Math 150 Homework 5 Solutions

The following is written by Alberto Takase 11/22/2017. T am reachable at atakase@uci.edu.

Problem 1

Let .Z be a first-order language. Let X be a set of .Z-sentences. Let o and 7 be .Z-sentences. Prove
(a) fACY and AF o, then X F 0.

(b) ZU{r}Foifandonlyif X F 7 — 0.

(c) X is satisfiable if and only if there exists an Z-sentence p such that X ¥ p.

Proof. We say a structure 9 believes a sentence ¢ if M F .

(a) Assume A C ¥ and A F 0. To prove ¥ F o, let 9 be an arbitrary structure that believes every
sentence in Y. Because A C X, 9 believes every sentence in A. Because A E o, 9 believes o.
Therefore X F o.

(b) (=) Assume XU {7} E 0. To prove ¥ E 7 — o, let M be an arbitrary structure that believes
every sentence in 3. Because X U {7} F o and because 9 either believes 7 or =7, M
believes 7 — 0. Therefore ¥ F 7 — 0.

(<) Assume X F 7 — 0. To prove S U {7} F o, let 9 be an arbitrary structure that believes
every sentence in ¥ U {7}. Because 9 believes every sentence in X, 9 believes 7 — o.
Because 9t believes 7, M believes 0. Therefore XU {7} F 0.

(¢) (=) Assume X is satisfiable. Therefore there exists a structure 9t such that 9% believes every
sentence in X. Define p := (3z)[z # z]. Observe M does not believe p. Therefore 3 ¥ p.

(<) Assume there exists an Z-sentence p such that ¥ ¥ p. Therefore there exists a structure
I such that 2 believes every sentence in ¥ and 9T does not believe p. Therefore 3 is
satisfiable. O



Problem 2

Let £ = {P,Q} be a first-order language with a 2-ary relation symbol P and a l-ary relation
symbol Q). Prove

(a) VaQx E FzQu.

(b) JzVyPxy F VydxPxy.

(¢) Yy3axPxy ¥ JxVyPry.

(d) @ E Jz(Qx — VyQy).

Proof. We say a structure 901 believes a sentence ¢ if M F .

(a) Let M be a structure that believes VzQz. Fix m in the domain of M. Therefore M believes
Qz[x — m]. Therefore M believes JxQx. Therefore VeQx F JzQuz.

(b) Let 9 be a structure that believes JxVyPxy. Fix m in the domain of 9 such that 9t believes
VyPxylx — m]. Therefore M believes VyIx Paxy. Therefore xVyPay E VyIzPry.

(c) Let M = (M, P™, Q™) be the structure defined by
M = {z : x is a human}

P™ = {(2,y) : x is the biological parent of y}
QM =o.

Therefore 9t believes VydzPry and 9N does not believe dxVyPry. Therefore VydzPxy ¥
JaVyPxy.

(d) Let 9 be a structure that believes every sentence in @. We write ¢ = v instead of ¢ F= 1.

J2(Qz — VyQy) = Jz(-Qz V VyQy)
= Jdx-Qz V YyQy
= VaQz V VyQy
=T

. believes Jz(Qr — VyQy). Therefore @ F Jx(Qx — YyQy). O



Problem 3

Let £ = {4, %, <,0,1} be the first-order language of ordered rings. Let MM = (R, +, x, <,0,1) be
the standard Z-structure. Translate the following statements in ., and check whether 90U satisfies
the formula with respect to the variable assignment s: V — R : z9,41 — v2n:

(a) “there is no largest negative number.”
(b) “z3 is in the interval [5, 2).”
Define the following sets in 9:
(i) {(a,b):a>band b< —1}.
(i) {:x is a square and = < 3 }.
Solution.
(a) p=NVr)lzr<0— Ty <0 A z<y]] and ME .

(b) ¢ == (z1)(Fx2)[221 =1 A 322 =2 A (x1 =23 V 21 <x3) A z3 <) and 2 := 1+ 1 and
3:=1+1+1and ME p(x3)[s].

(i) {(a,b):a>band b< -1} ={(a,b) : ME(b=a Vb<a) Nb+1<0}.

(i) {z:zisasquareand z < 1} ={z: MF Gyl =y-y] A (1+ 1z < 1}. O



