple factors with respect to a higher order twisting τ.
In particular a simple Lie algebra admits a Coxeter automorphism (of order the height
of the maximal root plus 1). Terng–Uhlenbeck [56] provide an example of dressing
by simple elements in SL(n), twisted with by the Coxeter automorphism (of order
n). The construction of their simple elements may be described by a general theory
applicable to any simple Lie algebra. We apply this construction to the orthogonal
groups and find the simplest possible elements of G− with which one can dress. It is
seen however that the simplest elements for the orthogonal groups have a different
flavour to those for the special linear group: in SL(n) we have fractional linear simple

1ω is a root of unity of the same order as τ.

55
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elements, while in SO(n) the factors are at simplest quadratic fractional. The lack of
linearity is enough to cause the proof of the dressing action in SL(n) to fail when one
attempts to translate the argument to general groups.

3.2 The Birkhoff Factorisation Theorem

The theory of dressing actions on loop groups hinges on the Birkhoff decomposition.
His theorem was discovered during his investigations of non-linear ODE’s of the form
d f
dz = G(z) · f (z) where G : C→ GLn(C) is holomorphic except for a simple pole at the
origin. Birkhoff [4] proved that the solutions f to most equations of the above form can
be multiplied by a holomorphic map into GLn(C) such that the transform f̃ satisfies
a new equation of the form d f̃

dz = z−1G̃ · f̃ , where G̃ is a constant matrix. We will use
the more modern version of Birkhoff’s theorem to do much the same thing, where
GLn(C) is replaced by a complex Lie group GC. Before considering the theorem itself,
we must properly define its ingredients.

Definition 3.1
A loop is a holomorphic map g : dom(g) ⊂ P1 → GC where GC is a complex Lie
group and dom(g) is the complement of a finite subset of P1. The set of loops G forms
a group under pointwise multiplication and is referred to as a loop group.

In most texts a loop is a map g : S1 → GC, the set of such maps being usually
denoted ΛG. Since g ∈ G is holomorphic and therefore uniformly convergent on any
compact subset of dom(g) it follows that the compact open topology is a topology on
G: this is good enough to allow us to talk about open subsets of G, but not enough to
show that G is a manifold and therefore an infinite-dimensional Lie group. For this
one must introduce a Frechet topology, the construction of which would take us too
far afield. Two subgroups of G feature in the factorisation theorem; the positive and
negative loops respectively.

Definition 3.2
The group of positive loops in GC is denoted

G
+ := {g ∈ G : C ⊂ dom(g)},

whilst the negative loops similarly form a group:

G
− := {g ∈ G : ∞ ∈ dom(g)}.
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The crucial point to take from what follows is that the intersection of these two
groups is nothing but a copy of GC itself, for G+ ∩ G− is the set of maps which are
holomorphic on all of P1. Liouville’s theorem assures us that all such maps are con-
stant. To make full use of this observation it is customary to normalise one or both
loop groups at a point. Consequently we write G+

∗ for the positive loops satisfying
g(0) = Id. The intersection G+

∗ ∩G− consists of just the identity map.

Theorem 3.3 (Birkhoff factorisation)
Let GC be the complexification of a compact Lie group. The product set G+

∗ G
− is

a dense open subset of the identity component of G while the multiplication map
G
+
∗ ×G− → G is a diffeomorphism onto this set.

Since we have not shown that G is a manifold, we will only prove the first claim.
Note however that the Birkhoff theorem of Pressley–Segal [49] applied to the restric-
tion of G to all loops defined on a circle S1 says that the multiplication map G+

∗ |S1 ×
G
−|S1 → G|S1 is a diffeomorphism onto the dense open subset G+

∗ |S1 G
−|S1 of the

identity component of G|S1 . This is not however quite enough for the theorem. That
multiplication is smooth is required in Chapter 4 where we consider smooth maps of
some manifold Σ → G and require that the products and inverses of such maps are
smooth.

Proof Note firstly that the decomposition g = h+h− (h± ∈ G±
(∗)), if it exists, is

necessarily unique by Liouville:

h+1 h−1 = h+2 h−2 =⇒ (h+2 )
−1h+1 = h−2 (h

−
1 )
−1 ∈ G+

∗ ∩G− = {Id}.

Suppose g ∈ G is a loop. Then there exists an r > 0 such that g is holomorphic on
{z ∈ C : |z| > r}. Apply the usual statement of Birkhoff’s theorem (e.g. in Pressley–
Segal [49]) to g restricted to the circle S1

r : there exists a dense open set of the identity
component of the loop group {g : S1

r → GC} such that for g|S1
r

in this set there exist
unique maps h+r , h−r such that g|S1

r
= h+r h−r where h+r , h−r are holomorphic on |z| < r

and r < |z| ≤ ∞ respectively, continuous up to |z| = r and h+r (0) = 1. Extend h+r , h−r
to continuous functions on C, dom(g)∪∞ respectively, holomorphic away from S1

r by

h+ :=

h+r |z| ≤ r,

g(h−r )−1 |z| ∈ [r, ∞),
, h− :=

(h+)−1g z ∈ dom(g) ∩C,

h−r |z| ∈ [r, ∞],

with exceptionally h+(∞) := g(∞)h−(∞)−1 if g(∞) is defined. Using continuity
across S1

r to approximate contour integrals on curves across S1
r by contours on either
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side of S1
r we see that the integrals of h± over any closed loop near S1

r is zero.2 Mor-
era’s theorem (e.g. [50]) implies that h± are holomorphic across S1

r and so we have
built h± ∈ G±

(∗) such that g = h+h−. By the uniqueness comment above it is clear
that h± so defined are independent of whichever r we start with. This proves the first
claim.

That GC is the complexification of a compact G is required only to put ourselves
in the setting of [49]. Complexifications of arbitrary G need not exist (the simply-
connected covering group of SL2(R) being the standard example). If G is a compact
Lie group we can invoke the Peter-Weyl theorem [40, 61] which says that any such G
can be embedded in a unitary group (i.e. there exists a faithful linear representation).
The complexification of G is then realised via UC

n = GLn(C) (just drop the gg∗ = Id
condition). For non-compact G one must work a little harder. We are saved since
our later work is more concerned with Lie algebras than Lie groups. Indeed we will
tend to work with real semisimple Lie algebras g. Any real semisimple g possesses a
Cartan decomposition (cf. Section 1.3) g = k⊕ p: the real Lie algebra gτ := k⊕ ip is
therefore compact and semisimple; a compact dual of g. It is clear that g, gτ have the
same complexification gC := g⊗ C = gτ ⊗ C. It is now straightforward to construct
Lie groups satisfying the hypotheses of Birkhoff’s theorem: since gC is semisimple,
ad : gC → ad(gC) is an isomorphism and so gC is the Lie algebra of GC := Int(gC),
the semisimple, centre-free Lie group of inner automorphisms of gC. It is clear that
G := Int(g), Gτ := Int(gτ) are real forms of GC and that Gτ is compact. In later
discussions where a semisimple Lie algebra, but not a Lie group, is given it will be
assumed that G, GC are diffeomorphs of the above groups of automorphisms.

The factorisation theorem still holds if we restrict to negative loops normalised
at zero: G−∗ := {g ∈ G− : 0 ∈ dom(g), g(0) = Id}. Some authors (e.g. [9, 56])
prefer to work with zero and ∞ swapped: i.e. no restriction is made to positive loops,
while negative loops are normalised at ∞. When it is not important to stress where
the normalisation occurs we will tend to drop asterisks and assume that at least one
normalisation has been performed so that G± satisfy a factorisation theorem.

The purpose of Theorem 3.3 is to build a local dressing action of negative loops on
positive, or vice versa. Suppose for a moment that G± are subgroups of some G such
that G = G+

G
− and G+ ∩ G− = {Id}: it is clear that given any g± ∈ G± there exist

unique h± ∈ G± such that g−g+ = h+h− and so we may define an action # of G− on

2The existence of a faithful linear representation of GC allows us make sense of contour integrals of
the group-valued functions h±.
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G
+ by

g− # g+ := h+ = g−g+h−1
− .

Lemma 3.4
# really is an action.

Proof Let g1, g2 ∈ G−, g+ ∈ G+ and suppose that g1 #(g2 # g+) and (g1g2) # g+ are
defined. There exist unique h1, h2, h12 ∈ G− such that,

g1 #(g2 # g+) = g1g2g+h−1
2 h−1

1

(g1g2) # g+ = g1g2g+h−1
12

}
=⇒ [g1 #(g2 # g+)]h2h1 = [(g1g2) # g+]h12,

which, by G+ ∩G− = {Id}, implies

g1 #(g2 # g+) = (g1g2) # g+, h2h1 = h12.

In our caseG+
G
− is open inG and so we only have an action when g−g+ ∈ G+

G
−.

However, by two applications of the Birkhoff theorem, both G+
G
− and G−G+ are

open and dense in the identity component of G and so a generic map g = g−g+ has
a unique factorisation g = ĝ+ ĝ−. Moreover by the openness we have that if g− # g+
is defined, then for minor perturbations of either ingredient the action is still defined.
The action is therefore only locally defined.

Definition 3.5
The dressing action of G− on G+ is the local action g− # : g+ 7→ ĝ+.

3.3 Reality and Twisting Conditions

It is often desirable to impose extra restrictions on the loop groups G±: we will con-
sider loops satisfying a reality condition with respect to some real form of GC and
loops that are twisted with respect to a finite order automorphism of GC. The ques-
tion is then whether these conditions are preserved by the above dressing action.

Reality: Suppose G is a (not necessarily compact) real form of GC. G is synonymous
with a conjugation: an anti-holomorphic involution of GC with fixed set G.3

Definition 3.6
Fix a real form G of GC. A loop g ∈ G is real if g(z) = g(z), ∀z ∈ dom(g).

3Not to be confused with conjugation in C: the context will make the meaning clear.
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It is clear that real loops form a group Gr since conjugation is an automorphism of
GC. We similarly have subgroups of real positive and negative loops G±r .

Proposition 3.7
The Birkhoff decomposition restricts to real loops.

Proof Suppose g = g+g− is the Birkhoff decomposition of a real loop g. Then

g+(z)g−(z) = g+(z)g−(z) =⇒ g+(z)−1g+(z) = g−(z)g−(z)−1.

g+(z) is holomorphic since any conjugation must send holomorphic maps to anti-
holomorphic maps. Both sides of the above are therefore holomorphic loops and so
live in the groupsG± respectively. The usual Liouville argument forces both g± ∈ G±r .

It follows that the dressing action respects reality conditions: if g−, g+ are real then
so is g− # g+.

Twisting: Let τ be an order n holomorphic4 automorphism of GC and let ω be a
primitive nth root of unity.

Definition 3.8
A loop g ∈ G is twisted with respect to τ if

τg(z) = g(ωz), ∀z ∈ dom(g).

It is clear that twisted loops form subgroups Gτ,G±τ . By a similar argument to
Proposition 3.7 it can also be seen that the dressing action respects twisting.

We will also work with loops that are both real and twisted, i.e. Gr,τ. In such
cases we will additionally assume that τ commutes with conjugation across the real
form, so that τ restricts to an automorphism of G. Twisting and reality conditions
play little more than a motivational role in this chapter, their introduction is mainly
in preparation for dressing p-flat maps in Chapter 4. In the following discussion one
can liberally replace the groups G± with any combination of based (∗), twisted (τ), or
real (r) loops. When considering twisted loops we will be predominantly concerned
with involutive τ rather than higher order—if not mentioned then the reader should
assume that τ has order 2. The exception to this is Section 3.8 where we consider
certain τ of higher order.

4I.e. τG ⊂ G.
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3.4 Simple Factors

Partly in preparation for Chapter 4 when we will pointwise dress maps Φ : Σ → G+,
and partly so as to distinguish more clearly the ‘dresser’ g− ∈ G− from the ‘dressee’
g+ ∈ G+ we will denote positive loops by Φ from now on.

As yet, no indication has been given as to how to perform the factorisation g−Φ =

Φ̂ĝ−. In general this is a Riemann-Hilbert problem and therefore extremely difficult to
solve. Our goal is to find special g− for which the factorisation is not only calculable,
but calculable by algebra alone. Such g− for which the dependence on Φ is algebraic
are loosely referred to in the literature as simple factors [9, 11, 56], although a concrete
definition more appropriate to our uses will be given below.

Let us be more explicit: if g− 6≡ Id then there must be some points where g− has
a pole, or fails to be invertible. If there are no extra conditions on the loops then the
simplest choice is to let g− be rational with a pole at some α ∈ C. Suppose however
that we have a reality condition and an order 2 twisting condition: if α is a pole, then
so are −α, α. Since α 6= 0, ∞, the simplest choice is to take α ∈ R× ∪ iR× and let g− be
rational on P1 with poles at ±α. The following is a theorem of Burstall [11] adapted
from loop group factoring results of Pressley–Segal [49].

Theorem 3.9
If G is a compact Lie group and g− ∈ G−∗,r,τ rational on P1 with poles at ±α (α ∈ iR×),
then the action of g− on Φ ∈ G+ can be computed in terms of g− and a finite jet5 of
Φ at α. Moreover the dependence of g− # Φ on Φ is algebraic (depends only on the
0-jet Φ(α)) iff g−(z) = γ( α−z

α+z ) where Ad γ : C× → GL(gC) is a homomorphism with
simple poles.

Since all our groups GC are adjoint we say that g− ∈ G−∗ is a simple factor if g−(z) =
γ(tα,β(z)) where tα,β = 1−α−1z

1−β−1z for some α, β ∈ C× and γ is a homomorphism with
simple poles. As we shall show in Section 3.6, the action of such a g− can be calculated
explicitly, the result depending only on the values of Φ at α, β. It will furthermore be
shown that if g− is a simple factor then so is the dressed negative loop ĝ−, the only
thing that changes being the homomorphism γ. The above property is very special, for
if we complicate matters only slightly and let γ have double poles, then not only does
ĝ− fail to depend algebraically on Φ, but γ̂ := ĝ− ◦ t−1

α,β is not even a homomorphism.
The choice of fractional linear tα,β depends on context. If we assume that g− ∈ G−∗,τ,

then we quickly see that t(z) = α−z
α+z where α ∈ C×. Similarly g− ∈ G−∗,r forces t(z) =

1+αz
1+βz where either α, β are both real and non-zero, or β = α. Applying both twisting

5Φ(α) and a finite number of its derivatives dnΦ
dzn

∣∣∣
z=α

.
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and reality imposes the conditions of the theorem except that now α ∈ R× ∪ iR×. The
restriction to imaginary α in the theorem is because g−|R is a smooth map into a real
compact group and so cannot have any poles. For non-compact G there is no such
restriction.

If instead we normalise g− at ∞, it turns out that the Bäcklund transforms of Terng–
Uhlenbeck [56] fit into this framework: suppose GC = GLn(C) and let g− ∈ G− be
rational with a pole at some α ∈ C and g−(∞) = Id. Any such g− is the product of
maps of ‘simplest type’ ([60] theorem 5.4)6

hα,β,π(z) = Id +
α− β

z− α
π′

where π = ProjV and π′ = ProjW such that Cn = V ⊕W. It is easy to see that
h−1

α,β,π = hβ,α,π and so Ad h has eigenspaces W∗ ⊗ V, (V∗ ⊗ V)⊕ (W∗ ⊗W), V∗ ⊗W
with tα,β(z) = z−α

z−β .
The geometry of simple factors is that of the eigenspaces of γ: the classification

of simple factors and the eventual calculation of their dressing action depends on
the observation that that γ(t) decomposes gC into three eigenspaces g+, g0, g− with
eigenvalues t, 1, t−1 respectively, and that the two subalgebras

q := g+ ⊕ g0, r := g0 ⊕ g−

are complementary parabolic subalgebras (Section 1.3) with Abelian nilradicals.

3.5 Classification of Simple Factors

Recall the definition of simple factor inspired by Theorem 3.9. We show that every
simple factor determines and is determined by a complementary pair of parabolic
subalgebras with Abelian nilradicals and in so doing classify the simple factors. Given
the existence of simple factors, the discussion of Section 1.3 shows that the choice of
Lie algebra gC is severely restricted: the decomposition of gC into simple ideals must
contain one of the algebras sl, so, sp, e6, e7, as these are the only simple Lie algebras
possessing simple roots of weight 1.

Given a simple factor g− = γ ◦ tα,β, define

ξ =
d
dt

∣∣∣∣
t=1

γ(t) ∈ gC.

6One may make the entire discussion semisimple by dividing through by det g−.
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Ad γ is a homomorphism, so the following diagram commutes:

C
ad ξ //

exp
��

gl(gC)

exp
��

C×
Ad γ // GL(gC)

I.e. Ad γ(ez) = exp(z ad ξ). Since ez is periodic we have

Ad γ(e2πi) = Id = exp(2πi ad ξ). (3.1)

Let the Jordan decomposition7 of 2πi ad ξ be S+ N. It follows that exp(N) = exp(−S)
and so N is diagonalisable, forcing N = 0. ad ξ is therefore diagonalisable, while (3.1)
insists on integer eigenvalues. The simple poles condition makes these eigenvalues
precisely ±1, 0. Denoting the eigenspaces of ad ξ by g±, g0 and projection maps by

πj : gC = g+ ⊕ g0 ⊕ g− → gj,

allows us to write

Ad γ(t) = tπ+ + π0 + t−1π−, ad ξ = π+ − π−. (3.2)

Proposition 3.10
q := g+ ⊕ g0, r := g0 ⊕ g− are complementary parabolic subalgebras of gC with nil-
radicals g± respectively.

Proof That gC is a graded algebra with grading element ξ is easily seen by applying
the Jacobi identity to ad ξ[ · , · ]. In particular ad ξ[g+, g+] = 2[g+, g+] and so g+ (resp.
g−) is Abelian. Consider the Killing form of gC:

B(p, q) = tr(ad(p) ad(q)) = ∑
any basis {gi}

coeff([p, [q, gi]], gi).

Evaluating on basis elements of g0, g± makes it easy to see that the nilradicals are
q⊥ = g+, r⊥ = g− as required.

A simple factor g− = Ad γ gives rise to a pair of complementary parabolic subal-
gebras simply by differentiating γ to find the canonical element. The converse is also
true: given a pair of complementary parabolic subalgebras with canonical element ξ,

7S + N is the unique semisimple (diagonalisable) + nilpotent decomposition such that [S, N] = 0, see
e.g. [38].
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define γ(t) = exp((ln t)ξ). Ad γ is then a homomorphism C× → Ad(gC) with simple
poles.

In the absence of twisting or reality conditions the above is the whole story: a
simple factor is exactly a choice of a pair of complementary parabolic subalgebras and
a fractional linear t. In the presence of conditions however, the choice of parabolic
subalgebras is restricted.

• The reality condition depends on the choice of tα,β. In terms of the decomposi-
tion (3.2) and supposing that the centre of G is trivial, the reality condition reads

t(z)π+ + π0 + t(z)−1π− = t(z)π+ + π0 + t(z)
−1

π−.

Given our two possibilities for tα,β we see that

t(z) =
1 + αz
1 + βz

, α, β ∈ R× =⇒ π+ = π+ =⇒ ξ = ξ,

t(z) =
1 + αz
1 + αz

, α ∈ C× =⇒ π+ = π− =⇒ ξ = −ξ.

• For the twisting condition there are no choices:

Ad τ(γ) = (Ad γ)−1 =⇒ ad τ(ξ) = − ad ξ =⇒ τ(ξ) = −ξ.

More is true, for ad τ(ξ) = τ ◦ ad ξ ◦ τ−1 ⇒ τg+ = g−, τg0 = g0, implying that
the complementary parabolic subalgebra r is in fact τq.8

We have established the following classification theorem:

Theorem 3.11
The simple factors in the loop group G−∗,(r,τ) are classified by a choice of constants α, β

and a pair of complementary parabolic subalgebras q, r with canonical element ξ, sat-
isfying the following conditions, dependent on whether we have a reality condition,
twisting or both.

N/C pα,β,q,r(z) = exp
(

ln
(

1− α−1z
1− β−1z

)
ξ

)
, α, β ∈ C×,

Reality pα,β,q,r(z) = exp
(

ln
(

1− α−1z
1− β−1z

)
ξ

)
, α, β ∈ R×, ξ = ξ,

8The observation that τ preserves conjugacy classes of parabolic subalgebras (Lemma 5.5) says that
there are no real & twisted simple factors when the real conjugacy class of q is a non-self-dual symmetric
R-space (Section 5.3).
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pα,q(z) = exp
(

ln
(

1− α−1z
1− α−1z

)
ξ

)
, α ∈ C×, ξ = −ξ,

Twisting pα,q(z) = exp
(

ln
(

α− z
α + z

)
ξ

)
, α ∈ C×, τξ = −ξ,

Reality &
twisting

pα,q(z) = exp
(

ln
(

α− z
α + z

)
ξ

)
, τξ = −ξ,

ξ = ξ, α ∈ R×,

ξ = −ξ, α ∈ iR×.

The simple factors are well-defined: ambiguities in the choice of logarithm are irrele-
vant since exp(2πiξ) is in the centre of G by (3.1), which is trivial by the the assump-
tions of page 58.

The labels on the simple factors are chosen for a reason. Depending on the exis-
tence of twisting and reality conditions, the α, β reveal the poles of p. We stress only
q for twisted maps since r = τq is implied, while r = q for the second real example.
The choice of labelling simple factors with parabolic subalgebras instead of canoni-
cal elements is because the dressing action of simple factors will be seen to be easy
to write down in terms of q, r, whereas the resulting action on canonical elements is
highly non-trivial.

3.6 Dressing by Simple Factors

Having classified the simple factors in the previous section, it remains to calculate
their dressing action on maps Φ ∈ G+ and to show that it indeed depends alge-
braically on Φ, in the sense of Theorem 3.9. To facilitate easier calculations we move
the poles of our simple factor to 0, ∞ via the fractional linear transformation tα,β(z) =
1−α−1z
1−β−1z and work with the maps γ = g− ◦ t−1

α,β. The map Φ : Σ → G+ that we wish to

dress now becomes E := Φ ◦ t−1
α,β, which is holomorphic on P1 \ {α, β}.

Theorem 3.12
Let q, r be complementary parabolic subalgebras of gC with Abelian nilradicals and
canonical element ξ and let GC := Int(gC). Define

γq,r(z) = exp((ln z)ξ),

so that

γ(z) = zπ+ + π0 + z−1π−, πj : gC → gj.

Let E be a map into GC holomorphic near 0, ∞. Suppose p is a map into GC, holo-
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morphic on C× with p(1) = Id. Then Ê := γEp−1 is holomorphic and invertible at
0, ∞ ⇐⇒ p = γq′,r′ where

q̂ := E−1(0)q, r̂ := E−1(∞)r

are complementary.

The restriction to the adjoint group Int gC is not strictly necessary but does make
the notation in the proof a little easier. Moreover the main application we will make of
the theorem (in Chapter 4) does not require explicit knowledge of the group, only of
the algebra, so that in the abstract we lose nothing. Even when it comes to examples
where G is easier to work with than Ad(g), it tends to be easier to invoke the theorem
before worrying about how the isomorphism G/Z(G) ∼= Ad(g) affects solutions.

Proof 1. Expand E in formal power series about zero and ∞:

E(λ) = ∑
k≥0

λkEk, E(µ−1) = ∑
k≥0

µkFk,

and observe that

E1E−1
0 =

∂

∂λ

∣∣∣∣
λ=0

E(λ)E−1
0 ∈ ad gC,

and similarly for F1F−1
0 .

2. By a familiar Liouville argument we see that if Ê, p exist with the properties
claimed, they are unique: if not

Ê1 p1 = Ê2 p2 =⇒ Ê1Ê−1
2 = p−1

1 p2,

where the left side is holomorphic near 0, ∞, and the right side is holomorphic every-
where else; since p(1) = Id, Liouville’s theorem says that both sides are the identity.

3. Define q̂, r̂ as in the theorem and suppose that they are not complementary: i.e.
∃ non-zero v = E−1

0 (g0 + g+) = F−1
0 g− for some gj ∈ gj. Suppose further that ∃Ê, p

such that γE = Êp with Ê holomorphic and invertible at zero and infinity. p has the
same poles as γ at 0, ∞ and p(1) = Id, so ∃a, b, c ∈ End(gC) s.t.

p(λ) = λa + b + cλ−1, a + b + c = Id.
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Expanding γE, Êp about 0, ∞ and equating coefficients gives us

γE = λ−1π−E0 + π0E0 + π−E1 + λ(· · · )

= µ−1π+F0 + π0F0 + π+F1 + µ(· · · ),

Êp = λ−1Ê0c + Ê0b + Ê1c + λ(· · · )

= µ−1F̂0a + F̂0b + F̂1a + µ(· · · ),

∴ a(v) = F̂−1
0 π+g− = 0,

c(v) = Ê−1
0 π−(g0 + g+) = 0,

v = b(v) = F̂−1
0 (π0g− + π+F1F−1

0 g−) = F̂−1
0 π+(F1F−1

0 )g− = 0

by part 1, since ad(gC)g− ⊂ g0 ⊕ g−. This is a contradiction and so q̂, r̂ must be com-
plementary for the dressing action to be defined.

4. Now suppose that q̂, r̂ are complementary. We can therefore define the homo-
morphism γ̂ := γq̂,r̂. Since ∂(γEγ̂−1) = 0 we have Ê holomorphic at 0, ∞ iff it is pole
free at 0, ∞. About zero we have

Ê(λ) = (λπ+ + π0 + λ−1π−) ∑
k≥0

λkEk(λ
−1π̂+ + π̂0 + λπ̂−)

= λ−2π−E0π̂+ + λ−1(π−E0π̂0 + π−E1π̂+ + π0E0π̂+)

+ holomorphic term.

Ê is therefore holomorphic at zero iff the coefficients of λ−1, λ−2 in the above expan-
sion are zero. However

q̂ = E−1
0 q ⇐⇒ ĝ+ = E−1

0 g+ ⇐⇒ π−E0π̂+ = π−E0π̂0 = π0E0π̂+ = 0.

For the final condition,

π−E1π̂+ = 0 ⇐⇒ E1ĝ+ ⊂ q ⇐⇒ E1E−1
0 g+ ⊂ q

⇐⇒ (E1E−1
0 )g+ ⊂ q,

which is trivial since ad(gC)g+ ⊂ q.

For invertibility at zero, apply the same argument to Ê−1 = γ̂E−1γ−1. To see
holomorphicity and invertibility at ∞, repeat the above with the expansions about ∞:
this time the required condition is r̂ = F−1

0 r = E−1(∞)r.



3.6 DRESSING BY SIMPLE FACTORS 68

Corollary 3.13
Let pα,β,q,r ∈ G−∗ be a simple factor and let Φ be a holomorphic map into GC defined
near α, β. Suppose further that Φ−1(α)q, Φ−1(β)r are a complementary pair of para-
bolic subalgebras. Then

• p̂ := pα,β,Φ−1
α q,Φ−1

β r ∈ G−∗ ,

• Φ̂ := pα,β,q,rΦp−1
α,β,Φ−1

α q,Φ−1
β r

is holomorphic and invertible at α, β.

Furthermore, if p, Φ satisfy reality/twisting conditions then so do p̂, Φ̂.

This result is more general than we require in order to calculate the dressing action
of simple factors on maps into G+: such generality is required for the permutability of
such transforms in the next section.

Proof Composing part 3 of Theorem 3.12 with tα,β shows that Φ−1
α q, Φ−1

β r are com-
plementary iff p̂ is well-defined and so the dressing action of pα,β,q,r is well-defined.
Furthermore

p̂(0) = γ̂(1) = Id,

which gives the first claim. The second claim is just the final part of Theorem 3.12 after
composition with tα,β.

There are two possible reality conditions. The first involves simple factors of the
form pα,β,q,r where α, β ∈ R× and q, r are the complexifications of real parabolic subal-
gebras. Suppose that Φ is also real. Then

Φ−1
α q = Φα

−1
q = Φ−1

α q.

The r condition is similar and so p̂ is real. The second possibility has simple factors of
the form pα,q with poles at α, α where r = q. Then

q̂ = Φ−1
α q = Φ−1

α q = r̂,

and so p̂ ∈ G−∗,r. Since p, Φ, p̂ are real it is clear that Φ̂ is also real.
Suppose now that p, Φ satisfy a twisting condition. Then tα,β = tα,−α and we have

τ(Φ−1
α q) = Φ−1

−ατq.

pα,E−1
α q is therefore well-defined and satisfies the twisting condition. It follows that Φ̂

is also twisted.
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The complementarity of Φ−1
α q and Φ−1

β r is crucial and not guaranteed to hold.
However Proposition 1.13 tells us that complementarity is generic and an open con-
dition. Indeed if Φ−1

α q and Φ−1
β r are complementary at a point s ∈ Σ, then there exists

a neighbourhood U of s such that the dressing action is defined on U.

3.7 Bianchi Permutabilty

We conclude the abstract discussion of simple factors with a straightforward proof of
the permutability of dressing transforms by simple factors. The proof is seen to rely
on nothing more than G+ ∩G−∗ = {1} and is a generalisation of [11] Proposition 4.15.

Proposition 3.14
Let Φ : Σ → G

+ (possibly with reality/twisting conditions) and let pi := pαi ,βi ,qi ,ri

i = 1, 2 be simple factors where {α1, β1} ∩ {α2, β2} = ∅. Define parabolic subalgebras

q̂1 = p2(α1)q1, q̂2 = p1(α2)q2,

r̂1 = p2(β1)r1, r̂2 = p1(β2)r2,

and assume that we are in the generic situation where (q̂1, r̂1), (q̂2, r̂2) are complemen-
tary pairs so that we can define simple factors

p̂1 := pα1,β1,q̂1,r̂1 , p̂2 := pα2,β2,q̂2,r̂2 .

Then p̂2 p1 = p̂1 p2 and so

p̂2 #(p1 # Φ) = p̂1 #(p2 # Φ),

supposing they are defined.

Figure 3-1 summarises.

Φ

p1 # Φ

Φ̃

p2 # Φ

p1 p̂2

p̂1p2

Figure 3-1: Bianchi permutability: dressing by simple factors
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Proof {α1, β1} ∩ {α2, β2} = ∅ ⇒ p−1
2 is holomorphic near α1, β1. Apply Corollary

3.13 to Φ = p−1
2 to see that p̂1 = pα1,β1,p2(α1)q1,p2(β1)r1

∈ G−∗ and that p1 p−1
2 p̂−1

1 is
holomorphic and invertible at α1, β1. Similarly, p−1

1 is holomorphic near α2, β2 and
p2 p−1

1 p̂−1
2 is holomorphic and invertible at α2, β2. Now consider

p̂1(p2 p−1
1 p̂−1

2 ) = (p1 p−1
2 p̂−1

1 )−1 p̂2.

The left side of this equation is holomorphic at α2, β2 while the right is holomorphic
at α1, α2. Since simple factors are already holomorphic everywhere else we conclude
that the above expression is holomorphic on P1 which, by Liouville, implies that it is
constant. λ = 0 gives the identity on both sides and hence the result.

It is easy to see that Proposition 3.14 restricts to real and/or twisted loops: cf.
Proposition 4.5 and [11] Proposition 4.15.

3.8 Coxeter Automorphisms

It has previously been mentioned that one of the reasons for studying loop group
dressing is the relation to the transformation theory of solutions to various families
of PDEs. This section is motivated by the discussion of the Kuperschmidt–Wilson
hierarchy given in [56]. Terng–Uhlenbeck essentially work with maps Φ : Σ× C →
GL(n, C), holomorphic in C and twisted by a specific order n automorphism τ:

τΦ(z) = Φ(ωz), ω = e2πi/n.

The Φ in question are seen to frame appropriately ‘flat’ maps into the n-symmetric
space GL(n)/K where the Lie algebra k of K is the +1-eigenspace of τ in gl(n): that is
ΦK is a higher order analogue of a curved flat (Definition 1.7). We know from Section
3.3 that the Birkhoff factorisation theorem applies to loops twisted by τ and that G±τ
are well defined. Indeed if g ∈ G−τ then generically there exist unique Φ̂ : Σ→ G+

τ and
ĝ : Σ→ G−τ such that gΦ = Φ̂ĝ. We will not describe how certain maps Φ correspond
to solutions for that would divert us from the similarities of the approach, it suffices
to say that the correspondence is seen by considering the logarithmic derivatives of
the frames Φ in a similar manner to what will be done in Chapter 4. Instead we will
rephrase the dressing theorem of Terng–Uhlenbeck, expressing it more algebraically.
We observe that at the Lie algebra level the automorphism τ is in fact a Coxeter auto-
morphism of sl(n). We discuss Coxeter automorphisms in the other accessible simple
Lie algebras so(2n + 1), so(2n), sp(n) and search for the simplest possible maps in G−τ
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that one could attempt to dress with: the simple factors. Sadly the theory fails except
in sl(n), for the dressed ĝ : Σ → G

−
τ are not simple factors: the distinction comes

because simple factors in sl(n) will be seen to depend fractionally linearly on C, while
in the other algebras there is a fractional quadratic dependence.

Roots and Coxeter automorphisms

Let g be a simple complex Lie algebra and let h be a Cartan subalgebra (CSA) with
root system ∆. For any root α ∈ ∆, let gα be the root space

gα = {x ∈ g : [h, x] = α(h)x, ∀h ∈ h}.

Label the simple positive roots α1, . . . , αn and the unique minimal root α0 = −α̂. The
order of a root α is its height: the sum of the coefficients of the simple roots in the
expansion of α. Define the Coxeter number m to be Ord α̂ + 1.

Definition 3.15
Since g = h⊕ ∑α∈∆ gα and [gα, gβ] ⊂ gα+β (if α + β ∈ ∆) we can define an automor-
phism: the Coxeter automorphism associated to ∆ is the automorphism τ of g which
maps xα ∈ gα 7→ ωOrd αxα where ω is a primitive mth root of unity and τ|h = Id.

Observe that gα 7→ 2πi
m Ord α · gα is a derivation ad ξ of g and that τ = exp(ad ξ),

hence τ is inner. We write ρ = exp(ξ) so that τ = Ad ρ when required.
In section 7 of [45] Kostant discusses the concept of CSAs in apposition:

Definition 3.16
Let P ∈ Ad(g) be semisimple and gP := {x ∈ g : Px = x}. If gP is a CSA then P
is a principal element of Ad(g). Two CSAs h1, h2 are in apposition with respect to
a principal element P ∈ Ad(g) iff gP = h1 and h2 is P-stable such that P|h2

has a
primitive mth root of unity as an eigenvalue.

In [45, Theorem 7.3] Kostant shows that pairs of CSAs in apposition form a conju-
gacy class under Ad(g), thus once one pair has been found, all others follow. We use
the concept of apposition to construct automorphisms of g.

Proposition 3.17 (Kostant)
Let Xi ∈ gαi \ {0} for i = 0, . . . , n and define X := ∑n

i=0 Xi. The centraliser of X,
gX := {x ∈ g : [X, x] = 0} is another CSA in apposition to h.

In Kostant’s discussion of the Coxeter automorphism one starts with a CSA gX and
simple roots β1, . . . , βn, then defines τ by composition of reflections in gX with respect
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to the roots. One then works backwards via the apposition definition to see that our
definition of Coxeter automorphism is valid.

We now specialise the Coxeter automorphism to specific Lie algebras and use the
choice of X to build simple factors. Observe that τX = ωX.

The Special linear algebra

sl(n + 1) has rank n (number of simple roots αi) and maximal root α̂ = ∑n
j=1 αi. Thus

m = n + 1. The roots are denoted αij, 1 < j, k < n + 1 where

αjk =


αj j = k,

αj + · · ·+ αk j < k,

−(αj + · · ·+ αk) j > k.

Similarly the root spaces gαjk are written gjk.
Let h be a CSA with root system ∆, τ = Ad ρ the Coxeter automorphism with

respect to (h, ∆) and X be chosen as above so that gX is a CSA in apposition to h. Let v
be any eigenvector of X with non-zero eigenvalue e (X is diagonalisable since X is in
a CSA) and let ρ move v about Cn+1. Now

ρjXv = τ jXρjv = ω jXρjv =⇒ Xρjv = eω−jρjv, ∀j = 0, . . . n. (3.3)

Suppose there exists a linear dependence on the set {ρjv}m−1
j=0 , i.e. ∑m−1

j=0 ajρ
jv = 0 for

some aj ∈ C. Repeatedly apply X to the linear dependence to get the relation



1 1 1 1 · · · 1
1 ω−1 ω−2 ω−3 · · · ω1−m

1 ω−2 ω−4 ω−6 · · · ω2(1−m)

1 ω−3 ω−6 ω−9 · · · ω3(1−m)

...
...

...
...

. . .
...

1 ω1−m ω2(1−m) ω3(1−m) · · · ω(1−m)2


︸ ︷︷ ︸

ω



a0v
a1ρv
a2ρ2v
a3ρ3v

...
am−1ρm−1v


= 0 (3.4)

which clearly holds iff det ω = 0. However observing that m−1ω2 is a permutation
matrix, it is easy to see that det ω = ±λmm/2 where λ = i, 1 if m is even or odd
respectively. Thus dim

〈
ρjv
〉m−1

j=0 = m and the ρjv form a basis of Cn+1. In this basis it
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is clear that ρ has matrix

ρ =


0 1
1 0

1
. . .
. . . 0

1 0

 .

This is exactly the automorphism ρ of Terng–Uhlenbeck. Moreover our original CSA
h is the span of the extended, non-principal, diagonals:

h =
n⊕

j=1

〈
n+1

∑
i=1

ρiv⊗ (ρi+j (mod n+1)v)∗
〉

.

It is now easy to see that X, the CSA gX and the root spaces gjk with respect gX are
concisely given in terms of v by

X =
n

∑
j=0

eω−jρjv⊗ (ρjv)∗,

gX =
n−1⊕
j=0

〈
ρjv⊗ (ρjv)∗ − ρj+1v⊗ (ρj+1v)∗

〉
,

gjk =
〈

ρj−1v⊗ (ρk−1v)∗
〉

, j, k = 1, . . . , n + 1,

where (ρjv)∗ is the dual basis vector to ρjv.
We now consider special maps in G−τ which utilise the root decomposition. Sup-

pose that there exists a map g : U ⊂ P1 → Ad(sl(n + 1)) which is twisted in the sense
that τg(z) = g(ωz) and can be represented as

g(z) = ψgX πgX + ∑
β

ψβ(z)πβ,

where πβ is projection onto the root space gβ. We already have several conditions on
the ψβ:

• g twisted: ψτ j β(z) = ψβ(ω
jz).

• -ve roots: ψβψ−β = 1, ∀β (which implies that ψgX ≡ 1).

• g in the group: if β1, β2 are roots such that β1 + β2 is also a root, then ψβ1 ψβ2 =

ψβ1+β2 .
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If we let πjk be projection onto gjk then our conditions unpack to read

ψj+1,k+1(z) = ψjk(ω
−1z), ψjkψkl = ψjl , ψjkψkj = 1.

Define ϕ(z) = ψ12(z). It is easy to see that

ψ1j(z) = ϕ(z)ϕ(ω−1z) · · · ϕ(ω−(j−2)z),

⇒ ψjk(z) =
ϕ(z) · · · ϕ(ω−(k−2)z)
ϕ(z) · · · ϕ(ω−(j−2)z)

.

The construction of g thus comes down to the selection of a single complex-valued
function ϕ satisfying

n

∏
j=0

ϕ(ω jz) = 1,

because of which we can write the ψjk more succinctly:

g(z) = πgX + ∑
j 6=k

k−2

∏
l=j−1

ϕ(ω−lz)πjk.

It is to be understood that l increases from j − 1 to k − 2 (mod m if necessary). The
simplest such function is clearly the linear fractional transformation as used by Terng–
Uhlenbeck

ϕα(z) =
z−ωα

z−ω2α
, α ∈ C. (3.5)

The extra factors of ω in ϕα are merely for aesthetics so that ψjk(z) = z−ω jα
z−ωkα

. Note that
scaling X by a constant leaves gX unchanged, which explains why Terng–Uhlenbeck
choose α = e and define gv,e in terms of the eigenvalue e. We will use the more invari-
ant notation gX,α and refer to gX,α as a simple factor.

Dressing by gX,α

We now prove an analogue of Theorem 3.12 for the dressing action of gX,α. It will be
seen that this has exactly the same flavour as Theorem 3.12 in that the dressed loop ĝ
is also a simple factor.

Given gX,α, it is clear that the projection coefficients ψjk take the form

ψjk(z) =
z− αω j

z− αωk .
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Let F : Σ → G+
τ , that is for each s ∈ Σ, F is a holomorphic map into SL(n + 1) which

is twisted and invertible at all values of C. Write E = Ad F.

Theorem 3.18
Where defined, the dressing action of gX,α(z) = πgX + ∑j,k

z−αω j

z−αωk πjk on E is

Ê := gX,α # E = gEĝ−1,

where ĝ = gX̂,α such that X̂ is constructed from v̂ := F−1(α)v in the same fashion as X
from v.

The well-definition of the dressing action amounts to the linear independence of
the vectors ρjv̂ = F−1(ω jα)ρjv and is equivalent to X̂ being a CSA. This is an open con-
dition in the manner of Proposition 1.13 since, if Ord(v̂) < m, then Ord(v̂ + λv) = m
for small λ.

Proof We argue by showing that when the dressing action is defined, ĝ is as claimed.
Define ĝ = gX̂,α and observe that

g(z)E(z)ĝ−1(z) = ∑
pqrs

z− αωp

z− αωq
z− αωs

z− αωr πpqE(z)π̂rs. (3.6)

We need only worry about the behaviour of Ê at z = α since the behaviour at αω j

amounts to a relabelling of indices. Expand E in power series about α with coefficients
E0 = E(α), E1 = d

dz

∣∣∣
z=α

E(z), etc. The coefficients of negative powers of z− α must be
zero to ensure the holomorphicity of the result.

• (z− α)−2,

∑
p,s 6=m

πpmE0π̂ms = 0.

• (z− α)−1,

∑
p,q,s 6=m

(πgX + πpq)E0π̂ms = 0 = ∑
p,r,s 6=m

πpmE0(π̂gX̂ + π̂rs) = ∑
p,s 6=m

πpmE1π̂ms.

By the construction of X̂ we have ĝpq = F−1(ωpα)gpqF(ωqα): this only makes sense in
terms of matrix multiplication in gl(n). For the first condition, notice that

Im πpmE0π̂ms = πpmE0ĝms = πpm(gmsF(αωs)F−1(α)) = 0,
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since p 6= m. For the second

Im(πgX + πpq)E0π̂ms = (πgX + πpq)E0ĝms = πmm(gmsF(αωs)F−1(α))

=
〈

πmm(v⊗ (ρsv̂)∗F−1(α))
〉

.

However (ρsv̂)∗F−1(α)v = (ρsv̂)∗v̂ = 0 since s 6= m, hence the second condition is
satisfied. The third condition is very similar to the second. For the E1 condition notice
that the first two conditions show that

E0ĝms ⊂
⊕
l 6=m

gkl ∩
⊕

k or l=m

gkl =
⊕
s 6=m

gms.

By dimension counting we have
⊕

s 6=m ĝms = E−1
0
⊕

s 6=m gms. Thus,

Im πpmE1π̂ms = πpmE1E−1
0 gms = πpm[F1F−1

0 , gms] = 0,

since [sl(n + 1), gms] ⊂
⊕m

j,k=1 gmj ⊕ gks and s 6= m.
(3.6) is therefore holomorphic at α. Repeating the above calculation at αω j is just a

relabelling, while invertibility at α is just the above applied to ĝE−1g−1 as in Theorem
3.12. By uniqueness of the dressing action, Ê = gEĝ.

The Orthogonal algebras

Similarly to the discussion of sl(n + 1) we exhibit the simplest elements of G−τ with
which one may dress when τ is a Coxeter automorphism and g is orthogonal.

Let g = so(2n + 1) with CSA h and root system ∆ and let τ = Ad ρ be the Coxeter
automorphism of so(2n + 1) with respect to ∆. The maximal root is given in terms of
the simple roots α1, . . . , αn by

α̂ = α1 + 2(α2 + · · ·+ αn),

and so the Coxeter number is m = 2n. Let X be chosen with respect to h as in Proposit-
ion 3.17. We work with the usual representation of so(2n + 1) on C2n+1. Let v ∈ C2n+1

be any eigenvector of X with non-zero eigenvalue e. Then, as in (3.3,3.4), we have that
the vectors ρjv, j = 0, . . . m− 1 are linearly independent. Consider inner products:

(Xρjv, ρkv) −(ρjv, Xρkv)
=⇒ (ρjv, ρkv) = 0 or k ≡ j + n mod m.

eω−j(ρjv, ρkv) −eω−k(ρjv, ρkv)
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We can therefore choose v such that (v, ρnv) = 1. Each ρjv is thus null and orthogonal
to all other ρjv except ρj+nv. Finally let w ∈

〈
v, . . . , ρm−1v

〉⊥ be unit length. Note that
the eigenvalues of ρ on 〈w〉⊥ are ω j, j = 0, . . . , m− 1, since

ρ
m−1

∑
k=0

ω−jkρkv = ω j
m−1

∑
k=0

ω−jkρkv.

Thus

det ρ|〈w〉 = (det ρ|〈w〉⊥)
−1 = exp

(
−2πi

m

m−1

∑
j=0

j

)
= −1

since m is even. It follows that ρw = −w. Inner product considerations similar to the
above tell us that Xw = 0. With respect to the isomorphism9

∧2
C2n+1 ∼= so(2n + 1, C) : u ∧ v 7→

(
λ 7→ (u, λ)v− (v, λ)u

)
(3.7)

it is now easy to see that the new Cartan subalgebra gX is given by

gX =
〈

ρjv ∧ ρj+nv
〉n−1

j=0
, where X =

n−1

∑
j=0

eω−jρjv ∧ ρj+nv.

It is furthermore clear that the root spaces associated to gX are

gjk =
〈

ρjv ∧ ρkv
〉

, gj =
〈

ρjv ∧ w
〉

, j, k = 0, . . . , 2n− 1.

Now suppose that there exists a map g : U ⊂ P1 → Ad(so(2n + 1)) holomorphic near
∞ which is twisted in the sense that τg(z) = g(ωz) and can be written

g(z) = ψgX πgX + ∑
β

ψβ(z)πβ,

where πβ is projection onto the root space gβ. Similarly to the discussion of sl(n + 1)
we write ψjk := ψρjv∧ρkv and ϕj := ψρjv∧w for ψβ and see that the twisting and group-
valued conditions lead to the following:

ψj+1,k+1(z) = ψjk(ω
−1z), ϕj+1(z) = ϕj(ω

−1z),

ψjkψj+n,k+n = 1, ϕj ϕj+n = 1,

ψjkψk+n,q = ψjq, ϕjψj+n,p = ϕp.

9Valid for any dimension, not just odd, and for the real orthogonal algebras.
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Note that ψjk = ψkj so we have a lot more conditions than just those written above.
We can reduce these conditions further by realising that only ϕ := ϕ0 is important, for
the above conditions give

ϕj(z) = ϕ(ω−jz), ψjk(z) = ϕ(ω−jz)ϕ(ω−kz).

The only remaining restriction is

ϕ(z)ϕ(−z) = 1.

Recall that g is required to be holomorphic near ∞ thus forcing the same property in
ϕ. The simplest choice is to let ϕ(z) = z−α

z+α for some fixed α ∈ C×. In such a case g(z)
is quadratic fractional with poles at ω jα, j = 0, . . . , 2n− 1.

The so(2n) case is marginally more complicated than the above. Build X in the
same way as for so(2n + 1): this time the Coxeter automorphism τ = Ad ρ has order
m = 2(n− 1). We can find an eigenvector v of X such that {ρjv}2n−3

j=0 are null vectors

with (v, ρ(n−1)v) = 1 and (v, ρjv) = 0 if j 6= n− 1. W :=
〈
⊕jρ

jv
〉⊥ is 2-dimensional

and, by a similar calculation to above, ρ has determinant −1 when restricted to W.
Indeed we may choose w isotropic in W and then it is clear that ρw 6= w and ρ2w = w.
Thus W = 〈w, ρw〉. Furthermore XW is easily seen to be zero by taking repeated inner
products. The CSA gX is now

gX =
〈

ρjv ∧ ρj+n−1v, w ∧ ρw
〉n−2

j=0
where X =

n−2

∑
j=0

eω−jρjv ∧ ρj+n−1v.

We are looking for g ∈ G−τ of the form

g(z) = πgX +
n

∑
j=0

(
ϕj(z)πj + ϕ̂j(z)π̂j

)
+ ∑

j<k 6=j+n−1
ψjk(z)πjk

where πgX , πj, π̂j, ψjk are projections onto gX,
〈
ρjv ∧ w

〉
,
〈
ρjv ∧ ρw

〉
,
〈
ρjv ∧ ρkv

〉
respec-

tively. The twisting and group-valued conditions yield the following:

ϕj ϕ̂j+n−1 = 1, ψj+n−1,k = ϕk/ϕj = ϕ̂j/ϕ̂k,

ψjkψj+n−1,k = ψkp, ϕj(z) = ϕ̂j−1(ω
−1z)

The solution differs slightly depending on the parity of n, however the working is
very similar to the so(2n + 1) case so we will omit most of it. In both cases we will



3.8 COXETER AUTOMORPHISMS 79

write ϕ = ϕ0, ϕ̂ = ϕ̂0 for brevity. If n is even the above conditions give

ϕ(z)ϕ(−z) = 1 = ϕ̂(z)ϕ̂(−z),

ϕ(z)ϕ(ω jz)ϕ̂(−z)ϕ̂(−ω jz) = 1, ∀j = 1, . . . n− 2.

We therefore have a choice of one function ϕ satisfying ϕ(z)ϕ(−z) = 1, with ϕ̂ := ±ϕ

and all ψjk being products of these. The simplest ϕ are once again fractional linear and
so the simplest possible g are quadratic fractional.

When n is odd we instead have

ϕ(z)ϕ̂(−z) = 1,

ϕ(z)ϕ(ω jz)ϕ(−z)ϕ(−ω jz) = 1, ∀j = 1, . . . n− 2.

For n ≥ 5 we have a choice of a single function ϕ satisfying ϕ(z)ϕ(−z) = ±1 and
again can do no better than to have g quadratic fractional. Exceptionally when n = 3
we have only one condition

ϕ(z)ϕ(iz)ϕ(−z)ϕ(−iz) = 1.

If we choose ϕ(z) = z−α
z−iα it can easily be seen that all coefficients of g are fractional lin-

ear. This reflects the exceptional isomorphism sl(4) ∼= so(6) (cf. Klein correspondence
(2.1)).

There is no reason to expect the dressing action of quadratic fractional g to be
straightforward to calculate in the manner of fractional linear g. Suppose that gE = Êĝ
is the Birkhoff decomposition for a quadratic fractional g and that ĝ is also a simple
factor. For the ‘usual’ proof of the calculation of the dressing action to hold we must
be able to build a v̂ (= E−1(α)v say) for which {ρjv̂}2n

j=0 satisfy the independent or-
thogonality conditions (v̂, ρjv̂) = 0, j = 0, . . . , n− 1, (v̂, ρnv̂) = 1. The set of such v̂
comprise a codimension n + 1 subset of R2n+1 and so it is extremely easy to fall out-
side the set of allowable v̂.

One may similarly investigate the simple factors for sp(n) via the isomorphism

S2C2n ∼= sp(n, C) via (u� v)w = ω(u, w)v + ω(v, w)u (3.8)

where ω is the symplectic form on C2n with respect to which sp(n) is defined. It is not
difficult to see that one obtains quadratic fractional simple factors in exactly the same
fashion as for so(2n).



Chapter 4

Bäcklund-type Transforms of p-flat
Maps

4.1 Introduction

The various applications of loop group dressing arguments in the literature centre on
the realisation that certain geometric objects correspond to a subset of maps into a
group of positive loops G+. In the happy situation where the local dressing action
(Definition 3.5) of the negative loops G− preserves this subset, we have transforma-
tions of these geometric objects. These could be transformations of harmonic maps
[60], CMC surfaces [26], hierarchies of PDEs [56] or, as is the subject of this chap-
ter, Burstall’s p-flat maps [11]. A p-flat map may be viewed as a local integral of the
Maurer-Cartan form of a curved flat in a symmetric space G/K. The 1-parameter in-
tegrability of such maps (related to the spectral deformation of the curved flat) allows
us to build a correspondence of p-flat maps with certain maps Φ : Σ → G+

∗,r,τ into the
loop group of based, real, twisted, positive loops. In dressing Φ pointwise by (based)
negative loops it is observed that the set of maps into G+

∗,r,τ corresponding to p-flat
maps is preserved and so we get a local dressing action of G−∗,r,τ on p-flat maps. When
the Lie group G is such that the negative loop group contains simple factors, we may
apply the theory of Chapter 3 and calculate the resulting transforms. For concreteness
we explicitly calculate all the simple factors and their dressing action for p-flat maps
related to symmetric O(p, q)-spaces. We conclude with a discussion of the Bäcklund
transform for O-surfaces of Schief–Konopelchenko [53], which describes a transform of
several classical families of surfaces in Rn. We demonstrate that this transform, al-
though phrased in completely different language, corresponds exactly to the dressing
of a subset of the p-flat maps into orthogonal algebras by certain simple factors.

80



4.2 p-FLAT MAPS AND THEIR FLAT FRAMES 81

4.2 p-flat Maps and their Flat Frames

Recall the discussion of symmetric spaces and curved flats (Definitions 1.5 and 1.7).
Let G/K be a symmetric space (in practice we will assume G is semisimple and centre-
free as on page 58) with d-parallel1 symmetric involution τ whose ±-eigenspace de-
composition is g = k⊕ p.

We have seen in Section 1.1 that the tangent space to G/K at a point gK can be
identified with Ad(g)p via the isomorphism

Ad gp ∼= TgKG/K : ξ 7→ d
dt

∣∣∣∣
t=0

exp(tξ) · gK. (4.1)

We therefore have an identification of T(G/K) with a subbundle of the trivial bundle
G/K× g.

Recall that a curved flat is an immersion σ : Σ → G/K such that each dσ(TsΣ)
is an Abelian subalgebra of g under the above identification. Curved flats are only
of secondary importance to this chapter, far more important are the associated p-flat
maps of Burstall [11]. A curved flat σ is framed by maps Φ : Σ → G (i.e. σ is the
quotient space ΦK) defined up to the right action of maps Σ→ K. The derivative of σ

under the soldering identification (4.1) has the form

dσ(Xs) =
(

σ(s), Ad Φ(Projp(Φ
−1dΦ(Xs)))

)
= (σ(s),N(Xs))

for any frame Φ and where N is the Maurer–Cartan form of G/K along σ. Let Ak, Ap

be the k, p components of Φ−1dΦ for some frame Φ. As observed in [11], Ak satisfies
the Maurer-Cartan equations

dAk +
1
2
[Ak ∧ Ak] = 0,

and can therefore be locally integrated to give a map k : Σ→ K such that k−1dk = Ak.
The frame Φ̂ := Φk−1 now satisfies

Φ̂−1dΦ̂ = Ad(k)Ap,

which takes values in p since p is a reductive factor. Burstall defines a flat frame of a
curved flat σ to be a frame Φ whose logarithmic derivative is p-valued. Any other flat
frame of σ is Φk where k : Σ→ K is constant.

Flat frames give rise to the maps into p with which this chapter is predominantly

1I.e. we follow Definition 1.5 part 1.
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concerned. Let Φ be a flat frame and let Ap = Φ−1dΦ. Then Ap satisfies the Maurer–
Cartan equations

dAp +
1
2
[Ap ∧ Ap] = 0

which, since [p, p] ⊂ k, splits to give dAp = 0 = [Ap ∧ Ap]. We can therefore locally
integrate Ap to get a map ψ : Σ→ p.

Definition 4.1
Let ψ : Σ → p be an immersion of a manifold Σ. ψ is a p-flat map if the image of each
tangent space TsΣ, s ∈ Σ is an Abelian subalgebra of p. Expressed algebraically

ψ is p-flat ⇐⇒ [dψ ∧ dψ] = 0.

Remark: p-flat maps were invented by Burstall [11] to aid the study of isothermic sur-
faces in Sn, indeed p-flat maps into Rn ∧R1,1 correspond to Christoffel pairs of isother-
mic surfaces in Sn. We shall generalise this idea in Chapter 5.

Observe that if ψ is a p-flat map then ψ + const is also p-flat since the only condi-
tions on ψ are differential. Also note that Ap = Φ−1 ·N so that curved flats give rise
to p-flat maps via the integration of the (conjugated) Maurer–Cartan form: this will be
important in Section 5.8.

While curved flats give rise to p-flat maps through a choice of flat frame, the con-
verse is just as fruitful, for p-flat maps exhibit a 1-parameter integrability. Since d(dψ)

is trivially zero, zdψ satisfies a Maurer–Cartan equation for each z ∈ C:

d(zdψ) +
1
2
[zdψ ∧ zdψ] = 0.

If we denote by GC the complexification of G,2 then each zdψ can be locally integrated
to give a family of maps Φz : Σ→ GC satisfying

Φ−1
z dΦz = zdψ. (4.2)

Such Φz exist locally up to left multiplication by a constant. From now on we restrict
ourselves to p-flat maps from simply connected manifolds Σ with a fixed base point o.
Simple-connectedness means that each Φz is globally defined. Insisting on the initial
condition Φz(o) = Id fixes each Φz uniquely. Note immediately that Φ0 ≡ 1.

2Assume that GC is well-defined. For semisimple g we can define suitable centre-free G = Int(g),
GC = Int(gC), as discussed on page 58.
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Definition 4.2
Φ : Σ → Map(C, GC) (defined pointwise by Φ(z) := Φz) is a based extended flat
frame of ψ.

The original p-flat map can be recovered from Φ up to a base value via the Sym
formula ([11] prop 4.2):

ψ =
∂Φ
∂z

∣∣∣∣
z=0

+ ψ(o). (4.3)

As previously remarked, if ψ is p-flat, then adding a constant gives another p-flat map.
From the definition of the based extended flat frame it is clear that ψ + const has the
same Φ as ψ. The Sym formula gives a bijection between p-flat maps and pairs of based
extended flat frames and base values: ψ↔ (Φ, ψ(o)).

The based extended frame of a p-flat map frames a 1-parameter family of curved
flats: σt := ΦtK is a curved flat for each t ∈ R×. The family σt is the associated family
or spectral deformation of σ = Φ1K and is defined up to the left action of G. This
family will play a starring role in the discussion of Darboux transforms of isothermic
submanifolds in Chapter 5.

4.3 Loop Groups and the Dressing Action

Observe that the conditions defining Φz (4.2) and Φz(o) = Id) are holomorphic in z
and so Φ depends holomorphically on z. Furthermore the fact that dψ is p-valued tells
us that Φ is both twisted (τΦz = Φ−z) and real (Φz = Φz) in the sense of Section 3.3.
The based extended frame Φ therefore takes values in the loop group

G
+ := {g : C→ GC holom : g(0) = Id, τg(z) = g(−z), g(z) = g(z)},

i.e. G+ = G+
∗,r,τ.

We can now apply the dressing theorems of Chapter 3 to the extended flat frames
Φ, for we have shown that the Birkhoff factorisation theorem provides a local action #
of the loop group

G
− := {g : dom(g)→ GC holom : g(0) = Id, τg(z) = g(−z), g(z) = g(z)}

on G+, where U is P1 minus a finite number of points in C. The important fact for
the application of dressing to p-flat maps is that the dressed map Φ̂ = g−#Φ of an
extended flat frame is the extended flat frame of a new p-flat map. An extended flat
frame is a solution to (4.2) with Φ0 ≡ Id but without the imposition of an initial
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condition Φz(o) = Id. This is clarified by the following lemma.

Lemma 4.3
Φ : Σ→ G+ is an extended flat frame iff Φ−1dΦ has a simple pole at ∞.

The proof (Lemma 4.1 in [11]) relies on the interaction of the power series expan-
sion of Φ−1dΦ with the reality and twisting conditions. It is worth stressing that we
are viewing Φ as a map Σ → G+ and not as a map Σ×C → GC as is done when we
apply the Sym formula (4.3).

Proposition 4.4
If Φ is a based extended flat frame, then Φ̂ := g− # Φ defined pointwise by

(g− # Φ)(p) := g− # Φ(p)

is the based extended flat frame of a new p-flat map

ψ̂ = g− # ψ = ψ +
∂

∂z

∣∣∣∣
z=0

ĝ−1
−

giving a local action of G− on p-flat maps.

Proof Consider the logarithmic derivative of Φ̂:

Φ̂−1dΦ̂ = Ad ĝ−(Φ−1dΦ− ĝ−1
− dĝ−). (4.4)

Since ĝ− is holomorphic near ∞, Φ̂−1dΦ̂ has the same pole as Φ−1dΦ and so, by
Lemma 4.3 is an extended flat frame. For the base point:

Φ̂z(o) = g−(z)Φz(o)ĝ−1
− (o, z) = g−(z)ĝ−1

− (o, z) ∈ G+ ∩G− = {Id}.

Apply the Sym formula to get a local action on p-flat maps

ψ̂ = g− # ψ :=
∂

∂z

∣∣∣∣
z=0

(g− # Φ) + ψ(o)− ∂

∂z

∣∣∣∣
z=0

g−

= ψ +
∂

∂z

∣∣∣∣
z=0

ĝ−1
− .

(4.5)

This is an action because

g2 #(g1 # ψ) = g2 #
(

∂

∂z

∣∣∣∣
z=0

(g1 # Φ) + ψ(o)− ∂

∂z

∣∣∣∣
z=0

g1

)
=

∂

∂z

∣∣∣∣
z=0

(g2 #(g1 # Φ)) + ψ(o)− ∂

∂z

∣∣∣∣
z=0

(g1 + g2)
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=
∂

∂z

∣∣∣∣
z=0

((g2g1) # Φ) + ψ(o)− ∂

∂z

∣∣∣∣
z=0

(g2g1)

= (g2g1) # ψ.

Care is required if the second line of (4.5) is taken as a definition. It seems to
suggest that the local action on p-flat maps is commutative, but this is not the case: by
considering the action on frames, it is clear that ĝ1, ĝ2 depend on the order of the action
of g1, g2, i.e. ĝ1g2 6= ĝ2g1.

Equation 4.4 contains more information, for,

dψ̂ = Ad ĝ−(dψ− z−1 ĝ−1
− dĝ−)dψ⇒ dψ̂ = Ad ĝ−(∞)dψ. (4.6)

The derivatives of ψ, ψ̂ have the same rank, Jordan form, etc. This is important for
various applications of the dressing.

4.4 Dressing p-flat Maps by Simple Factors

Now that we have a dressing action (4.5) ofG− on p-flat maps, we can specialise to the
action of the simple factors of Chapter 3 which should be algebraically computable.
Recall (Section 3.5) that the complexification of gC must contain one of the algebras
sl, so, sp, e6, e7 as a simple ideal if we are to have any hope of simple factors existing.
The simple factors in G− take the final, real & twisted, form in the table of Theorem
3.11. Let q be a parabolic subalgebra of gC such that τq is complementary to q. Fur-
thermore let α ∈ R× ∪ iR× andq = q if α ∈ R×,

q = τq if α ∈ iR×.

Applying Corollary 3.13 we see that the dressing action of pα,q on the extended flat
frame Φ is defined iff (Φ−1

α q, Φ−1
−ατq) are complementary, in which case we have

pα,q # Φ = Φ̂ = pα,qΦp−1
α,Φ−1

α q
.
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Meanwhile (4.5) tells us that the action of pα,q on the p-flat map ψ is

pα,q # ψ = ψ̂ = ψ +
∂

∂z

∣∣∣∣
z=0

p−1
α,Φ−1

α q

= ψ +
∂

∂z

∣∣∣∣
z=0

exp
(
− ln

α− z
α + z

ξ̂

)
= ψ +

2
α

ξ̂

(4.7)

where ξ̂ is the canonical element of (Φ−1
α q, Φ−1

−ατq).
This result is more powerful than may at first be apparent, for it tells us that once

the based extended flat frame of a p-flat map ψ is known (finding this explicitly usually
involves a difficult integration) then we can algebraically calculate the based extended
flat frames of any transform of ψ by simple factors. One may therefore start with a seed
p-flat map for which an explicit framing is known and easily calculate its transforms.

We have seen that in order to calculate the dressing action of a simple factor pα,q

on a p-flat map we need only find the canonical element ξ̂ of the dressed parabolic
subalgebras. While the new parabolic subalgebras are easy to calculate, the action
on canonical elements is highly non-trivial as the following summary of the steps
required in order to calculate ξ̂ shows. Given a simple factor pα,q (and thus a grading
of the Lie algebra gC = q⊥ ⊕ (q∩ τq)⊕ τq⊥) and a p-flat map ψ:

• Integrate Φ−1
z dΦz = zdψ to find the based extended flat frame of ψ and define

q̂ := Φ−1
α q;

• Make sure that q̂⊥ ∩ τq̂ = {0} so that pα,q # ψ is defined;

• q̂, τq̂ are complementary so define ξ̂ by setting

ad(ξ̂) =


1 on q̂⊥,
0 on q̂∩ τq̂,
−1 on τq̂⊥.

Once the based extended flat frame is known, every step of the above process is
algebraic.

We conclude the abstract discussion of simple factors with a rephrasing of the
Bianchi permutability theorem of Section 3.7: this is exactly Proposition 4.15 of [11].
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Proposition 4.5
Given a p-flat map ψ and two dressings, pα,q1 # ψ, pβ,q2 # ψ such that α2 6= β2,3 define

q′1 = Ad pβ,q2(α)q1,

q′2 = Ad pα,q1(β)q2.

Then pα,q′1
pβ,q2 = pβ,q′2

pα,q1 and so

pα,q′1
#(pβ,q2 # ψ) = pβ,q′2

#(pα,q1 # ψ).

4.5 Examples of Simple Factor Dressing

In this section we make contact with Burstall’s description [11] of the simple factors for
G = SO(n + 1, 1) with which one may dress p-flat maps into Rn ∧R1,1 ⊂ so(n + 1, 1)
(via the usual isomorphism (3.7)). We instead find all simple factors for G the real form
SO(i, j), i + j = d of SO(d, C). In a similar manner to the discussion of simple factors
twisted by Coxeter automorphisms (Section 3.8) we consider the usual representation
of the complexified orthogonal group on Cn. For concreteness we will work with
GC = O(d, C) which has centre ±Id rather than SO(d, C) which has centre dependent
on the parity of d. We start by finding all simple factors regardless of reality and
twisting conditions. Given a simple factor g(z) = γ

(
1−α−1z
1−β−1z

)
, the crucial equation

(3.1) unpacks to give us more information about the canonical element ξ:

γ(e2πi) = exp(2πiξ) = ±Id.

The Jordan decomposition theorem says that ξ is diagonalizable on Cd with half-integer
eigenvalues. Suppose Cd =

⊕
j Vj where ξ has eigenvalue ej on Vj. The isomorphism

(3.7) tells us that ad ξ has eigenvalue ej + ek on Vj ∧Vk and so ej + ek ∈ {0,±1}, ∀j, k.
It is clear that the only possibilities are to have (e0, e±) = (0,±1) or e± = ±1/2.

In the first case V± are lines (since
∧2 V± must vanish) and V0 = (V+ ⊕ V−)⊥. It

follows that the graded decomposition of so(d) is

so(d) ∼=
∧2

Cd = V+ ∧V0︸ ︷︷ ︸
g+

⊕V+ ∧V− ⊕
∧2

V0︸ ︷︷ ︸
g0

⊕V− ∧V0︸ ︷︷ ︸
g−

.

Furthermore it is easy to see from [V+ ∧ V−, V+ ∧ V0] ⊂ V+ ∧ V0 that V± are isotropic

3This not only precludes α = β, but stops us encountering the duality pα,q = p−α,τq.
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lines. It follows from Theorem 3.11 that the simple factors take the form

pα,β(z) =
1− α−1z
1− β−1z

π+ + π0 +
1− β−1z
1− α−1z

π−, α, β ∈ C×

where πj is projection in Cd onto Vj.
In the second case

∧2 V± must be Abelian and so V± are isotropic. Decompositions
Cd = V+ ⊕ V− into isotropic spaces can only happen if d is even and dim V± = d/2.
so(d) decomposes as

g+ ⊕ g0 ⊕ g− =
∧2

V+ ⊕V+ ∧V− ⊕
∧2

V−,

from which we recover the simple factors

pα,β(z) =

√
1− α−1z
1− β−1z

π+ +

√
1− β−1z
1− α−1z

π−, α, β ∈ C×.

Suppose now that we are dressing p-flat maps, so that there exist reality and twist-
ing conditions. To follow Burstall, we let Rd be a non-degenerate real subspace of
Cd and let Rd = Rm ⊕ Rn be an orthogonal decomposition (Rm, Rn may have in-
definite signature). Define ρ :=

(
1 0
0 −1

)
with respect to this decomposition so that

τ := Ad ρ ∈ Aut g is our symmetric involution. It is clear that p ∼= Rm ∧Rn. From our
expressions for the simple factors, or indeed appealing once again to Theorem 3.11,
we see that supposing p to be twisted with respect to τ forces V− = τV+ and β = −α

in both cases. Imposing the reality condition with respect to the real form O(Rd) we
see that either V+ = V+ and α ∈ R× or V+ = V− and α ∈ iR×. To summarise, there
are two possibilities:

1. Choose a scalar α ∈ R× ∪ iR× and a null line L where,

• α ∈ R× and L is the complexification of a real null line in Rm+n with ρL /∈
L⊥ (thus L = L),4 or,

• α ∈ iR× and L is the complexification of a null line in Rm ⊕ iRn with ρL /∈
L⊥ (thus L = ρL).

The simple factors can then be written

pα,L(z) =
α− z
α + z

P+ + P0 +
α + z
α− z

P−,

4Recall that Rm, Rn have signature so that this may or may not be possible.
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where Pj : Cm+n → Lj is projection onto the vector subspace Lj defined by,

L+ := L, L− := ρL, L0 := (L+ ⊕ L−)⊥.

The dressing action of pα,L is also easy to express in this representation, for ξ =

P+ − P− and so (4.7) yields

pα,L # ψ = ψ +
2
α
(P̂+ − P̂−), (4.8)

where the P̂ are projections onto L̂+ := Φ−1
α L+, L̂− := τΦ−1

α L+ = Φ−1
−αL−, etc.

These are the simple factors and dressing action identified by Burstall in [11].

2. If exceptionally Rm ∼= Rn (i.e. m = n with the same or opposite signature met-
rics), then there exist further simple factors. Choose a scalar β ∈ R× ∪ iR× and
a maximal isotropic subspace V where,

• β ∈ R× with V the complexification of a real maximal isotropic subspace
of Rm+n and ρV ∩V = {0} (this requires opposite signatures on Rm, Rn i.e.
R2,1, R1,2) , or,

• β ∈ iR× with V the complexification of a maximal isotropic subspace of
Rm ⊕ iRn and ρV ∩V = {0} (this requires the same signature on Rm, Rn).

We therefore get simple factors

qβ,V(z) =

√
β− z
β + z

Q+ +

√
β + z
β− z

Q−,

where Q± : Cm+n → V± is projection onto V+ := V, V− := ρV+ respectively.
Again the action of these simple factors can easily be written down, for ξ =
1
2 (Q+ −Q−) so that,

qβ,V # ψ = ψ +
1
β
(Q̂+ − Q̂−),

with Q̂+ : Cm+n → Φ−1
β V+, Q̂− : Cm+n → ρΦ−1

β V+ projections.

Since Burstall was only concerned with Rm+n = Rp ⊕R1,1, p ≥ 2, the second list
of simple factors was of no relevance. The distinct construction of the two families of
simple factors reflects the existence of disjoint conjugacy classes of height 1 parabolic
subalgebras of so(2n, C): stabilisers of null lines in C2n and the stabilisers of maximal
isotropic planes. The stabilisers of maximal isotropic planes form a single O(2n, C)-
conjugacy class but two distinct SO(2n, C)-classes. These classes correspond to the
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three extreme roots on the Dynkin diagram of so(2n, C), all of which have weight 1
in the expansion of the highest root. This is in contrast to the Dynkin diagram of
so(2n + 1) which has only a single root of weight 1 and ties in with the fact the we
only see the first list of simple factors when d is odd. These examples will be discussed
more fully in chapters 5 and 6.

A similar story to can be told regarding the symplectic group. Under the isomor-
phism (3.8) we identify the symplectic Lie algebra sp(n, C) with the symmetric square
of C2n. In contrast to so(2n), the Lie algebra sp(n, C) has just a single simple root
of weight 1 and so we should only expect a single family of simple factors. If, upon
choosing a basis, we let ρ be the matrix of the symplectic form ω, then the only possi-
ble simple factors are those of the form q above: let β2 ∈ R×, let V be an n-dimensional
subspace of C2n with ρV ∩V = {0} and define

qβ,V(z) =

√
β− z
β + z

Q+ +

√
β + z
β− z

Q−,

with Q+ : Cm+n → V, Q− : Cm+n → ρV projections. No distinguished choice of real
form of sp(n, C) has been made: it is perfectly valid to impose a reality condition with
respect to a pseudo-symplectic algebra sp(a, b). The restrictions implied by such a
choice to the subspace V are exactly as those described above for the orthogonal alge-
bra. While it is not surprising that we have only one family of simple factors for Sp(n),
that it should correspond to the second orthogonal family is perhaps mysterious. The
reason lies in the difference between the isomorphisms (3.7,3.8): for the orthogonal
group the vanishing of

∧2 L is crucial when L is a line, while the symmetric square of
a line, of course, has dimension one.

4.6 Bäcklund Transforms of O-surfaces

In this section we discuss the Bäcklund transform for O-surfaces of Schief–Konopelchenko
[53] and its relation to the dressing of p-flat maps by simple factors. We show that
their transform is equivalent to the dressing of suitably well-behaved p-flat maps into
so(a, b) by simple factors of the first type discussed in Section 4.5.

Definition 4.6
Let Rm, Rn have non-degenerate metrics. A map of dual O-surfaces is a map R : Σl →
Rm ⊗Rn (l ≤ min(m, n)) with co-ordinates x1, . . . , xl such that each Rxi is of rank one
and Rxi R

T
xj
= 0 = RT

xi
Rxj for i 6= j.
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It follows that there exist mutually orthogonal frames5 Xi : Σ→ Rm, Hi : Σ→ Rn

such that Rxi = Xi Hi for each i = 1, . . . , l. It is no condition to assume that |Xi|
2 ∈

{0,±1} and by scaling the co-ordinate functions suitably we may also restrict our-
selves to

∣∣Hi
∣∣2 ∈ {0,±1}. With the assumption that none of the Xi have zero norm it

is easy to see that there exist functions pij : Σ→ R such that

(Xi)xj = pijX j, (H j)xi = pijHi, i 6= j.

If any of the Xi are null then we demand the existence of pij as above. If we choose
fixed bases {ei}, {êj} on Rm, Rn and contract R on the left/right respectively we get
explicit equations for n surfaces (some of which may be constants) f i := Rêi in Rm

and m surfaces gi = RTei in Rn. Observe that the f i are Combescure transforms of
each other (the tangent vectors for each surface along each co-ordinate xi are parallel).
Similarly the gi are Combescure related. When all derivatives are non-zero we clearly
have conjugate equations on each surface6

f i
xjxk

= pkj
(H j, êi)

(Hk, êi)
f i
xj
+ pjk

(Hk, êi)

(H j, êi)
f i
xk

= ((ln H j)xk , êi) f i
xj
+ ((ln Hk)xj , êi) f i

xk
,

gi
xjxk

= ((ln X j)xk , ei)gi
xj
+ ((ln Xk)xj , ei)gi

xk
.

The co-ordinates xj are therefore curvature line co-ordinates on each f i, gi.

Theorem 4.7 (Schief–Konopelchenko)
Given a solution (M, N, S, β) : Σ→ Rm ×Rn ×R×R to the linear system(

M
N

)
xi

=

(
0 βXi Hi

HT
i XT

i 0

)(
M
N

)
(4.9)

satisfying the compatible condition

S =
1
2
|M|2 =

β

2
|N|2 , (4.10)

we set

R̂ = R− MNT

S
. (4.11)

5Viewed as column vectors (Xi) and row vectors (Hi) respectively. Note that transpose is always with
respect to the metrics on Rm, Rn.

6ln Xi is the vector found by taking the logarithm of the entries of Xi with respect to the basis {ei}.
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Then R̂ is another map of dual O-surfaces into Σ→ Rm ⊗Rn with respect to the same
co-ordinates xi.

Schief–Konopelchenko prove the above theorem for m = 3, l = 2 but the proof
is not restricted by dimension. Their proof amounts to an application of the Funda-
mental transform of Eisenhart [28]. We will prove the result indirectly by showing that
the transformation corresponds to dressing p-flat maps by simple factors. That the
above should be called a Bäcklund transform is not immediately obvious, the name is
however justified by Schief–Konopelchenko when they demonstrate that the classical
Bäcklund transform of pseudospherical surfaces in R3 can be described in terms of
Theorem 4.7.

Let G/K = O(m + n)/O(m)×O(n) with symmetric involution τ = Ad ρ where
ρ has ±1-eigenspaces Rm, Rn respectively. We therefore have p = Rm ∧Rn. If R is a
map of dual O-surfaces then we can easily build a p-flat map ψ by

ψ =

(
0 R
−RT 0

)
.

That ψ is p-flat is clear from the orthogonality of the vectors Xi and Hi. The converse
however is not necessarily true, for a general p-flat map may not posses co-ordinates
xj satisfying the definition of a dual O-surface. Observe that when ψ comes from a
map of dual O-surfaces such that none of the Xi, Hi are null then each tangent space
dψ(TsΣ) is an Abelian, semisimple (diagonalisable) subalgebra of p. Conversely it is
easy to see that ad(p∧ q) is 4-step nilpotent if q is null. We show that every p-flat map
with diagonalisable tangent bundle corresponds to a map of dual O-surfaces. Suppose
Σ is simply connected. Since ψ is a smooth immersion we can conjugate each tangent
space dψ(TsΣ) to a fixed semisimple Abelian subalgebra a ⊂ p (once a is fixed this can
be done by a unique map k : Σ → K). Since a is constant we can find co-ordinates xi

for each basis A1, . . . , Al of a such that

Ad(k)dψ =
l

∑
i=1

Ai dxi. (4.12)

The choices of maximal semisimple Abelian algebras of p = Rm ∧Rn up to conjugacy
depends on the signatures of Rm, Rn but such a are always of dimension min(m, n):
indeed supposing m ≤ n it is not difficult to show that

a = 〈ei ∧ fi〉mi=1
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where {ei} is an orthonormal basis7 of Rm and { fi} are a linearly independent or-
thonormal set in Rn—just use the fact that any T ∈ a has T2 self-adjoint on Rm+n in
order to see the orthogonality. Up to conjugacy the only freedom we have is over how
many and which of the fi have positive norm. The options depend entirely on the
signature of Rm.

If however ψ is a p-flat map with nilpotents in its tangent bundle, there is no guar-
antee that suitable co-ordinates exist. It is clear that any p-flat map of a higher di-
mension than min(m, n) automatically fails, but for lower dimensions we make no
claims. An example of a dual O-surface with non-diagonalisable tangent spaces is the
following:

R(x, y) =

(
x 0 0
0 y y

)
∈ R2 ⊗R2,1.

Even though this represents a map of dual O-surfaces, the tangent subalgebra con-
tains nilpotents since H2 = (0, 1, 1) is isotropic.

Now consider the Bäcklund transform of Theorem 4.7. Let ψ be a p-flat map cor-
responding to a map of dual O-surfaces R and let Φ be the extended flat frame of ψ.
Given a simple factor pα,L from the first family in Section 4.5, choose a fixed v ∈ L and
define M ∈ Rm, N ∈ Rn by

v = Φα

(
M
αN

)
. (4.13)

Notice that the conditions on L and α indeed force M, N to be real vectors. Since v is
constant it is easy to see that M̂ := Φ−1

α v satisfies the differential equation

dM̂ = −αdψM̂

which implies (4.9) with β = −α2. Conversely, given M, N satisfying (4.9), define v
by (4.13) with α =

√
−β and observe that v is constant. (4.10) is then precisely the

condition that v is isotropic. Solutions M, N,−α2 are therefore equivalent to simple
factors pα,L. Recall (4.8) the dressing action of pα,L on a p-flat map ψ is

pα,L # ψ = ψ +
2
α
(P̂+ − P̂−)

7(ei, ej) = ±δij.
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where P̂± are the orthogonal projections onto Φ−1
α L, τΦ−1

α L respectively. But Φ−1
α v =

M̂ and so we can calculate:

P̂+ =
(τM̂,−)

4S
M̂, P̂− =

(M̂,−)
4S

τM̂.

Therefore

P̂+ − P̂− =
1

4S

((
M
αN

)(
MT −αNT

)
−
(

M
−αN

)(
MT αNT

))

= − α

2S

(
0 MNT

−NMT 0

)
,

and so

pα,L # ψ = ψ− 1
S

(
0 MNT

−NMT 0

)

which gives rise to a new map R̂ exactly as in (4.11). Consider the dressed simple
factor p̂ : Σ → G−. Since p̂ is real and twisted we have p̂(∞) ∈ O(m)×O(n). (4.6)
then tells us that there exist P ∈ O(m), Q ∈ O(n) such that

dR̂ = PdRQ−1,

from which we see that R̂ is a map of dual O-surfaces. Indeed

R̂xi = PXi HiQ−1 = (PXi)(QHT
i )

T

giving us the new orthogonal families of tangent vectors PXi, HiQ−1 for free.
Notice finally that since Schief–Konopelchenko parametrise the 1-parameter fam-

ily of solutions to Theorem 4.7 by β = −α2, our previously observed duality pα,L =

p−α,τL is avoided.
One may obtain a similar identification for the dressing action of the simple fac-

tors qα,V of the second type in Section 4.5 when Rm, Rn have compatible metrics. The
working is however somewhat messy since one must choose a basis of V and define
matrices M, N in the manner of (4.13). While the working may be less aesthetically
pleasing one can easily obtain an equivalent to Theorem 4.7.

The correspondence of the Bäcklund transform for dual O-surfaces and the dress-
ing of a subset of p-flat maps by simple factors can allow us to easily calculate the new
transformed O-surfaces without having to solve equations (4.9,4.10). We need only to
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calculate the extended flat frame Φ of the corresponding p-flat map and then use (4.13)
to obtain M, N satisfying Theorem 4.7. Happily the extended flat frame can be found
by exponentiation for very simple p-flat maps (if [ψ, dψ] = 0 then Φ(z) = exp(zψ))
thus making the entire process algebraic. As already noted, once an extended flat
frame is known, we may algebraically calculate any transform of ψ by simple factors
and therefore any Bäcklund transforms of the underlying O-surfaces.

To illustrate this we provide a couple of examples. Starting with the seed O-

surfaces8 f 1 =
( x

0
0

)
, f 2 =

( 0
y
0

)
in R3 we let R =

(
x 0
0 y
0 0

)
: R2 → R3 ⊗R1,1 where

the metric on R1,1 has matrix diag (1,−1) with respect to the implied basis. R thus
generates the p-flat map ψ with extended flat frame Φ as follows:

ψ =


0 0 0 x 0
0 0 0 0 y
0 0 0 0 0
−x 0 0 0 0
0 y 0 0 0

 , Φλ =


cos λx 0 0 sin λx 0

0 cosh λy 0 0 sinh λy
0 0 1 0 0

− sin λx 0 0 cos λx 0
0 sinh λy 0 0 cosh λy

 .

Using (4.13) it is not difficult to calculate, for example, the effect of the simple factor
pi,L where L = 〈1,−1, 1, 2i, i〉 on R and therefore the O-surfaces f 1,2. Indeed we see
that

R̂ = ( f̂ 1, f̂ 2) =

 x− 2
A (9e2x − e−2x) 4

A (3ex − e−x)(cos y + sin y)
4
A (3ex + e−x)(cos y− sin y) y + 8

A (1− 2 cos2 y)
− 4

A (3ex + e−x) 8
A (cos y + sin y)


where A = 2 + 9e2x + e−2x − 4 sin(2y). It is clear that f̂ 1, f̂ 2 involve only minor per-
turbations from f 1, f 2, but these are enough to make them interesting as figure 4-1
shows. f̂ 1 is a single ‘bubble’ grown on the i-axis, while f̂ 2 is an infinite string of bub-
bles grown along the j-axis. Both surfaces approach their respective axes as x → ±∞.

Another example is the following pair of transforms of the infinite unit cylinder
viewed by letting R =

( cos x cos x
sin x sin x

y y

)
∈ R3 ⊗R1,1. Since (H1 = H2 = (1, 1)) we have

a rather degenerate p-flat map (tangent spaces are certainly not conjugate to a semi-
simple Abelian subalgebra of p). We dress by a simple factor similar to the previous
example (even large changes in pα,L do not change the inherent properties of the trans-
form in this example). Each cylinder is transformed to a ‘squashed torus’: the infinite
ends of the cylinder being folded back into a single central point as y → ±∞. In-
deed the co-ordinates x and ŷ := 2 tan−1 y are 2π-periodic and so the image of the

8The fact that the seed surfaces are degenerate is of no concern.
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Figure 4-1: The transformed ‘bubbles’ f̂1 and f̂2

cylinder is a degenerate torus, the central circle having radius 0. The two transforms
are actually a reflection of each other across this central limiting point as figure 4-2
suggests.

Figure 4-2: The ‘squashed tori’: f̂1, then f̂1 & f̂2 together



Chapter 5

Isothermic Submanifolds of
Symmetric R-spaces

5.1 Introduction

The theory of isothermic submanifolds lies at the intersection of many of the ideas
already discussed in this thesis. We extend the theory of isothermic surfaces in the
conformal n-sphere, as developed by Burstall [11], by observing that the definition of
an isothermic surface ` : Σ2 → Sn = P(Ln+1,1) requires nothing more than the ex-
istence of a closed 1-form η taking values in the nilradical of the parabolic stabiliser
of ` (as a subalgebra of so(n + 1, 1)). The crucial algebraic structure possessed by Sn

is that of a symmetric R-space: a conjugacy class of parabolic subalgebras of height
1. We give a definition of isothermic submanifold in any such space and demonstrate
that the transforms of the original theory (Christoffel, T- and Darboux) are all avail-
able, along with the interactions between them. The new theory is somewhat more
pleasing than the old due to a new bundle-approach that allows us to work directly
with the submanifolds themselves rather than with choices of ‘frames’ as in [11]. Sym-
metric R-spaces come in two flavours, self-dual (e.g. the motivational P(Ln+1,1) as an
SO(n + 1, 1)-space) and non-self-dual (e.g. the Grassmannians Gk(R

n), k 6= n/2 as
SL(n)-spaces). The theories for both flavours are almost identical, the only significant
difference coming when we discuss the Bianchi permutability of Darboux transforms:
in the self-dual case multiple proofs are given, all of which fail in non-self-dual sym-
metric R-spaces. Symmetric R-spaces also play a secondary role in this chapter, pro-
viding a method of generating transforms: the simple factor dressing theory of chap-
ters 3 and 4 translates naturally to a dressing theory of curved flats. When applied
to curved flats representing Darboux pairs of isothermic submanifolds, we obtain a
second proof of the Bianchi permutability theorem.

97
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5.2 Isothermic surfaces in the Conformal n-sphere

Recall isothermic surfaces in Rn. An immersion f : Σ2 → Rn is isothermic iff there
exist conformal curvature line co-ordinates x, y: i.e. the first fundamental form is con-
formal to dx2 + dy2, while I is diagonal. It follows that the 1-form

ω = − 1

| fx|2
fx dx +

1∣∣ fy
∣∣2 fy dy

is closed and so we can locally integrate ω = d f̃ to find a Christoffel transform f̃ : Σ2 →
Rn. f̃ has parallel curvature lines to f but with opposite orientation: d f−1 ◦ d f̃ ∈
End TΣ has det < 0. Calculating ω̃ in the obvious way shows that f̃ is also isothermic
with Christoffel transform f . Christoffel transforms are not unique, since any uniform
scaling or translation of f̃ differentiates to a multiple of ω.

The geometry of isothermic surfaces in Rn can be embedded in the conformal n-
sphere Sn ∼= P(Ln+1,1) by an inverse stereo-projection into the light cone Ln+1,1 ⊂
Rn+1,1. Fix Rn ⊂ Rn+1,1 and choose t ∈ (Rn)⊥ such that |t|2 = −1. Pick a unit
n ∈ (〈t〉 ⊕Rn)⊥ (there are only two). The inverse stereo-projection of f with respect
to n is

2

1 + | f |2
f − 1− | f |2

1 + | f |2
n ∈ Sn ⊂ 〈t〉⊥ ,

which can be lifted into the light cone by adding t. In this way we have a diffeomorph-
ism Sn ∼= P(Ln+1,1) and can furthermore lift isothermic surfaces in Rn to P(Ln+1,1).
To make contact with the discussion in [11] define v0 = 1

2 (t − n), v∞ = 1
2 (t + n) so

that the lift of f into the projective light cone is

Λ :=
〈

f + v0 + | f |2 v∞

〉
.

The points v0, v∞ are the ‘points at zero and ∞’ respectively for the stereo-projection
map. We call Λ an isothermic surface iff f is isothermic in Rn. Under the usual iden-
tification (e.g. (3.7))

∧2
Rn+1,1 ∼= so(n + 1, 1) (5.1)

it is easy to see that

Λ = 〈exp(2v∞ ∧ f )v0〉 .
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Let us see what inverse stereo-projection does to the closed 1-form ω = d f̃ . Define1

η := exp(2v∞ ∧ f )(v0 ∧ω) ∈ Ω1
Σ ⊗Λ ∧Λ⊥. (5.2)

Then, writing
.
∧ for wedge product of differential forms to distinguish from that of

vectors, we have

dη = exp(2v∞ ∧ f )
(

v0 ∧ dω + 2[(v∞ ∧ d f )
.
∧ (v0 ∧ω)]

)
(5.3)

Evaluating on vector fields X, Y ∈ ΓTΣ we see that

[(v∞ ∧ d f )
.
∧ (v0 ∧ d f̃ )](X, Y) =

(
(d fX, d f̃Y)− (d fY, d f̃X)

)
v∞ ∧ v0

+ (v0, v∞)(d fX ∧ d f̃Y − d fY ∧ d f̃X)

= 0 ⇐⇒ d f
.
∧C` d f̃ = 0,

where
.
∧C` is evaluated in the Clifford algebra C`(Rn). Burstall [11] demonstrated that

f , f̃ are a Christoffel pair in Rn iff d f
.
∧C` d f̃ = 0 and so η is closed.

A Christoffel pair therefore defines a closed 1-form η with values in Λ ∧Λ⊥. The
converse is also true: given any 1-form η with values in Λ ∧Λ⊥, there exists an ω ∈
Ω1

Σ ⊗Rn satisfying (5.2). (5.3) says that η is closed iff ω is closed and d f
.
∧C` ω = 0.

We can therefore make the following definition.

Definition 5.1
An immersion Λ : Σ2 → P(Ln+1,1) is isothermic iff ∃ closed η ∈ Ω1

Σ ⊗Λ ∧Λ⊥.

By reversing the choice of points at 0 and ∞ we can define Christoffel transforms in
this setting. Let f , f̃ be a Christoffel pair, where f is the stereo-projection (with respect
to some v0, v∞) of the isothermic surface (Λ, η). Then

Λ̃ :=
〈
exp(2v0 ∧ f̃ )v∞

〉
(5.4)

is a Christoffel transform of Λ. Λ̃ is isothermic with closed 1-form exp(2v0 ∧ f̃ )(v∞ ∧
d f ). In this context we could have defined Λ̃ =

〈
exp(2v0 ∧ f̃ )v0

〉
which is also isother-

mic. It will later be seen that Christoffel transforms in a general setting must inhabit a
‘dual’ space to that of Λ and that (5.4) is the correct definition. Christoffel transforms
in the projective light cone are far more freely available than in Rn since we now have
a free choice of v0, v∞ with respect to which we stereo-project.

1Λ⊥ is the subbundle of Σ×Rn+1,1 whose fibres consist of the vectors perpendicular to the line Λ.
Λ ∧Λ⊥ is then a subbundle of Σ×∧2 Rn+1,1.
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5.3 Symmetric R-spaces

After the identifications of the previous section, Definition 5.1 is remarkably simple
to state. An isothermic surface depends only on the existence of a closed 1-form with
values in a location that depends on the surface.We can abstract the definition further
by generalising the target space P(Ln+1,1). Consider P(Ln+1,1) as a homogeneous
SO(n + 1, 1)-space: under the identification (5.1) the Lie algebra of the stabiliser of Λ
is seen to be

p = Λ ∧Λ⊥ ⊕
∧2

Λ⊥ ⊕Λ ∧ Λ̂,

where Λ̂ is any null line such that Λ 6= Λ̂. The Killing form on so(n+ 1, 1) is conformal
to the trace tr( · · ), which makes it easy to see that p⊥ = Λ ∧Λ⊥. Observe that p is a
bundle of parabolic subalgebras (Definition 1.9) of so(n + 1, 1) with Abelian nilradical
p⊥ = Λ ∧Λ⊥.

Definition 5.2
A subgroup P of a (real or complex) semisimple Lie group G is parabolic iff it is the
stabiliser of a parabolic subalgebra p ⊂ g. Since p is self-normalising (Lemma 1.12) it
is clear that p is the Lie algebra of P. An R-space M is a conjugacy class of parabolic
subalgebras: i.e. M = G/P where P is parabolic. A symmetric R-space is an R-space
for which p has Abelian nilradical.

The reader is referred to the discussion of Section 1.3 on which the results of this
chapter rely heavily.

A symmetric R-space M is, as its name suggests, also a symmetric space (Defi-
nition 1.5). For real M it can be shown (see e.g. [42, Theorem A]) that the maximal
compact subgroup G̃ ⊂ G acts transitively on G/P with stabiliser K := G̃ ∩ P and
that G̃/K is a symmetric space: i.e. the Lie algebras g̃, k of G̃, K describe a symmetric
decomposition g̃ = k⊕ k⊥. Conversely [42, Theorems A and B], given any symmetric
space M = G̃/K where G̃ is compact, if there exists a finite dimensional Lie group
G of diffeomorphisms of G̃/K which is strictly larger than G̃, then G̃/K, viewed as a
homogeneous G-space, is a symmetric R-space. It follows that the only R-spaces that
can also be viewed as symmetric are the symmetric R-spaces and so the terminology
is consistent. Similarly complex M are seen to be Hermitian symmetric spaces.

Classification of symmetric R-spaces is easy in view of the discussion of Section
1.3. It is straightforward to see that the restriction of a parabolic subalgebra of g to
a simple ideal is a parabolic subalgebra of that ideal (of lower or equal height). It
follows that a general R-space is the direct product of R-spaces G/P where G is simple.
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The height of an R-space is then the largest of the heights of the simple terms in the
product. The definitive list of symmetric R-spaces G/P where G is simple is given in
Theorem B of [42].

The following are examples of symmetric R-spaces with their parabolic stabilisers:
we have underlined the Abelian nilradicals.

P(Lp+1,q+1) =
Sp × Sq

Z2
=

SO(p + 1, q + 1)
P

=
SO(p + 1)× SO(q + 1)
SO(p)× SO(q)×Z2

p = Λ ∧Λ⊥ ⊕
∧2

Λ⊕Λ ∧ Λ̂ (Λ̂ ∈ L∩ (Rn/Λ⊥)),

Gk(R
n) =

SL(n)
P

=
SO(n)

S(O(k)×O(n− k))

p = hom(Rn/π, π)⊕ (End(π)⊕ End(Rn/π))0 ,

SO(n) =
SO(n, n)

P
=

SO(n)× SO(n)
SO(n)

p =
∧2

ϕ⊕ ϕ ∧ ϕ̂ (Rn,n = ϕ⊕ ϕ̂ as isotropic n-planes).

The second and third examples will be discussed in greater detail in Chapter 6. In
particular it will be demonstrated that SO(n) is indeed a symmetric R-space viewed
as exactly half the set of isotropic n-planes in Rn,n.

We can now make a general definition of an isothermic submanifold.

Definition 5.3
An isothermic submanifold of a (real or complex) symmetric R-space G/P is an im-
mersion f of a real manifold Σ into G/P for which there exists a closed η ∈ Ω1

Σ ⊗ f⊥.

Remarks: An isothermic submanifold f is a bundle of parabolic subalgebras over Σ
and as such will be viewed as a subbundle of the trivial Lie algebra bundle g = Σ× g.
The notation η ∈ Ω1

Σ ⊗ f⊥ means that the closed 1-form takes values in the bundle of
nilradicals f⊥. Any immersion of a 1-manifold into a symmetric R-space is trivially
isothermic.

We place no restrictions on the dimension of Σ: the maximum dimension of an
isothermic submanifold depends on the symmetric R-space in question. For the above
examples the maximum practical dimensions are 2, min(k, n− k), bn/2c respectively
although a proof, and indeed what we mean by ‘practical’, will have to wait until
Section 5.7 when we consider curved flats.
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Dual R-spaces

Let M be an R-space. The dual R-space M∗ is the set of parabolic subalgebras com-
plementary to any element of M. The next proposition tells us that M∗ is indeed an
R-space.

Proposition 5.4
M∗ is a conjugacy class of parabolic subalgebras. Indeed if (p, q) are complementary
for p ∈ M, then M∗ is the conjugacy class of q.

Proof q̃ = Ad gq is complementary to Ad gp ∈ M and thus q̃ ∈ M∗. Conversely,
if (Ad gp, q̂) are complementary, then Ad(g−1)q̂ is complementary to p and so, by
Proposition 1.13, ∃ unique n ∈ p⊥ such that,

Ad(g−1)q̂ = Ad exp nq⇒ q̂ = Ad(g exp n)q,

which is in the conjugacy class of q.

Since complementary parabolic subalgebras have the same height it is immediate
that M∗ is a symmetric R-space iff M is. The dual R-space can be viewed as a homo-
geneous space M∗ = G/Q where Q is the parabolic subgroup of G with Lie algebra q,
for any q complementary to p.

The distinction between self- and non-self-dual M is critically important when it
comes to our later discussions of Bianchi permutability of Darboux transforms. An
important result with regard to this is the following lemma.

Lemma 5.5
Suppose K ∈ Aut(g) preserves some f ∈ M. Then M is K-invariant.

Proof Let g ∈ G. Ad(G) is a normal subgroup of Aut(g) and so K Ad(g) f =

K Ad(g)K−1K f = Ad(h) f ∈ M for some h ∈ G.

The above approach of fixing a particular parabolic subalgebra p is useful for some
calculations but generally unnecessary. The fact that all parabolic subalgebras in G/P
are conjugate to some fixed p will be used, but from now on we make no special choice
of such.

Referring back to our earlier examples we see that a complementary parabolic sub-
algebra to the stabiliser of a null line in Rp+1,q+1 is the stabiliser of a second, distinct
null line. P(Lp+1,q+1) is therefore self-dual. A complement to the stabiliser of a k-
plane π in Rn is the stabiliser of an (n − k)-plane π̂ such that π ∩ π̂ = {0}. Thus
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(Gk(R
n))∗ = Gn−k(R

n). The SO(n, n) example is best described in terms of the set of
isotropic n-planes in Rn,n which comprises two SO(n, n)-orbits (cf. α and β planes in
R3,3 [62]). p ∈ SO(n, n)/P is the stabiliser of an isotropic n-plane. It is easy to see that
(stab(ϕ), stab(ϕ̂)) are complementary iff Rn,n = ϕ⊕ ϕ̂. It will be shown in Section 6.5
that ϕ̂ is in the SO(n, n)-orbit of ϕ iff n is even and so SO(n, n)/P is self-dual iff n is
even.

5.4 The Symmetric Space of Complementary Pairs

Let f : Σ → M be an immersion of a manifold Σ. Since f is a bundle of parabolic
subalgebras of g, the pointwise filtering (1.15) induces a filtering of the trivial Lie
algebra bundle

g ) f ) f⊥ ) {0}! g = g/ f ⊕ f / f⊥ ⊕ f⊥. (5.5)

Recalling (1.12) we see that the soldering form β gives an isomorphism of the tangent
bundle to M along f

β : f ∗TM ∼= g/ f . (5.6)

The soldering form β gives yet more structure on a symmetric R-space, for we know
(1.5) that the adjoint action of β on g amounts to differentiation of sections modulo a
quotient. Applying (1.5) to the filtering (5.5) gives a ‘filtered differentiation’ on g:

ad β(v) =


dv mod f⊥, if v ∈ Γ f⊥,

dv mod f , if v ∈ Γ f / f⊥,

0(= dv mod g), if v ∈ Γg/ f .

(5.7)

For this to be well-defined we require dX f⊥ ⊂ f , but this is clear since any section of
f⊥ is f = Ad(g)p for some g : Σ → G and p ∈ Γp⊥ where p is some fixed parabolic
subalgebra: therefore

df = Ad(g)(dp + [g−1dg, p]) ∈ Ω1
Σ ⊗ f

since p is fixed and [g, p⊥] ⊂ p.
Now suppose that we have a second bundle of parabolic subalgebras f̂ : Σ→ M∗

such that ( f , f̂ ) are always complementary. Call the space of all such pairs Z. Apart
from providing a β̂ ∈ Ω1

Σ ⊗ g/ f̂ , the complement defines a grading (Proposition 1.11)
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of the bundle g and unique linear isomorphisms

g/ f ∼= f̂⊥, f / f⊥ ∼= f ∩ f̂ ∼= f̂ / f̂⊥, g/ f̂ ∼= f⊥, (5.8)

etc., with respect to which we may view β, β̂ as taking values in f̂⊥, f⊥ respectively.
While in practice we will nearly always work in the presence of such isomorphisms,
the notation usefully reminds us that β, β̂ are actually quotient-valued. The confusion
increases if we consider a second complement f̃ : Σ → M∗ which comes equipped
with a β̃ ∈ Ω1

Σ ⊗ g/ f̃ and isomorphisms g/ f ∼= f̃⊥, etc., so that β, β̃ now take val-
ues in f̃⊥, f⊥ respectively. One must take care however, for although β̂, β̃ appear to
take values in the same space ( f⊥), in practice only one set of isomorphisms (5.8) is
operational and so there should be no confusion.

Proposition 5.6
The space of complementary pairs Z is symmetric.

Proof Let ( f , f̂ ), (F, F̂) ∈ Z. Supposing that (F, f̂ ) are complementary then by two
applications of Proposition 1.13 we see that there exist unique sections n ∈ Γ f̂⊥ and
n′ ∈ ΓF⊥ such that

(F, f̂ ) = Ad exp n( f , f̂ ) and (F, F̂) = Ad(exp n′ exp n)( f , f̂ ).

If (F, f̂ ) /∈ Z then, since C f̂ is dense in M, there exists h : Σ→ G such that (h · F, f̂ ) ∈ Z
and the above argument holds with the insertion of a final Ad h−1. It follows that G
acts transitively on Z and so Z = G/(P ∩ Q) as a homogeneous space, where M =

G/P and M∗ = G/Q. Define the bundle decomposition

g = h⊕m := f ∩ f̂ ⊕ ( f⊥ ⊕ f̂⊥)

and let τ be the involution of g with ±1-eigenspaces h,m respectively. It is clear that
g = h⊕m is a symmetric decomposition and so Z is symmetric with involution τ in
the sense of the bundle version of Definition 1.5.

One final piece of structure should be observed. Under the isomorphisms (5.8) the
adjoint actions of β, β̂ (5.7) on a section v ∈ Γg combine to give

ad(β + β̂)(v) =

Projmdv, if v ∈ Γh,

Projhdv, if v ∈ Γm.

That is β + β̂ = N , the Maurer–Cartan form of Z.
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5.5 Christoffel, Darboux and T-Transforms

A notion of stereo-projection akin to that in Section 5.2 is available in any symmetric
R-space M. Fix a pair of complementary parabolic subalgebras (v0, v∞) ∈ Z. (v0, v∞)

define a stereo-projection of the big-cell Cv∞ ⊂ M of parabolic subalgebras comple-
mentary to v∞ (cf. Proposition 1.13). Let f : Σ → Cv∞ : by Proposition 1.13 ∃ unique
F∞ : Σ→ v⊥∞ such that

f = Ad exp F∞v0.

F∞ is the stereo-projection of f with respect to v0, v∞. Similarly the stereo-projection of
f̂ : Σ → Cv0 ⊂ M∗ with respect to v0, v∞ is a map F0 : Σ → v⊥0 . The stereo-projection
allows us to build Christoffel transforms. Let ( f , η) : Σ → Cv∞ be isothermic, then
there exist unique F∞ : Σ → v⊥∞, ω ∈ Ω1

Σ ⊗ v⊥0 such that ( f , η) = Ad exp F∞(v0, ω).
The closure of η is equivalent to

dω = 0 = [dF∞ ∧ω].

Choose a local solution F0 : Σ→ v⊥0 to dF0 = ω and observe that

f̃ := Ad exp F0v∞

is isothermic in M∗ with closed 1-form η̃ = Ad exp F0 dF∞. Compare this construction
with our earlier definition of Christoffel transform (5.4) in the conformal n-sphere:
v0, v∞ are the stabilisers of two distinct null lines 〈v0〉 , 〈v∞〉 respectively and so v0 =

〈v0〉 ∧ 〈v0, v∞〉⊥ , v∞ = 〈v∞〉 ∧ 〈v0, v∞〉⊥. Since v0, v∞ are points we are able to view
stereo-projections as maps into the same space (Rn := 〈v0, v∞〉⊥) which gives rise to
the confusion as to the definition of Λ̃. In general symmetric R-spaces it is clear that
this confusion cannot arise, for Christoffel pairs are forced to inhabit dual conjugacy
classes.

There is a (dim Z = 2 dim M)-dimensional choice of stereo-projections, each of
which (via translation of F0 by a constant) gives rise to a (dim G/P)-dimensional
choice of Christoffel transforms. Since a choice of stereo-projection is equivalent to
a choice of fixed base point (v0, v∞) ∈ Z, all choices of are equivalent up to the left
action of G. Even taking this into account, there is still a significant freedom of choice
of Christoffel transform. This is in marked contrast to our next transform (the T-
transform) which can be defined without any choices whatsoever and will be seen to
be unique up to the left action of G.

A recurring theme of this chapter is the idea of transforming a submanifold by
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gauging flat differentiation while fixing the submanifold. Consequently we will often
write an isothermic submanifold as a triple ( f , D, η) where D is a flat connection on g

such that dDη = 0. A more general definition of Christoffel transform can be phrased
in this form:

Definition 5.7
A pair ( f , D, η), ( f̃ , D, η̃) of isothermic submanifolds is a Christoffel pair iff there ex-
ists a pair (v0, v∞) ∈ ΓZ of D-parallel bundles of parabolic subalgebras such that the
stereo-projections F, F̃ of f , f̃ with respect to (v0, v∞) satisfy [DF ∧ DF̃] = 0.

It should be noted that the new definition does not allow extra Christoffel trans-
forms of an isothermic surface, we are merely viewing existing transforms in a differ-
ent way: since D, d are flat, there locally exists a gauge transform Φ : Σ→ G satisfying
D = Φ ◦d ◦Φ−1, then the D- and d-Christoffel transforms differ only by the left action
of Φ.

T-transforms

An isothermic submanifold comes equipped with a family of flat G-connections dt :=
d + tη on g. That each dt is a connection is clear since dt − d ∈ Ω1

Σ ⊗ End(g). For the
flatness

Rdt
= Rd + tdη +

1
2
[tη ∧ tη] = 0

since d is flat and η is closed with values in the Abelian subalgebra f⊥. It is the
fact that flat G-connections integrate to group-valued functions and that an isother-
mic submanifold comes equipped with a 1-parameter family of such connections that
drives most of the interesting geometry of isothermic submanifolds and what makes
them an integrable system. Indeed the closed 1-form tη satisfies the Maurer–Cartan
equations

d(tη) +
1
2
[tη ∧ tη] = 0 (5.9)

for all t ∈ R and so we can locally integrate Φ−1
t dΦt = tη to find a map Φt : Σ → G,

unique up to the left action of G, which gauges the two connections: dt = Φ−1
t ◦d ◦Φt.

Notice that ft := Φt f is isothermic with closed 1-form ηt := Φtη.

Definition 5.8
ft is a T-transform of f and we write ft = Tt f .
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Equivalently ( f , η) is isothermic with d replaced with dt, so we can take the point
of view that ft is the same submanifold as f viewed with respect to a different idea of
flat differentiation and succinctly write

Tt( f , d, η) = ( f , dt, η).

This approach has the advantage of removing choices in the definition of Φt: since
Φ′t := KΦt satisfies the same equation as Φ for any constant K ∈ G, T-transforms as
described by solutions to (5.9) are only defined up to the left action of G. Furthermore
since Tt( f , η) = Ts( f , t

s η), it is to be understood that η is fixed from the start, otherwise
none of the following formulae make sense.

To make contact with older ideas of the T-transform let f , f̃ be a Christoffel pair
with respect to v0, v∞ (giving unique F0, F∞) such that

f = Ad exp F∞v0, f̃ = Ad exp F0v∞.

Let Ψ0 = exp F∞ and define Ψt = ΦtΨ0, which has logarithmic derivative

Ψ−1
t dΨt = dF∞ + t Ad Ψ−1

0 η = dF∞ + tdF0. (5.10)

The T-transforms of f and f̃ are given by

Tt f = Ψt · v0 = Φt · f ,

Tt f̃ = Ψt · v∞ = ΨtKt · v∞ = ΨtKt exp(−F0) · f̃ ,

where Kt has eigenvalues t, 1, t−1 on v⊥0 , v0 ∩ v∞, v⊥∞ respectively. It is easy to see that
the logarithmic derivative of ΨtKt exp(−F0) is tη̃ as required.2 (5.10) is exactly the
expression given in the definition of the T-transform in [11]. Consequently the name
T-transform is justified, for [11] extends the original definition of the T-transform as
introduced by Bianchi [3] and Calapso [19, 20]. In comparison to Burstall’s construc-
tion, our approach is relatively clean because we have dispensed with the idea of a
fixed pair v0, v∞ of complementary parabolic subalgebras. In order to make contact
with a classical version of the discussion, one need only choose a stereographic pro-
jection. It is clear however that T-transforms make perfect sense without any need
for projections. As an example of this advantage at work, we use the connection for-
malism to provide a very quick proof of a standard identity: if ( f , d, η) is isothermic,

2The sign of t is irrelevant: Kt ∈ Aut(g) preserves v0, v∞ and so, by Lemma 5.5, preserves M, M∗.
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then

TsTt( f , d, η) = Ts( f , dt, η) = ( f , dt + sη, η) = ( f , dt+s, η) = Tt+s( f , d, η). (5.11)

T-transforms are therefore additive modulo the left action of G.

Darboux transforms

Notice that

(d− tηt)Tt f̃ = Φt ◦ (dt − tη) ◦Φ−1
t Φt exp(F∞)v∞

= Φt exp(F∞) · (dv∞ + [dF∞, v∞]) ⊂ Ω1
Σ ⊗ Tt f̃ .

(5.12)

This is an example of the Darboux transform.

Definition 5.9
Let ( f , d, η) be isothermic, fix t ∈ R× and define dt := d + tη. A Darboux transform
of f is a local dt-parallel section f̂ of the fibre bundle Σ × M∗ such that ( f , f̂ ) ∈ Z.
That is dt

X f̂ ⊂ f̂ , ∀X ∈ ΓTΣ. We write f̂ = Dt f .

Since dt = Φ−1
t ◦ d ◦ Φt we can also define a Darboux transform of f by fixing

an initial condition o ∈ Σ and a fixed complement q to f (o), then setting Dt f :=
Φ−1

t Φt(o) · q. Locally this is complementary to f and so there exists a unique Darboux
transform through every fixed complementary parabolic subalgebra to f (o). The exis-
tence of Darboux transforms cannot be deduced anything other than locally because of
the set of complementary parabolic subalgebras to each f (s), s ∈ Σ, although dense,
is only open in M∗.

The Darboux transform was constructed by Darboux [24] as the transform from
one enveloping surface of a Ribaucour sphere congruence in R3 (cf. Section 2.5) to the
other. A modern account of this approach can be found in [15]. The three transforms
(Christoffel, T- and Darboux) come together in a formula due to Bianchi [3] in R3, for
(5.12) now reads

Tt f̃ = D−tTt f . (5.13)

If the above expression is not enough to convince that we are really dealing with Dar-
boux transforms, then the reader is invited to choose a stereo-projection and compare
with the conformal n-sphere story in [11]. The above formula should also convince
the reader that Darboux transforms are indeed isothermic, even though we have not
exhibited a closed 1-form. This omission will remedied shortly.
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We conclude this section by considering the interaction of general Darboux and
T-transforms. Multiple applications of (5.11,5.13) tell us that up to the left action of G
we have

DsTt f = DsT−sTs+t f = T−sT̃s+t f = T−sTs+tDs+tT−s−tTs+t f

= TtDs+t f .
(5.14)

(5.13) can be then be viewed as a limit of (5.14) as s → −t. This idea will be explored
further when we discuss the spectral deformation of a Darboux pair (5.19).

5.6 Bianchi Permutability of Darboux Transforms

A crucial part of the theory of Darboux transforms is the theorem of permutability:
given two Darboux transforms f1, f2 of an isothermic surface f there generically ex-
ists a fourth isothermic surface f12 which is simultaneously a Darboux transform of
f1, f2, and moreover is constructed via solely algebraic means. This statement remains
true for isothermic submanifolds in self-dual symmetric R-spaces. In the non-self-dual
case the problem is currently open, although permutability-type statements have been
obtained in certain examples (see Chapter 6).

Proposition 5.10
Let ( f , η) be an isothermic submanifold of a self-dual symmetric R-space M and let
f1 = Ds1 f , f2 = Ds2 f (s1 6= s2) be two Darboux transforms for which ( f1, f2) are
complementary. For u ∈ R, define ru ∈ Aut(g) by

ru =


u on f⊥1 ,

1 on f1 ∩ f2,

u−1 on f⊥2 .

.

Then the family of connections

d̃t := r t−s1
t−s2

◦ dt ◦ r−1
t−s1
t−s2

can be written d̃t = d̃ + tη where d̃ = rs1/s2 ◦ d ◦ r−1
s1/s2

.

Self-duality is required since both f1, f2 are isothermic in the dual space M∗ and
so are never complementary for a non-self-dual M. The complementarity of ( f1, f2) is
generic in the sense of Proposition 1.13: the set of parabolic subalgebras complemen-
tary to f1 is a dense open subset of M. Our theorem is only local, for if f1, f2 are com-
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plementary at a point o ∈ Σ, we only know that they are complementary in an open
set around o. This resonates both with Burstall’s discussion of Bianchi permutability
of Darboux transforms in the conformal n-sphere [11], and with our discussion of per-
mutability in Section 3.7.

Proof d̃t is rational in t with poles possibly at s1, s2, ∞. Write ds1 = D + γ1 + γ2 where
D is the canonical connection along ( f1, f2) : Σ → Z and γi ∈ Ω1

Σ ⊗ f⊥i . Since f⊥1 is
ds1-parallel, we clearly have γ2 = 0 and so

dt = D + γ1 + (t− s1)η.

∴ d̃t = D =
t− s1

t− s2
γ1 + (t− s1)r t−s1

t−s2

η,

which is analytic at s1. Similarly ds2 f⊥2 = 0 ⇒ d̃t is analytic at s2. We can therefore
express d̃t as a power series in t about 0. However

1
t

d̃t = r 1−t−1s1
1−t−1s2

◦ (t−1d + η) ◦ r−1
1−t−1s1
1−t−1s2

−→
t→∞

= η

and so d̃t = d̃ + tη where d̃ = rs1/s2 ◦ d ◦ r−1
s1/s2

.

Since d̃t is flat (being a gauge transform of dt) it is clear that d̃η = 0 and so rs2/s1 η

is a closed 1-form with values in rs2/s1 f⊥. rs2/s1 f is therefore isothermic. Furthermore
writing η = a + b + c for the decomposition according to ( f1, f2) we see that

d + s2rs2/s1 η = ds1 + s2rs2/s1 η − s1η = ds1 + (s2
2/s1 − s1)a + (s2 − s1)b

has no f⊥2 component and so f1 is (d+ s2rs2/s1 η)-parallel. Since r preserves f1 we have
that (rs2/s1 f , f1) are complementary and so f1 = Ds2rs2/s1 f which, by self-inversion
gives rs2/s1 f = Ds2 f1. Similarly rs2/s1 f = Ds1 f2 and we have Bianchi permutability as
in figure 5-1.

f

f1

f̂

f2

s1 s2

s1s2

Figure 5-1: Bianchi permutability of Darboux transforms in self-dual G/P
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We can get a general permutability-type statement for non-self-dual M as follows.
Let f be isothermic, f1 = Ds1 f and f 2 a ds2-parallel section of M: an anti-Darboux
transform f 2 = Ds2 f . We now generically have f1, f 2 complementary and can build ru

as above. The analysis goes through unchanged, except that now rs2/s1 f = Ds2 f1 =

Ds1 f 2. As we shall see in Chapter 6, in certain non-self-dual M there are natural ways
of building an anti-Darboux transform f 2 = Ds2 f via a duality map identifying a
subset of the isothermic submanifolds of M with a subset of those of M∗. These yield
permutability-type statements which at least involve two Darboux transforms.

5.7 Curved Flats

Recall that an immersion σ = ( f , f̂ ) : Σ → Z is a curved flat (Definition 1.7) iff the
imageN(TsΣ) of each tangent space is an Abelian subalgebra iff (Proposition 1.8) the
canonical connectionD is flat. The zero-curvature condition (1.13) for d now reads

RD + [β ∧ β̂] = 0 = dDβ = dD β̂ (5.15)

since N = β + β̂ and the nilradicals f⊥, f̂⊥ are Abelian. It follows that σ is a curved
flat iff [β ∧ β̂] = 0.

Proposition 5.11
Let ( f , η) be isothermic. If f̂ = Dt f then β̂ = −tη.

Proof A Darboux pair of isothermic submanifolds are always complementary and so
D, β, β̂ are well-defined with respect to ( f , f̂ ). Now

dt f̂ = D f̂ + β f̂ + (β̂ + tη) · f̂ ⊂ Ω1
Σ ⊗ f̂ ⇐⇒ (β̂ + tη) · f̂ ⊂ Ω1

Σ ⊗ f̂

which, since parabolic subalgebras are self-normalising (Lemma 1.12), implies β̂ +

tη ∈ Ω1
Σ ⊗ f̂ . However β̂ + tη is f⊥-valued and f⊥ ∩ f̂ = {0}, thus β̂ + tη = 0.

The following theorem is a generalisation of the results in [15].

Theorem 5.12
Darboux pairs of isothermic submanifolds correspond to curved flats in the symmetric
space Z.



5.7 CURVED FLATS 112

Proof Let ( f , η) be isothermic and f̂ = Dt f . Splitting flat d in the usual way we see
that β̂ = −tη and so dβ̂ = 0. However

dβ̂ = (D+ β + β̂) · β̂ = dD β̂ + [β ∧ β̂] + [β̂ ∧ β̂]

= [β ∧ β̂]
(5.16)

by (5.15), and soD is flat.
Conversely, suppose D is flat. Then (5.15) and (5.16) tell us that β, β̂ are closed,

thus showing that ( f , β̂) and ( f̂ , β) are isothermic. Furthermore d− β̂ = D+ β, for
which f̂ is clearly parallel and so f̂ = D−1 f for η := β̂.

The theorem answers a number of earlier questions. If f̂ = Dt f we then define
η̂ = − 1

t β. ( f̂ , η̂) is clearly isothermic and our choice of scaling tells us that f = Dt f̂
so that Darboux transforms are self-inverting. The issue of the maximal dimension of
isothermic submanifolds can also be attacked: every isothermic f has a Darboux trans-
form f̂ , the derivative of the resulting curved flat giving rise to a family of Abelian
subalgebras of f⊥ ⊕ f̂⊥. Indeed if we make the standard assumption (e.g. [9, 11, 56])
that each tangent space d( f , f̂ )(TsΣ) is conjugate to a fixed semisimple Abelian sub-
algebra then the maximal dimensions of such can often be calculated: this is how we
arrive at the numbers 2, min(k, n − k) and bn/2c for our three examples. Since Z is
not Riemannian, we cannot claim that maximal Abelian subalgebras are semisimple.
Indeed the nilradicals f⊥, f̂⊥ are Abelian subalgebras consisting entirely of nilpotent
elements and have greater dimension, namely n, k(n − k) and 1

2 n(n − 1). However
we discount these possibilities on the grounds of interest, for N = −η − η̂ ⇒ one of
η, η̂ is zero and so Christoffel transforms are constant.

The Spectral Deformation

As seen in Section 4.2, curved flats come in natural 1-parameter families analogously
to the construction of T-transforms. Let σ : Σ→ G/K be a curved flat and let d = D+

N be the decomposition of flat differentiation so thatD is the canonical flat connection
on Σ× g induced by the curved flat. The pencil of connections du := D+ uN is flat
sinceN isD-closed. It is clear that σ is a curved flat with respect to du for any u ∈ R×,
since Du = D for all u: σ is constant for d0 = D and so not a curved flat. We call the
family (σ, du)u∈R× the spectral deformation or associated family of σ.

In the same manner as for T-transforms we can find gauge transforms intertwin-
ing the connections du in order to build the spectral deformation in a more common
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fashion. uN satisfies the Maurer–Cartan equations for any u ∈ R:

d(uN) +
1
2
[uN ∧ uN ] = 0.

We can therefore locally integrate S−1
u dSu = (u− 1)N to get maps Su : Σ→ G satisfy-

ing

du = S−1
u ◦ d ◦ Su.

Fixing S1 = Id and defining σu := Su · σ allows us to identify

Su : (σ, du) ∼= (σu, d).

The family (σu) of curved flats is the more usual expression of the spectral deforma-
tion of σ, each σu being defined up to the left action of G. Supposing Σ to be simply
connected, a choice of initial condition for all Su at some o ∈ Σ fixes a unique spectral
deformation. When G/K = Z, observe that a choice of S0 is equivalent to a choice
of constant σ0 which, being a constant pair of parabolic subalgebras, defines a stereo-
graphic projection.

Specialising to the symmetric space Z ⊂ M×M∗ we demonstrate that the spectral
deformation of a Darboux pair of isothermic submanifolds is given by the family of
T-transforms of the Darboux pair. We have seen (Theorem 5.12) that there exists a
unique Darboux pair ( f , η) = D1( f̂ , η̂) such that σ = ( f , f̂ ) and N = −η − η̂. Fix a
spectral deformation σu = ( fu, f̂u).

Proposition 5.13
fu = T1−u2 f , f̂u = T1−u2 f̂ for u 6= 0.

Proof Let Ks ∈ Aut(g) have eigenvalues s, 1, s−1 on f⊥, f ∩ f̂ , f̂⊥ respectively and
recall (Lemma 5.5) that M, M∗ are Ks-stable for all s ∈ R×. Observe that K gauges the
spectral deformation connections with the family of flat connections defined by ( f , η):

du = K−1
u ◦ (d + (1− u2)η) ◦ Ku = K−1

u ◦ d1−u2 ◦ Ku.

Since Ku ∈ Stab( f , f̂ ) it follows that ( f , du) = (Ku f , d1−u2
) = ( f , d1−u2

) and so
( fu, d) = ( f , du) = T1−u2 f . Replacing Ku by Ku−1 gives the corresponding result for f̂ .

We may now apply (5.14) to see that

f̂u = Du2 fu. (5.17)
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When u = 0 we no longer have a T-transform of f . According to (5.13) we can
choose T-transforms

f ′ = T1 f , f̂ ′ = T1 f̂

such that ( f ′, f̂ ′) are a Christoffel pair. (5.17) now reads as (5.13) with t = −u2:

f̂u = T−u2 f̂ ′ = Du2T−u2 f ′ = Du2 fu. (5.18)

This entire story can be viewed as taking the limit limu→0 fu of the spectral defor-
mation in two different ways, since Ku f = f for u 6= 0:

( f , du)
Ku

��

( f , d1−u2
)

��
oo u→ 0 //

f0 = ( f ,D) ( f , d1) = T1 f .

(5.19)

5.8 Dressing Curved Flats and m-flat Maps

In this section we abstract slightly the study of curved flats. We describe a method of
transforming curved flats in any symmetric G-space for which gC possesses parabolic
subalgebras of height 1. This will be seen to correspond exactly to the dressing of p-flat
maps by simple factors as described in Chapter 4. We will later return to isothermic
submanifolds and apply the dressing transform to Darboux pairs in order to obtain
another proof of the Bianchi permutability theorem for Darboux transforms in a self-
dual symmetric R-space.

Let Z = G/H be symmetric, σ : Σ → Z a curved flat and let τ be the symmetric
involution along σ, i.e. with ±-eigenspaces h := stab(σ), m = h⊥ respectively: recall
that h,m are subbundles of g = Σ × g. Let the splitting of flat differentiation on g

into the canonical connection and Maurer–Cartan form be d = D+N as usual. The
spectral deformation of σ can then be viewed as the curved flat σ with respect to
the family of flat connections du := D + uN , u ∈ R×. Fix m ∈ R× and suppose
that w is a dm-parallel height 1 bundle of parabolic subalgebras of gC. Impose the
generic condition that ŵ := τw is complementary to w and observe that this forces the
canonical element ξw of (w, ŵ) to live in m. Define a map ru analogously to Proposition



5.8 DRESSING CURVED FLATS AND m-FLAT MAPS 115

5.10 such that

ru =


u on w⊥,

1 on w∩ ŵ,

u−1 on ŵ⊥.

(5.20)

Observe that τ ◦ ru ◦ τ = ru−1 and so in particular

r−1 ◦ Projm =
1
2
(r−1 − r−1 ◦ τ) =

1
2
(r−1 − τ ◦ r−1) = Projm ◦ r−1. (5.21)

It follows that m (similarly h) is r−1-stable.
Introduce a second family of connections

d̃t := D+ tr−1N , t ∈ R.

Since r−1N ∈ Ω1
Σ ⊗ m it follows that d̃t

∣∣
h
= D and so (σ, d̃t) is a curved flat iff we

can show that d̃t is flat. The crucial observation is the following theorem—almost a
carbon copy of Proposition 5.10 adapted to the curved flat connections instead of dt.

Theorem 5.14
If t 6= ±m, then d̃t = ru ◦ dt ◦ r−1

u where u = m−t
m+t . Hence d̃t is flat.

Proof Suppose d̃t = ru ◦ dt ◦ r−1
u as in the theorem. d̃t is rational in t with poles

possibly at t = ±m, ∞. Write dm = Dw + γ + γ̂ where γ takes values in ŵ⊥, etc. Since
dmw ⊂ Ω1

Σ ⊗w, it is immediate that γ ≡ 0. Now dt = dm + (t−m)N and so

d̃t = ru ◦ dm ◦ r−1
u + (t−m)ruN = Dw + uγ̂ + (t−m)ru ·N .

The eigenvalues of ru are m−t
m+t , m+t

m−t , 1, so d̃t is analytic around t = m. By (5.20) we
have that d̃−t = τ ◦ d̃t ◦ τ and so d̃t is also analytic near t = −m. However d̃0 =

r1 ◦D ◦ r−1
1 = D and

lim
t→∞

1
t

d̃t = lim
t→∞

(
1
t

ru(t) ◦D ◦ r−1
u(t) + ru(t)N

)
= r−1N ,

since u(t) → −1. We therefore have d̃t = D+ t r−1N . Since d̃t is a gauge of the flat
connection dt it follows that d̃t is flat.

In particular we have shown that (σ, d̃1) ∼= (rsσ, d) is a curved flat for s = m+1
m−1 .

Indeed we have actually transformed the entire associated family of σ for it is clear that
the spectral deformation of (σ, d̃1) is (σ, d̃t). The following corollary is immediate.
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Corollary 5.15
Let (rsσ, d̂t := D̂+ tN̂) be the spectral deformation of the curved flat (rsσ, d). Since
(σ, d̃t) is the spectral deformation of the same curved flat (σ, d̃1) ∼= (rsσ, d), it follows
that d̂t = rs ◦ d̃t ◦ r−1

s . Furthermore we have D̂ = rs ◦D ◦ r−1
s and N̂ = r−sN and that

the following diagram commutes:

(σ, d̃1) //

rs

��

(σ, d̃t)

rs

��

spectral

deformation
//

(rsσ, d) // (rsσ, d̂t)

Summary Given a curved flat (σ, d) where dt = D+ tN = S−1
t ◦ d ◦ St is the spectral

deformation of d, fix m ∈ R and a choice of dm-parallel bundle of height 1 parabolic
subalgebras w ⊂ gC. This defines ru ∈ Aut gC and allows us to build two new families
of flat connections:

d̃t := D+ tr−1N = ru ◦ dt ◦ r−1
u ,

d̂t := D̂+ tN̂ = rs ◦ d̃t ◦ r−1
s = rsu ◦ dt ◦ r−1

su = rs ◦D ◦ r−1
s + t r−sN ,

where s = m+1
m−1 and u = m−t

m+t . Viewing σ and σ̂ := rsσ with respect to these connections
gives different families of curved flats:

Associated family (σ, dt) = (σt = St · σ, d)

Dressing (σ, d̃1) ! (σ̂, d)

Associated dressed family (σ, d̃t) ! (σ̂t = Str−1
u · σ, d) ! (σ̂, d̂t).

For the sake of interest we now give an alternative proof that rsσ is a curved flat,
which also gives us a different view of the connection d̃1.

Proposition 5.16
Let w be a dm-parallel bundle of height 1 parabolic subalgebras of gC such that ŵ = τw

is complementary to w and define ru as in (5.20) and s = m+1
m−1 . Then r−1

−s ◦ d ◦ r−s =

d− 2m ad(ξw)N .

Proof Write d = D + α + α̂ where α ∈ Ω1
Σ ⊗w⊥, etc. Thus

dm − D− α = α̂− (1−m)N .

The LHS preserves w and so the projection of the RHS onto w⊥ is zero. Similarly ŵ is
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d−m-parallel and so α− (1 + m)N has no ŵ⊥ component. Thus

α = (1 + m)Projw⊥N , α̂ = (1−m)Projŵ⊥N .

It follows that

r−1
−s ◦ d ◦ r−s = D− s−1α− sα̂ = d + (1 + s−1)α + (1 + s)α̂

= d− (1 + s−1)(1 + m)Projw⊥N − (1 + s)(1−m)Projŵ⊥N

= d− 2m ad(ξw)N .

rsσ = r−sσ is a curved flat iff (σ, r−1
−s ◦ d ◦ r−s) is a curved flat. However ad(ξw)N

takes values in h (since ξw ∈ m) and so the only part of r−1
−s ◦ d ◦ r−s with values in m is

N . The canonical connection along σ with respect to r−1
−s ◦ d ◦ r−s is therefore flat and

so rsσ is a curved flat.

m-flat maps

We now demonstrate that the above dressing action on curved flats exactly corre-
sponds to the dressing of p-flat maps described in Chapter 4. In Chapter 4 a p-flat
map took values in the −ve-eigenspace of a fixed (d-parallel) symmetric involution.
Since this chapter is formulated without the choice of a preferred base point we will
consequently define m-flat maps.

Definition 5.17
Let σ : Σ→ Z be a curved flat in a symmetric space (Z, τ) where τ has ±-eigenspaces
h = stab(σ),m = h⊥. Let D be the canonical connection on the bundle g induced by
σ. A map ψ : Σ→ m is m-flat iff [Dψ ∧Dψ] = 0.

If we fix a gauge-transform S0 such that σ0 = S0σ is the d-constant term in the
spectral deformation of σ, then S0ψ : Σ → p := S0m is a p-flat map in the sense of
Section 4.2. The two definitions are therefore gauge-equivalent. Because of this we
can invoke the entire discussion of Chapter 4 by systematically replacing d with D
and p-flat with m-flat. Explicitly this works as follows. Given an m-flat map ψ, the
1-parameter family of m-flat maps ψt := tψ satisfy the Maurer–Cartan equations

D(Dψt) +
1
2
[Dψt ∧Dψt] = 0

for all t ∈ C. We therefore integrateD(tψ) = tN = P−1
t dPt to get a holomorphic map

Pt : Σ→ GC, P0 = Id, τPt = P−t
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unique (if Σ simply connected) up to left translations by D-parallel maps into GC:
an extended flat frame of ψ. Observe that Pt gauges the connections dt and D and so
we can choose initial conditions such that Pt = S−1

0 St, St = P−1
1 Pt. It is clear that

Φt := P−1
1 PtP1 is an extended flat frame of the p-flat map P−1

1 ψ in the sense of Section
4.2. Lemma 4.3 and the Sym formula (4.3) both hold (simply conjugate by P1) so that a
holomorphic map P̂t : Σ×C → GC is an extended flat frame iff P̂−1

t DPt has a simple
pole at ∞ and

ψ =
∂Pt

∂t

∣∣∣∣
t=0

+ ψ0

up to the addition of aD-parallel section ψ0 ∈ Γm.
Recall our earlier expressions for the associated family of the curved flat σ̂ = rsσ:

σ̂t = (Str−1
us σ̂, d) = (Ptr−1

u σ,D).

Since, for consistency, we must view everything with respect to the same connection
(D) and base (σ) it is clear that the extended flat frame of the associated family of σ̂ is
P̂t = Ptr−1

u . Since P̂−1
t DP̂t = tr−1N has a simple pole at ∞ we can define a new m-flat

map:

ψ̂ :=
∂P̂t

∂t

∣∣∣∣
t=0

=
∂Pt

∂t

∣∣∣∣
t=0

+
∂r−1

u
∂t

∣∣∣∣
t=0

= ψ +
2
m

ξw,ŵ,

since ru = exp
(
ln m−t

m+t ξw,ŵ
)
. Unsurprisingly this is exactly the expression one expects

after dressing ψ by a simple factor. Indeed we can generically recover the simple
factor. Observe that the parabolic subalgebras

q := Pmw, r := P−mŵ

areD-parallel and that τq = r. Supposing that (q, r) are complementary we can form
the simple factor

pm,q(t) := exp
(

ln
m− t
m + t

ξq,r

)
.

In accordance with Chapter 4, the dressing action of pm,q on the flat frame Pt and the
m-flat map ψ are then

pm,q # Pt = pm,qPt p−1
m,P−1

m q
= pm,qPt p−1

m,w = pm,qPtr−1
u ,
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pm,q # ψ = ψ +
2
m

ξw,ŵ,

as required.
Even more is true, for the permutability theorem for dressing by simple factors

(Proposition 4.5) may be translated to give a permutability theorem for the dressing
of curved flats.

Proposition 5.18
Let σ be a curved flat with spectral deformation dt = D+ tN . Let w1,w2 be height
1 bundles of parabolic subalgebras which are dm, dn-parallel respectively such that
m2 6= n2 and suppose that ŵi := τwi are complementary to wi, i = 1, 2, so that we
may define the maps

ru1(t) :=


m−t
m+t on w⊥1 ,

1 on w1 ∩ ŵ1,
m+t
m−t on ŵ⊥1 ,

, ru2(t) :=


n−t
n+t on w⊥2 ,

1 on w2 ∩ ŵ2,
n+t
n−t on ŵ⊥2 .

Write si = ui(−1) so that we have new curved flats σi = rsi σ. Define new bundles of
parabolic subalgebras

w′1 = rs2u2(m)w1, w′2 = rs1u1(n)w2,

ŵ′1 = rs2u2(−m)w1, ŵ′2 = rs1u1(−n)ŵ2,

and observe that ŵi = τwi where τ is the symmetric involution with respect to rsi σ.
Assume that (w′i, ŵ

′
i) are complementary for each i so that we can form r′ui

in the usual
way. Then (generically) we have

r′s1
rs2 = r′s2

rs1

and σ12 := r′s2
σ1 = r′s1

σ2 is a simultaneous dressing transform of σ1, σ2.

By ‘generic’ we mean that several further pairs of parabolic subalgebras are re-
quired to be complementary. The proof is somewhat long-winded, but consists of
little more than translating Proposition 4.5 to a statement about ‘dressed’ simple fac-
tors together with a number of gauge transforms.

Proof Suppose ru1 , ru2 are given as in the proposition. Define bundles of parabolic
subalgebras

W ′1 = ru2(m)w1, W ′2 = ru1(n)w2,
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Ŵ ′1 = ru2(−m)w1, Ŵ ′2 = ru1(−n)ŵ2,

and define Ru1 , Ru2 with respect to (W ′1, Ŵ ′1), etc. in the usual manner.3

Let Pt frame the associated family of σ so that P−1
t DPt = tN . By the above dis-

cussion we (generically) have simple factors p1 = pm,Pmw1,P−mŵ1 , p2 = pn,Pnw2,P−nŵ2 .
Following Proposition 4.5 we define

q′1 = p2(m)Pmw1, q′2 = p1(n)Pnw2,

r′1 = p2(−m)P−mŵ1, r′2 = p1(−n)P−nŵ2

and observe that the simple factors p′1 = pm,q′1,r′1
, p′2 = pn,q′2,r′2

satisfy p′1 p2 = p′2 p1.
Consider the dressing action of p′2 on P̃1,t := p1 # Pt:

p′2 # P̃1,t = p′2P̃1,t p−1
n,P̃−1

1,n q
′
2,P̃−1

1,−nr
′
2
.

Now

P̃−1
1,n q

′
2 = ru1(n)P̃−1

n p1(n)−1 p1(n)P̃nw2 = ru1(n)w2 = W ′2,

etc. from which it is clear that Ru1ru2 = Ru2ru1 is the ‘dressed’ equivalent of the relation
p′1 p2 = p′2 p1.

Define w′i, ŵ
′
i as in the proposition. Observe from Corollary 5.15 that the spectral

deformation of d with respect to σ1 = rs1 σ is d̂1,t = rs1u1 ◦ dt ◦ r−1
s1u1

. It follows that

d̂1,nw
′
2 = rs1u1(n) ◦ dnw2 = 0,

etc. We may therefore define r′ui
in the usual way with respect to (w′i, ŵ

′
i) and observe

that r′s2
σ1 is a dressing transform of σ1 (similarly r′s1

σ2). To finish, note that Ru1 =

r−1
s2

r′u1
rs2 , etc., which, by setting t = 1, yields

r′s2
rs1 = r′s1

rs2 .

Hence σ12 := r′s2
σ1 = r′s1

σ2 is well-defined and a simultaneous dressing transform of
σ1, σ2.

3(W ′i , Ŵ ′i ) are complementary by assumption in the proposition.
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5.9 Dressing Darboux Pairs and the Bianchi Cube

For the remainder of this chapter we return to the symmetric space Z of pairs of com-
plementary parabolic subalgebras in M×M∗. Let σ = ( f , f̂ ) be a Darboux pair. Fix
m and a dm-parallel bundle of parabolic subalgebras w of gC where we impose the
generic condition that ŵ := τw is complementary to w. There is no need to assume
that the conjugacy class of w coincides with that of f or f̂ , but notice that if it does
then this requires M to be self-dual, since τ ∈ Aut(g) preserves f , f̂ (Lemma 5.5). In
such a case we note immediately that the symmetric involution on Z with respect to
(w, ŵ) is τ|w = r−1.

For the present let us return to the general situation where we make no assumption
on w.

Lemma 5.19
We have a symmetric set-up: if ξ f , ξw are the canonical elements of ( f , f̂ ), (w, ŵ)

respectively, then ξw ∈ m = f⊥ ⊕ f̂⊥ and ξ f ∈ w⊥ ⊕ ŵ⊥. It follows that r−1 f = f̂ .

Proof The first claim is obvious from τw = ŵ. For the second, [τ, r−1] = 0 implies
(5.21) that r−1h = h and so r−1ξ f ∈ z(h), the centre of h. It is enough to restrict to
simple gC where we have4 dim z(h) = 1, since, by the final remarks of Section 1.3,
the complementary pairs ( f , f̂ ) and (w, ŵ) restrict to (possibly trivial) complementary
pairs in any simple ideal and so τ and r−1 preserve a decomposition of gC into simple
ideals. It follows that ξ f is an eigenvector of r−1, necessarily with eigenvalue ±1.
Hence ξ f ∈ w ∩ ŵ or w⊥ ⊕ ŵ⊥. However τ = Id − 2 ad2 ξ f : w⊥ 7→ ŵ⊥ and so
ξ f ∈ w∩ ŵ is a contradiction. Finally it is immediate from r−1ξ f = −ξ f that r−1 f = f̂ .

Considering the connection d = d̂1 = rs ◦D ◦ r−1
s + r−sN as described in the

previous section we see that r−sN is the Maurer–Cartan form of the dressed curved
flat rsσ. Since r−1 f = f̂ by Lemma 5.19 it is clear that rs f , rs f̂ are isothermic with
closed 1-forms r−sη̂, r−sη respectively. Indeed if f̂ = D1 f , we see that

(d + r−sη̂)rs f̂ = rs(D+ r−1N + r−1η̂) f̂ = rs(D− r−1η) f̂

= rs(D f̂ − r−1(η f )) ⊂ Ω1
Σ ⊗ rs f̂ ,

(5.22)

and so rs f̂ = D1rs f .
We are almost in a position to be able to state another theorem of permutability

for Darboux transforms, for a Darboux transform f̃ = D1−m2 f is synonymous with a
choice of dm-parallel subbundle w of Σ×M as the next theorem shows.

4Pg. 42, Remark(iii) of [18]: if f = qI as in Section 1.3 then dim z(h) = |I|.



5.9 DRESSING DARBOUX PAIRS AND THE BIANCHI CUBE 122

Theorem 5.20
Let f be isothermic in a self-dual symmetric R-space M. Given two Darboux trans-
forms f̂ = D1 f , f̃ = Dp f (p < 1) of f , let m2 = 1− p and define w = K−1

m f̃ where
Km is the usual automorphism with eigenspaces f⊥, f ∩ f̂ , f̂⊥ (cf. pg. 107). Then w is
dm-parallel. If we furthermore assume that (w, ŵ) are complementary5 then f̃ = rs f ,
where s = m+1

m−1 . Conversely, if w is a dm-parallel subbundle of Σ×M such that (w, τw)

are complementary then f̃ := Kmw = D1−m2 f .

It may not be obvious from the following proof why we must restrict to self-dual
M. The requirement that p < 1 is no restriction, for given any two Darboux trans-
forms Da f ,Db f one can scale η suitably so that these become D1 f ,Dp f where p < 1.
The only purpose of this is to force Km to be a real automorphism whenever M is a
real conjugacy class. Since Km preserves f , f̂ it follows (Lemma 5.5) that Km preserves
M, M∗ and so w ∈ M∗. Since r−1 ∈ Aut(g) preserves w, a second application of
Lemma 5.5 forces M to be self-dual. When M is complex the reality or otherwise of
Km is no issue and Lemma 5.5 automatically forces M to be self-dual.

Proof The claim that w is dm-parallel is straight from the argument of Proposition 5.13
since Km gauges the two connections dm, d1−m2

. Let F̃ be a section of f̃⊥ and define
the corresponding section v = K−1

m F̃ of w⊥. Supposing complementarity of (w, ŵ) we
let v̂ = τv and observe that v− v̂ is skew for τ. There therefore exist unique sections
F ∈ f⊥, F̂ ∈ f̂⊥ such that

v− v̂ = F + F̂.

By Lemma 5.19 (ξ f ∈ w⊥ ⊕ ŵ⊥) we see that F− F̂ ∈ w∩ ŵ and so

F =
1
2
(v− v̂) +

1
2
(F− F̂) (5.23)

is the unique decomposition of F into w⊥ ⊕ ŵ⊥ and w ∩ ŵ parts. We can now apply
rs:

rsF =
1
2

sv− 1
2

s−1v̂ +
1
2
(F− F̂),

rsF + τrsF =
1
2
(s− s−1)(v + v̂) =

2m
m2 − 1

(v + v̂),

rsF− τrsF =
1
2
(s + s−1)(v− v̂) + F− F̂ =

1
2
((s + s−1 + 2)F + (s + s−1 − 2)F̂),

=
2m

m2 − 1
(mF + m−1F̂).

5Equivalently ( f̃ , τ f̃ ) are complementary.
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Now τ ◦ Km = K−m = Km ◦ τ, and so

K−1
m rsF =

m
m2 − 1

(v + v̂ + F + F̂) =
2m

m2 − 1
v,

=⇒ rsF =
2m

m2 − 1
F̃.

Hence f̃⊥ = rs f⊥ and we have proved the first claim.
For the converse observe that f̃ := Kmw is clearly d1−m2

-parallel since Km gauges
d1−m2

and dm. Thus, assuming complementarity of ( f , f̃ ), we have f̃ = D1−m2 f . The
above calculation also shows that f̃ = rs f , as required.

As advertised, the above theorem will result in another theorem on the permutabil-
ity of Darboux transforms (Corollary 5.21), but we will delay this until we have used
the above theorem to see what effect the dressing transform of curved flats has on
m-flat maps in this context.

Suppose σ = ( f , f̂ ) is a Darboux pair. An m-flat map ψ obtained by integrating
the Maurer–Cartan form N splits into two pieces ψ = ψ1 + ψ2 where (ψ1, ψ2) : Σ →
f⊥ × f̂⊥. ClearlyDψ1 = β̂, Dψ2 = β. Then

f ′ := (exp(ψ2) f ,D, exp(ψ2)η), f̂ ′ = (exp(ψ1) f̂ ,D, exp(ψ1)η̂)

are a Christoffel pair (Definition 5.7) with respect to D since [Dψ2 ∧Dψ1] = 0. The
choice of notation f ′, f̂ ′ is justified since these are indeed the Christoffel pair given by
blowing up the associated family as u→ 0 (5.19): since

exp(−ψ2) ◦D ◦ exp(ψ2) = Dψ2 +D = d + η,

we have

f ′ = ( f , d + η, η) = T1 f .

Since T-transforms are additive we have fu = T−u2 f ′ as in (5.18). The result for f̂ ′ is
similar.

It remains to see what dressing does to the Christoffel pair ψ = ( f ′, f̂ ′). This is
straightforward, for by Theorem 5.20, (rs f , rs f̂ ) = (D1−m2 f ,D1−m2 f̂ ) and so

ψ̂ = T1 ◦D1−m2 ◦ T−1ψ = D−m2 ψ,

by (5.14). As summarised in figure 5-2 the dressing transform therefore acts by Dar-
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boux transforms on the Christoffel pair ( f ′, f̂ ′).

σ = ( f , f̂ ) ψ = ( f ′, f̂ ′)

rsσ ψ̂

blowupD1−m2 D−m2

Figure 5-2: Dressing curved flats versus m-flat maps

Returning to the dressing of a Darboux pair, we use Theorem 5.20 to obtain a sec-
ond proof of the permutability of Darboux transforms.

Corollary 5.21 (Bianchi permutability)
Let f be isothermic in a self-dual symmetric R-space M. Let f̂ := Dp f be a Darboux
transform such that the involution on Z with respect to ( f , f̂ ) is τ. Suppose f̃ := Dq f
(p 6= q) is a second Darboux transform such that ( f̃ , τ f̃ ) are complementary. Then
there exists a common Darboux transform Dq f̂ = Dp f̃ .

Remarks: We now have two distinct theorems (cf. Section 5.6) of the Bianchi per-
mutability of Darboux transforms in a self-dual symmetric R-space, both of which
have the fourth submanifold constructed by solely algebraic means. When both theo-
rems apply we do not claim that the fourth submanifolds constructed are the same in
both cases. Both proofs contrast radically with the discussions of permutability in Rn

given by Burstall [11] and Schief [52], where the result relies on the four transforms
being suitably concircular. Moreover we make no claim about the uniqueness of a
fourth Darboux transform.

Proof By writing ( f , f̃ ) = g · ( f , f̂ ) for some g : Σ → G it is easy to see that the
assumption that ( f̃ , τ f̃ ) be complementary is equivalent to the complementarity of
( f̂ , τf , f̃ f̂ ). We can therefore assume without loss of generality that q/p < 1 and rescale
η, η̂ so that f̂ := D1 f and f̃ = D1−m2 f where m =

√
1− q/p ∈ R×. Then Theorem

5.20 says that

f̃ = rs f where s =
m + 1
m− 1

, w := K−1
m f̃ .

It remains to show that rs f̂ = D1−m2 f̂ = D1 f̃ . The second of these is just (5.22) with η′

replacing η̂. For the first, rearrange (5.23) to get F̂ = 1
2 (v− v̂− F + F̂) and apply rs as

in the proof to see that

rs f = Km2rs f̂ .
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But (d + (1−m2)η) ◦ Km2 = Km2 ◦ (d + (1−m2)η̂) and so

(d + (1−m2)η̂)rs f̂ = K−1
m2 (d + (1−m2)η)rs f ⊂ Ω1

Σ ⊗ rs f̂

since rs f = D1−m2 f . Unscaling η, η̂ gives the result.

We are now in a position to prove the Bianchi cube theorem for Darboux trans-
forms in a self-dual symmetric space. This is motivated by Theorem 4.17 of [11] and
involves little more than a combination of the permutability of dressing curved flats
(Proposition 5.18) and the above corollary.

Corollary 5.22 (Bianchi cube)
Let f be isothermic in a self-dual symmetric R-space M. Let fa, fb, fc be Darboux
transforms Da f ,Db f ,Dc f respectively where a, b, c are distinct and generic comple-
mentarity relations are satisfied whenever required. We claim that there exist common
Darboux transforms

fab = Da fb = Db fa, fac = Da fc = Dc fa, fbc = Db fb = Dc fb,

such that there exists a simultaneous Darboux transform of all three (see figure 5-3):

f̂abc = Da fbc = Db fac = Dc fab.

fac fabc

fabfa

fc fbc

fbf

Db

Dc

Db

Dc

Da

σc
Db

Dc

Db

Dc

Da

σbc

Da

σb
Da

σ

Figure 5-3: The Bianchi cube
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Proof Suppose, without loss of generality, that c/a, b/a < 1 and let σ = ( f , fa).
By Theorem 5.20 there exist dressing transforms rb, rc, defined with respect to wb,c ⊂
Σ × M such that fb = rb f , fc = rc f . Define new curved flats σb = rbσ, σc = rcσ.
By Corollary 5.21 σb = ( fb, fab) where fab = rb fa = Db fa = Da fb and similarly
σc = ( fc, fac) where fac = rc fa = Dc fa = Da fc. By Proposition 5.18 there exist
dressing transforms r′b, r′c defined in terms of bundles of parabolic subalgebras w′a,b

in M satisfying r′brc = r′crb and such that σbc := r′bσc = r′cσb is a curved flat. Since
w′b,c ⊂ Σ×M we know that r′b, r′c act by Darboux transforms and so fbc := r′c fab = r′b fac

and fabc := r′c fb = r′b fc are simultaneous Darboux transforms as claimed. The defini-
tion of w′b,c as given in Proposition 5.18 assures us that the coefficients of the simulta-
neous Darboux transforms are exactly as claimed.

A statement of the Bianchi cube theorem for Bäcklund-type transforms of p-flat
maps may be found in [11], whilst the corresponding statement for Ribaucour trans-
forms of enveloping surfaces of a sphere congruence can be seen in [14].



Chapter 6

Isothermic Submanifolds:
Examples and Further Results

6.1 Introduction

In this chapter we move away from the abstract discussion of Chapter 5 to consider
in detail several examples of isothermic submanifolds of certain symmetric R-spaces,
namely in the projective light-cones P(Ln

C) (and their real forms), the Grassmannians
Gk(R

n), and SO(n) as a homogeneous SO(n, n)-space. Upon restricting to light-cones
in a 6-dimensional vector space we are able to see that Definition 2.16 of an isother-
mic line congruence in P3 is exactly the condition on a map into the Klein quadric
being isothermic in the sense of Chapter 5. We actually have more, for the Demoulin–
Tzitzeica Theorem 2.15 is seen to hold in any light-cone (real or complex) in six di-
mensions: in particular Laplace transforms of an isothermic sphere congruence in S3

are isothermic. Our investigation of isothermic submanifolds of the Grassmannians
is mostly concerned with line congruences in Pn−1 (2-submanifolds of G2(Rn)) where
n ≥ 5. While generic line congruences in Pn−1 have no special structure in the sense of
Chapter 2, we see that isothermic congruences possess almost all the structure of con-
gruences in P3: focal surfaces, canonical co-ordinates, Laplace transforms, etc. The
distinction between isothermic congruences in Pn−1 and those in P3 is not great and
we prove several theorems that get to the heart of the difference. Extending the dis-
cussion to ‘maximal’ isothermic submanifolds of the non-self-dual Gk(R

n), k 6= n/2,
we observe a duality between isothermic congruences of k- and (n− k)-planes, which
is seen to depend only on considerations of the kernel and image of the closed 1-form
η (acting on Rn). The duality motivates a substitute for the theorem of Bianchi per-
mutability of Darboux transforms. As a second example of a non-self-dual symmetric
R-space we investigate SO(n), n odd: exactly as in the Grassmannian discussion we
observe a canonical duality between maximal isothermic submanifolds of SO(n) and

127
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SO(n)∗, and a quasi-permutability theorem. The commonality of the two discussions
suggests the existence of a general result for non-self-dual symmetric R-spaces which,
as yet, remains hidden.

6.2 Light-cones and Line Congruences in P3 Revisited

Consider the complex light-cone in Cn. Given a non-degenerate immersion ` : Σ →
P(Ln

C) (i.e. Im d` has exactly two null directions, but is non-isotropic), we pull back
the null directions of the conformal structure to find two distinct line subbundles
L1, L2 of TCΣ = TΣ⊗ C. Let X, Y be commuting sections of these. In the absence of
additional structure (either L1, L2 are complexifications of real bundles or L1 = L2) the
existence of conformal co-ordinates cannot be supposed, but this is of no concern, for
all discussion can be formulated in terms of X, Y. For brevity we will write Xµ = µX

for any function µ with domain ⊂ Σ. For the duration of this section ω1, ω2 are the
(closed) 1-forms dual to X, Y: i.e. ω1 : TCΣ→ C satisfies ω1(X) = 1, ω1(Y) = 0.

Let X, Y be commuting sections of the null directions of the conformal structure.
Following [17] we let ` be the unique (up to scale) lift such that (`X, `Y) = 1/2. Fur-
thermore let ˆ̀ be the unique section of the conformal Gauss map S := 〈`, d`, `XY〉 such
that ˆ̀ ⊥ 〈`X, `Y〉 and (`, ˆ̀) = −1. Then

ProjSξ = (ξ, ˆ̀)`− 2(ξ, `Y)`X − 2(ξ, `X)`Y + (ξ, `) ˆ̀. (6.1)

Define sections κ, κ′ of the the weightless normal bundle S⊥ by κ = ProjS⊥`XX, κ′ =

ProjS⊥`YY. From these and (6.1) we may calculate Willmore density of `: defining
SX, SY similarly to Section 2.7 we have tr(S∗XSX) = 0 = tr(S∗YSY) and

tr(S∗XSY) = coeffκ(ProjS⊥ ◦ dX ◦ ProjSκY) = 2(κ, κ′),

and so the Willmore density of ` is

E = 2(κ, κ′)ω1 ∧ω2. (6.2)

Now let ξ be a section of S⊥ and ∇⊥ the connection on S⊥ given by the restriction of
flat d. By (6.1) we have

∇⊥X ξ = dXξ − ProjSdXξ = ξX + (ξ, ˆ̀X)`− 2(ξ, κ)`Y,

∇⊥Y ξ = ξY + (ξ, ˆ̀Y)`− 2(ξ, κ′)`X.

∴ ∇⊥X∇⊥Y ξ = ProjS⊥dX∇⊥Y ξ = ProjS⊥(ξXY − 2(ξ, κ′)`XX),
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and so

R∇
⊥

ξ = 2
[
(ξ, κ)κ′ − (ξ, κ′)κ

]
ω1 ∧ω2, (6.3)

exactly as in [17]. The condition on the curvature vanishing is then that κ and κ′ are
scalar multiples.

Restrict now to non-degenerate isothermic maps ` : Σ → P(LC). We have the
following proposition.

Proposition 6.1
Given a non-degenerate isothermic surface Σ ↪→ P(Ln

C), there exist commuting sec-
tions X, Y of the null directions of the induced conformal structure on TCΣ such that
if ` : Σ→ Ln

C is the lift (up to sign) with (`X, `Y) = 1/2, then

` ∧ (`Yω1 + `Xω2) (6.4)

is closed, where ω1, ω2 are the (closed) 1-forms dual to X, Y. Moreover any closed
1-form with values in ` ∧ `⊥ is a constant scalar multiple of (6.4).

Remark: This resonates with Proposition 2.9 in [11]: given ` : Σ → P(Ln+1,1) isother-
mic, η is unique up to scale unless F is totally umbilic.

Proof The strategy of the proof will be to construct sections X, Y and a lift ` as
described in the statement of the proposition starting from any choice of these and
applying the isothermic condition dη = 0.

Let X, Y ∈ ΓT∗Σ be any commuting sections of the null directions of the conformal
structure induced by ` and ω1, ω2 be the dual 1-forms to X, Y. The closed 1-form η

takes values in ` ∧ `⊥ = ` ∧ (d`⊕ S⊥). Write η = Aω1 + Bω2 for some A, B ∈ ` ∧ `⊥.
The closedness condition reads AY = BX. Let ` be the lift such that (`X, `Y) = 1/2 and
write

A = ` ∧ ( p̂`X + p`Y + σ), B = ` ∧ (q`X + q̂`Y + σ′),

where σ, σ′ ∈ ΓS⊥ and p, . . . , q̂ are scalar functions. AY = BX now says that

p̂`Y ∧ `X + `Y ∧ σ + ` ∧ ( p̂Y`X + p̂`XY + pY`Y + p`YY + σY)

= q̂`X ∧ `Y + `X ∧ σ̂ + ` ∧ (q̂X`Y + q̂`XY + qX`X + q`XX + σ̂X),
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which, by linear independence, yields

p̂ = q̂ = 0, σ = σ̂ = 0, pY = 0 = qX, qκ = pκ′.

Now p ∈ ker Y, q ∈ ker X, but p/q is a fixed function. Since ker X ∩ ker Y =

{constants} it follows that the solutions p, q are defined up to scaling by the same
constant.

Define new sections X̃ = p−1/2X, Ỹ = q−1/2Y and the lift ˜̀ = (pq)−1/4`. It is
a straightforward calculation to see that ˜̀ ∧ ( ˜̀

Ỹω̃1 + ˜̀
X̃ω̃2) is closed. Since p, q are

defined only up to a constant scale it follows that any closed 1-form is a constant
multiple of this.

From now on X, Y, `, ω1, ω2 will be precisely those lifts/sections appearing in Pro-
position 6.1. It follows that a non-degenerate isothermic surface in a light-cone has
κ′ = κ so that the induced connection on the normal bundle is flat (6.3) and the Will-
more density (6.2) is 2(κ, κ)ω1 ∧ω2.

In order work with real forms of LC we need to know that the concepts of isother-
mic in real and complex light-cones correspond.

Proposition 6.2
The complexification `C of a map ` : Σ → P(L) into some real form L of LC is
isothermic iff ` is.

Proof Let `C : Σ → P(LC) be isothermic with closed 1-form ηC such that `C is the
complexification of a real map ` : Σ→ P(L) into a real form of LC. Then `C ∧ `⊥C gets
a conjugation with respect to which ηC splits into real and imaginary parts:

ηC = ηR + iηi,

both of which are closed. At least one of ηR, ηi is non-zero and so ` is isothermic.
Indeed we can do slightly better if ` is non-degenerate, for by Proposition 6.1 we
know that ηC = cηR (or cηi if ηR = 0) for some complex constant c.

Conversely, if `R : Σ → P(LR) is isothermic with closed 1-form η, then ` ∧ `⊥ ⊂
`C ∧ `⊥C and so (`C, η) is isothermic.

Now restrict to the non-degenerate quadric P(LC) in P(C6) which, by the complex
Klein correspondence (cf. Section 2.2), is in bijective correspondence with the set of
lines in P(C4). If ` : Σ2 → P(LC6) is a non-degenerate immersion (line congruence)
then, since there exist commuting sections X, Y of the null directions of (d`, d`), we
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can replicate the entire discussion of Chapter 2, replacing partial differentiation with
respect to conformal co-ordinates x, y with the action of the sections X, Y. In particular
there exist focal surfaces (2.3) f , g such that ` = f ∧ g, each satisfying an equation of
Laplace (2.8)

fXY + afX + bfY + cf = 0, (6.5)

and therefore the Laplace transforms (Definition 2.6) f−1 := fX + bf, g := fX + af, g1 =

gX + a1g, `1 = g ∧ g1, `−1 = f ∧ f−1 are well-defined. One can check by hand that `±1

are indeed the null directions in the weightless normal bundle S⊥C (Theorem 2.13). Fur-
thermore if ` is the complexification of a real line congruence, then SC = S⊗C as one
would expect. It follows that the Laplace transforms of ` are the complexifications of
the Laplace transforms of the real form of `. We also have that the structure equations
of Section 2.9 hold, as does Definition 2.16 of isothermic line congruences. Let us be
more explicit: let f be any lift of the focal surface f , define lifts g, f−1, g1 in the usual
way and the coefficient δ : Σ → C by fXX ≡ δg1 mod f, g, f−1. The commuting sec-
tions X, Y of L1, L2 are strictly isothermic conjugate iff δ = −1. The Demoulin–Tzitzeica
Theorem 2.15 follows and we are in a position to prove the complex generalisation of
Definition/Theorem 2.16.

Theorem 6.3 (cf. Theorem 2.16)
Suppose ` : Σ → P(L6

C) is a non-degenerate immersion. Then ` is isothermic in the
sense of Chapter 5 iff there exist commuting sections X, Y of the null directions of
(d`, d`) such that (ln δ)XY = 0.

Proof Suppose ` : Σ → P(L6
C) is isothermic. By Proposition 6.1 there exist com-

muting sections X, Y of the null directions of the conformal structure and a lift of `
such that η = ` ∧ (`Yω1 + `Xω2) where ω1, ω2 are the closed 1-forms dual to X, Y.
Let f̃ be any lift of the focal surface f and g̃ := f̃Y + af̃. Let λ be a solution to
λ−4 = 2((f̃ ∧ g̃)X, (f̃ ∧ g̃)Y) and define a lift f = λf̃. Defining g similarly gives a lift
` = f ∧ g which satisfies (`X, `Y) = 1/2. Define lifts f−1, g1 in terms of f in the usual
way. By straightforward calculation we see that

κ = hf−1 ∧ f + δg1 ∧ g = κ′ = γ′f−1 ∧ f − g1 ∧ g,

where h = ab− c + aX is the coefficient of the Laplace invariantH = hω1ω2 of ` and
g1

Y ≡ γ′f−1 mod f, g, g1. Thus δ = −1 and X, Y are strictly isothermic conjugate on
f , g. ` is therefore isothermic in the sense of Definition 2.16.

Suppose now that ` is isothermic in the sense of Definition 2.16 so that (ln δ)XY = 0
where X, Y are any commuting sections of the null directions of the conformal struc-
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ture. Observe that a function F : Σ → C is in the kernel of X iff dF = F̂ω2 where
F̂ ∈ ker X. We can therefore integrate (ln δ)X = p̂ ∈ ker Y, (ln δ)Y = q̂ ∈ ker X to see
that there exist functions p ∈ ker Y, q ∈ ker X such that ln δ = iπ + 2 ln q− 2 ln p. Sim-
ilarly to the proof of the Demoulin–Tzitzeica Theorem 2.15 we see that with respect to
the commuting sections qX, pY we have δ = −1. We may therefore assume that X, Y
are strictly isothermic on f , g. Choose lifts f, g again such that (`X, `Y) = 1/2: note
that a rescaling of f leaves δ = −1 unchanged. Recall the definition of the dual focal
surfaces in section1 2.8 and observe, by (2.17), that

η := f ⊗ g∗ ω1 + g⊗ f∗ ω2

is closed and takes values in hom(C4/`, `). ` is therefore isothermic in the symmetric
R-space G2(C4) = SL(4, C)/P.

Observe that in view of the isomorphism sl(4, C) ∼= so(6, C) given by

A ∈ sl(4, C) : u∧ v 7→ (Au) ∧ v+ u∧ (Av)

(the derivative of (2.1)), we see that, viewed as a 1-form with values in so(6, C), we
have

η = 2` ∧ (`Y ω1 + `X ω2),

as expected.
We could have obtained a proof of Theorem 2.16 much more straightforwardly by

working from the start in the symmetric R-space SL(4, R)/P. Similarly to the proof
of Proposition 6.1, it is not difficult to see that if ` = f ∧ g is isothermic in the sense of
Chapter 5, where f is any lift of the focal surface f , then there exist functions λ, µ on Σ
such that

η = λf ⊗ g∗ dx + µg⊗ f∗ dy, where

λy = 0 = µx, λ = −δµ, λγ′ = −hµ.

The final three equations tell us that W = 0 and that (ln δ)xy = 0. ` is therefore
isothermic in the sense of Definition 2.16. Conversely the above equations for λ, µ are
integrable iff W = 0 = (ln δ)xy, thus η so defined is closed iff ` is isothermic in the
sense of Definition 2.16. Working in the generalised complex setting tells us more, as

1E.g. f∗ ∈ Γ Ann( f , g, f−1) such that f∗g1 = 1.
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the following corollary shows.

Corollary 6.4
Laplace transforms of (complex) isothermic line congruences are isothermic.

Proof We know that η = f ⊗ g∗ ω1 + g⊗ f∗ ω2 in terms of some lift of f and closed
duals ω1, ω2 to strictly isothermic X, Y, the dual surfaces f∗ ∈ Γ Ann( f , d f ), g∗ ∈
Γ Ann(g, dg) being defined so that f∗g1 = 1 = g∗f−1. In Section 2.8 we calculated the
conjugate net equation of f∗ and its Laplace transform:

f∗XY − af∗X − bf∗Y − (h− ab + bY)f
∗ = 0, f−1

∗ = f∗Y − af∗.

The four focal surfaces f, f−1, f∗, f−1
∗ therefore satisfy

fX = f−1 − bf, f−1
Y = −af−1 + h−1f,

f∗Y = f∗−1 + af∗, (f−1
∗ )X = bf−1

∗ + h−1f∗,

from which we see that

η−1 := f−1 ⊗ f∗ ω1 + f ⊗ f−1
∗ ω2

is closed and takes values in hom(C6/`−1, `−1).

It is easy to see that the lifts of the dual surfaces f∗ ∈ Γ Ann(g, f, f−1), f−1
∗ ∈

Γ Ann(f, f−1, f−2) are normalised by f∗f−2 = −1 = f−1
∗ g (via the 7th structure equa-

tion; Section 2.9).
In particular the corollary tells us something we did not already know: in Lie

sphere geometry (P(L4,2)) the Laplace transforms of an isothermic sphere congruence
in S3 are isothermic. When the induced conformal structure is definite these are real
sphere congruences. Similarly one has isothermic Laplace transforms of isothermic
surfaces in P(L5,1) although these are always complex conjugate.

6.3 Line Congruences in Higher Dimensions

Instead of discussing Darboux transforms of isothermic line congruences in P3, we
now consider congruences in Pn = P(Rn) in terms of Darboux pairs. A priori a 2-
parameter family of lines ` in Pn (n ≥ 4) has no focal surfaces: the condition (2.4) on
the existence of focal surfaces is not a statement about top-degree forms and so is no
longer a single quadratic condition. We cannot therefore define a congruence in terms
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of focal surfaces as we did in P3. With isothermic congruences however progress
can be made, indeed we shall see that much of the structure (focal surfaces, special co-
ordinates, Laplace transforms) one sees in P3 is present. The following analysis can be
very easily extended to line congruences in P(Cn) in a similar fashion to the previous
section. Much of the discussion indeed extends to isothermic submanifolds of any
Grassmannian Gk(R

n) and to complex Grassmannians. We restrict for the moment to
real line congruences in order to more easily see how much of the structure described
in Chapter 2 is preserved.

Isothermic congruences have Darboux transforms: let ˆ̀ : Σ → Gn−2(Rn) be a
Darboux transform of (`, η), then σ = (`, ˆ̀) : Σ → G/K = SL(n)/S(GL(2)×GL(n−
2)) is a curved flat and so each Im dσ is a maximal Abelian subalgebra

a ⊂ hom(`, ˆ̀)⊕ hom( ˆ̀, `) ⊂ sl(n)

transverse to both parts. Make the usual assumption that each a is semisimple, and
all are in a single conjugacy class: from now on we will refer to a line congruence
as maximal if there exists a Darboux transform such that this holds. Similarly η will
be referred to as maximally diagonal. We see that {T2 : T ∈ a} are simultaneously
diagonalisable over ` and ˆ̀. There therefore exist (possibly complex conjugate) line
subbundles2 Li ⊂ `, L̂i ⊂ ˆ̀ , i = 1, 2 and isomorphisms χi : Li → L̂i such that

a =
〈

χ1 + χ−1
1

〉
⊕
〈

χ2 + χ−1
2

〉
.

For concreteness we will restrict to the case where the Li are real; one can easily repeat
the analysis for complex line congruences similarly to the previous section. To detect
the line bundles Li, L̂i from a observe that everything in a has rank 2 except each
χi + χ−1

i . Since dσ is the Maurer–Cartan form N with respect to the isomorphism
TG/K ∼= a (Chapter 1) it follows that there exist 1-forms ωi such that

N =
2

∑
i=1

ωi(χi + χ−1
i ).

N satisfies the Codazzi equation dDN = 0 and so we have

0 =
2

∑
i=1

dωi(χi + χ−1
i ) + ωi ∧D(χi + χ−1

i ).

Take traces by evaluating the above on the line bundles Li, L̂i to see thatD(χi +χ−1
i ) ⊥

2Not to be confused with the line subbundles L1, L2 of TCΣ described in our discussion of light-cones.
Since only G2(R

4) is a light-cone the notation only pairs up in one situation.
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(χj + χ−1
j ) with respect to the Killing form ∀i, j, and that (χ1 + χ−1

1 ) ⊥ (χ2 + χ−1
2 ).

Since the
〈

χi + χ−1
i

〉
are non-isotropic, the Codazzi equation decouples to give

dω1 = 0 = dω2 = ω1 ∧D(χ1 + χ−1
1 ) + ω2 ∧D(χ2 + χ−1

2 ).

The ωi can be locally integrated to give local co-ordinates x, y (dx = ω1, dy = ω2) and
so we can choose the 1-form η to be

η = dˆ̀ = χ−1
1 dx + χ−1

2 dy, d` = χ1dx + χ2dy.

The third Codazzi equation simply expresses the closedness of both η, d` and so tells
us nothing new. It is implicit in the choice of scale of η that ˆ̀ = D−1`.

The particular choice of η and of the co-ordinates x, y (defined up to an additive
constant) are dependent on the Darboux transform ˆ̀. However, the line bundles Li

are independent of ˆ̀ and are detected from η as the images of the only rank 1 ele-
ments in η(TΣ). In possession of these bundles we can invoke Frobenius’ theorem
or the existence of isothermal co-ordinates (Section 2.5) to find co-ordinates x, y de-
fined up to scale. Note that η as defined above takes values in hom( ˆ̀, `) rather than
hom(Rn/`, `). However, in view of the discussion of Section 5.4, there exists a unique
linear isomorphism ˆ̀ ∼= Rn/` with respect to which η is quotient-valued. Once ˆ̀ is
fixed, the χ−1

i specify, as their common kernel, a complement L̂0 to L̂1 ⊕ L̂2 ⊂ ˆ̀. To
summarise,

Σ×Rn = L1 ⊕ L2︸ ︷︷ ︸
`

⊕ L̂0 ⊕ L̂1 ⊕ L̂2︸ ︷︷ ︸
ˆ̀

.

More is true, for we have actually stumbled on a duality between isothermic con-
gruences of 2- and of (n − 2)-planes (this will be generalised in the next section).
The bundle ˜̀ := ` ⊕ L̂0 ∈ Σ × Gn−2(Rn) is independent of the choice of ˆ̀ since
˜̀ =

⋂
X∈TΣ ker ηX. Consequently ` ⊕ L̂0 is an isothermic submanifold of Gn−2(Rn)

with closed 1-form η viewed as taking values in hom(Rn/(` ⊕ L̂0), ` ⊕ L̂0). We can
pass from ˜̀ back to ` by observing that ` =

⋃
X∈TΣ ηX(R

n). Note that the duality
` 7→ ˜̀ is the identity when we are in the self-dual situation of isothermic congruences
of 2-planes in R4. More is true, for we have the following theorem.

Theorem 6.5
Maximal isothermic line congruences in Pn have focal surfaces on which the lines
describe conjugate nets. Isothermic congruences then have Laplace invariants, and
well-defined Laplace transforms.
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Proof Let f ∈ ΓL1 and notice that fy = d`(∂y)f = χ2f ≡ 0 mod `. Thus L1 (similarly
L2) is a focal surface for ` with L2 ⊂

〈
L1, (L1)y

〉
and L1 ⊂ 〈L2, (L2)x〉. Any lift f ∈ ΓL1

therefore satisfies a conjugate net Laplace equation (cf. (2.8), (6.5)):

fxy + afx + bfy + cf = 0.

Making the usual definition of a lift g of L2: g := fy + af we see that g satisfies the
conjugate net equation

gxy + a1gx + bgy + c1g = 0,

where a1, c1 are defined as in Section 2.3. The Laplace invariantH := (ab− c+ ax)dxdy
of ` is well defined and invariant of the choice of lift f. Furthermore, the conjugate net
equations above tell us that

f−1 := fx + bf, g1 := gy + a1g

are the focal surfaces of new line congruences `−1 =
〈
f, f−1〉 , `1 =

〈
g, g1〉.

We are almost in a position to be able to prove a Demoulin–Tzitzeica-type theorem
(cf. Theorem 2.15).

Theorem 6.6
The Laplace transforms of a maximal isothermic congruence are isothermic and so
(generically) possess Laplace transforms of their own. The entire Laplace sequence of
an isothermic congruence is therefore isothermic.

To prove this theorem, we will describe η, similarly to the previous section, in
terms of natural dual surfaces to L1, L2. Let ˆ̀ be a fixed Darboux transform of `. Choose
a lift f ∈ ΓL1 and define g = fy + af, f̂ = χ1f ∈ ΓL̂1, ĝ := χ2g ∈ ΓL̂2. Observe that

fx = d`(∂x)f = D∂x f +N∂x f ≡ χ1f ≡ f̂ mod `⇒ f−1 ≡ f̂ mod `. (6.6)

Similarly g1 ≡ ĝ mod `. Since L̂0 is independent (mod `) of the choice of Darboux
transform, it follows that Rn =

〈
f−1, g1〉⊕ (`⊕ L̂0) is a decomposition independent of

the Darboux transform ˆ̀. We can therefore define coefficients ∗, ∗′, δ, γ′, similarly to
(2.10,2.12) and independent of ˆ̀, such that

f−1
x ≡ ∗f−1 + δg1, g1

y = γ′f−1 + ∗′g1 mod `⊕ L̂0. (6.7)
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Since

χ−1
2 f−1

x = −(χ−1
2 )xf

−1 = −(χ−1
1 )yf

−1 = −(χ−1
1 f−1)y + χ−1

1 f−1
y

= −fy − af = −g
(6.8)

we have δ = −1 (similarly −γ′ = h := ab− c + ax). The linear maps

f∗ :


f

g

f−1

g1

L̂0

 7→


0
0
0
1
0

 , g∗ :


f

g

f−1

g1

L̂0

 7→


0
0
1
0
0

 (6.9)

are well-defined, independent of ˆ̀, and satisfy

χ−1
1 = f ⊗ g∗, χ−1

2 = g⊗ f∗.

The dual surfaces f ∗, g∗ are the annihilators of
〈
f, df, L̂0

〉
,
〈
g, dg, L̂0

〉
respectively. The

closedness condition (χ−1
1 )y = (χ−1

2 )x tells us that the dual surfaces satisfy

f∗x = bf∗ + g∗, g∗y = hf∗ + ag∗. (6.10)

The dual congruence `∗ := 〈f∗, g∗〉 : Σ → G2(Rn
∗) is the annihilator of `⊕ L̂0. By (6.10)

f∗, g∗ are focal for `∗, and furthermore `∗ is an isothermic submanifold of G2(Rn
∗) with

respect to the same η viewed as a 1-form with values in hom(Rn
∗/`∗, `∗):

η = g∗ ⊗ f dx + f∗ ⊗ gdy ∈ Ω1
Σ ⊗ hom(Rn

∗/`
∗, `∗).

(6.10) also implies that f∗, g∗ satisfy conjugate net equations and so we may define
Laplace transforms

f∗−1 = f∗y − af∗ since f∗xy − af∗x − bf∗y − (h− ab + by)f
∗ = 0.

Proof of Theorem 6.6 The dual surfaces f∗, f∗−1 are easily seen to vanish on `−1. Fur-
thermore, from the definition of f−1 and f∗−1 we see that f, f−1 and their dual surfaces
satisfy exactly the relations in Corollary 6.4 and so

η−1 := −f−1 ⊗ f∗dx− f ⊗ f∗−1dy

is a closed 1-form with values in hom(Rn/`−1, `−1). Laplace transforms of isothermic
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line congruences are therefore isothermic.3 Moreover the construction of η−1 shows
that `−1 is maximal isothermic, supposing that f−1 is not a degenerate surface, and so
`−2 and the entire Laplace sequence is also isothermic.

We have shown that a maximal isothermic line congruence in Pn comes equipped
with almost all the trappings of a maximal line congruence in P3: co-ordinates, Laplace
invariants and transforms, etc. While we cannot construct the conformal invariants
E,R of Section 2.7 for n ≥ 4, one classical construction is so far absent: the Weingarten
invariant. For this we require second fundamental forms on the focal surfaces L1, L2.
In general a surface in Pn has an (n− 2)-parameter family of conformal classes of sec-
ond fundamental forms, the dimension of Ann( f , d f ) being n− 2. There is however
no expectation that this family forms a single conformal class. Indeed the following
argument shows that generically this fails.

Proposition 6.7
Suppose that the collection of second fundamental forms on a focal surface L1 of a
maximal isothermic line congruence ` forms a single conformal class. Then the span〈
f, g, f−1, g1〉 is a constant (d-parallel) 4-plane and so the line congruence lives in a P3.

Proof Fix a Darboux transform ˆ̀ = L̂0 ⊕ L̂1 ⊕ L̂2, choose a lift f ∈ ΓL1, let g = fy + af
be defined as above and set f̂ = χ1f, ĝ = χ2g. Choose sections ĥi ∈ ΓL̂0. We have
already seen (6.6) that

L(1)
1 := L1 ⊕ Im dL1 = L1 ⊕ L2 ⊕ L̂1.

Similarly

L(1)
2 = L1 ⊕ L2 ⊕ L̂2, L̂(1)

1 ⊂ L1 ⊕ L̂0 ⊕ L̂1 ⊕ L̂2, L̂(1)
2 ⊂ L2 ⊕ L̂0 ⊕ L̂1 ⊕ L̂2.

Since f̂x ≡ χ−1
1 f̂ = f mod ˆ̀, etc. we may define coefficients α, . . . , ε′i (i = 1, . . . , n− 4)

such that

fx = αf + βg+ f̂, f̂x = f + γf̂ + δĝ+ ε iĥi,

gy = α′f + β′g+ ĝ, ĝy = g+ γ′ f̂ + δ′ĝ+ ε′iĥi.
(6.11)

It is not hard to check that δ, γ′ are exactly as defined in (6.7). We calculate

fxx ≡ δĝ+ ε iĥi mod L(1)
1 , fyy ≡ gy ≡ ĝ mod L(1)

1 .

3The -ve sign is for consistency, since f∗f−2 = −1 = f∗−1g.
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If all the second fundamental forms given by a choice f ∗ of dual line in P3 which
annihilates L(1)

1 coincide, we must have all ε i = 0. By differentiating f̂ = χ1f, etc. we
see that

f̂y = −af̂ − βĝ, ĝx = −α′ f̂ − bĝ. (6.12)

Differentiating our above expression (6.11) for f̂x with respect to y and applying f̂y =

−af̂ − βĝ it is a calculation to see that ε i = 0, ∀i⇒ ε′i = 0, ∀i. We therefore have

df̂ ⊂
〈
f, f̂, ĝ

〉
, dĝ ⊂

〈
g, f̂, ĝ

〉
,

and so
〈
f, g, f−1, g1〉 = 〈f, g, f̂, ĝ

〉
is constant. It follows that all Laplace transforms of `

are lines in P3 := P
〈
f, g, f−1, g1〉.

When ` is maximal we can however choose specific second fundamental forms on
the focal surfaces by letting f ∗ := Ann(L̂0 ⊕ L(1)

1 ), g∗ be the dual surfaces to L1, L2 as
defined in (6.9). It is easy to see that

I1 := f ∗(fxxdx2 + 2fxydxdy + fyydy2) =
〈
δdx2 + dy2〉 , I2 =

〈
hdx2 + γ′dy2〉

and we can form the Weingarten invariantW = Wdxdy = (h− δγ′)dxdy. However
we have already seen from (6.8) that δ = −1, γ′ = −h and so ` is a W-congruence: the
asymptotic directions with respect to I1, I2 on the focal surfaces L1, L2 coincide.

We now consider a fixed Darboux transform ˆ̀ = L̂0 ⊕ L̂1 ⊕ L̂2 and investigate
its properties. Observe first that η̂ = χ1dx + χ2dy can be viewed as taking values
in hom(Rn/(L̂1 ⊕ L̂2), L̂1 ⊕ L̂2) and so (L̂1 ⊕ L̂2, η̂) is an isothermic line congruence.
By differentiating (6.12) we get conjugate net equations for L̂1, L̂2 and so can define
Laplace transforms, isothermic by Theorem 6.6. We also get a Laplace invariant Ĥ =

α′β dxdy. We can define dual surfaces f̂ ∗ = Ann(L̂0, L̂(1)
1 ), ĝ∗ = Ann(L̂0, L̂(1)

2 ) and
specific second fundamental forms

Î1 := f̂ ∗(f̂xxdx2 + 2f̂xydxdy + f̂yydy2), Î2 := ĝ∗(ĝxxdx2 + 2ĝxydxdy + ĝyydy2).

Since the closedness of η reads

fyg
∗ + fg∗y = gxf

∗ + gf∗x ,
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and Im dL̂0 = ImDL̂0 ⊂ ImD ˆ̀ ⊂ ˆ̀ , it follows that

(L̂0)x ⊂ ker f∗ ∩ ˆ̀ = L̂0 ⊕ L̂1, (L̂0)y ⊂ ker g∗ ∩ ˆ̀ = L̂0 ⊕ L̂2.

Using this, and (6.11), we easily calculate that the second fundamental forms are

Î1 =
〈
dx2 − dy2〉 = Î2,

thus confirming that L̂1⊕ L̂2 is also a W-congruence. Indeed choosing lifts f̂∗, ĝ∗ of the
dual surfaces normalised such that f̂∗g = 1 = ĝ∗f yields

η̂ := f̂ ⊗ ĝ∗dx + ĝ⊗ f̂∗dy (= d`).

Finally observe that Ann(`) is isothermic with respect to η and that (Ann(`), Ann( ˆ̀))
are a Darboux pair, for they are certainly complementary, and, since ˆ̀ = D−1`, we
have

((d− η)X Ann( ˆ̀)) ˆ̀ = d−1
X (Ann( ˆ̀) ˆ̀)−Ann( ˆ̀)(d−1

X
ˆ̀) = 0,

thus d−1
X Ann( ˆ̀) ⊂ Ann( ˆ̀). The correspondence is not as tight as one might expect

however, for L̂0 ⊕ ` is not a Darboux transform of L̂1 ⊕ L̂2.

Proposition 6.8
Suppose L̂0 ⊕ ` is a Darboux transform of L̂1 ⊕ L̂2. Then L̂0 is constant and we are
working in a P3.

Proof For this we would require that sections of L̂0 differentiate into
〈

L̂0, L1, L2
〉

which is equivalent to L̂0 being constant. `, L̂1⊕ L̂2 can be viewed as line congruences
in P3 := P(Rn/L̂0) and, since L̂0 is constant, all Laplace transforms of `, L̂1 ⊕ L̂2 also
live in P3.

We may also ask questions of the cross-congruences Li ⊕ L̂i. Since L̂i ⊂ L(1)
i we see

that Li is focal for Li ⊕ L̂i. Similarly to our previous discussions, the converse holds iff
the story belongs to a P3.

Proposition 6.9
L̂i is focal for the cross-congruence Li ⊕ L̂i iff `⊕ L̂1 ⊕ L̂2 is constant.

Proof From our expressions (6.11,6.12) for the derivatives of f̂ we see that there exist
coefficients p, q such that f ≡ pf̂x + qf̂y mod L̂1 iff

pδ− qβ = 0 = pε i, ∀i.
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But this requires p = 0 ⇒ β = 0, in which case (by (6.12)) we have f̂y = −a f̂ so that
L̂1 is degenerate, or ε i = 0, ∀i. As in the proof of Proposition 6.7 we therefore have
ε̂ i = 0, ∀i and so `⊕ L̂1 ⊕ L̂2 is constant.

Observe that in P3 we have x± y asymptotic co-ordinates on all four focal surfaces
and so the cross-congruences are automatically W. When we are not in P3 it is easy
to see that the cross-congruences have only one developable surface4 and so are not
congruences in terms of Eisenhart’s [28] definition. In P3 we see that L1 ⊕ L̂1 has
exactly two focal surfaces, for the assumption that it has any more quickly forces ` to
be degenerate.

Summary

Since this section is quite long, and contains a lot of notation, it is worth recapping
what we have proved.

• A generic isothermic line-congruence ` : Σ → G2(Rn) has focal surfaces L1, L2.
Its annihilator Ann(`) : Σ→ Gn−2(Rn

∗) is isothermic with respect to the same η.

• ˜̀ :=
⋂

X∈TΣ ker ηX = ` ⊕ L̂0 : Σ → Gn−2(Rn) is isothermic with η, as is its
annihilator `∗ := Ann( ˜̀) : Σ→ G2(Rn

∗).

• Given a Darboux transform ˆ̀ = D−1` : Σ → Gn−2(Rn), isothermic with closed
1-form η̂, there exist unique line subbundles L̂1, L̂2 ⊂ ˆ̀ such that (L̂1 ⊕ L̂2, η̂) is
isothermic.

• The annihilators ˆ̀∗ := Ann( ˆ̀), Ann(L̂1 ⊕ L̂2) are also isothermic with respect to
η̂. Furthermore ˆ̀∗ = D−1 Ann(`).

• Isothermic line congruences are W-congruences, as are the dual congruences
`∗, ˆ̀∗.

• If L̂0 =
⋂

X,Y∈TΣ ker ηX ∩ ker η̂Y ⊂ ˆ̀, then (`⊕ L̂0, L̂1 ⊕ L̂2) is not a Darboux pair
unless P3 := `⊕ L̂1 ⊕ L̂2 is constant.

6.4 Quasi-permutability in Gk(R
n)

The discussion of the previous section was phrased entirely in terms of line congru-
ences specifically to demonstrate that much of the structure detailed in Chapter 2 is

4There is only one linear combination of the derivatives (f ∧ f̂)x, (f ∧ f̂)y which is decomposable. See
Section 2.3.
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preserved when one considers isothermic submanifolds of G2(Rn). Much of the dis-
cussion is valid however when we consider isothermic congruences of k-planes in Rn.
Recall that the infinitesimal stabiliser of a k-plane π in the algebra sl(n) is given by

stab(π) = hom(Rn/π, π)⊕ (End(π)⊕ End(Rn/π))0,

where the first term is the nilradical. A complementary parabolic subalgebra is the
stabiliser of a complementary (n− k)-plane to π and so Gk(R

n) is self-dual iff k = n/2.
Similarly to the previous section we will describe an isothermic bundle π of k-

planes in Rn to be maximal iff ∃ a Darboux transform π̂ such that the image of the
derivative of the curved flat (π, π̂) is a fixed maximal Abelian semisimple subalgebra
of stab(π)⊥ ⊕ stab(π̂)⊥, necessarily of dimension min(k, n − k). In such cases the
closed 1-form η will be referred to as maximally diagonal. The duality transform of
the previous section generalises.

Proposition 6.10
Given a maximal isothermic submanifold π : Σk → Gk(R

n) where k < n/2, then
π̃ :=

⋂
X∈TΣ ker ηX is a subbundle of Σ× Gn−k(R

n) which is isothermic with respect
to η. Conversely, given π̃ : Σk → Gn−k(R

n) isothermic with maximally diagonal η,
we have that π :=

⋃
X∈TΣ ηX(R

n) is an isothermic submanifold of Gk(R
n), also with

respect to η.

Proof This is simply a generalisation of the analysis which generated the line bundles
Li. A maximal η splits π into ⊕k

i=1Li where each Li is the image of a rank 1 element
of Im η ⊂ sl(n). Thus π =

⋃
X∈TΣ ηX(R

n). Similarly, any Darboux transform π̂ splits
as ⊕k

i=1 L̂i ⊕ L̂0 where L̂0 =
⋂

X∈TΣ ker ηX ∩ π̂ and so π̃ = π ⊕ L̂0 : Σ → Gn−k(R
n)

is well-defined, independently of π̂, as the common kernel of all the ηX. For the
isothermic conditions, note that η takes values in hom(Rn/π̃, π) which is a subspace
of hom(Rn/π, π) and hom(Rn/π̃, π̃).

When k = n/2 we clearly have π̃ = π and so no duality. Given a maximal isother-
mic congruence of (n− k)-planes we will write π̃ for the dual congruence of k-planes
so that ˜̃π = π. Via the correspondence π ↔ π̃ we can prove an interesting substitute
for the Bianchi permutability of Darboux transforms in a self-dual symmetric R-space
as discussed in Section 5.6.

Proposition 6.11
Let (π, η) be maximal isothermic submanifold of Gk(R

n) so that π̃ : Σ → Gn−k(R
n)

is well-defined. Let π1 = Ds1 π, π̃2 = Ds1 π̃ be Darboux transforms such that s1 6= s2

and (π̃2, π1) are complementary. Let ru ∈ End(Rn) have eigenspaces π1, π̃2 with
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eigenvalues u1/2, u−1/2 respectively. Then rs2/s1 π = Ds2 π1 and rs2/s1 π̃ = Ds1 π̃2. The
two transforms rs2/s1 π, rs2/s1 π̃ are also related by the duality transform.

In the context of the remarks at the end of Section 5.6, π̃2 is an anti-Darboux trans-
form Ds2 π of π. Notice that we cannot suppose that π̃2 is the dual of a Darboux trans-
form π2 = Ds2 π, for just as in Proposition 6.8 we see that this forces π2 ∩ ker η to
be constant; quotienting out reduces the problem to the self-dual Gk(R

2k), and so the
proposition reduces to the discussion of Bianchi permutability in Section 5.6.

Proof In the same manner as the proof of Proposition 5.10 we see that, since ru is
well-defined, the connection

d̃t := r t−s1
t−s2

◦ dt ◦ r−1
t−s1
t−s2

can be written d̃t = d̃ + tη, where d̃ = rs1/s2 ◦ d ◦ r−1
s1/s2

. d̃t is flat, and so d̃η =

0 ⇒ (rs2/s1 π, d, rs2/s1 η) is isothermic. π1 is seen to be (d + s2rs2/s1 η)-parallel and,
being complementary to rs2/s1 π, is therefore a Darboux transform Ds2rs2/s1 π. Similarly
(d + s1rs2/s1 η)π̃2 and so rs2/s1 π̃ = Ds1 π̃2. Furthermore, since rs2/s1 η is the closed 1-
form for rs2/s1 π, rs2/s1 π̃, we have that r̃s2/s1 π = rs2/s1 π̃.

Figure 6-1 summarises: the solid arrows are Darboux transforms, with labelled
coefficients, while the inclusions represent the duality map.

π

π1

π̃

rs2/s1π

π̃2

rs2/s1π̃

rs2/s1

s1 s2

s1s2

⊃ ⊃

Figure 6-1: Quasi-permutability of Darboux transforms in Gk(R
n), k < n/2

We will see a second example of quasi-permutability of Darboux transforms in a
non-self-dual symmetric R-space in the next section.
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6.5 Isothermic Submanifolds of SO(n)

Any Lie group G is a symmetric G× G-space in the following manner. Let (g1, g2) ∈
G× G act on g ∈ G via

(g1, g2) · g := g1gg−1
2 .

The stabiliser of g is easily seen to be

Hg = {(h, g−1hg) : h ∈ G} ∼= G.

Thus G ∼= (G × G)/G as a homogeneous space. Define an involution on G × G via
τg : (g1, g2) 7→ (gg2g−1, g−1g1g) for which Hg is clearly the fixed set. At the Lie algebra
level, τ is the involution

τg : (ξ1, ξ2) 7→ (Ad(g)ξ2,−Ad(g−1)ξ1),

with ±1-eigenspaces

hg = {(ξ, Ad g−1ξ) : ξ ∈ g}, mg = {(ξ,−Ad g−1ξ) : ξ ∈ g}.

Viewing hg,mg as the fibres of bundles h,m over G we see that G× (g× g) = h+m is
a symmetric bundle-decomposition (1.11).

Now specialize to G = SO(n). In order to make working with this example easier,
we calculate the orbits of SO(n) on the set of isotropic n-planes in Rn,n. Let P ⊂
SO(n, n) be the stabiliser of a maximal isotropic ϕ ∈ Rn,n. It is easy to see that the
nilradical of the Lie algebra of P is p⊥ =

∧2 ϕ which is an Abelian subalgebra of
p =

∧2 ϕ⊕ ϕ∧ ϕ̂ where ϕ̂ is any complement to ϕ. The SO(n, n)-orbit of ϕ is therefore
a symmetric R-space. It is easy to see that the stabilisers of two isotropic n-planes ϕ, ϕ̂

are complementary iff Rn,n = ϕ⊕ ϕ̂. Furthermore the maximal compact subgroup of
SO(n, n) is SO(n)× SO(n) and so

SO(n, n)/P = (SO(n)× SO(n))/(SO(n)× SO(n)) ∩ P

as a symmetric space. We wish to see that the second quotient is in fact a copy of
SO(n) so that SO(n) = SO(n, n)/P.

Let ϕ+, ϕ− be a pair of fixed definite n-planes (of signatures (n, 0), (0, n) respec-
tively): clearly Rn,n = ϕ+ ⊕ ϕ−. Any null n-plane ϕ has zero intersection with ϕ±

and so is the graph of an invertible endomorphism T : ϕ+ → ϕ−: for all x ∈ ϕ+,
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∃!T(x) ∈ ϕ− such that x + T(x) ∈ ϕ. Since ϕ is null, we have

0 = (x + T(x), y + T(y)) = (x, y) + (T(x), T(y)), ∀x, y ∈ ϕ+. (6.13)

Consider a second null n-plane ϕ̂: the graph of a map T̂ : ϕ+ → ϕ−. Because of
the choice of ϕ±, we have a unique map ϕ → ϕ̂ : x + T(x) 7→ x + T̂(x). This is
the restriction to ϕ of the map (Id, T̂ ◦ T−1) on ϕ+ × ϕ−. By (6.13) it is clear that
T̂ ◦ T−1 ∈ O(n) ⊂ GL(ϕ−). Thus O(n) acts transitively on the set of isotropic n-planes
in Rn,n.

O(n)×O(n) is the maximal compact subgroup of O(n, n): it is clear that (Id, T̂ ◦
T−1) ∈ O(n, n) and that therefore O(n, n) acts transitively. Suppose now that ϕ ⊕
ϕ̂ = Rn,n is a decomposition into maximal isotropic subspaces. Choose bases ϕ =

〈z1, . . . , zn〉 , ϕ̂ = 〈ẑ1, . . . , ẑn〉 such that (zi, ẑj) = δij. Any orthogonal A which pre-
serves the decomposition ϕ ⊕ ϕ̂ necessarily has determinant 1, since, with respect
to the above bases, A is the same linear map on each of ϕ, ϕ̂. SO(n) = (Id, SO(n))
therefore acts transitively on the SO(n, n)-orbit of ϕ and so SO(n) = SO(n, n)/P as a
symmetric R-space.

Consider the map B : (zi
ẑi
) 7→ (ẑi

zi
), which swaps ϕ, ϕ̂. B is orthogonal, its eigenspaces

being n pairs of complex conjugate lines, hence det B = (−1)n. ϕ, ϕ̂ are therefore in the
same SO(n)-orbit iff n is even. Thus SO(n) is self-dual iff n is even. We can do slightly
better, for suppose ϕ, ϕ̂ are isotropic n-planes with intersection V where dim V = p.
ϕ/V ⊕ ϕ̂/V is a decomposition of a Rn−p,n−p into maximal isotropic (n− p)-planes,
and so the problem is reduced by an even number of dimensions. We have shown
that there are always two SO(n)-orbits in the space of maximal isotropic planes in
Rn,n. The following table shows whether various choices of maximal isotropic ϕ, ϕ̂

are in the same or opposite orbits:

dim ϕ ∩ ϕ̂

even odd

n
even
odd

same
opp

opp
same

Consider the maximal dimension of isothermic submanifolds of SO(n). Suppose
that σ = (ϕ, ϕ̂) are a Darboux pair, and that dσ is conjugate to a fixed semisimple
Abelian subalgebra a ⊂ ∧2 ϕ⊕ ∧2 ϕ̂. Since a is a collection of skew-symmetric diag-
onalizable commuting linear operators,5 there exists a simultaneously diagonalizing

5The Jordan decomposition of T = S + N is the same for both the adjoint action of T on so(n, n) and
the usual action on Rn,n as in Section 4.5.
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basis of null eigenvectors vi, v−i ∈ Rn,n where (vi, vj) = 2δi,−j. Each vi must be trans-
verse to ϕ, ϕ̂ so write vi = ei + fi according to the decomposition ϕ⊕ ϕ̂ and scale so
that (ei, f−i) = 1. It is clear that dim 〈ei, e−i, fi, f−i〉 = 4. There are at most bn/2c
of these distinct 4-dim spaces. Since a permutes 〈ei〉 , 〈 fi〉 it follows that the common
non-zero eigenspaces of the adjoint action of a are at most

〈ei ∧ e−i + fi ∧ f−i〉 , i = 1, . . . , bn/2c.

A maximal isothermic ϕ : Σ → SO(n) therefore has dim Σ = bn/2c. In such a case
η = ∑bn/2c

i=1 ei ∧ e−iωi for some non-zero 1-forms ωi.
If n is even, then we already have a theorem of permutability of Darboux trans-

forms since SO(n) is self-dual. If n is odd, then SO(n) is non-self-dual so none of our
permutability theorems apply. Indeed, for n odd, any two Darboux transforms ϕ1, ϕ2

of ϕ necessarily have non-trivial intersection. However, similarly to Section 6.3, we
can make progress by observing that the kernel of η intersects non-trivially with any
Darboux transform.

Let (ϕ, η) be maximal isothermic with Darboux transform (ϕ̂, η̂) such that ϕ̂ =

D−1ϕ (i.e. N = η + η̂). If n is odd, the above analysis tells us that there exist line
bundles L ⊂ ϕ, L̂ ⊂ ϕ̂ such that

L =
⋂

X∈TΣ

ker η̂X ∩ ϕ, L̂ =
⋂

X∈TΣ

ker ηX ∩ ϕ̂.

Indeed defining (n− 1)-planes ϕ− =
⋃

X∈TΣ ηX(R
n,n), ϕ̂− =

⋃
X∈TΣ η̂X(R

n,n) we have

ϕ = L⊕ ϕ−, ϕ̂ = L̂⊕ ϕ̂−,

where ϕ⊥− = ϕ− ⊕ L ⊕ L̂, ϕ̂⊥− = ϕ̂− ⊕ L ⊕ L̂, since (ηX f , g) = −( f , ηXg) = 0 if g ∈
ker η. Since L, L̂ is the common kernel of all ηX, η̂X we have a transform of the Darboux
pair (ϕ, ϕ̂):(

L⊕ ϕ−, η

L̂⊕ ϕ̂−, η̂

)
7→
(

L̂⊕ ϕ−, η

L⊕ ϕ̂−, η̂

)
.

While this transform gives us a new pair of isothermic congruences of n-planes, it does
not, in general, give us a new Darboux pair: L⊕ ϕ̂− being (d + tη)-parallel (for any t)
forces dL = 0 (the converse similarly implies L̂ constant) and so restricting to (L⊕ L̂)⊥

we have that (ϕ−, ϕ̂−) are a Darboux pair in the self-dual symmetric R-space SO(n−
1). Notice also that any orthogonal transform which fixes ϕ−, ϕ̂− and permutes L, L̂
necessarily has determinant −1 and so the above transform permutes the dual R-
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spaces M and M∗. More is true, for the map L ⊕ ϕ− 7→ L̂ ⊕ ϕ− is independent of
the choice of Darboux transform ϕ̂ since (mod ϕ−) L, L̂ are the unique null lines in
the quotient space ϕ⊥−/ϕ−. Consequently we will write ϕ̃ = L̂ ⊕ ϕ− to stress this
independence. We therefore have a duality of maximal isothermic submanifolds of M
with those of M∗ exactly as in Proposition 6.10.

Similarly to Proposition 6.11 we may now apply the duality transform to obtain
a quasi-permutability theorem for Darboux pairs in SO(n) where n is odd. Let (ϕ, η)

be isothermic and assume that ϕ̃ is well-defined. Let ϕ1 = Ds1 ϕ : Σ → M∗ be a
Darboux transform of ϕ and ϕ̃2 = Ds2 ϕ̃ where we assume (generically) that (ϕ1, ϕ̃2)

are complementary and so that we can apply the dressing argument of Section 5.6. If
ru is defined in the usual way with respect to ϕ1 ⊕ ϕ̃2, then

d̂t := r t−s1
t−s2

◦ dt ◦ r−1
t−s1
t−s2

= d̂0 + tη

is flat, and so (rs2/s1 ϕ, d, rs2/s1 η) is isothermic, as is (rs2/s1 ϕ̃, d, rs2/s1 η). Furthermore

(d + s2rs2/s1 η)ϕ1 = (ds1 + (s2rs2/s1 − s1)η)ϕ1 = 0⇒ rs2/s1 ϕ = Ds2 ϕ1.

Since ϕ̃2 = Ds2 ϕ̃, it also follows that

(d + s1rs2/s1 η)ϕ̃2 = (ds2 + (s1rs2/s1 − s2)η)ϕ̃2 = 0⇒ rs2/s1 ϕ̃ = Ds1 ϕ̃2.

Figure 6-2 summarises these relations.

ϕ

ϕ1

ϕ̃

rs2/s1 ϕ

ϕ̃2

rs2/s1 ϕ̃

rs2/s1

s1 s2

s1s2

Figure 6-2: Quasi-permutability of Darboux transforms in SO(n), n odd

The solid arrows are Darboux transforms while the vertical dashed lines represent
the duality transform.
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6.6 Further Work

The two statements of quasi-permutability arising from the duality of maximal isother-
mic submanifolds of M with those of M∗ when M = Gk(R

n) (k 6= n/2) or SO(n) (n
odd) are intriguing. In both cases we get an extended flag: given a maximal (π, η) in
Gk(R

n) where k < n/2 we have π contained non-trivially in ker η :=
⋂

X∈TΣ ker ηX ⊂
Σ×Rn and so a new flag

Rn ⊃ ker ηx ⊃ π

(
=

⋃
X∈TxΣ

Im ηX

)
⊃ {0}.

Similarly, given (ϕ, η) maximal in SO(n), we define ker η ⊂ Σ×Rn,n and observe that
ker η ⊃ ϕ ⊃ (ker η)⊥ thus giving the flag

Rn,n ⊃ ker η
⊃
⊃

ϕ

ϕ̃

⊃

⊃

codimension 1
B
BM
�
��

(ker η)⊥ ⊃ {0}

The infinitesimal stabilisers of these flags are easily seen to be parabolic subalge-
bras p of height two contained inside the parabolic stabilisers of π and ϕ respectively.
Furthermore in both cases η takes values in the (Abelian) commutator of the height 2
nilradical: η ∈ Ω1

Σ ⊗ [p⊥, p⊥]. In these two examples we have seen that the 1-form η is
aware of more structure than just that of a symmetric R-space. Indeed η tells us that
we have a bundle of height 2 parabolic subalgebras p

g ⊃ [p⊥, p⊥]⊥ ⊃ p ⊃ p⊥ ⊃ [p⊥, p⊥] ⊃ {0}

for which there exist exactly two bundles of height 1 parabolic subalgebras f such that

[p⊥, p⊥]⊥ ⊃ f ⊃ p.

Unfortunately we have almost exhausted the examples of non-self-dual symmetric
R-spaces of simple type which are easily amenable to investigation—there remains
Sp(n) as a Sp(n, n)-space which is similar to the SO(n) example, and several exam-
ples involving (real forms of) the exceptional Lie groups E6, E7—and so it is difficult
to construct further examples to see if this is a general phenomenon. One of the diffi-
culties in trying to analyse these examples is that the height 2 parabolic subalgebras p
defined above do not appear to depend on the kernel of η as a subset of the algebra g
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in any particularly informative way. Indeed in both examples we have

p ⊃


ker η

6=

(ker η)⊥

 ⊃ p⊥.

We may still ask the following questions:

• Given ( f , η) maximal isothermic in a non-self-dual M, does η always see extra
structure in the form of a bundle of height 2 parabolic subalgebras p such that
[p⊥, p⊥]⊥ ⊃ f ⊃ p?

• If so, is there a second bundle f̃ of height 1 parabolic subalgebras constrained
such that [p⊥, p⊥]⊥ ⊃ f̃ ⊃ p?

• Is f̃ unique?

• Given that p is a map into an R-space of height 2 for which there exists a closed
1-form η taking values in the Abelian part of the nilradical of p, is there a sensible
general theory of ‘k-isothermic’ submanifolds: immersions f : Σ → M into an
R-space of height k such that there exists a closed 1-form in the Abelian part of
the nilradical of f ? We can at least partially answer this, for the construction
of T-transforms certainly works. The obvious definition of Darboux transform
((d + tη)q = 0 for q ∈ Γ(Σ× M∗)) does not however satisfy the property that
(p, q) is a curved flat in the space of complementary pairs.

Since this thesis began and almost ended with discussions of line congruences
and we have repeatedly mentioned links with congruences of spheres, it is natural to
consider the following:

• Investigate isothermic sphere congruences in S3 (or hyperspheres in Sn). Lie
sphere geometry provides a bijection of the set of such congruences with isother-
mic submanifolds of the quadric P(Ln+1,2). We have already discussed isother-
mic maps into quadrics, but have not considered the geometric properties of
such maps viewed as congruences in Sn. For example we have seen that isother-
mic line congruences have several interesting properties: what are the analogues
in Lie sphere geometry? An interesting example of isothermic sphere congru-
ences which are easy to construct are the isothermic surfaces in Sn ∼= P(Ln+1,1)

viewed as congruences of 0-spheres: since Rn+1,1 ⊂ Rn+1,2 we have `∧ `⊥
Rn+1,1 ⊂

` ∧ `⊥
Rn+1,2 and so a 0-congruence is isothermic in P(Ln+1,2) with respect to the

same η.
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