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Abstract

We analyze scales in LpGQ(]R, QHC), the stack of sound, project-
ing, ©-g-organized (2-mice over Q[HC, where ) is either an iteration
strategy or an operator, €} has appropriate condensation properties,
and QJHC is self-scaled. This builds on Steel’s analysis of scales in
L(R) and Lp(R) (also denoted K (R)). As in Steel’s analysis, we work
from optimal determinacy hypotheses. One of the main applications
of the work is in the core model induction.

1 Introduction

There has been significant progress made in the core model induction in
recent years. Pioneered by W. H. Woodin and further developed by J. R.
Steel, R. D. Schindler and others, it is a powerful method for obtaining
lower-bound consistency strength for a large class of theories. One of the key
ingredients is the scales analysis in L(R), and further, in Lp(R) (also denoted
K(R)); see Steel’s [10], [18] and [19]. Applications include Woodin’s proof
of AD*™® from an w;-dense ideal on w; and Steel’s proof that PFA implies
ADE® amongst many others.

To use the core model induction for stronger results (for example, to
construct models of “AD* +© > ©,”) one would like to have a scales analysis
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for hybrid mice over R — structures beyond Lp(R). In this paper we present
such an analysis. There have been recent works that make use of methods
and results from this paper, for example [21], [1], and [7].

This paper owes a strong debt to Steel’s scale constructions in [16], [15]
and [19], and to Sargsyan’s notion of reorganized hod premouse, [5, §3.7].
Indeed, these are the two main components, and the main work here is in
putting them together.

For the purposes mentioned above, one would particularly like to have
a scales analysis for something like Lp™(R), the stack of “projecting Y-mice
over R”, where ¥ is an iteration strategy with hull condensation. Unfor-
tunately, the usual definition! of “Y-premouse over R” doesn’t make sense,
because R is not wellordered. One might try to get around this particular
issue by arranging Y-premice by simultaneously feeding in multiple branches
instead of feeding them in one by one. But it seems difficult to define an
amenable predicate achieving this, as discussed in 3.52. Even if one could
arrange this amenably, the scale constructions in [18] and [19] do not appear
to generalize well with such an approach, because of their dependence on the
close relationship between a mouse over R and its local HOD.

We deal with these problems here by using the hierarchy of ©-g-organized
Y-premice, a kind of strategy premouse. The definition is a simple variant
of g-organization, which is essentially due to Sargsyan; its main content is
just that of the reorganization of hod premice. We similarly define (O-)g-
organized F-premice for operators F, where operators are defined in [11].2
Given either Q = ¥ or Q = F as above, we only define (©-)g-organization
assuming that (Q, X) is nice for some X € HC; this demands both a degree
of condensation and of generic determination of (1; see 3.8.

Given a nice (2, X) and self-scaled T C HC (see 3.45; this holds for
Y = ) we define Lp *(R, Y) as the stack of all sound, countably iterable
©-g-organized Q-premice built over (HC, T), projecting to R. We will ana-

'Roughly, that is: Given X-premice N < M, with A reasonably closed, and letting
T be the <pr-least iteration tree for which N lacks instruction regarding the branch
b= X(T), then b is the next piece of information fed in to M after N.

2Many readers will probably be comfortable reading the present paper without knowl-
edge of [11], as the particulars of [11] are not strongly related to our purposes here. In
fact, one could completely ignore the role of operators and focus entirely on strategy mice,
without losing any of the main ideas. There is significant overlap between [11] and §2 of
the present paper. For better readability, the common themes are generally presented in
both papers. A few things are omitted in one, but can be seen in the other.



lyze scales in this structure. If T = Q[HC, the analysis can be done from
optimal determinacy assumptions. We remark that when LpQ(R, T) is well-
defined (such as when  is a mouse operator), we usually have Lp®(R, T) #
LpGQ(]R, T), but if Q relativizes well (or something similar to this; see [15,
Definition 1.3.21(?)]), the two hierarchies agree on their P(R), and actually
have identical extender sequences (see 4.11).

The scale constructions themselves are mostly a fairly straightforward
generalization of Steel’s work in [16], [18], [19]; we assume that the reader
is familiar with these.® Let (2, X) be nice and T self-scaled, and let M
end a weak gap of LpGQ(R, T). The construction of new scales over such M
breaks into three cases, covered in Theorems 5.17, 5.22 and 5.26; these are
analogous to [18, Theorems 4.16, 4.17] and [19, Theorem 0.1] respectively.
Thus, for the first we must assume that J(M) E AD. In the context of
our primary application (core model induction), this assumption will hold if
QIHC ¢ M|« and there are no divergent AD pointclasses; see 5.55. For the
latter two the determinacy assumption is just that M E AD, but there are
also other assumptions necessary. If T = Q[HC then the latter two theorems
cover all weak gaps, and so one never needs to assume that J (M) E AD.

We won’t reproduce all the details of the proofs in [18] and [19], but will
focus on the new features, and fill in some omissions. The most significant
of the new features are as follows. First, we must generalize the local HOD
analysis of a level M of Lp(R) to that of a level M of LpGQ(R, T). As
in [18], we establish a level-by-level fine-structural correspondence between
H, the local HOD of M, and M itself, above ©M. The fact that we are
using ©-g-organization is very important in establishing this correspondence
(and as for Lp(R), the correspondence itself is very important in the scales
analysis). Second, an issue not dealt with in [19], but with which we deal
here, is that a short tree 7 on a k-suitable premouse N may introduce Q-
structures with extenders overlapping 6(7). Third, a new case arises in the
scale constructions — at the end of a gap [, 5] of M where M|S is P-active;
that is, strategy information is encoded in the predicate of M|S. (It seems
this case could have been avoided, however, if we had arranged our strategy
premice slightly differently.)

The paper is organized as follows. In §2 we discuss strategy premice (in

30ne needs familiarity with said papers for §§4,5 of this paper. If the reader has
familiarity with just [16], one might read the present paper, referring to [18] and [19] as
needed to fill in details we omit here.



the sense of iteration strategy) in detail, give a new presentation of these,
and prove some condensation properties thereof, assuming that the iteration
strategy involved has hull condensation and has a simply definable domain.
In §3 we discuss g-organized and ©-g-organized 2-premice, and prove related
condensation facts. In §4 we analyse the local HOD of M < LpGQ(IR7 T). In

§5 we analyse the pattern of scales in LpGQ(R, ).

1.1 Conventions and Notation

We use boldface to indicate a term being defined (though when we define

symbols, these are in their normal font). Citations such as [10, Theorem
3.1(?)] are used to indicate a referent that may change in time — that is, at
the time of writing, [10] is a preprint and its Theorem 3.1 is the intended
referent.

We work under ZF throughout the paper, indicating choice assumptions
where we use them (DCg in particular will be assumed for various key facts).
We write DC4 for the restriction of DC to relations on A. Ord denotes the
class of ordinals. Given a transitive set M, o(M) denotes Ord N M. We
write card(X) for the cardinality of X, P3(X) for the power set of X, and for
6 € Ord, P(< 0) is the set of bounded subsets of § and .7 the set of sets
hereditarily of size < 6. We write f : X --» Y to denote a partial function.

We identify € [Ord]|<¥ with the strictly decreasing sequences of ordinals,
so given p,q € [Ord]<¥, pli denotes the upper i elements of p, and p < ¢
means that p = ¢[i for some i, and p<q iff p < ¢ but p # ¢q. The default
ordering of [Ord]<“ is lexicographic (largest element first), with p < ¢ if p<gq.

Let M = (X,A;,...) be a first-order structure with universe X and
predicates, constants, etc, Ay, .... We write | M| for X. If £ is the first-order
language of M, then definability over M uses L, unless otherwise specified.
If £/ C L, then, for example, ¥1(L’) denotes the 3; formulas of £, and if
X C M, then SM(L', X) denotes the relations which are 3 (L’)-definable
over M from parameters in X. A transitive structure is a first-order
structure with with transitive universe. We sometimes blur the distinction
between the terms transitive and transitive structure. For example, when we
refer to a transitive structure as being rud closed, it means that its universe
is rud closed. For M a transitive structure, o(M) = o(|M]). An arbitrary
transitive set X is also considered as the transitive structure (X). We write
trancl(X) for the transitive closure of X.
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Given a transitive structure M, we write J,(M) for the o' step in
Jensen’s J-hierarchy over M (for example, J;(M) is the rud closure of
trancl({M}). We similarly use S to denote the function giving Jensen’s
more refined S-hierarchy. And J(M) = J1(M).

We take (standard) premice as in [20], and our definition and theory
of strategy premice is modelled on [20],[3]. Throughout, we define most of
the notation we use, but hopefully any unexplained terminology is either
standard or as in those papers. The article also uses a small part of the theory
(and notation) of hod mice, as covered in the first parts of [5]. (However,
the main scale calculations are not related particularly to hod mice, and
can be understood without knowing any theory thereof.) For discussion of
generalized solidity witnesses, see [2].

Our notation pertaining to iteration trees is fairly standard, but here are
some points. For 7 a putative iteration tree, we write < for the tree order
of T and pred” for the T-predecessor function. Let o + 1 < 1h(7) and
B = pred” (a +1). Then M;L denotes the N* < M7 such that M, =
Ult,, (N, E), where n = deg” (a + 1) and E ET, and 7, denotes iy, for
this N, E. And for a+1 <77, i a+17 i, 0N Also let M7 = M
and 357 =id. If Ih(T) = v+ 1 then ML 7’1 ete, and b7 denotes [0, ”y]fr.

A premouse P is n-sound iff for every n < w, if n < p” then P is n-
sound, and if p?.; < then letting p = p! 4, p\n is (n + 1)-solid for P, and
P = Hull,,(nUp). The n-core of P is cHull,, ;(n U pF ;). Here Hull and
cHull are as defined in 2.21.

2 Strategy premice

Definition 2.1. Let Y be transitive. Then gy : Y — rank(Y’) denotes the
rank function. And Y denotes trancl({(Y,w, oy)}). For M transitive, we say
that M is rank closed iff for every Y € M, we have Y € M and Y<“ e M.
Note that if M is rud closed and rank closed then rank(M) = Ord N M. A

Definition 2.2 (J-structure). Let a € Ord\{0}, let y be transitive, Y = g,
D=LimN[oY)+w,o(Y) + wa)
and let P = (Ps) gep be given.

We define jés (Y) for g € [1, a], if possible, by recursion on 3, as follows.
We set Jlﬁ(Y) = J(Y) and take unions at limit . For §+ 1 € [2,a], let
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R = jﬁﬁ(Y) and suppose that ]30(3) = (PRy,...,P,_1) for some n < w, and
that for each « < n, P; C R and is amenable to R. In this case we define

jﬁlj-l(y) = j(R7ﬁrR7 POa S 7Pn—1)'

Note then that by induction, ﬁ[R C R and ]3[R is amenable to R.
For m < w let L7, be the language with binary relation symbol €,

predicate symbols P and B for i < m, and constant symbol cb.
Let m < w. An m-J-structure over Y is an amenable L 7 ,,-structure

M:(jf(y)7€M>ﬁ7Y;P07'"7Pm—1)7

where a € Ord\{0} and P = <ﬁ7> . with domain D defined as above, the
- v —

universe [M] = JE(Y) is defined, €M = e n | M|, Ih(Py) = n for each

vyeD, ﬁM:ﬁ, PZ»M:PZ», and cbM =Y.

Let M be a m-J-structure over Y, and adopt the notation above. Let
I(M) denote . For € [1,0] and R = J; (V) and v = o(R), let

M| =(R,eNR,PIRY;P,0,...,P ;1)

where ]30(/\4)71 = P;. We write N' < M, and say that A is an initial segment
of M, iff N' = M| for some 3. Clearly if N' I M then N is an m-J-
structure over Y. We write N’ < M, and say that A is a proper segment
of M, it N < M but N # M.

A J-structure is an m-J-structure, for some m. =

Definition 2.3. A J-structure M over A is acceptable iff for all N'< M
and all o < o(N), if there is X C A<¥ x a<* such that X € J(N)\N, then
in J(N) there is a map A< x o< 2 N =

The following lemma is proven just like the corresponding fact for L.

Lemma 2.4. Let M be a J-structure over A. Then there is a map, which
we denote h"M, such that

WM A 5 (M) 2 M

whose graph is Zf/”ﬁj’o, uniformly in M. Moreover, for N < M, we have
N C M.



Definition 2.5. Let M be an acceptable J-structure over A and p < o(M).

Then p is an A-cardinal of M iff M has no map A<¥ x v<¢ % , where
v < p. Let ©M denote the least A-cardinal of M, if such exists. We say that

p is A-regular in M iff M has no map A<¥ x y<¥ cof p where v < p. We
say that p is an ordinal-cardinal of M iff M has no map v<* °2%° p where
v <p. -

Lemma 2.6. Let M be an acceptable J -structure over A and 0 < & < [(M).
Let k be an A-cardinal of M such that K < o(M|E). Then rank(A) < k < &
and kK = o(M|k).

Lemma 2.7. There is a £y formula ¢ € Ly such that, for any acceptable
J -structure M over A, we have the following.
Suppose © = OM exists. Then:

1. © is the least o such that P(A<)M C M|a.

2. |M|O] is the set of all v € M such that trancl(x) is the surjective
image of A<¥ in M.

3. Over M|©, ©(0,-,-) defines a function G : © — M|O such that for all
a < 0, we have G(a) : A< ¥ M|a.

4. © is A-regular in M.
Let kg < k1 be consecutive A-cardinals of M. Then:
5. Ky is the least a such that P(A<Y x kg)M C M|a.

6. |[M|r1] is the set of all x € M such that trancl(z) is the surjective
image of A<Y x k§¥ in M.

7. Over M|k, ¢(ko,-,-) defines a map G : k1 — M|ry such that for all
o < Ky, we have G(a) : A< x k5 2 M|a.

8. k1 is A-reqular in M.

Proof. We just prove parts 1-4; the others are similar.
Let 7 be least such that P(A<“) "M C M]|y. Then v is a limit ordinal.

By acceptability, for every av < 7y, M|~ has a map A=Y onge M|a.



onto

Now suppose that v < ©, and let g : A% =" 4<% be in M. Let h = M.
Then because g, h € M, clearly M has a map f : A<¥ ont M|, so M has
a map A< 2 P(A<)M 4 contradiction.

So v = O, which gives parts 1,2.

Now consider part 3. Let a < ©. We will define g : A< x A<¥ e M|a,
and the uniformity in the definition will yield the result. Let 8 € [a, ©) be
least such that

P(A<) N M|  Mla.

Let h = WM. Let x € A< be such that for some y, f = h(z,y) is such
that f : A — M|« is a surjection (such z exists by acceptability). Let
y be least such, and f = h(z,y). Then for z € A<¥ define g(z,2) = f(2).
For all other (z,z2), g(x,z) = 0. This completes the definition of g, and the
uniformity is clear.

Part 4 now follows. O

Corollary 2.8. Let M be an acceptable J-structure over A and let v be an
A-cardinal of M. If v is a limit of A-cardinals of M then M|y satisfies
Separation and Power Set. If v is not a limit of A-cardinals of M then
M|y E ZF~. In particular, M|OM & ZF~.

Lemma 2.9. Let M be an acceptable J-structure over A such that oM
exists. Let k € [OM o(M)). Then k is an A-cardinal of M iff k is an
ordinal-cardinal of M.

Proof. Suppose k > © = ©M and & is an ordinal-cardinal, but M has a map
foASY x < P

where v < k. For each y € v<¢, let f, : A~ — k be f,(x) = f(z,y), and let
gy be the norm associated to f, (that is, f,(z) < f,(2') iff g,(x) < g,(2'), and
rg(g,) is an ordinal). Then g, € M and rg(g,) < ©, because the prewellorder
on A< determined by f, is in M|© and M|O E ZF~. Similarly, the function
y — (fy,gy) is in M. Let

h:@©x <2,

be as follows. Let (a,y) € © x y<“. If a ¢ rg(g,) then h(a,y) = 0; otherwise
h(a,y) = f(x,y) where g,(x) = a. Then h € M, a contradiction. O



Definition 2.10. Let M be an acceptable [J-structure over A and let xk <
o(M). Then (k*)™ denotes either the least ordinal-cardinal v of M such
that v > , if there is such, and denotes o(M) otherwise. By 2.9, if @M < x,
then (k)M is the least A-cardinal v of M such that v > &, if there is such,
or is o(M) otherwise. This applies when E # ) in 2.11 below. =

Definition 2.11. Let £ = L7,U{cp, W}, where ¢p, ¥ are constant symbols.
LetE:POandP:PI.

Let a be transitive and A = a. A potential hybrid premouse (hpm)
over A is an amenable L-structure

M = (JF(A),eM, P, A, E, Picp, 1)
where EM = E, etc, with the following properties:
1. M= M|Ls, is a 2-T-structure.
2. Either P=0 or E = 0.

3. If E # () then « is a limit and there is an extender F' over M such
that:

— rank(A) < p = crit(F),
— Fis ASY x v<“-complete for all v < pu,

— F is the amenable code for F', as in [20], and the premouse axioms

[22, Definition 2.2.1] hold for (|[M], P, E).

(It follows that M has a largest cardinal §, and 6 < ig(p), and o(M) =
(67)Y where U = Ult(M, F), and ip(P|(p")M)Jo(M) = P.)

4. For every N I M, N = (N;cp, ¥) is a potential hybrid premouse over
A (so cp, ¥ € J(A)).

Let M be a potential hpm. We write NV < M iff NV is as above. Likewise
N a M. For a < (M), M|a denotes the N' < M such that I(N) = «, and
M||a denotes the potential hpm N which is the same as M|a, except that
EN =. (So PMlle = pMle always, which will help ensure that P is the
kind of structure we want to consider.) -



Remark 2.12. Let A/ be a potential hpm over A. Suppose EV codes an
extender F. Clearly x = crit(F) > 6 > rank(A). By [22, Definition 2.2.1],
we have (k)™ < o(M); cf. 2.7. Note that we allow F to be of superstrong
type (see 2.14) in accordance with [22], not [20, Definition 2.4].

Remark 2.13. From now on we will omit “€™” from the list of predicates
for J-structures M.

Definition 2.14. Let M be a potential hpm over A. We say that M is E-
active iff EM # (), and P-active iff PM # (). Active means either E-active
or P-active. E-passive means not E-active. P-passive means not P-active.
Passive means not active. Type 0 means passive. Type 4 means P-active.
Type 1, 2 or 3 mean E-active, with the usual distinctions.

We write FM for the extender F' coded by EM (where F = () if EM =
). We write EM for the function with domain (M), sending o + FMle,
Likewise for E!, but with domain (M) + 1.

If F = FM (), wesay M, or F, is superstrong iff ip(crit(F)) = v(F).
We say that M is super-small iff M has no superstrong whole segment.
We define M*® as in [3]. (Unless M is type 3, we have M* = M.) =

Definition 2.15. Let £~ = £\{F, P}. Let £L* = LU {j, ¢}, where 1, ¢ are
constant symbols.

Let NV be a potential hpm over A.

If N is E-active then pV =g crit(FV), and otherwise pV =ge 0.

If N is E-active type 2 then eV denotes the trivial completion of the

largest non-type Z proper segment of F'; otherwise eV =4 ).

If AV is not type 3 then €, (N') = A* denotes the £L*-structure (N, i, &)
(with gV = iV ete).

If N is type 3 then define the £*-structure €o(N) = N5 essentially as
in [3]; so letting P = PV and v = v(FV),

N5 = (TP (A), Plv, A B, 0y cp™, OV 1 0)

where E’ is defined as usual. We also let (N51)"s4 = N, .

4The main point of permitting superstrong extenders is that it simplifies certain things.
But it complicates others. If the reader prefers, one could instead require that F' not be
superstrong, but various statements throughout the paper regarding condensation would
need to be modified, along the lines of [3, Lemma 3.3].

°In [3], the (analogue of) e is referred to by its code 7M. We use e instead because this
does not depend on having (and selecting) a wellorder of M.
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Definition 2.16. £T-Q-formulas and £*-P-formulas are defined analo-
gously to in [3, §§2,3], using the language £, but with the r%; of [3] replaced

Lemma 2.17. There are L1 -Q-formulas g, p1, 02, ps and an LT -P-formula
@3, such that for all wellfounded L -structures N with " € Ord(N):

~ Fori € {0,1,2,4}, N E ¢; iff N = €4(M) for some type i potential
hpm M.

~ If N = €y(M) for a type 3 potential hpm M then N E 3, and if
N E @3 then BN codes an extender F over N and if Ut(N, F) is
wellfounded then N = €4(M) for a type 3 potential hpm.

Proof. This is a routine adaptation of the analogues [3, Lemma 2.5], [3,
Lemma 3.3] respectively, with the added point that we can drop the clause
“or V' is of superstrong type” of [3, Lemma 3.3], because we allow extenders
of superstrong type. m

Definition 2.18. Let A be a potential hpm. Let R be an L*-structure
(possibly illfounded). Let 7 : R — €o(N).

We say that 7 is a weak 0-embedding iff 7 is ¥g-elementary (therefore
R is extensional and wellfounded, so assume R is transitive) and there is
X C R such that X is €-cofinal in R and 7 is ¥ -elementary on elements of
X, and if NV is type 1 or 2, then letting p = u”, there is Y C R|(u*)® x R
such that Y is € x &-cofinal in R|(u")® x R and 7 is 3j-elementary on
elements of Y.

Let M, N be type i potential hpms. A weak 0-embedding 7 from M
to NV, denoted 7 : M — N, is a weak 0-embedding 7 : (M) — €4(N).
(So for example, if i = 3 then dom(7) # [M]).) .

Lemma 2.19. Let M be a potential hpm, let R be an Lt -structure and let
T : R — €y(M) be a weak 0-embedding.
Suppose M is type i # 3. Then R = &€y(N) for some type i potential
hpm N. In fact, for any L1-Q-formula ¢, if €(M) E ¢ then R E .
Suppose M is type 3. For any LT-P-formula ¢, if €(M) E ¢ then
R E @. If Ult(M, FM) is wellfounded then R = €yo(N) for some type 3
potential hpm N .

The proof is routine, so we omit it.
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Definition 2.20. Let R be an L£T-structure. Let T" be a collection of £T-
formulas with “z = ¢” in T for each constant ¢ € L*. Let X C |R|. Then

Hull®(X) =aet (H, €', P, cb®; E', P, cp, Wk iR R,

where H is the set of all y € | R | such that for some ¢ € T and ¥ € X<“, y is
the unique ' € R such that R F ¢(Z,3/); and € = €*NH? and P = PRNH,
etc. If R is transitive, then C = cHull¥(X) denotes the £*-structure which
is the transitive collapse of Hull¥(X). (That is, |C] is the transitive collapse
of H, and letting 7 : |C| — H be the uncollapse, E¢ = 7~ }(ER), etc.)

Definition 2.21. Let M be a potential hpm and R = €y(M). The fine
structural notions for M are just those of R. We sketch the definition of
the fine structural notions for R. For extra details refer to [3],[20]; we
also adopt some simplifications explained in [9].5 Let A = cb®.

We say that R is 0-sound and let pi* = o(R) and pi¥ = ) and €4(R) =R
and r¥F = ¥, (Here and in what follows, definability uses £*.)

Now let n < w and suppose that R is n-sound (which will imply that
R = €,(R)) and that w < p%. We write plv = (pf%,...,pF). Then pZ , is
the least ordinal p > w such that for some X C A% x p<¥ X is 1;277111 but
X ¢ |R]. And pF,, is the least tuple p € Ord™* such that some such X is

ISR (AU PR, U {p, iRY).

For any X C |R|, let

Hull®

R, (X) = Hull}

T30 4+1

(X)7

and cHull®, | (X) be its transitive collapse. Then we let

C=¢,1(R)= cHuHﬁrl(A U an+1 Uﬁﬁl),

and the uncollapse map m : C — R is the associated core embedding.
Define (n 4+ 1)-solidity and (n + 1)-universality for R as usual (putting all
elements of A into every relevant hull). We say that R is (n + 1)-sound iff
R is (n+ 1)-solid and C = R and 7 = id.

6The simplifications involve dropping the parameters u,, and replacing the use of gen-
eralized theories with pure theories. These changes are not important, and if the reader
prefers, one could redefine things more analogously to [3],[20].
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Now suppose that R is (n + 1)-sound and p<; > w (so pF, | > rank(A)).
Define T' = T,Zil C R by letting t € T iff for some ¢ € R and o < piH,
t = Th

I"En+1

(AUaU{q}).

(This denotes the pure r¥, 1 theory, as opposed to the generalized r%, 4
theory of [3].7) Define r¥%,, from T as usual. =

Definition 2.22. Let k < w and let M, N be a k-sound potential hpms.

A (near) k-embedding 7 : M — N, literally a (near) k-embedding
7 Co(M) = €(N), is analogous to the corresponding notion in [20] (but the
elementarity is with respect to the language £ the fine structure is that of
Co(M) and €y(N)). If k > 1, a weak k-embedding 7 : M — N is likewise,
but analogous to the corresponding notion in [12, Definition 2.1(?)].* Recall
that when k& = w, each of these notions are equivalent with full elementarity.

A (weakly, nearly) k-good embedding 7 : M — N is a (weak, near)
k-embedding 7 : M — N such that cb™ = " and 7w]cb™ = id. =

Definition 2.23. Let N be an w-sound potential hpm. We say that N
is < w-condensing (or satisfies < w-condensation) iff for every k < w,
every (k 4+ 1)-sound potential hpm M, every weak k-embedding 7 : M —
N such that p = pt; < crit(r) and p < ppl,, either M AN or M <
Ult(N|p, FNIP). -

Definition 2.24. A hybrid premouse (hpm) is a potential hpm M such
that every N < M is w-sound and < w-condensing. -

Lemma 2.25. Lemmas 2.17 and 2.19 hold with every instance of potential
hpm replaced by hpm.

We now proceed to defining strategy premice, or, ¥-premice, for an it-
eration strategy . We first define the process we use to feed in branches
determined by . For v € Ord and b C Ord, we write v+b for {y+a || « € b}.
Given a structure M, an iteration tree 7 € M of length w), and a 7T -cofinal
branch b, Woodin noticed that M can be extended to a structure A over
which b is added with an amenable predicate, with N' = (7 (M), o(M) +b).

We will use a variant of this:

TAs in [3, §2], it does not matter which we use.
8Note that this definition of weak k-embedding diverges slightly from the definitions
given in [3] and [20].
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Definition 2.26 (B, b™). Let Q be an hpm over A with N' = ¢p< transitive.
Let A > 0 and let 7 be an iteration tree’ on N, with 1h(7) = w\ and
T18 € Qforall 8 <Ih(T). Let ¢ € [1,\] and b C w( be such that bN 3 € Q
for all § < w(.
Then B(Q, T,w(, b) denotes the potential hpm S such that Q<S, I(S) =
Q) +¢, ES =10,
P ={T} x (0o(Q) +1b)

and for each R such that Q<R IS,
PR ={T} x (o(Q) +[0,7)7)

where 0(Q) +v = o(R). (Note that S is amenable.) We also write b% = b
and 7% = T, and for R, as above, we write b = [0,7)7 and T* = T.
If ( = A\ then we write B(M, T,b) for B(M, T, w,b). =

Our notion of Y-premouse N for an iteration strategy X, proceeds basi-
cally as follows. For certain M <N, we will identify an iteration tree 7 € M,
via X, such that 3(7) is not encoded into M, but 3(7 &) is encoded into
M, for all limits o < Ih(7). Let S = B(M,T,X(T)). In a common case,
then either S I N or N < S. (For the kind of Y-premouse most central to
this paper, we will actually need a generalization of this, in which there will
be some R such that M aR <S8 and R <N, but N disagrees with S above
R.) Clearly if 1h(7) > w then S codes redundant information between M
and S (the branches (7 Ja) for o < 1h(T)) before coding (7)) itself over
S. The point of this redundancy is that it smooths out the theory a little:
it seems to allow one to prove slightly nicer condensation properties, given
that X itself has nice condensation properties, while keeping the definition of
Y-premouse simple.'® The key facts are given in 2.36 and 2.38 below.

We now give some terminology relating to iteration strategies we will use
in this section. Typically the domain of an iteration strategy consists of some
simply definable class of trees; we will assume that it is X definable.

Definition 2.27. Let P be a transitive structure and A < Ord. A putative
A-iteration strategy for P is a function 3 such that dom(X) is a class of
iteration trees 7 on P of limit length < A, and for each T € dom(X), X(7)

9We formally take an iteration tree to include the entire sequence <M T of

(e >a<lh(T)
models. So NV is determined by 7, and “T is an iteration tree on N is Xo(7T,N).

ODifficulties that arise if one codes ¥ by only feeding ¥(7) itself are discussed in 2.47.
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is a T-cofinal branch. Given such a Y, we say that ¥ has recognizable
domain iff there is a ¥y formula 1) in the language of set theory such that
for all trees 7 on P, we have 7 € dom(X) iff 7 is via ¥ and 1h(7) < A and
»(T).'t A M-iteration strategy for P is a putative strategy 3 such that
every putative tree via X is in fact an iteration tree. (Note here that (7))
might fail to be defined for some tree 7 via ¥.) A (putative) iteration
strategy for P is a (putative) A-iteration strategy for P, for some . —|

Definition 2.28. Let M be a potential hpm. Then J"™(M) denotes the
unique potential hpm A such that M <N and I(N) = [(M)+1 and PN = 0.
For ordinals a, we define 7™ (M) inductively as follows.

- I (M) = M and J;P"(M) = Jhem(M).
- T M) = T (T (M),

~ For A limit, Jy®™ (M) is the unique passive potential hpm N such that
N = lim5<)\ j;pm(./\/l)

Let a be transitive and A = g and P,V € J(A). Then J"™(A;P, V)
denotes the unique passive potential hpm N over A, with ¢pV =P, TV = T
and I(N) = 1. For a >0, 7™ (A; P, ¥) denotes J™™ (7™ (A; P, 0)).

Definition 2.29. An abstract strategy premouse (aspm) is an hpm M
such that cp™ is a transitive structure and U™ is a putative strategy for cp™
and there is x € Ord and sequences 77 = (14),,<, and 5 = (2,). . such that
7] is strictly increasing and continuous, n = 1, n, = (M), 3 is an increasing
(possibly not strictly) and continuous sequence of putative strategies for cp™,
Yo = UM and for each o < Y, either:

asx

~ Mnaq1 = T (Mne) and Loy = By or

— There is T € M|n, such that the following holds. We have that T is
an iteration tree via X, but no proper extension of 7 is via X,. Let
N = M|n, and N' = M|nq,1 and @ = 1h(T). Then there is b C 6 such
that S =gt B(N, T, b) is defined'? and either:

USince P = MJ € trancl(7), ¢ can reference P, and any of the models of 7.
12That is, bN B € N for all 8 < . Note that possibly b = () and N < S here. So in this
case, M is still considered a yp-indexed spm, even if there is no T-cofinal branch.
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~ N"=38, bis a T-cofinal branch'® and ¥,,; = X, U {(7T,b)}, or
- N'a8S and X, 41 = X,

Given an aspm M, we write x™ = x, 7™ = 7, etc, and M = LM We
say that M is a successor iff y is a successor. If M is a successor then M~
denotes M|n,_1. =

It is easy to see that the sequences 7, 3, above are unique,’® so the notation
™, ete, is unambiguous. We select the trees 7 for which we add X(7) in a
first-order manner:

Definition 2.30. Let ¢ € LT, M be an hpm and 7 € M. We write
T = 7;M iff cp™ is transitive and 7T is a limit length iteration tree on cp™
and 7 is the unique x € M such that M F p(z). .

The generality of the indexing device ¢ in the definition below was prob-
ably influenced by Sargsyan’s [, Definitions 1.1, 1.2].

Definition 2.31. Let ¢ € L. A g-indexed strategy premouse (-
spm) is an aspm M such that letting 77 = 7™, etc, for every a < Y, letting
N = M|n, and N' = M|n,11, we have:

— If TV is undefined then PY" =0 (so N7 = J"P™(N)).

— Suppose T =qet 7;{\/ is defined. Then PV # () and TV =T (so T is
the witness to the corresponding clause of 2.29) and 7;? =T forall R
such that A" IR 9N, but if N <M then T2V # T.

Let M be a p-spm, and let 7, etc, be as above. We say that M is
p-whole iff, if M is a successor and T =g 7;M7 is defined, then either
M =B(M~,T,b) for some b, or 7:0M #T.

Let X be a putative iteration strategy for a transitive structure P. Let
v € LT. A ¢-indexed X-premouse ((X,p)-premouse), is a p-spm M
such that ¢p™ =P and XM C 3. -

I3Note that MbT might be illfounded. But in this case T ~ b is not an iteration tree, so

there is no a < 0 such that 7' = %Mln" is defined and T is properly extended by 7.
14No particular demand is made on dom(¥M) (though it is closed under initial segment).
15Adopt the notation of 2.29 and let o < . Then 7441 is the least n > 7, such

that either n = (M) or PMIOHD) = ¢ or pPMIOIHD) — {14} x B for some U, B such that

BnNo(M|n) = 0. (This is because 0 € b whenever b is a branch through an iteration tree.)
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Clearly if M is a p-spm then XM is the least putative strategy Y such
that M is a ¢-indexed >-pm.

It seems difficult to express ¢-indexed spm-hood with Q-formulas. So we
consider the more general notion of y-indexed possible-spm, which we can
express with Q-formulas, modulo the usual restrictions.

Definition 2.32. A y-indexed possible spm is an hpm M such that there
is a p-indexed spm N such that either M = N, or N is a successor, N~ <M,
T =aet T2V is defined, and letting o(N') = o(N'7) + ¢, there is a T [¢-cofinal
branch b such that M = BN, T,(,b).

We adapt terminology and notation for spms to possible-spms in the
obvious manner. -

So a ¢-indexed possible spm only fails to be a ¢-spm if, with notation as
above, we have ¢ < 1h(7) but b # [0,{)7. The following lemma is straight-
forward:

Lemma 2.33. Let o € LT. Then Lemma 2.17 holds with every instance of
potential hpm replaced by ¢-indexed possible spm.

Definition 2.34. Let R, M be E-passive possible-spms and 7 : R --+ M.
Then 7 is a very weak 0-embedding iff 7 is Yy-elementary on its domain
and there is an €-cofinal set X C R such that

X Uo(R) U cp® U {ep®, IR, cb®} C dom(7),

7lep® = id, and 7 is 3;-elementary on parameters in X.

Let C be a class of possible-spms. We say that C' is very condensing
iff for all F-passive M € (' and all E-passive possible-spms R, if there is a
very weak 0-embedding 7 : R — M then R € C. =

Lemma 2.35. The truth of LT-Q-formulas is preserved downward under
very weak 0-embeddings.

We next consider preservation of X-pms, for strategies > with hull con-
densation (see [, Definitions 1.29-1.31]).

Lemma 2.36. Let M be a p-indexed spm, not of type 3. Let R be a -
indezed possible spm.
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(1) Let ¥ be an iteration strategy with hull condensation. Suppose that M
is a Y-pm, cp® = cp™ and either (i) Y* C ¥ and there is a very
weak 0-embedding ™ : R --» M, or (ii) there is a weak 0-embedding
7: R — M above cp. Then R is a X-pm.

(2) Suppose there is m: M — R such that either:

(a) m is Xo-elementary, or

(b) m is cofinal Xy-elementary and either M is a limit or TM s
undefined, or

(¢) 7 is cofinal Xy-elementary, M is a successor and T = TM s
defined and either Y™ € M or 7 is continuous at h(T).'6

Then R is a p-indexed spm.

Proof. Part (1): We just consider the case (i). (So by 2.34, R, M are E-
passive and 7 is above cp®.) We may assume that R is a successor and every
proper segment of R is a X-pm, since 7 induces very weak 0-embeddings (in
fact, fully elementary on their domains) from the proper segments of R to
proper segments of M. It follows that M is a successor and 7(R~) = M.
We may assume that 7 = 77 is defined, so 7(T) = T = T is defined.
Let oR7) +7 = o(R) and o(M~) + v = o(M). Then m induces a hull
embedding from (7 9) ~b% to (T v) ~ bM. Since the latter is via 3, asis T,
hull condensation gives that b% = %(T17), so R is a Y-pm.

We leave (2)(a) and (2)(b) to the reader. Consider (2)(c). Note that
m(M™) = R7, and since T = T is defined, so is 7(7) = T . Let
o(M™) 4+ =0(M), 50 0o(R™) +7" = 0o(R), where v/ = sup 7“y. Then bM is
T |v-cofinal, and since 7“b™ C b®, b® is 7(T ) |'-cofinal. So we may assume
that o/ < Ih(w(7)), and must see that b = [0, ) (7).

Suppose b € M. Then because 7 is ¥j-elementary, b = 7(b™M) N4/, If
7' < m(y) then since w(bM) is w(T)|7(7y)-cofinal, we are done. If v/ = 7(v)
then since v < 1h(7), so b = [0,7)7, so b* = 7(bM) and we are done.

Now suppose that ¥ ¢ M and 7 is continuous at 1h(7). Then v = 1h(7)
and ' = lh(7 (7)), contradiction. O

Corollary 2.37. For any strateqy ¥ with hull condensation and any p € L7,
the class of @-indexed Y-pms M such that UM = (0 is very condensing.

16CF. 2.41.
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A type 3 analogue of 2.36 follows easily from 2.36:

Lemma 2.38. Let M be a type 3 p-indexed spm. Let R be an LT -structure
with cp® = cpM.

— Let ¥ be an iteration strategy with hull condensation. Let k = p™ and

suppose UM = Ult(M|(sH)M, FM) is a S-pm. Let 7 : R — €o(M)
be a weak 0-embedding with wlcp® = id. Let p = p® and UR =
Ult(R| ()R, F®). Suppose there is an elementary «' : UR — UM
with m C 7.

Then R = Q% for some type 3 p-indexed X-pm Q, and U is also a
p-indezred Y-pm.

— Suppose there is m: €(M) — R such that either (i) 7 is Xq-elementary,
or (i) m is cofinal and Xi-elementary. Let p = p™ and suppose that
UR (as above) is wellfounded.

Then R = Q% for some type 3, p-indexed spm.

We now define Y-iterability for X-premice M. The main point is that the
iteration strategy should produce iterates which are X-premice. One needs
to be a little careful, however, because the iterates might contain iteration
trees outside of the domain of X.

Definition 2.39. Let X be an iteration strategy, ¢ € LT and X = (3, ¢).
Let M be a X-pm. A putative X-iteration tree 7 on M is defined as
usual, with the added requirement that M is an X-pm for each a+1 < 1h(T)
(and for each such o, ET € E(M]T)). Let T be a putative X-tree on M.
We say that T is a well-putative X-iteration tree iff 7 is a the models
of T are all wellfounded. We say that 7 is an X-iteration tree iff M is
an X-pm for all « +1 < 1h(7).

Let £ < w and let M € £ be a k-sound X-pm. Let 6 € Ord. The
iteration game GXM(k, ) has the rules of GM(k, #), except for the following
differences. Let 7 be the putative tree being produced. For a+1 < 6, if both
players meet their requirements at all stages < «, then, in stage «, player II
must first ensure that 7 [a + 1 is a well-putative X-tree, and if a +1 < 6,
that 7 Ja+ 1 is an X-tree. Given this, if a +1 < @, player I then selects E7,
but we replace that requirement that Ih(E7) < Ih(ET) for all 3 < «, with
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the requirement that 1h(E}) < Ih(E]) for all 5 < o'

Let o, € Ord. The iteration game GXM(k, «,0) is defined just as
GM(k,,0), with the differences that (i) the rounds are runs of G*<(q,0)
for some Q, ¢,'®and (ii) if « is a limit and neither player breaks any rule,
and T is the sequence of trees played, then player II wins iff Mgz is defined
(that is, the trees eventually do not drop on their main branches, etc) and
wellfounded.

The game GXM(k, a,0) is like GXM(k, a, 0), except that player I may
not drop in model or degree between rounds. (For example, in both games,
after the first round has produced a successor length k-maximal tree 7y, the
second round forms a g-maximal tree 77 on Q, for a certain (Q, q). In GXM,
Q = M7 and ¢ = deg”(00), whereas in G¥M, player I chooses Q < M0
and ¢ < w, with ¢ < deg’™(o00) if @ = M. Likewise at the start of every
later round.)

If o is a limit ordinal, the game GXM(k, < «,0) is like GXM(k, , ),
except that if the game runs through « rounds with no player breaking
any rules within those rounds, then player II wins automatically, irrespec-
tive of whether the direct limit model is defined or wellfounded. Likewise
GEXM(k, < a,0).

Now X-(k, 0)-iteration strategy, X-(k, o, #)-maximal iterability, etc,
are defined from these games in the obvious manner.

The game gﬁfﬁ(k,a,e) is just like GX¥M(k, a, ), except that if at the
end of round S a successor length normal tree 73 has been produced, and
both players have met all their obligations up to that point, and b7 drops in
model or degree, then player II wins. Hod X-(k, «, f)-iteration strategy
and -iterability are defined using G (k, a, 6). =

Remark 2.40. The requirement, in GM(k, 0), that h(E] ) < Ih(ET) for § <
av, is weaker than requiring 1h(E}) < Ih(E]), because of superstrongs. See

17 Thus, if we reach a putative tree 7 of length 6, then II wins iff either 6 is a limit or
MQT_1 is wellfounded. If § = a + 1, we cannot in general expect M. to be an X-pm. For
example, suppose that § = w; + 1 and ¥ is an (w; 4 1)-strategy for some P € HC. Then
Mle could have p-whole successor proper segments N such that U = 7:0N " is defined, but
Ih(U) > wy + 1. In this case U ¢ dom(X), so A is not an X-pm. In applications such as
comparison, in this circumstance we only need to know that MZ—l is wellfounded. So we
still decide the game in favour of player II in this situation.

18Recall that (considering the rules of GM(k, v, 0)) if a round of GXM(k, a, 0) reaches
a tree of length 6, then the game finishes at that point. So Q here will certainly be an
X-pm.
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[11, Remark 2.44(7)] regarding this and changes to the comparison algorithm
that are needed to accommodate superstrongs.

Remark 2.41. Lemma 2.36 left open the possibility that R fails to be a
p-indexed spm, when 7 : M — R is cofinal and 3;-elementary, M is a
successor, T = TM is defined, b™ ¢ M and 7 is discontinuous at A = Th(7),

so M is p-whole, X' = sup7“\ < Ih(7’) where 7" = n(T) = T, and
bR # [0, V). Now let X = (3, ¢), where ¥ has hull condensation and
¢ € L1, and suppose further that M is a X-iterable X-pm, as witnessed by
some strategy A. We describe two standard circumstances below which will
then lead to contradiction.

First, suppose that 7 : M — R is via A. Then because A is a X-iteration
strategy, b® = [0, \)7+, a contradiction.

Second, suppose that ¥ has hull condensation, 7 is any degree 0 iteration
embedding of M (7 need not be via any iteration strategy). We will show
that b € M, for a contradiction.

Because 7 is a degree 0 iteration embedding, the discontinuity implies that
M E“There is E € E which is a total measure and 1h(7™) has cofinality
k= crit(E)”. Let C € M, C C1h(T) be a club of ordertype . Then

o=iy M — U = Ulty(M, E)

is continuous at all points of C'. Let ( = supo“lh(T). Then 0“C = o(C)N¢
is club in ¢. But

Uk “C <lh(o(T)) and cof(¢) = k is uncountable”.
So [0,¢)e(ry No“C is club in ¢, and C" € M where C' is the club
C’'=Cnot “[0, C)U(T)-

Because M is X-iterable, o(7) is via ¥. But then by hull condensation,
¥(T) is the downward <z-closure of C’, which is in M.

Definition 2.42. Let M be an hpm and N' < M. We say that NV is a
cutpoint of M iff for all P < M, if NaP and F” # () then o(N) < crit(F7).
And N is a strong cutpoint of M iff likewise, but with the conclusion
replaced with “o(N) < crit(F7)”. =
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Definition 2.43 (Lp®%)). Let X be a strategy with hull condensation for
a transitive structure P € HC, ¢ € LT and X = (X, ). Let a be transitive
and A = a, with P € J(A). Assume DCy.

Let n < w and let M be an n-sound X-pm over A (and 7 < o(M)). We
say that M is countably (above-n) X-(n,w; + 1)-iterable iff for every
countable hpm M, if P = ¢p™ and there is an elementary 7 : M — M then
M is (above-7}) X-(n,w; + 1)-iterable (where 7 is the collapse of 7).

Lp™ (a) denotes the stack of all countably X-(w, w;+1)-iterable X -premice
M over A such that M is fully sound and projects to w.'® Assuming DCp,
and letting B C HC, Lp™ (R, B) denotes Lp™ ((HC, B)), and Lp™ (R) denotes
Lp*(HC).>

Let N be an X-premouse. Then LpZ (N) denotes the stack of all X-
premice M such that either M = N, or N <M, N is a strong cutpoint of
M, M is o(N)-sound, and there is n < w such that p, < o(N) < p!
and M is countably above-o(N') X-(n,w; + 1)-iterable. Note that Lp} (\)
might have a largest element, which projects strictly across o(/N') and is not
w-sound. -

Definition 2.44. Let X be an iteration strategy, ¢ € LT, X = (X, ) and
M be an X-pm. Let £k < w. Then M is X-k-fine iff for each 7 < k, we have
(i) €;(M) is a j-solid X-pm, (ii) if j < k then €;(N) is (j + 1)-universal,
and (iii) if ¥ = w then €,(N) is < w-condensing. =

Lemma 2.45. Let X, P, ¢, X, a, A be as in 2.43 (so we assume DC,). Then:

— For k < w, every k-sound, countably X -(k,wy,w; + 1)-iterable X -pm
M over A is X-(k + 1)-fine.

— FEvery w-sound, countably X -(w,wy,w; + 1)-iterable X-pm over A is
< w-condensing.

— Every countably X-(0,w,w; + 1)-iterable X -pseudo-premouse over A
18 an X-pm.

19DC 4 is enough to prove that this is a stack. For let M, N be such X-premice. Because

M, N are generated by ordinals and elements of A, by taking elementary substructures
onto onto

which do not collapse A, we may assume that there are maps A<% = M and A<® =~ N.
But then by DC4, we may assume that A, M, N are countable, so we can compare M, N
as usual.

20Since R is not transitive, this is not an abuse of notation.
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— There is no countably X -(0,w; + 1)-iterable X -bicephalus over A.

Proof. Consider for example the proof that M is X-(k + 1)-fine. We may
assume that M is countable, by DC4. If AC holds (recall that our back-
ground theory is ZF) then using the condensation lemmas 2.36 and 2.38, it
is straightforward to see that the proofs of the copying construction, weak
Dodd-Jensen?' and the fundamental fine structural theorems go through.
But we may assume ZFC, because letting x € R code M and A be an it-
eration strategy for M as hypothesized, then we can pass to W = L®[z]
(where we feed A, into W like with strategy mice; we do not care about
fine structure for W), replacing ¥ with ¥ =X N W. m

We will build »-mice by background construction:

Definition 2.46. Let a be transitive and A = a. Let ¥ be an iteration
strategy for a transitive structure in J(A), let ¢ € LT and let X = (X, ¢).
An L¥[E, A]-construction (of length x) is a sequence C = (N,),_, such
that for all o < x:

— N, is a X-pm over A and [(Np) = 1.
— If « is a limit then N, = liminfs, Ng.
— If a + 1 < x then letting N' = N, 1, either:
~ N is E-active and N||o(N) = N, and letting x = /', then
UtV |(H)N, FN) is an X-pm, or
— N, is X-w-fine and M =4¢ €, (N,) <N and I(N) = (M) +1.
We will consider fully backgrounded L*[E, A]-constructions. Assume
DC4. Then given N, and supposing that N, is X-k-fine, countable X-
(k,w1,w; + 1)-iterability will be enough to verify that N, is X-(k + 1)-fine.

This iterability will be established (where we can) by the standard arguments,
using the condensation lemmas.

Remark 2.47. Our definition of ¥-premice (for an iteration strategy X)
differs a little from the standard one. The standard one is along the lines of:
given M|a, letting T € M|a be the <,yjq-least tree for which M|« does not

21DCg seems to be used in the construction of an iteration strategy with the weak Dodd
Jensen property.

23



know 3(7), and wA = 1h(T), let M|(a + A) = (J\(M]a), B), such that B
codes (7)) amenably.

Whatever one’s definition of ¥-premice, one would probably like to know
that an ultrapower of a »-premouse is also a »-premouse. As has been
observed by others, this is not true of the hierarchy described above. For
suppose M|a, T and )\ are as above, and 1h(7) has measurable cofinality x
in M|(aw+ ), and E is an extender over M = M|(a + \) with crit(E) = k.
Then U = Ulty(M, E) is not in the hierarchy. For ip is discontinuous at
Ih(E), but o(U) = supig“o(M).

There seem to have been two approaches used to correct this problem
(other than the one we use) used by others. One is to feed in all initial
segments of (7)) (even though they have been fed in earlier), immediately
prior to feeding in 3(7) itself. But this approach seems flawed. For (x) let
M’ be a structure in this hierarchy, with BM' # @, but B’ coding a non-7"-
cofinal (for the relevant tree 7”) branch [0,w?’)7 (for some wy’ < 1h(77)).
Let 7 : M — M’ be fully elementary. Then clearly BM codes [0, wy)r
where 7(7) = T’ and 7(y) = 7/, and wy < 1h(7). But we need that
[0,wy)7 € X(T), and this is not clear (even if ¥ has hull condensation).

The other correction, which is better, is to simply not feed in X(7) in
the case that 1h(7) has measurable cofinality in M|(a+ \) (as witnessed by
some measure on E). For by the argument in 2.41, M already has X(7) as
an element, and there is a uniform procedure which M can use to determine
(7).

Thus, one must show that the relevant ultrapowers and substructures of
models in the resulting hierarchy are also in the hierachy. It is easy to see
that ultrapowers preserve the relevant first-order properties.

So let M’ be a X-premouse and let 7 : M — M’ be a weak 0-embedding.
We want to know that M is a Y-premouse, given that ¥ has hull condensa-
tion. We just need to verify the first-order properties.

We need to rule out the possibility that BM = ) (and therefore BM" = §)),
but there is some B # () such that (M, B) is a X-premouse. Let 7 € M be
the relevant tree (with B coding ¥(7)). Because 7 is a weak 0-embedding,
this implies that 7' = 7(7) is the least tree for which M’ does not know
¥(7"), and 7 is discontinuous at 1h(7). Suppose also that M = &;(M’)
and 7 is the core map, and M’ is (0,wy,w; + 1)-iterable. Then by the usual
proof of solidity (with a little extra argument to deal with the possibility
that M is not a Y-premouse), M and M’ are 1-solid and 7(pM) = pM,
and then using the comparison argument in the proof of universality, and
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the commutativity of m with the resulting iteration embeddings, one gets
that Ih(7) has measurable cofinality in M, and therefore M is in fact a
Y-premouse, contradiction. (For the higher degree core maps, the present
situation cannot arise, just by elementarity.)

Now suppose that BM # (). Tt is easy to see that BM codes some branch
b through 7, and that BM N M is cofinal in o(M) (by the X;-elementarity
of m on a set cofinal in o(M)). But b need not be T-cofinal. (For example, if
o(M'’) has uncountable cofinality, it is easy to find N'< M such that letting
M= (N,BMNN) and 7 = id, then 7 : M — M’ is a weak 0-embedding,
and 7 = T'.) If we have that 7 is ¥j-elementary on a set X C o(M) which
is both cofinal in o(M) and cofinal in 1h(7), then b will be cofinal in T.

These arguments give that the models produced in an L[E, ¥]-construction
will all be ¥-mice, as long as iterates of countable elementary substructures
are realizable back into models of the construction, in the usual manner. But
we opted for the hierarchy for X-premice defined in §2 because it has stronger
condensation properties, and without assuming any iterability.

3 G-organization

Let €2 be either an operator or an iteration strategy. In this section we
implement some ideas of Grigor Sargsyan, defining g-organized (2-premice.
This will be useful assuming that €2 has a certain absoluteness property,
which we first describe.

Definition 3.1. Let a be transitive and A = a. We say that A is self-
wellordered (swo’d) iff a = trancl(z U {x,<}) for some transitive set z,
and wellorder < of . For swo’d A and < as above, let <4 denote the
canonical wellorder of A determined by <. .

Definition 3.2. Let 1) be a ¥y formula in the language of set theory.?? Then
Oy min(2) denotes the formula in the free variable = asserting, over abstract
spms M with cb™ swo’d: “Let < be the canonical wellorder of the universe.
Then z is the <-least limit length iteration tree 7 on cp according to ¥V
such that ¥V (7)) is undefined and (7)) holds”.

Let ®Ymin = P“true”,min- N

224 will be used to restrict the class of iteration trees being considered; for example,
¥ (x) might say that “x is a normal tree”
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Definition 3.3. Either:

— let ¥ be an iteration strategy for a transitive structure P € HC, let
pe LT and X = (X, ¢), let a € HC and A = a with P € J;(A), or

— let X = F be an operator over %, k < o(#) be an uncountable cardinal
and A € CrNHC.

We write M"#(A) for the (unique) sound, non-1-small X-pm M over
A, such that M is X-(0,w; )-iterable, and if cof (wy) > w, M is X-(0,w; + 1)-
iterable (given such an M exists).?® Let x be an uncountable cardinal. We
say that M; 7 (A) is X-s-naturally iterable iff 9t = M°#(A) exists and
either:

(a) cof(k) > w and M is X-(0, k + 1)-iterable, or
(b) cof(k) = w and M is X-(0, k)-iterable.

When this holds, let Agy” denote the unique?* X-(0, x)-strategy for 9t which,
if cof (k) > w, extends to an X-(0, k+1)-strategy; also if cof (k) > w let Agy"*!
denote the unique®® X-(0, x + 1)-strategy for .

Let ¥ be an iteration strategy for a transitive structure P € HC, with
recognizable domain, as witnessed by a 3, formula ¢ (in the language of set
theory), with ¢ least such. Then ¢%. denotes @y mm. Let ¢ = ¢=;, . Then
we abbreviate the pair (X, ¢) with 3. So a ¥-pm is a (X, ¢)-pm, etc. =

Definition 3.4. We say that (£, ¢, X, A, k) is suitable iff s is an uncount-
able cardinal, A = & for some transitive a € HC, M;"#(A) exists and is
X-k-naturally iterable, and either:

— ) = Y is a k-strategy with hull condensation and recognizable domain,
for a transitive structure P € HCNJ(A), ¢ € LT, and X = (X, p), or

- Q = X = F is a total operator over %4, where & is an operator
background with k = o(#4), Cr is the (possibly swo’d) cone of %
above a, and F condenses finely above a.

23ZF proves uniqueness. For let M # N be such X-pms. Let (7,U) be their length
wy comparison if cof(w;) = w, or length wy + 1 comparison otherwise. Let z € R code
(M,N) and let W = L[z, T,U]. Then M,N € HC" and W E AC, and therefore if
cof (w1) = w then W E%y is a limit cardinal”, where v = wy. So working in W we can
reach a contradiction as usual.

24Much as before, ZF proves uniqueness.
25Likewise.
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For suitable t = (Q, ¢, X, A, k), let Q; = Q, etc.

Let (2, A) be given. We say that (€2, A) is suitable iff either (i) Q is a s~
strategy >, with recognizable domain, for some transitive structure P € HC
and uncountable cardinal k, A = a for some a € HC, A is swo’d, and

te.a =det (2, Ormins (2, Prmin)s A, )
is suitable, or (ii) 2 is an operator F over %, and letting x = o(A),
tr.a =det (F,0,F, A K)
is suitable. -

Lemma 3.5. Let t = (2, ¢, X, A, k) be suitable, M = Mf(’#(A) and n =
cof (k). Then:

1. Ayy" has branch condensation and hull condensation.
2. If n = w then M is X-(0, < w, k)-mazimally iterable.
3. If n > w then M is X-(0,n, k + 1)-mazimally iterable.?®

Proof. These facts come from the uniqueness of AQ)J({”, together with the the
condensation properties proved in this section for strategy mice, and the
condensation properties and copying arguments of [11] in the case that X is
an operator. Part 1 follows routinely from these items. Parts 2 and 3 are
essentially by [10, Theorem 3.1(7)]. The latter results are literally stated and
proved only for standard premice, but the arguments there go through using
the properties and arguments just mentioned. O]

Remark 3.6. What is behind the foregoing proof (in terms of the details
contained in [10]), is as follows. If = w let A = Agy" and 6 = k. If n > w
let A = Ap"! and 6 = k+1. An X-(0, < 1, 8)-maximal strategy ¥ for M is
computed, extending A (and therefore Ag’”), and such that the restriction of
¥ to an X-(0, < 1, k)-maximal strategy W', lifts to Agy”™ C A. (Stacks via ¥
which have a last tree T of length x + 1 can lift to a normal tree U of length
> K+ 1, in which case U cannot literally be via A, but for instance, U[r + 1
is via A.)

26We also get X-(0,n,  + 1)-iterability (without mazimal) for the strategy case, but for
reasons covered in [11], we cannot expect the same if X is an operator.
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If 7, via ¥, has successor length, then M7 is X-(deg’ (c0), < 1, 6)-
maximally iterable, via the tail ¥* of W. Moreover, given a normal tree
U on MT of limit length < &, via ¥*, and ¢ = U*(Uf), either there is a
Q-structure for M(T) in LX(M(T)), which determines ¢ as usual, or else
neither b7 nor ¢ drop in model or degree and i o4’ (6™) = §(U).

If n» > w then clearly any X-(n,<n,x + 1)-maximal strategy extends
to an X-(n,n, k + 1)-maximal strategy. So part 3 follows readily from the
above. Note also that any strategy witnessing part 2 (part 3) must extend
Agy” (must extend Agy™™).

Definition 3.7. In the preceding context, let Ag{(q’“) denote W', .

The following absoluteness property ensures that g-organization is useful:

Definition 3.8. Let t = (Q, ¢, X, A, k) be suitable and 9t = M#(A). We
say that ¢ determines itself on generic extensions iff there are formulas
®, ¥ in L+ and some v > ™ such that M|y E & and for any non-dropping
A -iterate NV of 90 via a countable tree T based on M|6™, any N -cardinal
d, any v € Ord such that N|y E ® & “0 is Woodin”, and any g which is set-
generic over M|y (with g € V'), we have that R =gt (N]7)[g] is closed under
Q, and Q[R is defined over R by W. We say such a pair (®, V) generically
determines t.

Let A € HC and let Q be either an operator or an iteration strategy.
We say that (2, A) is nice iff (2, A) is suitable and tq 4 determines itself on
generic extensions. We say that (®, V) generically determines (Q2, A) iff
(®, V) generically determines tg 4. -

Lemma 3.9. Let N, 4, etc, be as in 3.8, except that we allow T to have any
length < Kk, and allow g to be in a set-generic extension of V. Then R is
closed under Q and €' [dom(2) = QIR where Q' is the interpretation of W
over R.

Proof. We first give the proof assuming that 2 = ¥ is a strategy, and then
point out the differences for the other case. Suppose the lemma fails. Let
x € R be a counterexample to the claimed agreement between ¥,3%'. So
U =gt © € dom(X) C V. Let P be some forcing, and H C P be V-generic,
such that ¢ € V[H]. Because a € HC, N is wellorderable, and so by i-
absoluteness, we may assume P = Col(w,0(N)). Moreover, letting z € R
code a, MY, M, we may assume that g € W =q¢ L[z, T, U, Z(U)].
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Work in W, where AC holds. Let ¢ be a P-name for g. Let U € N~ be
such that 49 = U. Fix p € H forcing “g is /\V/’|’y—generic and U? = U for
simplicity assume that p = (). Let « be large and let

M — Loz, T,U,2(U)]

be elementary, with M countable and all relevant objects in rg(m). Write
m(T) =T, etec.

Now work in V. Note that U is via ¥ and ¢ € dom(X) because ¥ has
hull condensation and recognizable domain. By 3.5, T is via Agy. For any
H* which is P-generic over M, letting ¢* = ¢*", we then have

*

—q _ —

U =ueNhlgl,

and letting ¥* be the interpretation of ¥ over A|y[g*], by 3.8 we have
S(U) =2 U) € Nhlg). (3.1)

So U € dom(X') (by the above, this is forced by P), and so ¥'(U) # X(U),
by choice of ¢. By hull condensation, X(U) = %(U), and so by line (3.1),
Y(U) = X*(U) for any H*. So in M, P forces that % (U) = ¥*(U). Therefore
P forces that X(U) = ¥'(U). Contradiction.

Now consider the case that {2 = F is an operator. The argument is almost
the same. The coarse condensation (a component of fine condensation) of
F above a, and the fact that a € HC, replaces the use of hull condensation
and the recognizability of dom(X). Much as before, we can assume that
P = Col(w, Z) for some transitive Z € Z. Because Z F DC we can form an
appropriate countable elementary substructure M of some large enough set

in 4. We omit further detail. O]

We next consider some issues pertaining to hod mice; see [5] for back-
ground.?”

Definition 3.10. A pointclass is smooth iff it contains all open sets and is
closed under continuous preimage, intersections, unions and real quantifiers.

_|

2"We assume only a basic knowledge of hod mice; more than enough is covered in the
first sections of [5]. As mentioned earlier, the actual analysis of scales does not depend
particularly on the theory of hod mice, and is developed in parallel for standard mice.
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Remark 3.11. Assume that w; is regular and let I' be smooth pointclass.
Let a € HC be swo'd. Let & be the join of a sequence of strategies for a
sequence P of transitive structures in J (a) (possibly the sequence has length
0 or 1). As in [5, Definition 2.26], Lp"*(a) denotes the stack of all sound
i—premice M over a which project to a, such that in I' there is a f}—(u}, Wy, w1 )-
iteration strategy for M which extends to a i—(w, w1, wi +1)-strategy.?® Here
we are demanding a full i-(w,wl,wl + 1)-strategy, not just a hod strategy.
This is somewhat at odds with our usual practice in this paper, of dealing
only with hod strategies for hod premice; it is done for consistency with
[5]. Fortunately, if cach strategy in % has hull condensation, we could have

actually defined Lp"* using hod strategies, or in fact using normal strategies,
and gotten the same result:

Lemma 3.12. Suppose wy is regular and let T, a, 73, S be as in 3.11. Suppose
that every strateqy in S has hull condensation. Then LpF’E(a) 18 the stack
of all sound i-premice over a which project to a and such that there is a
i-(w,wl)-stmtegy for N in T which extends to a i-(w,wl + 1)-strategy.

Proof. This is by the proof of 3.5, together with [10, §3(7)] and the closure
of I under real quantifiers. ]

Definition 3.13. Let P be a hod premouse and R <& <P be such that
R is a cutpoint of § and S < P(a) where « is least such that R < P(«).
Suppose either S projects < o(R), or o(R) is the largest cardinal of S. Then
S*(R) denotes the x-translation of S above R (much as in [17, §7]; so S*(R)
is approximately a strategy premouse over R, and in particular, o(R) is a
strong cutpoint of S*(R)). If o(R) is the largest cardinal of S then S* denotes
S*(R). =

We now define I'-fullness* preserving much as I'-fullness preserving is
defined in [5, Definition 2.27], but with a few modifications, the most sig-
nificant of which is that we make requirements regarding dropping iterates,
and related to this, the fact that we consider all cutpoints, not just strong
cutpoints. (thus, because R is, by definition, a strong cutpoint of Lp"*(R),
we must use S* where § is used in [5]).

28Tn [5], the definition is stated in the context of ADT, so the extension to w + 1 exists.
Here as elsewhere, a ¥-(w, w1, w; + 1)-strategy is only required to ensure wellfoundedness
of the last model of successor length trees of size wq, not Y-correctness.
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Definition 3.14. Suppose w; is regular and (P, ) is a hod pair with P € HC
and I' is a smooth pointclass. Then X is I'-fullness* preserving iff the
following two conditions hold:

1. Let (7,Q) € I(P,%) NHC and v < A2. Then

— for all cutpoints (not just strong) n of Q(0),
(Ql(n*)2®)* = Lp*(Qln),
— if 7y = a+1 then for all cutpoints 1 of Q(a+1) with n > o(Q(«)),
(QI(n") V)" = Lp"Few 7 (Qln),
— and if 7y is a limit then for all cutpoints 7 of Q(v) with n > 63,

(QI(n")°M)" = Lp"®r<rFem 7 (Qln).

2. Let (71, T) be a countable tree via ¥, consisting of a stack T followed
by a normal tree 7, such that 7 has successor length and b7 drops.
Let Q = M and A = A2. Let 7 be least such that o(Q())) < Ih(ET)

and let Y = T = (T(y+1)). (Note t does not drop.) Let R,S be
such that Q(A\) <R <S < Q and R is a cutpoint of S and S projects
< o(R) and is o(R)-sound (so either § < Q or all generators of T are
< 0(R)). Then

S*(R) < Lp">emu(R). -

Definition 3.15. Let (P, %) be a hod pair with P € HC. We say that ¥
has weak hull condensation iff for all transitive W, X satisfying ZF~, with
W € HC, and fully elementary = : W — X, if P € HC" and T € W and
7T(7_:) is a stack on P via X, then 7 is via X. -

Definition 3.16. A premouse or hod premouse P is reasonable iff P is
super-small, all N < P (including N' = P) satisfy the conclusions of [13,
4.11, 4.12, 4.15], and if P is a premouse then all N/ <P are < w-condensing,
and if P is a hod premouse then for all N’ <P, N is < w-condensing with
respect to embeddings 7 : H — N such that crit(r) > 67 for all o such
that 67 < o(N). Reasonableness is preserved by fine structural iteration, as
super-smallness is r)y and the other conditions are rll;.
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A hod pair (3, P) is within scope iff DCg holds, P € HC is reasonable,
is below ADg+“© is regular”, ¥ is a hod (w, k, k + 1)-strategy for P, where
k is some regular uncountable cardinal, 3 is I'-fullness* preserving for some
smooth pointclass I'; ¥ has branch condensation, and if x > w; then ¥ has
weak hull condensation. o

Definition 3.17. Let (P, X) be a hod pair. We say that X has factor hull
condensation iff whenever:

- 71,1/7 are stacks via ¥ and ﬁ, el exist; let M = Mj; and N = Mg’;,

— 7: M — N is elementary and 7o’ =¥,

W is a stack on NV via X0 and

Vis a stack on M and 7V is a hull of W,

then 17 is via ZM 7 -

Factor hull condensation trivially implies hull condensation. But the fol-
lowing lemma is more interesting; part of its proof uses ideas similar to those
in Sargsyan’s [0, Proposition 2.41].

Lemma 3.18. Let (P,X) be a hod pair within scope. Then ¥ has factor hull
condensation.

Proof. By weak hull condensation, we may assume that all trees we deal with
are countable. (If kK = w; then because w; is regular, it is easy to see that we
may still reduce to countable trees, without using weak hull condensation.)

Suppose the lemma fails. Let 71, U , M, N, 7 be a counterexample. A bad
system is a countable system

SR S
<<Vl7 Vz 7Wi7 Wz y0i,0;, i>i<n ’ <O-/ia 7Ti>i§n+1>
where

1. (7_:, Vo, ..., l_}n) and (ZZ, W, . . ., V_Vn) are terminally non-dropping stacks
on P via ¥. Let My = M and Ny = N and M;,; = MY and
Nig1 = MY

2. Bo= M and ap = M + 1 and 3; < a; and a4 < z‘}(ﬂz)
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—

3. V; is based on M;(3;).

4.V, = (]7’ V;), where V; is a normal tree (so V; is terminally non-dropping
and M, = MY).

5. Vr = (V!,Vr) is a stack on M;, based on M;(f3;), where V¥ is a normal
extension of V;, V; = V[(v; + 1), where ~; is the least v such that
oMin(a)) < lh(EX;) for all @ < a1, V[, 1h(V))) is based on
M i1(ai1), and V) has successor length and is terminally dropping.

6. W, = (W!, W), where W, is a normal tree.

7. Wi = (W, W), where Wi is a normal extension of W;.

—

8. (U Wy, ..., Wi_1, W) is via ¥.

—

9. (T, Vo,...,Vi_1,V?) is not via X.
10. (T, Vo, ..., Viey, Vi [Ih((VF) — 1)) is via %,

11. 7o = 7 and m; : M; — M, and mV is a hull of Wz, as witnessed by ai,
with the final node of m;V; corresponding to the final node of Wl, and
711 is the composition of the final copy and hull embedding maps.

12. m;V# is a hull of W7, as witnessed by &7, and &; C &7, and W} has no
proper segment W such that m;V; is a hull of W’ as witnessed by ;.

Because of our choice of 71, U , T, it is easy to see using branch conden-
sation and weak hull condensation (the latter to give countability, and the
former to ensure a dropping branch) that there is a bad system with n = 0.
Using DCg, it follows that there is a bad system B for which no proper ex-
tension is also a bad system. Let the notation above be used to describe
B.

Let R = My i1(@ps1) and 9 = mp 1R and S = N,1(0(@ni1)), so
0:R—Sis elementary. Let n = sup,.,, ,, o(R(a)). Let 7° = o(n). Let
WS be the above-n®, (w,w; + 1)-strategy for S given by normally extending
W* and contmumg to use ¥. Let U be the p-pullback of ¥°, for R. Let

(T Voo Vn ).

Claim 3.19. V is @ ©aca,,; 2R (a),x -StTALEGY.
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Proof. 1f not then, again using weak hull and branch condensation, it is easy
to produce a bad system properly extending B, a contradiction. O

Now let V be the tree on R which is equivalent to V[, Ih(V?) — 1), let
b, ¢ be the V-cofinal branches determined by )7; and Y respectively. So b # ¢
and b drops. By the claim and using Y, we may successfully compare the
phalanxes ®(V ~ b) and ®(V ~ ¢), producing (padded) trees ), Z extending

V7 band V™ crespectively. Moreover, all models of V, Z are ©a<q,,,, 2R (a),x-
hod premice. Let 6 = 6(V) and A = 1h(V).

Claim 3.20. ¢ does not drop, and therefore a,,11 is not a limait.

Proof. This is a standard argument, but we give it as it is not too long, and
we need it elsewhere. Suppose ¢ drops. It suffices to see that at for every
a > A [0,aly and [0, ]z drops, since then standard fine structure yields
a contradiction. Suppose this fails. Then there is v > X such that either
E =EY or E = EZ has crit(E) < §. Let a be least such. Then [0, /]y and
[0,a/]z drop for each o/ € [\, a]. Let Q, = Q(V,b) and Q. = Q(V, ¢). Then
Q, # Q., so ¢ is Woodin in MY||Ih(E). So if there is any F € EMZIMh(E)
such that crit(F) < § < lh(F), we easily get that [0, 5]y and [0, 5]z are
dropping for all § > « (as Woodins are cutpoints of hod premice). So
suppose F is the least extender overlapping d, so @ = \. Let k = crit(E).
Then & is a measurable limit of Woodins and strong cutpoints of M (V). Let
7 be least such that x < lh(EY). Then for all § < v, In(EY) < . Let
0 = Mj\?:p or Q = M;ffl, according to whether E is used in Y or Z. Note
that x is a cutpoint of Q. But then Y[[y,1h(})) is and Z[[y,1h(Z)) are
equivalent to above-x, normal trees on Q. So if Q« M,‘f then we are done,
and if Q@ = MY then note that [0,~]y drops (as our hod premice are below
ADg+“© is measurable”), so again we are done. O

Claim 3.21. We have:
— § is Woodin in MY, so § = 5%{1, the largest Woodin of M) .
— 0 is a strong cutpoint of Q.
- MY < Q.

Proof. Neither 9y, nor Q. if it exists, can have overlaps of d, since otherwise
MY has a measurable limit of Woodins, which implies ¢ drops, contradiction.
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But if ¢ is not Woodin in MY then as before, Q) # Q., so comparison gives
a contradiction.

So the comparison of Qp with MY is above ¢, and succeeds, and this easily
gives that MY < Q. m

Let 7 : M;ZZ — MOVB; be the final map given by the hull embedding (by
the minimality of W; with respect to &7, the final model of 17,’; does indeed
correspond to the final model of V_\};) Let Q' be the lift of @ = Qp under
7, and let 7o = 7[Q. Let & = 79(d). Let X' = U, Wy, ..., Wa1, W?).
Let o = ayp1 — 1 (possibly a = —1) and o’ = 7g(a). Using 3.14(2), let T’
be an above-d', Lo/ (ar),x-(w, wi,w; + 1)-strategy for Q, whose restriction to
countable trees is in I'. Let T be the 7-pullback of T’. Like in Claim 3.19,
we then get:

Claim 3.22. T is a YXg(a),x-strategy, and the restriction of T to countable
trees is in T’ (where Q(—1) = 0); note Q(a) = R(«)).

But then Q, < Lp""*®®.% which with Claim 3.21, contradicts I'-fullness*

preservation for Y, completing the proof. O

The following lemma, related to [3, §2], is due to Steel. However, the
standard proof seems to have a gap (in the proof of Claim 3.25 below). A
correct proof of what is essentially the lemma appeared in [13, §5], but that

proof is somewhat buried in another context, so we give a proof here for
convenience. We state and prove the lemma literally only for pure L[E|-
constructions, but it is easy to adapt it to strategy mice and other variants.

Lemma 3.23 (Stationarity of L [E] constructions). Let v be an uncountable
cardinal. Let P be a reasonable k-sound premouse, ¥ a (k,~v + 1)-strategy
for P and C = (N,),., be a fully backgrounded L[E]-construction.

Suppose that for each active Noy1 = (Na, E) there is an extender E* such
that (a) card(P) < crit(E*), (b) Flv(E) C E*, (¢) if P is non-tame then
ig-(V)|V,, C U where n is the sup of all § + 1 such that § is Woodin in N,.

Then there 1s £ < v+ 1 such that:

(1) for each a < &, we have N, <P’ for some V-iterate P’ of P, and

(2) if € < v then there is a tree T via W, of successor length, N¢ = M7
and b7 does not drop in model.
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Proof. 1t suffices to prove that if (1) holds at &, but (2) does not, then
(1) holds at £ + 1. This is easy in all cases except when £ = a + 1 and
Nos1 = (Na, E) for some E, so suppose this is the case. Let E* be a
background extender for F and let j = ig+. Let T be the tree witnessing the
lemma’s conclusion for a. We assume that 7 has minimal possible length.
We must show that E is used in 7. Let v = v(F) and k = crit(E). The
main point is the following claim:

Claim 3.24. There is § < 1h(j(T)) such that v < v(E]) and Elv C EJ.

Proof. As in the proof that comparlson of premice terminates, we have

MIT) = MT and k <j7 j(k) and 7 )) exists and
i TM] = IM]. (3:2)

So let 8+ 1 <7 j(k) be such that pred” (8 + 1) = k. We claim that 3 works.
For let
k:Ult(Ng, E) — 7(Ny)

be the factor embedding. Then crit(k) > 1/( ), and if F is type 2 then
crit(k) > Ih(E). So Ny, M, M] and M] )) agree below (k7)Ne. So EJ
measures all sets measured by £ and by line (3 2) we have that Ev/ C EJ v/
where v/ = min(v, v(E])). Now if (k*)N> < (k%)M then crit(k) = (KJ+)N"‘,
so Eis type 1 and v = (k)M so we are done. So assume (k+)Ne = ()M
and assume ' < v. Since also (k )M~T < v/, the ISC applies to Ev'. So

ElW € N,, although Ev ¢ j(N,). So E is not type 2. So F is type 3, but
then Ih(E]) < v, contradicting the fact that N, ||v = j(N,)|v. O

Claim 3.25. FEither:
- BeE (M), or

- R =get MJ |I/ 1s active with extender F' and E € EUM(R F),

Proof. If (kt)Ne = (sT)M 57 this is just by the ISC. So suppose (k)N <

J(T)
(k7)M& ", Then E is type 1, the normal measure derived from F is a sub-

measure of the normal measure derived from Eé(T), and M é(T)HV = Nallv.
Thus, we can use [13, 4.11, 4.12, 4.15] (as P is reasonable) given that if R is
active with a type 3 extender F' then

Ult(R, F)||h(E) = N,. (3.3)
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So suppose F' = F® = (). We have T[(k+1) = j(T)[x+ 1, and note that T
uses no extenders with index in the interval (k,v), as E is type 1, and j(7)
uses 1o extender with index in the interval (k, (7)M7). So M7 |y = R, and
since N,|v is passive, therefore E7 = F. But then 7 uses no extender with
index in the interval (v,1h(F)), and line (3.3) is true. O

Now let A be least such that lh(Ei(T)) > 1h(E), and let & be the largest
limit ordinal such that & < A. By the following claim, we clearly have that
J(T)IA+ 1 is via ¥, which completes the proof.

Claim 3.26. j(T)[{ +1=T[{+ 1.

Proof. We have N, < M7 and j(N,) < MZ(7). Let x be the largest cardinal
of N, and e be the largest limit cardinal of j(N,)|[Ih(E). Then € < x
and N, |[(eM)N = (NG| (€)Y (possibly (e7)Ne < (e7)/N)) and [N, ] €
J(N,). These things follow from < w-condensation, considering the factor
embedding k. Now let & = §(j(T)[); it follows that § < e. So N,|d =
J(No)|0, and it suffices to see that for each & < &, we have [0,&);) =
0,&")7. We prove this by induction on &'. So assume T [¢" = j(T)[¢'. We
may assume ' > K, s0 0" = §(T[¢') > k also. Now if N, E“0" is not Woodin”
then let Q< Mg, be the Q-structure for §'. Then Q <N, so Q< j(N,), so
Q« ng,(T). Therefore [0,&)7r = [0,£) (1), as required. So suppose N, E“¢’
is Woodin”. Since k < ¢ < 1h(FE), and so by Claim 3.25, P is non-tame. So
by our hypothesis, j(¥)[Vs41 € ¥, s0 [0,£);¢m = [0,£)7. ]

Definition 3.27. Let (P, X) be a hod pair, within scope, and x be such that
Y. is a hod (w, K, k + 1)-strategy. Let a € HC be such that P € J;(a) and a
is swo’d. Suppose that 9 = M;"#(a) exists and is S-x-naturally iterable.
Let 9% be any non-dropping Ay -iterate of M. Let § = 0™ and LF = L.
Let x <6+ 1.

A (P,¥)-bounded hod pair construction of 91, of length Yy, is a
sequence

D = ((Cs, T3, 3, L3, R, M, X)) 5,
with the following properties holding inside O for all 5 < x:

— T is a terminally non-dropping, successor length, normal tree on P via
S2 and Qp = ML and Ry = Qs(f).

— To € Tp for a < B.
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7o is based on P(0)]5) .

— If B4 1 < x then Tz is based on Qg(S + 1)|55Qf1, and is above 5?5.
— If B is a limit then 75 = 75~ X(T5) where T3 = lima<p Ta-

— Y is the strategy for Rz which is the tail of X3

— Cy is the maximal L[E]-construction®” of /4.

— If B4+1 < x then Cgyy is the maximal L*#[E](Rz)-construction of 9|4.

— If Bis alimit, Cg is the maximal L>5[E] (R)-construction of 91|, where
Z/’g = Pa<pdq and R; = Ba<sRa-

— ag < and Rs = Na’.

— For all @ < «ag there is a successor length normal tree 7 on P, via
Y% based on P(0), such that NS° < M7 and either b7 drops or
NE <« MT(0).

— If B+1 < x then for all @ < a4 there is a successor length normal tree
T on Qg, based on Qz(B+1), above Rg = Qg(8), with T3~ T via XF,

and such that Ny **' < M7, and either b7 drops or N2 SMT(B+1).

— If B is a limit then for all & < ag, either NE? dRpg, or there is a successor
length normal tree 7 on Rz, above 5;;3, with 75 = T via ¥, such that
b7 drops and Na” < M.

— My is the least M < I such that o(M) is a successor cardinal and
B,y < o(M) for all v < 3. Let Agy, be the (w,Ord, Ord)-maximal
strategy for Mg, guided by Q-structures computed from ordinals and
Y%, Then Y4 is exactly the strategy for R induced by lifting to Aoy,

We say that such a construction is successful iff y = 4+ 1 < § and
Rp = Qp (thus, the construction has produced a non-dropping normal ¥-

iterate Qg = Néf; of P). -

29Here and below, all background extenders are required to come from E™.
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Lemma 3.28. Adopt the hypotheses and notation of 3.27. Then there is a
unique successful (P, X)-bounded hod pair construction D of M.

Moreover, let < 1h(D) and A%B be the Q-structure guided (w, k, Kk + 1)-
strategy for Mz (so Ag‘%ﬁ is induced by the tail of Ay™ ™ and A, C Agﬁﬂ).
Let Eg be the hod (w, k, Kk + 1)-strategy for Rg induced by the tail of X (so
Y C Eg) Let I‘g be the hod (w, k, k + 1)-strategy for Rg given by lifting to
Ag‘;ﬂ. Then ¥ =T

Proof. This is partly proven in [5], but we cover some details not presented
there; it is in these details that the distinction between hod strategies and
full strategies is important.

It is easy to see that for each y, there is at most one construction of length
x. Trivially, if x = 0, or x is a limit and for all # < x, there is a construction
of length 3, then there is a construction of length x. So suppose there is an
unsuccessful construction of length x; we need to see there is a construction
of length x + 1.

We assume y = 3+ 1, as if x = 0 or x is a limit it is an easy variant.

Let C be the maximal L*#[E](Rs)-construction of 91d. Let ¥ be the
above-R g, normal strategy for Qg(8+ 1) given by continuing 73 as a normal
tree, using 3. An easy variant of 3.23, together with universality at §, [17,
Lemma 11.1], shows that C reaches a non-dropping W-iterate Rg1 = N of
Qp(f+1), for some o < 0 such that for all £ < a, ./\/'5‘C is either a dropping such
iterate, or a proper segment of such an iterate. (With regard to universality,
we don’t need to iterate Ny in 9, so we don’t need MM to know any of its
own iteration strategy.) Let 7z41 be the corresponding tree on P.

So a length x + 1 construction will exist given that ¥, agrees with the
hod strategy I' for Rg1 given by lifting to Au,,, (where notation is as in
3.27). This follows from the “moreover” clause of the lemma at 5+ 1, which
we now prove. Let ¢ be a limit length tree via both T’} | and ¥, (notation
as in the statement of the lemma). Let b = Iy, (i) and ¢ = X}, (U).

Because > and A?ﬁ“ have hull condensation, by taking a hull here we may
assume everything is countable.

Sargsyan’s argument showing that if b does not drop then b = ¢ (using
branch condensation for ) goes through here (cf. [5, Lemma 2.15]). So
assume that b drops. Then because we are dealing with hod strategies,
has the form V = V, where V does not drop, V is normal and V = b drops.

Let v < 1h(V) and « be such that [0,7]y does not drop, and letting
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N = M},’, such that o < M and for all 7 < v, we have

h(EY) < € =aer |J oWV (€)) < In(EY),

(<a

and V[[y,1h(V)) is based on N («) (and is above €). Let Q be the above-e,
hod (w, k, Kk + 1)-strategy for N (a), given by normally extending V|vy + 1,
continuing to use Fgﬂ. Let

X=Tpa V- (VIv+1)

and ¥’ = @g<aXn(g),x- Let T be the above-¢, hod (w, K, x + 1)-strategy for
N (a), given by normally extending V| + 1, continuing to use ¥. So T is a
Y/-strategy as (P,X) is a hod pair. But Q is also a ¥'-strategy, because X
has factor-hull condensation by 3.18.

Let V be the tree on N («) which is equivalent to V[[y,1h(V)) (the latter
tree is on ). Let b, ¢ be the branches determined by b, c. By the previous
paragraph we can use {2 and T to compare the phalanxes ®(V = l~)) and
®(V ~ ¢). This leads to contradiction almost as in the proof of 3.18. The
only slight difference is in showing that Q' has an iteration strategy in I'
when ¢ does not drop, where Q' is as in the proof of 3.18, so consider this.
As before, ¢’ is a cutpoint of @’. We have a normal tree ) via X of successor
length, such that @ < MY. If ¥ drops then we can argue as in 3.18, so
suppose b” does not drop. Then Q' <« M. If ¢’ is a cutpoint of MY then
we can use 3.14(1), so suppose otherwise. Let F € EMX be the extender of
least index overlapping ¢’. So 0o(Q’') < Ih(E). Consider the tree Z on M2,
using only E. So Q' < M, and note that 3.14 applies to the stack (), Z)
and @', ¢'. O

The next lemma, and much of its proof, are similar to Sargsyan’s [5,
Lemma 3.35].

Lemma 3.29. Let  be an uncountable cardinal. Let (P,%) be such that P
s countable and reasonable and either

(i) P is an n-sound premouse and ¥ is the unique (n, k)-strategy 3 for P
such that if cof(k) > w then ' extends to an (n, Kk + 1)-strategy, or

(i) (P,X) is a hod pair, within scope, and 3 is a hod (w, k, k+ 1)-strategy.
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(So in case (ii) k is reqular.) Let a € HC be such that P € Ji(a) and a
18 swo’d. Suppose that /\/llz’#(d) exists and is Y-k-naturally iterable. Then
(3, a) is nice.

Proof. ¥ has hull condensation, by the uniqueness of ¥ in case (i), and
because (P,X) is within scope in case (ii). *° It remains to see that t(s g
determines itself on generic extensions.

We describe a process by which 91[g] can compute X[9[g] whenever 9
is a non-dropping A%’”—iterate of M = /\/llz’#(d) and g is set-generic over .
The result will then be a straightforward corollary. So fix M and let § = ™.
Let X be the tree on 91 whose last model is 1.

Consider case (i). If cof(k) = w let 7 = k; otherwise let 7 = k + 1. Let
Agy be the 3-(0, < w, 7)-maximal strategy for 9t given by 3.5. So M is a
Agp-iterate. Let Ay be the ¥-(0, < w, 7)-maximal strategy for 9 which is the
tail of Agy. Let C = (N,),<s be the maximal L[E]-construction of 91|d, where
background extenders are required to be in E”. Note that the hypotheses of
3.23 hold in 9 with respect to P,y = 4§, 2N, C.

Now there is @ < 6 such that 3.23(ii) attains. For in N, ¢ is Woodin, and P
is super-small, so we can apply the universality of N (see [17, Lemma 11.1]).
Note that a < p where p is the least strong of 1. Let v be a cutpoint of N
such that o < vy < p, and let § = (y*T)®. Then via copying/resurrection,
N,, and therefore also P, are normally iterable in V' via lifting to nowhere-
dropping normal trees on 91, via Ay, based on N|f. Let p be the resulting
strategy for P. By the uniqueness of ¥ we have ¥p = Y. Note that 6 €
rg(i).

Now consider case (ii). So & is regular. Let Agy be the ¥-(0, k, k + 1)-
maximal strategy for 9t given by 3.5. Let Ay be the 3-(0, k, k + 1)-maximal
strategy for 91 which is the tail of Agy. Let D be the (P, ¥)-bounded hod pair
construction of 9. By 3.28, we have a < 9 and a normal tree T via ¥ with
last model R such that b7 does not drop, D has length 5+ 1 and R = RE,
and A‘é = Yg7 (where Ag is as in 3.28; so this is just the strategy for R
which lifts to Agﬂg’)' By hull condensation, ¥ has pullback consistency, so

Y = Xp, where Yp is the pullback of A};. Note that o(ﬂﬁﬂg) < p where p is
the least strong of 91. Let v be a cutpoint of 1 such that o(i)ﬁ]g) <7y < pand
let 0 = (v*1)™. And Yp is again computed by lifting to nowhere-dropping

30Tn case (i), we use the fact here that 3 is only an (n, x)-strategy. If  is singular then
it seems difficult to deal with trees of length (x + 1).
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trees on N, based on MO (this time stacks of normal such trees). Again
0 € rg(it).

We now continue with both cases. It suffices to see that An[X is suffi-
ciently definable over M[g|, where X is the class of trees 7 € M[g] such that
T is based on 9|0 and is nowhere-dropping. Iterating Ot for 91|6-based trees
just requires computing the correct Q-structures, which requires sufficient
ordinals and knowledge of ¥. But we don’t yet know that ¥ “D[g] C N[g].
We will computed the Q-structures by reducing such trees T to trees in .

Let P, 7 € M|crit(F™) be a poset and a P-name such that P forces that 7~
is a nowhere dropping, 9t|f-based tree on N, of limit length, via the strategy
to be described; it will follow that 79 is a correct tree on 91 for any M-generic
gCP.

Claim 3.30. Let g be P-generic over M. Let QQ = Q(Tg). Then @ € N[g].

In fact, let X be the mazimum of 6, (Ih(79)* )™ and (card(P)++)™.
Then there is a short tree V € MN|A, V on N, according to Ay, of successor
length, such that for some o < crit(F™), if G is Col(w, \) generic over Ng],
then in M[g)[G), there is an spm Q which is a Q-structure for M(T?), and
a Yi-elementary embedding © : Q — MY|a. So Q is unique with these
properties and Q(T9) = Q € Ng).

Proof. Suppose not and assume that P forces the failure. In 0N, we first form
a Boolean valued comparison of M (7)) with 91, forming a P-name for a tree
Uon M (’T) and a tree V on 1. Note that 91 correctly computes Q-structures
as far as they exist during this comparison. Consider a limit stage (V,U) A
of the comparison. If a condition g forces that U [\ is eventually only padding
then below ¢, nothing need be done for U at stage . Now suppose ¢ forces
otherwise. Suppose p < ¢ forces that here is a cofinal branch b of U such
that Q(M(VIA)) < M¥. Then below p, we set [0,A];; = b. If p < ¢ forces
otherwise, then below p, we declare that I/ is uncontinuable, and terminate
the comparison. (In the latter case p forces that U has limit length; we deal
with this later.) For each stage a of the comparison, let lh, be the index of
any extender (forced by some p to be) used at that stage. For limit A, let
M((V,U)]\) be the lined up part of that stage, of height sup,,_ Ihg.

Subclaim 3.31. We have:

(a) V is based on |6;

42



(b) if « is such that [0, a]y does not drop and P forces that Mg|9' = MY|0',

where ' = i(‘{a(e), then the comparison terminates at stage o, and in

fact, P forces that MY < MY|¢';
(¢) at every limit stage X\, a Q-structure for M((V,U)[\) exists;

(d) the comparison terminates (i.e. there is o such that P forces that either
U is uncontinuable, or MY < M4, or Mu < MY);

(e) there is p € P forcing that if U has a final model, then Mf;; aMY.

Proof. Part (b) implies (a) and (c). Suppose (b) fails. Let a be the least
failure, and let p be a condition forcing this failure. Let g C P be generic
with p € g. Let T’ be the tree on 9 which uses the same extenders as does
T = T9, followed by Aq(T), and let Wy = M. So b7 is non-dropping (as
T was nowhere dropping). Let U’ be the tree on Wj using the same extenders
as U9. Let W = MY, So @ < o(W). We can compare (MY, W), producing
trees (71,73). The comparison begins above ¢, a cardinal of MY. Note that
by choice of @, all extenders used in the comparison have critical point > €'.
Suppose B drops. Then p)., < @, where n = deg” (a). Also then, b7
drops, whereas b7 does not, and 77,75 have the same last model. But the
last model Z of T; has p,(Z) > ¢, contradiction. So ¥ does not drop, and
so neither do b7, b7, and j = k where j = iY77 and k = X7 U.T2) | But
j(0) =" and k(@) > @', contradiction. This gives (b).

The usual proof that boolean-valued comparisons terminate gives (d).

So if (e) fails, then b¥ drops, so MY is unsound, and PP forces that Mgo =
MY . But then again the usual methods yield a contradiction. O

Now let p be as in part (e), and let ¢ C P be DM-generic, with p € g. Let
T=T9%and U =U9. Let Q = Q(M(T)). Let Wy, U’ be as before, and let
Uy be the 0-maximal tree on @) given by U (with the same extenders and
branches).

Suppose that U has a last model R. So we have R< MY and b does not
drop, and so neither do b’ or b“e@. Let  : MYe — “'(Q) be the factor map.
Then 7 is a weak 0-embedding. So by 2.36, MY 1s a Y-premouse. Also,
Ma ; Q — M4 is continuous at § = & (’7'9) and MY has no E-active levels
above i“@(§) and 2 (§) is Woodin in MY, Tt follows that M5Q < MY .
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Also, @ is ¥-elementary. So Q, V, M5? and i@ witness the truth of the
claim, a contradiction.?!

Suppose now that U is uncontinuable, so has limit length. Let b be
the U-cofinal branch determined by Ay. Note that b does not drop, and
M(U) = MY. But this leads to the same contradiction as in the previous
paragraph. O

This completes the proof that 9[g] computes X[[g]. Now let ® be the
formula “There is no largest cardinal, there is a Woodin cardinal 4, in case
(i) the L[E]-construction reaches a non-dropping Y-iterate of P, and in case
(ii) the (P,X)-bounded hod pair construction is successful at some stage
< 6, and every partial order P forces that the process described above always
succeeds”. Let ¥ be the formula defining 3 [9[g] through the above process.
Note that if 97 <9 and 9 E @ and g is set generic over 9V, then 9'[g] is
indeed closed under ¥, and 3 [9V[g| is defined over N'[g] by ¥. So (¥, V)
generically determines (5 q), as required. (We don’t actually need that the
Woodin of M is a cardinal of .) O

Notation 3.32. Let (2, Ag) be nice, tg = tqa, and kg = k. Let M =
MP#(Ap) and Agy = AS™. Let (®y, ¥p) be a pair that generically deter-
mines (Q, Ag). Let ag € R code Aj in a canonical way.??> These objects are
fixed for the remainder of the paper.

Definition 3.33. An hpm N is M-like*? iff A/ is non-1-small, all proper
segments of A are 1-small, and 3y € (&, [(N)) such that N|y E . =

Remark 3.34. G-organization will use an initial segment of the tree for
making a structure generically generic, due to Sargsyan [5]. We recall this
notion and define some related notation and terminology now.

Let A/, P be transitive structures, where P is M-like. Let Q = Col(w, N).
Let 25 be the canonical Q-name for the real coding N determined by a Q-
generic filter. Let 7 be a normal iteration tree on P. We say that T is
making N generically generic iff:

— T1o(N) + 1 is a linear iteration at the least measurable of P.

310stensibly MR might be a strict segment of the Q-structure for MY |i42 (§), but this
is not relevant. If one chooses n < w appropriately, and takes Uy to be n-maximal instead
of 0-maximal, then one can arrange that Mé/{oQ is the Q-structure.

32Tf gy can be chosen such that 9t codes ag then we do so, and ag is redundant.
33The “M” in “M-like” is just a symbol; it does not refer to the fixed structure 9.
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— Suppose 1h(7) > o(N) + 2 and let a +1 € (o(N),Ih(T)). Let § =
(M) and let B = B(M7). Then E/ is the extender E € E (M)
with least index such that some p € Q forces “There is a B-axiom
induced by E which fails for .

Given a putative strategy % for P, let T3> denote the longest putative
tree T via ¥ which is making N generically generic. Clearly if ¥ is a normal
K-strategy for a large enough k then T =g T3> has successor length and Q
forces that i, is generic for B(MT).

Let 75 denote T,

Sargsyan noticed (see [5, Definition 3.37]) that one can feed 2 into a
strategy mouse N indirectly, by feeding in the branches for something like
Ty, for various M < N. The key notion of g-organized Q2-premice, to come,
uses this idea, and the main point of it is due to Sargsyan. We will only
actually use a certain initial segment 7.7 of T3>

Definition 3.35. Let P be M-like. Then Py, denotes the least P’ <P such
that for some cardinal ¢’ of P, P’ E ®p+“y’ is Woodin”. Note that Pg, is a
strong cutpoint of P. Given a transitive structure A/ and a putative strategy
) /for P, T,% denotes the initial segment of 73 based on Psg,. Let Ty denote
T —|

To ensure the absoluteness of iterations making structures generically
generic, we will require our models to add branches to iteration trees suffi-
ciently slowly:

Definition 3.36. Let M be an aspm and 7 < o(M). Let T € M be a
putative tree via M. Then S denotes the least S < M such that T
is via 5. We say that 7 is M-reckonable above 7 iff for every limit
a € [,1h(T)) we have the following. Let ¢ = sup,,.,, wip(o(M,,.)). Then:

a+n
—if a+w < I(T) then o(S7f, 1) + ¢ < o(SH, 1),
— if In(T) < @+ w then o(Sf,,;) + ¢ < o(M), and

— if Ih(T) < a+w and M E“MT is wellfounded” then M7 is wellfounded
(equivalently, M7 E“o(S7, 1) +o(MZL) < o(V)"). =
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Remark 3.37. Let M be an aspm such that cp™ is M-like. Let N a M
satisfy ZF. Let T € M be a putative tree via ¥™ (on cp™), based on Cpé/o‘,
such that 7 is M-reckonable above o(/N'). Then T is making A generically
generic (in V) iff M E“T is making N generically generic”. Moreover, let
U = T3 (as computed in V) and U = U'|\ where X is largest such that
Ula + 1 is M-reckonable above o(N) for all @« < A\. Given o + 1 < 1h(U)
let e = FY' | and given a + 1 = lh(U'), if MY is illfounded then let e, = 0,
and otherwise let e, = 1. Then the map o — (U[a + 1,¢e,), with domain A,
is T (£, {N'}), uniformly in M, N 3* Further, suppose that T =ge¢ T7
exists, is in M, and is M-reckonable above o(N). Then {(T,(MT)s,)} is
SM(L7,{N}), uniformly in M, N

These facts use the local definability of the Col(w, ') forcing relation.
Given p € Col(w,N), n < w, a limit ordinal @ < A and E € E(M, ) such
that v(E) is inaccessible in M, the question of whether p I-“E induces an

extender algebra axiom not satisfied by &/ is computed over juh(%n)l(S#a 41)
(Such an axiom has the form

V ooy = V o,
y<crit(E) y<v(E)

where for each v < v(E), ¢, € M |v(E), so the forcing relation be-
low p regarding the truth of ¢, is computed over some proper segment of

T,y (SFasn)-)

Definition 3.38. Let R be an aspm such that cp”™ is M-like. Let ¢ € £. The
(g,1)-hierarchy of M is the pair ((Ma) <. , (Nat1)4eqs) With 7,7" € Ord
both as large as possible such that v <+’ <~ + 1 and:

1. Noy1 <R for each a <+ and M, <R for each a < 7.
2. My = M|l and o(M,) = lim,<) 0o(M,,) for limit .
3. For a < v/, Nay is the least NV < R such that M, <N and N E ZF.

4. For a < v, My is the least M < R such that N,,; < M and for
some S with N,y <8 < M we have either:

- SE -, or

34There is a natural ¥; formula which attempts to define this function, which computes
the correct values on the domain of the function, but might give a larger domain.
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— T =qet 7‘/\%; | exists, is in M and is M-reckonable above 0(Na41).

For N' < M, we say that N is a (g, )-tree activation level of M iff
N = Ny for some a. We say that M is (g, ¢)-whole iff M = M., and
say that M is (g,v)-closed iff M is (g, )-whole and 7 is a limit.

We abbreviate (g, true) with g (for example in the g-hierarchy of R, etc).
We abbreviate (g, “O exists”) with both (g, ©) and ©-g. -

Remark 3.39. Let M be an aspm such that cp™ is M-like, and ¢ € L. Let
the (g,v)-hierarchy of M be ((Ma),<ys Nat1)ger). Then (Mo, [M
is M(L7), and (Nat1)gey M is A(L7), uniformly in M; this follows
easily from 3.37.%% Similarly, there is o, € £ such that M F g, iff M is
(g,1)-whole, uniformly in M.

Definition 3.40. Let “V is an aspm” be the natural formula ¢ € £ such
that for any transitive L-structure M, M E ¢ iff M is an aspm. -

Definition 3.41 (). For ¢ € L, ¢y denotes the L-formula of one
free variable T asserting (when interpreted over transitive L-structures) “V/
is an aspm, cp is an 9M-like hpm, the (g, 1)-hierachy of V" has the form

(<M06>a§'y ) <N04+1>o¢<'y+1)

with N =qef Ny41<9V, T is a limit length iteration tree via XV (on c¢p), based
on cpg,, making N generically generic, 7 is V-reckonable above o(N), and
YV(T) is undefined.”

We have Pg = P(g,true); let PG = P(g,0)- -

The notion g-organized 2-premouse below is a variant of Sargsyan’s re-
organized hybrid strategy premouse, [, Definition 3.37]:

Definition 3.42. 8Q = (A, ¢g) and “Q = (Agy, ¢g). For example, a 8Q-
premouse is a (Agr, g)-premouse and Lp**(z) = Lp=™¥e)(z), ete. A g-
organized ()-premouse is a &{)-premouse. =

So a g-organized Q-pm is over A for some A € V where M € Ji(A).

Lemma 3.43. The class of g-organized Q-pms M such that $™M = (0 is very
condensing. For any g-organized Q-pm M not of type 3, and any 7 : R — M
a weak 0-embedding, R is a g-organized 2-pm.

3 Ify =a+1and (M) =+"+1 then (N,11) is not X (L7) because N F ZF.

a<y’
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Proof. These facts follow from 2.37 and 2.36 respectively. O

As in [5, Lemma 3.38], the first consequence of g-organization is the
following. Because tq 4, determines itself on generic extensions, g-closure
ensures closure under €2:

Lemma 3.44. Let M be a g-closed g-organized Q2-pm. Then M is closed
under Q. In fact, for any set generic extension M|g] of M, with g € V3,
M|g] is closed under Q@ and Q[ M|g] is L™ -definable over M|g|, uniformly
in M,g.

Proof sketch. We show that M is closed under (2; the generalization to
generic extensions of M and the definability of €2 is similar. We assume
that €2 is an operator; the strategy case is similar.

Let z € |[M] Ndom(Q); we want to see that Q(z) € [M]. Let t =
Th®(2); it suffices to see that t € M. Let N, N” < M be tree activation
levels of M with 2 € N <N’. Then T =get Tpr € N'. Let IN* = fmgo and
Q = Col(w,N). Then in N, Q forces that z, is extender algebra generic
over M*. So by 3.9, for w € z<¥ and any formula ¢, p(w) € t iff in N/, Q
forces that 9t*[4 ] F“There is i such that Wo(Z,y) and y E o(w)”. O

The analysis of scales in Lp“?(R) runs into some problems (see footnotes
49 and 68). So we will analyze scales in a slightly different hierarchy, which
we now describe.

Definition 3.45. Fix a natural coding of elements of HC by reals. Let
T C HC. Given a set Y C HC, T denotes the set of codes for elements of
T in this coding.?” We say that Y is self-scaled iff there are scales on Y
and R\ T which are analytical in T (i.e. X1 (1) for some n < w). =

Definition 3.46. An aspm M is suitably based iff cpM € HCM is 9-like,
cb™ = & where x = (HCM,T) for some T C HCM such that M E“T is
self-scaled”, and ¥M = (). Abusing terminology, we say that M is over T
and write Y™ = T. Let M be a suitably based aspm over Y. Let iM, f’M
denote what are, in M, the least analytical-in-Y°¢ scales on T4 R\ T4, If

36Without the assumption that g € V, it seems that the domain of Q] M([g] might not
be definable over M]g].

37Note that for any J-structure M such that HC™ e M, the decoding function (for
the above codes), restricted to RM, is definable over HCM, so (T N HCM)ed = Yed 0 M.
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there is some N/ < M which is admissible, then working in M (or N) let
UM, UM denote the trees of these scales, respectively.
A ©-g-spm is a suitably based pg-indexed spm.
A O©-g-organized (2-premouse is a ©-g-spm which is a (Agyn, ¢c)-pm.
_|

In our application to core model induction, we will be most interested in
the cases that either YM = ) or T™ = QHCM.

Definition 3.47. Let “V is a ©-g-spm” be the natural formula ¢ € £ such
that for all transitive L-structures M, M E ¢ iff M is a ©-g-spm. -

Definition 3.48. Let M be an aspm and let P < J"%(P) < M with P a
strong cutpoint of M. Then M| P denotes the aspm M’ defined by induction
on M as follows: |[M']| = [M], ™ = P, pM = epM, IM = Y7
pM = pMoEM = EM O (P) + (M) = (M) and NP < M’ for all N
such that P <AV <M (this determines PM"). .

Lemma 3.49. Let M be an hpm. Then the following are equivalent: (1)
M is a ©-g-organized Q-pm; (1) M EV is a O-g-spm” and cp™ = M
and Eﬁé C Agn; (1) M is a suitably based aspm and cp™ = M and for all
N I M:

—if PaJ"(P) I N and P E ZF~ and every R such that P < R AN
has OF = o(P) (possibly R = P; therefore P is a strong cutpoint of
N) then NP is a g-organized Q-pm, and

— if there are arbitrarily large R AN satisfying “© does not exist” then
N is passive.

Lemma 3.50. The class of ©-g-organized 2-premice is very condensing.
Proof. By 2.37. O]

Corollary 3.51. Let M be an n-sound ©-g-organized (2-premouse and let
7 : N — M be a weak n-embedding. If M is n-mazximally iterable then so is

N.

Remark 3.52. It seems that one might try to define strategy premice over
non-wellordered sets A by feeding in branches b, for multiple trees 7, simul-
taneously, thus avoiding the need to select a single tree 7. However, we do
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not see how to arrange this in such a manner that the branch predicate B is
always amenable. For example, suppose A = R, and N|n is given, and we
have identified, for each x € R, a tree T, € N|n, and now we want to feed
in b, = X(7,), simultaneously. Let’s say we have arranged that A = 1h(7)
is independent of . Then we can easily knit together the predicates used to
define B(N|n, T,,b.), as x ranges over R. Let M be the resulting structure
and let B = BM. For B to be amenable, for each o < A, we must have that
the function B, is in M, where B,(z) = b, N «. But it seems that even Bj
could contain non-trivial information, and maybe By ¢ M; note that essen-
tially, B, C R. Maybe one could first add the sets B, (amenably). But even
if one achieved this, it seems that the first problem described in 2.47 would
be an obstacle to proving that the resulting hierarchy has nice condensation.

4 HM, the local HOD%

Lemma 4.1. Let M be a ©-g-organized 2-pm such that M E “© exists”.
Let § = OM. Let ny < w be such that M is ng-sound and p% > 0. Let
Yo = I(M). Assume that for all (&, k) <iex (Y0,70), MIE is countably Q-
(k,wy + 1)-iterable. Assume DCgra. Then (i)

M0 <5y (2-) M
and (i) for any (&, k) <iex (Y0,n0) with 8 <&, and any a € M|6,
cHullM$(RM U {a}) « M]6.
Proof. (i) from (ii): Let ¢ € L~ be ¥; and a € M|6. Suppose M E ¢(a). We
must show that M|0 F ¢(a). Let & < v be least such that M|({+1) E ¢(a).
We need to see that £ < 6. Assume 6 < €. Fix n < w and an r¥,,; formula

Y € L such that M|¢ F ¢(a), and for any hpm N and o’ € N, if N E ¢ (a’)
then J""™(N) E ¢(d). Let

H= cHullnMJr'f(RM U{a}).

Then a € H and J1(H) E ¢(a). But by (ii), H < M|6, a contradiction.

(ii): Forn < 6, let H, = CHullnMJr‘f(RM Umn), and m, : H,, = MIE be the
uncollapse. Note that crit(m,) exists iff H, F“O exists”, and crit(m,) = 7
when they exist. Let 6, = ©*7 (where ©% = o(H,) if H, E“© does not
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exist”). Then H, € M|# and 6, < 6, since pnMJr‘f # w. We say n is a
generator iff n = ¢,. The generators are club in 6. Let H; be the least

H < M|0 such that n < o(H) and pf = w. Now cHullﬁ'f(RM U{a}) =H,
for some generator 7. So the following claim finishes the proof:

Claim 4.2. Let n < 0 be a generator. Then:
- H, IH, < M0,

If n is the least generator then pill =w and pﬁl =0.

If ¢ < n is the largest generator < n, then pﬁl =w and pﬁl ={(}.
— If n is a limit of generators then pi{ll =1 and pZL{}r’l = 0.

Proof. The proof is by induction on 7.

Suppose 7 is the least generator. Clearly cb™n = ¢b™ and w! < 7 and
M, = cHullyﬁl(RM), which gives that p7, = w and p.7, =  and M, is
a fully sound ©-g-organized Q2-pm. So by DCgrum, countable iterability and
3.51, we have H, < M0, and H, = H, since n = O

Now suppose ( is the largest generator < 7. Then

N CY =gt HUHﬁlf(RM U{¢}).

SO piﬂl = w and ij}r’l < {¢}. But H; € Y, 50 H; €Y and H; € Y.
Therefore pi}r’l = {¢} and H, is (n + 1)-solid, and (n + 1)-sound, so fully
sound. The rest is as in the previous case; again we get H, = H,,.

Suppose 7 is a limit of generators. The r¥,,;; facts about H,, follow readily
by induction. Since ple =n = 0" and H, is (n+1)-sound, and H,, cannot
have extenders overlapping 7, comparison gives H,, < 7-[;7, as required. O

Definition 4.3. Let M be a O-g-organized 2-pm satisfying “© exists” and
6 = M. Let . o
TM =gt Thi' () (0 U {ao}).

Let WM = J5[TM] and TM = (WM, TM). We say that a set of ordinals A
is ODQ;‘ iff A € M and there is £ < I(M) such that A is definable from aj
and ordinal parameters over M|£.3® -

38Note that this provides much more expressive power than OD(%W.
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Remark 4.4. With M as above, note that 0, UM, UM € WM (for M, this
uses the parameter ag) and YM? ¢ 7(W™M). Let Py denote the bounded
subsets of 6. By 4.1, if the hypotheses of 4.1 hold, then

TM = Thjzvll(ﬁf)(e U {ao})
and Poo N ODY = P, N WM.

Definition 4.5. A ©-g-organized ()-pm is relevant iff M F“O exists” and
AN < MM < o(N) and N E ZF]. o

Definition 4.6. Adopt the hypotheses of 4.1, and suppose M is relevant.
We define a g-organized Q-pm H =g HM over TM, with o(H) = o(M),
much as in [18]. (We show in 4.8 that # is indeed a g-organized Q-pm. It is
natural to consider HM as a locally defined HODZL‘;‘.)

Let § = OM. Set cb = 7/”\\/‘, ep™ = M and UM = SMP For o > 1
define the predicates of H|a by restricting those of M|6 + «, setting (i)
PHle = pMif+e and (ii) E*le = EMI+a 02 |a. -

Continue with the notation above. Note that P € #|2, where P is the
Vopenka algebra defined over M| as in [18]. Let ¢ > 6 be least such that
M|( E ZF. Note that M|« is passive for all a < (, because M|0 is (g, ©)-
whole. For a > ( we have 0+« = «, and to see that H is indeed a g-organized
Q-pm we will need to consider how M|a = M|(6 + «) relates to H|a. We
will observe that for o > ¢, H|« is a g-organized Q-pm, M|« is a symmetric
submodel of a generic extension of H|a (via P), ¥l = 2Mle that M|a
is a (g, ©)-activation level of M iff H|«a is a g-activation level of H, and
Tmialy = Taaly for enough v that condition (i) above will be appropriate.
We will also need to see that the fine structures of H|a and M|« correspond
appropriately. The fine structural correspondence is mostly as in [18], so we
omit most of the details, but give a summary.

Definition 4.7. Adopt the hypotheses of 4.6 and the notation above. For
a > ¢ and Z = H|a we define the L-structure

Ho(RM) = Z(RM) = (I (TM UHCM), P2, TM, B, P om, sM9).

Truth in Z(R™) can be reduced to truth in Z via forcing with P. And
Z(RM) determines M|a: if M|6 € He(RM) then EZ determines B 1[0, o]
by the local definability of the forcing; because 9, U, U’ € H|1 and by induc-
tion applied to relevant initial segments of M|6, we do have M|0 € H(R™M).
The main facts, which generalize [18, 3.9], are summarized as follows:
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Lemma 4.8. Under the hypotheses of 4.6 and with ¢ as above, we have:

(1) For relevant N' I M, N|[o(N) is £1(L7) over HN(RM), and N is
S1(L) over HN (RM), uniformly in N

(2) H is an ng-sound g-organized Q-pm (over TAM, with WM = M0 0 s
a cardinal of H, and ¢ is least such that H|¢ F ZF.

(3) For all (B, k) <iex (I(M), o) with ¢ < 8, we have pi(H|5) = pr(M]B)
and pp(H|B) = pr(M|B)\{0}.

(4) For all B € [¢,1(M)], for any p € P, Hg(RM) is a symmetric inner
model of a P-forcing extension of H|5.

(5) For all B € [¢,I(M)], M|B is determined by Hz(R™) as described
above.

(6) Let g €0,1(M)]. Then M|B is (g, ©)-whole iff either =0, or § > (
and H|B is g-whole. Similarly, M|S is a (g, ©)-activation level of M
iff H|B is a g-activation level of H.

Proof sketch. For most of the details, see the proof of [18, 3.9]. We just give
enough of a sketch to describe the new features.

As usual, (1) will follow from the proof, and by induction, we may assume
that (1) holds for N' < M|#. This implies M|0 € H (RM), unless there is
no relevant ¢ < 6 (a fact regarding which T informs us). In the latter case,
M0 = TP (eb™M; 0, 0). But UM € WM, so TM, cbM € H(RM), which
suffices.

Let n € [¢,[(M)]. We say that M|n, H|n are fine structurally related
iff (3), (4) and (5) hold for 8 < n. We say that M|n, H|n are g-related iff
(6) holds for 8 < n. We say that M|n, H|n are related iff they are both fine
structurally related and g-related.

Claim 4.9. Forn € [(,l(M)], H|n is a g-organized Q2-pm over 7/”\\/‘, and the
models M|n, H|n are related, and uniformly so in n.

Proof. By induction on 7; the uniformity follows from the proof. Let My<M
be (g, ©)-whole, with 6 < By =ger [(Mp), and suppose that if § < Sy then
the claim holds for all n € [(,fo]. (By (g, ©)-wholeness, either 5y = 6 or
¢ < By.) For simplicity, suppose that (x) there is a (g, ©)-whole M; I M
such that My <M. Let M; be least such and 51 = [(M;). We will prove
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the claim for n € (8o, f1]. The fact that M; and H* are fine structurally
related is proved as in [18, 3.9] (this is actually easier than in [15], as we have
PHn = pMin and E™n = () = EMI for all n € (By, 81]). It remains to see
that they are g-related. For this we need to see that

— « is least such that a > 3y and H|a F ZF, and
= T =def T?-{,|a =U =qet Z/{M|a-

The former is straightforward, using forcing as in [18, 3.9]. So H|a is the
next g-activation level of H, beyond H|fBy if Sy > 6, or at all if 5y = 6. We
now prove by induction on v that Ty +1=U[y+ 1 forall v+ 1 < e =
max(1h(7),1h(U)). But then 7 = U as required.

We have Tla+ 1 =UJa+ 1 (this part is linear iteration). So let v > «
and suppose that 7y + 1 =U[y+ 1 and v+ 1 < ¢; we just need to see
that E7 = EY (and in particular, both are defined). Let £ be the largest
limit ordlnal such that £ <. Let § = Sfffeyy. Let 6 = I(S) + o(MY). So
§ < I(My).

Suppose that E! # (). Let p € Col(w,H|a) be such that p forces,
over® 1|4, that E77 induces an axiom which fails for 3),. Now in M]|4,
Q =qet Col(w M|oz) factors naturally as Qo x Q where Qg = Col(w, H|«).
Let Gy, Gy be the resulting Q-names for the factor generics (so under the
factoring just mentioned, Gy x Gy corresponds to G, the standard Q-name
for the Q-generic). Let i Mia and 1 M|a be the Q-names for the generlc
reals determined by Gy and Gy. Let p/ € Col(w, M|a) force that p € G.
we have that p’ forces that EZ' induces an axiom which fails for Zg rq. But
assuming we have used the natural definitions, @ is arithmetic in @ yjq,
and so it is easy to see that p’ forces that E;r induces an axiom which fails
for @ aqjq, as required.

The case that EY # () is similar, but we need to use the fact that M]é
can be realized as a symmetric submodel of a P-generic extension of H|0. (It
doesn’t suffice that this holds for M|a and #H|«, since the forcing relation
which demonstrates the fact that Eg’ induces a bad axiom need not be in
M|a.) We omit further detail.

If (x) fails then it is almost the same. However, suppose there is a (g, ©)-
activation level < M beyond M. Then it can be that T # U, where T,U are
as before. However, the preceding argument still shows that 7 [v+1 = U[y+1
for enough ordinals v that the proof goes through.

39This forcing is absolute, but the point is that the relevant forcing relation is in H|d.
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The remaining details (in particular the fact that EMa®") determines
EMle) are as in [18]. This completes the sketch of the proof of the lemma. [

The next theorem relates the iterability of H and M. The proof of 4.10
uses 4.8 and is just like that in [18, 3.18].

Theorem 4.10. Assume the hypotheses of 4.6. Let v € Ord. Then HM is
(countably) (ng,~y)-iterable iff M is (countably) above-©™M (ng,~)-iterable.

Remark 4.11. Constructions having the flavor of 4.6, as well as their in-
verses, are referred to as S-constructions. In the sequel, we will also need
S-construction, performed mostly as in 4.6, for example, in the following con-
text. Let M be a g-organized Q-pm. Let N'<M be a g-whole strong cutpoint
of M. Let g C Col(w,N') be M-generic. Then M|g] can be reorganized as
a g-organized Q-pm M|[g]* over & where x = (N, g), with TMll" = $V
Moreover, the fine structure and iterability of M|g]* corresponds to the fine
structure and iterability of M above 7, in a manner similar to 4.8 and 4.10.
We leave the precise formulation and proofs of these facts to the reader.
Assume DCg and suppose that kg > O (see 3.32). Using similar ar-
guments, we also get that M =g Lng(R) and N =qef LpGQ(]R) and
P =qer Lp (HC, QHC) have the same PB(R) (we have QHC € M NN
by 3.44 and 3.49). Moreover, if @ = Lp?(R) is well-defined and Q has a
property along the lines of relativizes well (see [15, Definition 1.3.21(7)])
then the same holds of Q. In fact, M, N, P (and Q) have literally the
same extender sequences and for all o such that M|« is E-active, there
is a straightforward translation between M|a, Nla, Pla (and Qla). (To
see that Q|a computes the others, note that the P-predicates of the others
are determined by Q-structures for trees 7, where the Q-structures are in

LE(M(T)).)

5 Scales

We now begin the main project of the paper: the analysis of scales in ©-g-
organized Q-premice.*’ In our application to the core model induction, the

40Let M be an hpm. When we say that M F“X, has the scale property”, recall
that r¥, uses the language £1 and rY, formulas are interpreted over €y(M), so the
statement literally means that €y (M) E“rY,, has the scale property”. Moreover, since
it is a statement satisfied by €o(M), it is interpreted with respect to sequences of reals
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analysis proceeds from optimal determinacy hypotheses; cf. [19].4!

5.1 Scales on ¥ sets for passive M

Theorem 5.1. Let M be a passive O-g-organized Q2-pm satisfying AD. As-
sume DCgm. Suppose that every proper segment of M is countably SS)-
(w,wy + 1)-iterable. Then M E C¥,(ag) has the scale property”.

Proof. By DCgm, 3.50 and 3.51 we may assume that M is countable. For
simplicity we assume that /(M) is a limit ordinal; for the contrary case make
the usual modifications using the S-hierarchy as in 5.9 below. For this proof
we abbreviate RM with R, and likewise interpret HC and terms like real,
analytical, etc, over M.

Let & € L~ be ;. For z € R, let A(x) & M E ®(z). We will define a
Y (ap)-scale on A. For z € R and 1 < 8 < (M) let AP(z) & M|BE ®(x).
Then A = Ug<im) AP We will construct a closed game representation x
G? for AP, with G? continuously associated to x. For u a partial play of G¥,
let Ggu be the game in which the players continue the play of G? from u.

Let A? be the set of pairs (z,u) such that M E“u is a partial play of G?
of length k, and player I has a winning quasi-strategy in Gﬁu”.“ We will

eventually show that AY € M and the map (3, k) — A? is ©M(qg).%

The foregoing yields a YX1'(ag) scale essentially as in [16]. However, let
us mention two small differences.

Firstly, there will be certain moves in G? which are, in the sense of M,
prewellordering equivalence classes of reals. In the scale computation, these
are simply treated in the same manner that ordinals are treated in [10]. Let

(Tn) <, € M. Likewise when we say that M F“r¥, (R) has the scale property”, and here
any parameters in R™ are allowed; for r¥,,, any parameters in €;(M) are allowed, as
usual.

41Let ¥ be the unique iteration strategy for Mg Suppose LpGE(R) EADT +MC. Then
in fact Lp *(R) N P(R) = Lp(R) N P(R). This is because in L(Lp >(R)), L(P(R)) k&
ADT + © = 6y + MC and hence by [0], in L(LpGE(R)), PB(R) C Lp(R). Therefore,
even though the hierarchies Lp(R) and LpGE(R) are different, as far as sets of reals are
concerned, we don’t lose any information by analyzing the scales pattern in LpGZ(R)
instead of that in Lp(R).

42Note that we require the winning quasi-strategy to be in M, unlike in Steel’s argu-
ments.

43Because we required that the winning quasi-strategy be in M, we already know that
Ag is definable over M, but this does not particularly help us prove that Af e M.
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us set up some notation for these moves. Let T = TM and < = (<,,) < =def

éM (see 3.46). For n < w let e, be the set of <,-equivalence classes of reals.
Let € = Up<w €n- Let W be the tree of the scale in the codes in e; so W is a
tree on w X e and p[W] = T (in M). Let W’ be likewise for R\Y. (If M
has an admissible initial segment then we could just use UM, U instead of
W, W'.) Then {(T, T4, W, W)} is AM.

Now secondly, because the payoff is closed for player I, if M E“X is
a winning quasi-strategy for player I for Ggu”, then V' satisfies the same.
However, M might not have a winning quasi-strategy for player I for Gﬁu,
although V' does. But this does not cause problems for the computation of a
>M(ag) scale. For the fact that each A € M ensures that A} is related to
Ay 4, in essentially the usual manner. That is, AP is either of the form F® A} 15
or Ja < ﬂ[AfH], or In < k3X € en[A£+1], or VRAfH. Because the relevant
computations propagating norms are made inside M — where, in particular,
<, and <! are wellfounded — this is enough for the scale computation.

Before defining G? we give an outline. Player II will play reals. Player
I will (attempt to) build a countable, iterable, passive, ©-g-organized Q-pm
P over T NP, containing all reals played by player II, such that P E ®(z),
but for all v < I(P), Ply E =®(z). To ensure that player I indeed plays an
iterable ©-g-organized Q-pm, he must simultaneously build a (cofinal) very
weak 0-embedding 7 : P — M|y for some v < 3 . To ensure that P is over
T NP, he must also build various branches through W and W’. (Here we will
be interested in the case that those branches appear in generic extensions of
M, which will ensure that really prove that a given real of M is in the set
it is claimed to be in.)

We now proceed to the details. Player I will describe his model using the
language

LY =gt LU {Il | 1< w} U {T}

Here 2; and T are constants; 2; will denote the i*" real played in the game.
Fix recursive maps

m,n:{o | oisan L*-formula} — {2n | 2 <n < w}

which are one-to-one, have disjoint recursive ranges, and are such that when-
ever #; occurs in o, then ¢ < min(m(co), n(o)).

410ne could have instead used an approach more like that used in [15].
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Fix a ¥4 (L) formula oy (vg, v1,v2) that defines over each M|y, a map
hy i 7<% X R 2 M|y.
Let T be the following L£* theory:

1
2

(1) Extensionality
(2) “Vlsa@gspm

(3)i

(4) (z ) —IN AV [N E ®(15)]

(5) Yu,v,y,z|oo(u,v,y) Aog(u,v,2) = y=2z]

(6)y Bup(v)] = F3IF € I(V)™ [p(v) A 00(F, dm(e), v)]
(7) Folp() Av € R] = (i)

(8) ¢b =7 where z = (HC,T)

(9)

cp is an hpm over the transitive set coded by ¢

8
9

A run of the game G? has w rounds. In round n, player I first plays
ins Ton, Nny Ny where i, € {0,1}, zo, € R, n9 < f and 1,51 < o(M|no), and
A, € (W UW’)"™ player II plays then xq,,1 € R.

The payoff for player I is mostly analogous to that in [18]. Conditions (f)
and (g) are new, and they ensure that for each i < w, if player I asserts, for
example, that “#; € T4 then (M) is an infinite branch through W

witnessing that z; € Y4,
If u = {(ig, Top, Mk, Tors1) | k < n) is a partial play of G2, let

ne(i,w)

T*(u) = {(=)'c | o is an L*-sentence A n(c) < nAi =iy},

where (—)% = o and (=)o = —o. If p is a full run of G2, let T*(p) be the
union of all T*(p[n), for n < w. We write “cop(v)” for “the unique v such
that o(v)”. For o = ((ag,bo), .., (@n_1,bn_1)) let polo] = (ao,...,a,_1) and

pl[O'] = (bo, Ce 7bn—1)-
A run p = ((ig, Tok, Mk, Mg, Tops1) | b < w) of G2 is a win for player I iff

(a) T*(p) is a consistent extension of T,
(b) xp = ap and z5 = x,

113

(c) for all i,m,n <w, “&;(n) =m” € T*(p) iff x;(n) = m,
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(d) if ¢ and ¢ are L*-formulae with one free variable and
“op(v) € Ord & wip(v) € Ord” € T*(p),
then “wp(v) < wi(v)” € T*(p) HE M) < M),
(e) if 0g,...,0,_1 are L*-formulas with one free variable and
“wog(v) € Ord” € T*(p)
for all k& < n, then for any r3;-formula (v, ..., v, 1,v),
O(wvog(v), ..., wo,—1(v), o) € T (p)

if and only if
Mno F 9<77n(oo)a < Mn(op_1)s ap),

(f) foralli <m <n <w, A <A, and po[Ani] = z4i]n,

(g) for all i <m < w, if “&; € T°¥ € T*(p) then A,,; € W, and otherwise

A€ W

Because of the payoff conditions, we could have added a sentence like “cp
is M-like” to T (or any other sentences satisfied by all initial segments of

M), without any significant effect.

We next define the notion of honesty and show that the only winning

strategy for player I is to be honest. A partial play

u = ((ik, T2k, Nk, Mg, Top1) | K <)

is (8, x)-honest iff M|5 E ®(x) and if n > 0 then letting 1 be least such

that M|n E ®(z), we have:

(i) o = ap and if n > 1 then z5 = z.

(ii) Let I, be any interpretation of £* in which 4* = z; for 0 < i < 2n and

Th =Y. Then (M|n, I,) E T*(u).

(iii) Let (0y),.,, enumerate all formulas o € £* of one free variable such that
n(o) < n and (M|n, I,) F “wo(v) € Ord”. For k < m, let 6, € M|n
be such that (M|n, I,) F o0k(dx). Then in M, Col(w,R) forces the

existence of a partial embedding

7 Mn --» M|n

such that o(M|n)U{ao} C dom(n), 7(0k) = Nn(s,) for each k < m, and

7 is r2;-elementary on its domain.
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(iv) For each i <m < n, Ay, < A,_1; and z;[m = po[A,.], and if z; € T
(if 2; ¢ T°) then there is f € M N [W,] (f € MN[W]]) such that
f[m =D [Am,i]” .

Let QF (2, u) iff u is a (3, z)-honest position of length k.
The following two claims complete our proof of Theorem 5.1. Their proofs
are similar to those of [18, Claims 4.2, 4.3].

Claim 5.2. QY € M for all 8, k, and the map (8, k) — Q2 is LM (ay).

Proof Sketch. For condition (iv), observe that there is k& < w such that every
infinite branch b € M through W or W, is in fact in Si((HC,Y,9%)). For
let b = (z, f) € M be a branch through, say, W. Because W is the tree of
<, by AC,z in M (where AD holds), there is (z,) < € M such that for
each n, z,,[n = z[n and z,, <; z,, <; @, for each i < n < m. But (x,)
determines b, and gives the observation.

Regarding the other conditions, the proof is mostly like that of [18, Claim
4.2], but we modify some details and give a complete proof of some points only
hinted at in [15]. Let v = o(M|g), A = Thi""(y U {ao}) and A’ = y U {A}.
Let A € Ord be least such that J,(A’) is admissible. The “embedding game”
G (see [18, Claim 4.2]) is definable from A and is fully analysed in J,(A’) for
some « < A. Now we claim that for each a < A,

n<w

to = Thy*™) (4" e M.

This suffices. For if N is any structure with A’ C N and satisfying “V =
L[A'], T see a full analysis of G but no proper segment of me does”, then N is
wellfounded and so N = J,(A’) for some « (since otherwise the wellfounded
part of N is admissible, contradicting the minimality of N). Therefore M
can identify the theory of the unique such N, allowing the rest of the proof
of [18, Claim 4.2] to go through.

So we show that ¢, € M. Let < be a prewellorder of RM of length
> v, with < in M. Say that a structure N (possibly illfounded) is good
iff N extends A’ and N E“V = L[A"]” and N = Hull}'(4’) and Th)(4’) is
(ZH(<)M (in the codes given by <). We claim that for every a < A, J,(A4’)
is good (and therefore t, € M). All requirements are clear other than the
fact that t, is (31(<))M.

Now if there is any illfounded good N, then the wellfounded part of N is
admissible, and therefore J,(A’) < N for each v < A, which easily gives the
claim. So suppose all good structures are wellfounded.

60



We claim that there is a largest good structure. For suppose not. Let S
be the set of all ¥; theories of good structures. Clearly S € M. Now for
each N € S let ty = Thi¥(A’). Let t = JS. Then t € M, and t = Th¥ (A)
for N = J:(A’), for some ordinal £&. Moreover, N = Hull}’ (4’). But then by
the coding lemma applied in M, N is good, contradiction.

So let N be the largest good structure. Let N = J¢(A') and N' =
Jer1(A4). We claim that N <y N’, and therefore that N is admissible,
completing the proof. So suppose otherwise. We claim that N’ is good,
for a contradiction. Clearly N’ = Hulll'(A’), so we just need to see that
' = ThY' (A is (Z1(<)M. By the coding lemma, it suffices to see that
t' € M. Now t' is recursively equivalent to &,,1, where T, = ThnN (A7).
But each of these theories are in M since 77 = ty € M. Therefore, by
the coding lemma, each T, is (X}(<))™M. Let T be the set of parameters
r € R coding (relative to (X}(<))™) one of the theories Tj,, for some n < w.
Then T € M because in fact, T is (X1,(<))™. Therefore @, T, € M, as
required. O

Because G is fully analysed inside M, the existence of the embedding in

condition (iii) of (3, z)-honesty is actually absolute between MR and
VCol(w,]R)'

Claim 5.3. A; = Q).

Proof Sketch. Let u € Q2. Then as in [18] there is & € M) which is a
winning quasi-strategy for player Iin G2 . For every a < (M) and n < w,
the ¥y forcing relation for S, (M|a) is in M. (Note here that for z € HC,
the 3y forcing relation restricted to elements of trancl(zx) is essentially in HC,
as it is trivial on conditions p ¢ trancl(x).) Let ¥ € M and p € Col(w,R)
be such that in M, p [F“Y is a winning quasi-strategy”. Let ¥’ be the set
of all partial plays v extending u such that for some ¢ < p, in M, ¢ IF*v is
according to 7. Then ¥’ € M, and it is easy to see that ¥’ is a winning
quasi-strategy, so u € Ag as required.

Now consider the converse. Let (u,z) € AP and let ¥ € M be a winning
quasi-strategy witnessing this. Let G’ be (M, Col(w, RM))-generic (recall we
have reduced to the case that M is countable). As in the proof of [18, Claim
4.3], but working in M[G] (where we have %), let let A/ be a model produced
by playing nyu according to ¥ and having player II play out all reals in R™.
Let 7" : N --» M|ng be the partial embedding, with dom(7) = o(N) U {ao},
provided by payoff condition (e); so 7’ is ¥j-elementary on its domain. Now
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cpV is an hpm over Ay (as ag = #¢"). Using ' and since ¢p € L, it easily
follows that cpV = 91, and that 7 extends uniquely to very weak 0-embedding
7 : N --» M|ny which is 3;-elementary on its domain. It follows that N
is a ©-g-spm with RY = RM and in fact, N is a ©-g-organized Q-pm over
some Y’ by 3.50.

Actually, Y/ = Y. This is because because player I built witnessing
branches through W, W’ and because if x € R™ and M[G] E“z € p[W]”,
for example, then M E“z € p[W]”. The latter is because the relevant forcing
relations are in M, and so, if p IF“b € [W,]” then M can compute the left-
most branch ' € [W,] such that for all n < w, there is some ¢ < p forcing
“bIn = b'[n”. Similar considerations also give condition (iv) of (8, z)-honesty
(the relevant branches are in M, not just M|[G]).

Now N E ®(z) but no N’ < satisfies ®(z), so [(N) = a + 1 for some
a, and N|a projects to w. But Mo is “Q-(w,w; + 1)-iterable, by 4.10 and
using 7 as in [18, Claim 4.3]. The rest is as in [13]. O

This completes our sketch of the proof. O

Remark 5.4. In the circumstances of the preceding theorem, if M has no
admissible proper segment, then there is an alternate scale construction.
We include this also, as it yields some extra information. It is related to
Moschovakis” construction of inductive scales on inductive sets.

Let @ C R x R<¥. We say that @ is open iff (v, ~ (x)) € @ for all
(v,W) € @ and x € R. We say that @ is a basic payoff iff @) is open, and
definable over (HC, T™ 91).

Let @ be a basic payoff. For a < w - I(M) let Qcq = Up<a @, Where
Qo=Qand for 1 <a<w- (M) and @ € R,

(v,7) € Qn = q*z[(v,7 "~ () € Qal,

where if Th(@) is even then q® = V& and otherwise q® = F%. Let v € @/, iff
(v,0) € Qa, and likewise Q. Let v € R. The game G is that where players
[ and IT alternate playing reals zg, x1, ... (player I moving first), and player
IT wins iff there is n < w such that (v, (zg,...,2,_1)) € Q. For &J € R<¥,
let ggw be the game like G%, except that we interpret w as the first Ih(w)

moves. Clearly if (v, %) € @, then II has a winning quasi-strategy Q,?w.

We say P C R is INDM iff P = Q ) for some basic payoff @

/
<w-I(

Claim 5.5. B(R) N M = INDM.
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Proof Sketch. The fact that INDM C PB(R) N XM is routine. We now sketch
a proof that M C INDM. Fix a ¥,(£")-formula ®. We define a basic
payoff Q, implicitly, by directly defining the corresponding games G%. In
the definition of the game, some moves are specified as integers (or formulas,
etc), but we take all moves to literally be reals. In some places, one player
will play several items consecutively, or in a block, but for convenience, we
also assume that literally the other player plays a dummy real between each
consecutive pair of such items.*® At certain points, given d < w, we will have
a delay of length d, which is just a string of d alternating moves, whose
values will be ignored.*® We refer to player II as “player 3" and player I as
“player V7. In G%, player 3 attempts to prove that M E ®(v), roughly by
describing a strictly descending sequence (My41),_ 5 of (putative) proper
segments of M and making claims about formulas they satisfy.*” Player
V keeps player 3 honest, by playing reals for which player 3 must furnish
witnesses to his assertions. For a € [1,lh(M)], we will get v € @, iff
M|a E ®(v), thereby proving the claim.

Qf;? will be broken into rounds, each of which consists of a finite sequence
of real moves. Suppose we have a partial play p consisting of n complete
rounds, after which neither player has already won the game. Then p will
determine a ¥;(£7)-formula ¢" = ¢"(p) and W, = W,(p) € R<¥, where
@Y = ® and Wy = (v). Player 3 will have claimed that M E ¢"(,).

Let ¢ = (@m),, <, be the natural recursive function sending ¥ (£~) for-
mulas ¢ to sequences (¢n),,.., With ¢, € L7, such that for all o < (M)
and Z € R<¥, we have M|(a + 1) F ¢(Z) iff there is m < w such that either
a >0 and M|a F ¢, (), or @ =0 and (HC, YM 9M) E ©,, (7).

Round n proceeds as follows. Player 3 first plays a code (m, 1, z) for a
witness to the claim that M F ¢™(w),), where m < w and ¢ € ¥,(L7) U {0}
and z € R, claiming that N F ¢% (w,) where:

— if ¢ = () then N' = (HC, Y™, 91), and

45We supress these dummy reals from the definition of the game as we ignore their
values. Their point is that they allow us to use the notation QS = even when ¥ is a partial
play stopping in the middle of some block of items played consecutively by a single player.

46These moves help calibrate the length of inductive computations of winning quasi-
strategies, as explained later.

4TIn what follows, the (putative) model M, is described in round n and is denoted
N in our discussion. If player 3 plays according to a winning strategy of simple enough
complexity then the models M,, 1 exist and M, 11 < M,,, where My = M.
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— if ¢ # () then there is N7 < M satisfying V¥z[¢)(z, 2)], and N is the
least such N”.

Next, player V can either dispute or accept the existence of N, where she
must accept if 1) = ().

Suppose V disputes. Then V plays x € R, then d < w, which is followed
by a delay of length d; neither player has yet won. Set w,; = (z,z) and
Spn-i-l — ¢

Now suppose V accepts and ¢ # (). Let

VX()Ele Ce VXkangk_H[(p*( . ,X[), e ,X2k+1)]

be the prenex normal form of ¢} ( - ), with ¢* € ¥1(L£7) (here “ - ” represents
free variables), and then pass in the natural way from (k, ¢*, ¢) to a 31 (L)
formula @ such that if M E V®z¢(z, 2), then letting N' < M be least
satisfying YRz (z, 2), we have

NE Q! (0,) < NEo(,,2) <= ME o(i,,2)
where o( - ) is the formula
VRSL’QHR.CCl R VR$2k3R$2k+1[¢( LTy ,$2k+1)].

Then V plays zo € R, 3 plays z; € R, etc, producing & = (zo, ..., Tokt1)-
Then V plays d < w, which is followed by a delay of length d. This completes
the round; neither player has yet won. Set w, 1 = (,, 2, Z) and " = .

Finally suppose that ¢ = (), so V accepts. Pass in the natural way from

@ to a ¥ (L) formula o* such that (HC, YM 9N & " (i,) iff
(HC, TM, f)ﬁ) = va03R$1 Ce vR$2kE|R$2k+1[SO*<?En, oy .. - ’w2k+1)}.

Then ¥ = (o, ..., Z2,4+1) is played out in the obvious manner. This finishes
the game; 3 wins iff (HC, YM 0M) E p*(@,, 7).

This completes the description of round n. We declare 3 the winner iff he
wins at some finite stage (in the situation of the previous paragraph). This
completes the definition of G¥, and hence the implicit definition of Q.

Subclaim 5.6. Let p be a partial play of G2 consisting of n full rounds,
after which neither player has yet won. Let ¢" = ¢"(p) and W, = wW,(p). Let
a € [1,1(M)]. Then:

64



o (U7p) € Q<wa Zﬁ/\/”(l/ F (pn(u_;n)

— Let w = (m, v, z) be a valid move for player 3 in G, following p, and
P =p~w. Then (v,p') € Qena iff either:

— =10 and (HC,TM M) E ©" (,), or

— 1 # 0 and there is N < M|« satisfying VRx(z, 2), and the least
such N satisfies @™ (10,).

Proof. This is a straightforward induction on «, which we omit.*® O

Applying the first conclusion of the subclaim to the case that o = (M)
and p =0 (so n = 0), we have proved the claim. O

Because of the preceding claim, we just need to prove the next one:

Claim 5.7. M E “Bvery INDM set has a ¥{"(ay) scale”.

Proof. This is a standard calculation, but here is a sketch. Fix a basic payoff
Q. We define a scale on Q. which is X7 (ay).
Using the periodicity theorems and determinacy, over (HC, Y™ 9) we

can define from the parameter ag a very good scale io on Q. (Use (ag, M)
to determine the code ay, for M relative to ag, and from af), define a scale on
the set C of all codes for M, and on R\C'. Then produce scales on Boolean
combinations of Y™, C' and projective sets first by reducing to the case of
disjoint unions of intersections of Y™, R\TM, C, R\C and projective sets.)

-0

Now propagate < to scales on Q<P for B < w - [(M), in the usual
manner. (For limit g, §<ﬁ = Uy<s §<7. For each f3, g[fﬁ is the prewellorder
of the norm on Q<? given by z +— v where v is least such that = € Q. For

. . . —<p-1 .
successor (3, the remaining norms are given by propagating < using the
periodicity theorems, interleaving integer norms in the usual way to yield a
very good scale.) The propagation process is X", so the scale is X1 (ag). O

48Let us just illustrate how delays help to calibrate the ranks of winning strategies for
3. Let p be as above, and adopt the notation there. Suppose that M|a E VEzy(z, 2), and
M|« is least such. Let p* = p’ ™ “dispute”. Since the putative N does not exist (from the
perspective of M|a) we want to know that p* ¢ Q<ua. For € R and d < w let 5, 4 be
the least 8 such that p* ™ (z,d) € Qg, if such § exists. Then S, 4 does exist, and 5 < wa,
since M|a F 9)(z, z). Moreover, for each v < «, there is « such that p* ™ (0, 2) ¢ Q<u~ (by
the minimality of M|a). But sup, 4 8; 4 is a limit because the arbitrary d < w is followed
by a delay of length d (after which the next round starts), so sup, , 4. = wa.
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We now proceed to a variant of 5.1 we will need, in which M is P-active
but satisfies “© does not exist”. (Because M is a ©-g-spm, this can only
happen if {(M) = o + 1 for some o where M|« F“O exists”.)

Definition 5.8. Let R = €;(M) where M is an hpm over A. Let 8 < I(R)
and n <w and H = SE;M(A) be such that

ep®, U R eR e H.
Define the L£*-structure
RU(B,n) = (H, P, A E, P;cp®, OR R, ™),
where P = PRNH, E=ERNH and P= PRNH. -

Note that |R|3] = [R1(8,0)] and PRIF = PR(O Lyt the E and P
predicates of R|S and R ¢ (5,0) can differ.

Theorem 5.9. Let M be a countably iterable ©-g-organized Q-pm satis-
fying AD. Assume DCram. Suppose (M) = By + 1, and if By > 0 then
M|Bo sy (- r) M. Then M ETE(R) has the scale property”.

Proof. By 5.1 we may assume that M is P-active. The proof is given by
modifying that of 5.1 as follows. We again work with HC = HC™. We
assume for simplicity that Y™ = (J; otherwise make adaptations as in 5.1.

We have M~ <9 My =gt M|By. Let o(Mp) = o(M™) + Ay and by =
WM NN\ and bM = by U (Mg + b1). (So by C w. Note that by € My.) Let
20 €ER, d <w, ko €[1l,w), 00 € L, Yy € X1(L), Uy € L be such that:

— 2y >7 ag; ag is computed by the d'" Turing machine ®7° with oracle z,

— M E ¢y(20) and Mg E Wo(z0)&)o(20), and for all hpms N if z € N
and N F Uy(2) then T (N) E 1)(2),

- M() = Huﬂﬁ:o (R) and MO E bO = LbQo(Z(), b)’
~ 00, ¥y are ¥, formulas.

Let ® € £ be ¥y. For x € R, let A(x) <= M E ®(z). We will show
that M E“There is a %{(zg)-scale on A”. For x € R and k € [kg,w) let

AF(z) & MU (Bo, k) F ().
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Then A = Upsk, A¥. We will a construct closed game representation z — G*
for A* and define AF, much as before; player I will essentially be attempting
to build a structure R E ®(z) and corresponding to M (5o, k). Literally, he
will not build the full R but just a countably iterable ©-g-organized 2-pm
N corresponding to My, with N satisfying a formula which will ensure that
an R as above is given by extending N

We proceed to the details. Let £*, m,n, 0y be as before. Let (k, c) — @y .
be the natural (and recursive) function with domain [ko,w) x 2<¢ such that
Py, € L is a formula with the following property. Let N be any w-sound
©-g-spm such that N F“O exists” and T =qer T2 is defined. Let A = o(N)
where N is the largest ¢g-whole initial segment of A. Let y,z € RV and
be NNP(< o(N)) and suppose N F b = 1b'go(z,0'). Let

P =PV~ (BN PN,
b* = (A +b) U (o(N) + ¢),
P=({T}xb)nSW),
and R be the L-structure
R = (SP(N), B, AV 0, P, cp, TV).

Then R F ®(x) iff N E @ (z, 2).

For k > ko and ¢ € 2<% let T} . be the theory given by modifying the
theory T of 5.1 by replacing formulas (4) and (9) respectively with (4’) and
(97) below, and adding (107):

(4) Dy (2, 20) & Wo(do) & —tho(io)
(9)  ¢cpis an hpm over the transitive set coded by ®%°
(10") T =0 &V is w-sound & V = Hull]| (R)

In round n of G¥, player I first plays i,,, 2o, n, where i,, € {0,1}, 9, € R,
N, < o(My); player 1T plays then xq,1 € R. Define T*(u), etc, as before.
Let s < w be such that for any transitive structure N, o(S(N)) = o(N) + s.
The payoff for player I is given by modifying that of 5.1 as follows. Drop
conditions (f) and (g), replace condition (a) with

(a’) T*(p) is a consistent extension of T} ., where ¢ = b; N s - k,
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modify conditions (b), (e) by replacing “aqy”, “r¥;” and “M|ny” respectively
with “2¢”, “12k,45" and “M,”, and retain the remaining conditions unmod-
ified.

We say that a partial play u of G* is (k,z)-honest iff M (8o, k) F
®(z) and if n > 0 then the modifications of properties (i)—(iii) of (5, x)-
honesty of 5.1 hold, given by replacing “aq”, “M|n”, “M|ny”, “Y” and “r¥;”
respectively with “25”, “Mg”, “My”, “0” and “r¥ .5". Let QF(x,u) iff u is
a (k,x)-honest position of length .

Claim 5.10. Q¥ € M and the map (k1) — QF is Z4(20).
Proof. As before, using that by is ©({8y}) to compute c=b;Ns-k. [
Claim 5.11. AF = QF.

Proof. QF C AF as before. For the converse, let NV and 7 : N' --» M, be
produced as before. We get N = M, because N is sound, pY = w and N E
W (20)&1)(20), and N is sufficiently iterable above @V as N = Hull% (R) and
if A is relevant then 7 induces a near ky-embedding H~ — HMo. Therefore
b is the unique ' € N such that N E go(V, 2z0). Since N'F @y .(z, o) where

c=0by Nk-s, it follows that M (By, k) E ®(x). O
This completes the proof. n
5.2 > gaps

Definition 5.12. Let <y abbreviate <,»,(z-r). Let M be an hpm with
HCM € M|1. Let a < 3 < I(M). The interval [a, 5] is a &, gap of M iff:

o M’CK #ﬂg Mlﬂa
- Vo' € [1,a), M|a" Xz M|a, and V3’ € (B, (M)], M|B #xg M|B,

—if B = (M) then M' =40 J"P™(M) is an hpm (i.e. M is w-sound
and < w-condensing), HC™ = HCM and M £z M’ =

Definition 5.13. Let 0 < n < w. Let M be an hpm with HCM € M|1 and
b € €y(M). The ¥, type realized by b over M is

¥ =det {(v) € L1 | ¢ is either 15, or rlIl, and €o(M) F ¢(b)}.

68



Let [o, 5] be a X1 gap of M. The gap is admissible iff M|« is admissible.
The gap is strong iff it is admissible and letting n < w be least such that
pMIB = every r¥, type realized over M| is realized over M|y for some
v < B. The gap is weak iff it is admissible but not strong. -

There are no new scales inside the »; gaps in which we are interested.
The proof of the following theorems are routine generalizations of the corre-
sponding proofs in [10].

Theorem 5.14 (Kechris-Solovay). Let M be a ©-g-organized Q-pm satis-
fying AD. Assume DCra and that M is countably (0,w; + 1)-iterable. Let
[, B] be a Xy gap of M. Then:

1. There is a H{Vl'a subset of R™ x RM not uniformized in M|B.

2. Leta <y < Band 1 <n <w, and either let T = tIIM" or suppose
(,1) <iex (7,n) and let T = M. Then M E ‘T does not have the
scale property”.

A relation witnesing 5.14(1) is (RM)2\CMl® where CMI*(z,y) iff 2,y €
RM and there is v < « such that y is definable over M|y from parameters in
Ord U {z}. The same relation witnesses that there is no new scale definable
over the end of a strong gap:

Theorem 5.15 (Martin). Let M, [«, 5] be as in 5.14. Suppose that f <
(M) and [«, B] is a strong gap of M. Then:

1. There is a H{Vlla subset of RM x RM not uniformized in M|j3 + 1.

2. Let n < w, and either let T = rIIM® or suppose (o, 1) <y (B,n) and
let T =12 MIB. Then M E ‘T does not have the scale property”.

Remark 5.16. The only case remaining in the analysis of scales in LpGQ(R, 1),
where T is self-scaled, is at the end of a weak gap. For let M be a ©-g-
organized Q-pm and let [a, 8] be a gap of M. Suppose [«, 8] is inadmissible.
Then o« = f and M|a F“O does not exist”. Note then M F“EE{WO‘ has
the scale property”, by 5.1 and 5.9.* Combined with the argument in [10],

49 Tt is important here that our structure is ©-g-organized, as opposed to g-organized,
since g-organized structures can satisfy “© does not exist”, be of limit length, and be
P-active. We do not see how to generalize the proof of 5.9 to deal with this case.
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this ensures that J(M|a) F“Every set of reals has a scale”, assuming that
RIMle) — RM and J(M|a) E AD. The ends of strong gaps have just been
dealt with, so we are left with weak gaps. We deal with weak gaps in three
cases, as described in the introduction.

5.3 Scales at the end of a weak gap from strong deter-
minacy

The first scale construction for weak gaps proceeds from a stroGng determinacy
assumption. It is most useful for weak gaps [, ] of Lp (R, Y) where

QIHC ¢ Lp *(R, T)|ov.

Theorem 5.17. Let R be a ©-g-organized Q2-pm satisfying AD. Assume
DCram and that R is countably “Q-(0,w; + 1)-iterable. Let [a, B] be a weak

gap of R with 5 < I(R). Let n+ 1 < w be least such that pﬁﬁ = w. Then
RE “rﬁﬁﬁl has the scale property”.

Proof Sketch. The proof is almost that of [I8, Theorem 4.16], so we only
sketch it. However, our approach is a little different from that used in [15].%
For simplicity, we assume that Y™ = () and n = 0 and f is a limit ordinal.
(If YR £ () make changes as in the proof of 5.1.) Let M = R|p.

Let p = p{\/’ and let w; € RM be such that w; >7 ag and the solidity

witness(es) W for p is in Hull?"(p, wy) and ¥ =g rEffép’wl) is a non-reflecting

type. Let M! denote M(v,0).°!. We now define a sequence (3;, Y7, 14, &) i<u
by recursion on i, as follows:

Bo = least v > p™ such that max(p) < o(M?),

Ml
Y, = Hull, "(R™U{p}),
Y; = least ¢ € ¥ such that ./\/125 E—((p,w)),

and then if M is either E-passive or E-active type 3, let £ = 0 and

Biy1 = least y such that M! E 4;((p,w1)),

50This is because the authors do not see, in the proof of [1%, Claim 4.18], and in the
notation of that proof, why A/ = M, because it is not clear that A/ is sound. Our approach
gets around this problem, and also simplifies the proof, because it eliminates the need for
the “bounding integers” my, and ny played by player I in the game G% of [15].

5n [18], this is denoted M]||y.
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and otherwise (M is E-active type 1 or 2), let??

& = sup(Yi N ()™M,
Biy1 = least y such that M! F ¢;((p,w:)) and
EM N M, measures all sets in M|¢;.

Claim 5.18. Ui, Yi = €o(M). In particular, [(€o(M)) = lim;,, §;.

Proof. Let N be the transitive collapse of | J;«,, ¥; and let 7: N' — (J;., Vi be
the uncollapse map. Let 3, = sup,_,, ;. Note that /\/lzﬁw F Y and H C rg(m)
where H = HullM({p,w,}), B; € H, 7 is i-elementary on 7 '“H, and
the latter is €-cofinal in N'.?® In particular, 7 is a weak 0-embedding. So
essentially by 3.50, NV is a ©-g-organized Q-pm, and clearly HCV = HCM.

Let m(p*) = p. It is easy to see that A = Hull) (RN U{p*}). But = (W)
is a generalized solidity witness for p*.°* So A is (1, p*)-solid. Therefore N
is 1-sound and p}’ = p*. Since trees on A can be lifted to trees on M via T,
N is countably “Q-(0,w; + 1)-iterable. Since N is also minimal realizing 3,
therefore N' = M.

The fact that 7 = id now follows as usual, using the fact that p* =p. [

Using notation mostly as in the proof of [18, Theorem 4.16], we define
the game G* mostly as there, with some modifications. Player I describes his
model using the language £* = LT U{i;, Bi, M;}ico U{G, p, W}; the symbols
in L*\L' are constants. Let By be defined from £* as in [158].5° Let Sy be
the set of sentences ¢ € By such that ¢ € {1,2} whenever &; appears in ¢,
and (€o(M), I) E ¢ where I is the assignment

(':E‘lv :L:Qa G7p7 W7 <57,a Mi>i<w)1 = ('UJl, w2, P, P, W> <5Za Mlﬂl>7,<w)
A run of G* has the form

I T078077]0 T17817771

I1 S1 S3

52Recall that E is the M-amenable predicate coding the active extender of M.

53S0 Th{w({ﬁo, B1,...}) is recorded in ¥; it would not have made any difference to add
the parameter 5; to Y.

54This only uses the Zg-elementarity of 7. Actually W € H, so 7 is even ¥;-elementary
on 7~ 1(W). But we would in general need Ys-elementarity to infer already that 7=1(W)
is the standard solidity witness for p*.

5That is, in the manner that By is defined from the £ of [15]. The symbols £ and £*
have had their roles interchanged from [18].
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where T;,s; are as in [18] and 7; € o(M) . The winning conditions for
player I are the winning conditions (1)-(6)% of [13] verbatim (other than a
small notational difference), and (k, z)-honesty is as in [18] except that we
drop condition (iv) from there. Define AF (strategic) and QF (honest) in the
obvious manner (the analogue of AF was denoted PF in [13]).

Claim 5.19. AF = QF.

Proof Sketch. Consider the proof that every strategic position is honest. We
use notation mostly as in the proof of [18, Claim 4.19], with a couple of
changes. Let N be the reduct of A to an LT-structure. Let N; be (the
LT -structure) M;“ Because A E Sy, N; = /\/’é; and N is the “union” of the

N;. Let p* = p* = G*. As in the proof of [18, Claim 4.19] we get that A is a
countably “Q-(0,w; + 1)-iterable ©-g-organized -pm which is minimal for
realizing ¥. Clearly YV = () = TM. Also, AV is sound with p} = RV and
pY = p*. For let H = Hull) (R U p*). Then because A E S,, we have:

— N; € H for each i (it follows that H = |[N]),

— W* is a generalized solidity witness for p* (so N'= M and p* = p),

- W =W, B =B and N; = M, for all i. O
Claim 5.20. QF € M for all k,1, and the map (k,1) — QF is r2"(p, wy, ws).

Proof sketch. The proof is the same as that of [18, Claim 4.20] (except that
condition (iv) of [18] is not involved, so the use of the Coding Lemma regard-
ing this condition is avoided). In the computation of the definability of (v)
we still use the Coding Lemma; it is here that we use our assumption that

Ji(M) E AD (beyond that M E AD). O

The remaining details are as in [13]. O

5.4 Scales at the end of a weak gap from optimal de-
terminacy

As described in [19], typically in the core model induction, one does not have
the stronger determinacy hypothesis at the stage required to apply 5.17. So

56We have no need for the integer moves my, nor any version of condition (8) used in

[15].
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we need generalizations of [18, Theorem 4.17] and [19, Theorem 0.1], which
are the second and third cases of our scale constructions for weak gaps,
respectively.

Definition 5.21. Let M be a O-g-organized (2-pm. We say M is subtle iff
M E“O exists” and either M is P-active or there is an M-total E € E}.
We say M is self-analysed iff for every subtle N < M there is P < M
such that N'<P and P is admissible. We say M is self-coded iff for every
subtle NV < M there is P <M such that N <P and p. = w. -

Note that if M F“© does not exist” or M has no active segment above
OM then M is self-coded.

Theorem 5.22. Let M be a ©-g-organized Q-pm satisfying AD. Assume
DCrm and that every proper segment of M is countably “Q-(w,w; + 1)-
iterable. Suppose that M ends a weak gap of M, and M is either self-
analysed or self-coded. Let n < w be least such that pﬁil = w. Then
ME ‘TZnMH has the scale property”.

Proof Sketch. The proof is similar to that of 5.17, but we use the fact that M
is either self-analysed or self-coded to reduce the reliance on determinacy.’”

Suppose first that M is passive. We assume for simplicity that Y™ = (),
I(M) is a limit and n = 0. We define most things, including Y, and By,
as in the proof of 5.17. Fix z € R and 7+ < w; we want to define the game
G;. Let m : By x By — w and n : By — w be recursive and injective with
disjoint ranges, and such that for all ¢, ¢ € By, ¢, have support m(p, )
and ¢ has support n(p) and if ¢ # ¢ then m(p, ) < m(p, ). A run of G
consists of the same types of objects as in the proof of 5.17, except that we
also require that 7 € Y;,. The rules of G are (1)-(5) as stated in [15], along
with rule (6) below, which requires player I to play a wellfounded model,
and rule (7) below, which requires player I to build, for each subtle initial
segment P of his model, a partial embedding P — R for some R I M,
which is elementary on ordinal parameters (but these embeddings need not
agree with one another):

(6) if ¢,1 € By each have one free variable and

“p(v) € Ord & wi(v) € Ord” € T,

5TOf course determinacy is still required in the, supressed, norm propagation part of the
argument.
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then “wp(v) < wi(v)’ € T iff Nn)y < Mo
(7) if ¢, 00,...,0,-1 € By each have one free variable and k¥ < w and
“op(v) < I(My) & My|(wi(v)) is subtle” € T*
and for all 7 < 7,
“wai(v) € o(Myl(wi(v)))” € T
then 9y,(y,y) < [(My) and for any L-formula 0(vy, ..., vj_1,u),
“Mu| (b (v) E O(wog(v), . . ., woy 1 (v),41)" € T*
if and only if

M) E On.o0)s - - - s Moy _1)> W)-

We omit most of the remaining details, including the precise formula-
tion of x-honesty (of a position in G%). The analysis of commitments made
pertaining to rule (6) are dealt with as in [16]. Consider rule (7). If M is
self-analysed then the analogue of condition (v) of z-honest from [18] can
be computed in some admissible proper segment of M (without the Cod-
ing Lemma). Suppose M is self-coded but not self-analysed. Then there is
R <M such that p} = w and every subtle initial segment of M is a segment
of R. One can therefore use the Coding Lemma as in the proof of Claim 5.2
to compute the analogue of condition (v) over R. In rule (7) we have required
elementarity with respect to w; (and ordinals) just to ensure elementarity
with respect to ag (and ordinals).

This completes a sketch of the proof in the passive case. Now suppose
that M is active. The scale construction in this case combines elements
of 5.9 and 5.17, and we just outline what is new. Since M is not subtle,
M FE“O does not exist” and M is P-active, so because M is O-g-organized,
I(M) = By + 1 for some By > 0, and M|Sy F“O exists” and pMP = w.
Therefore n = 0. Let 7 = TM. Assume TM = (), and also that 1h(T™) > w;
the case that 1h(7) = w is simpler, partly because then 7 is linear, as M
is ©-g-organized. Let My = M|B,. Note that My, By € Hull}((). Let
ko € [1,w) be such that My = Hulli*(R). Let A\}"* be the limit ordinal
such that Th(7T™M) = ' +w. Let byt = bM N XY, Let p,wy, X be as usual,
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except with the added requirement that b)! € Hullxo({wl}). In G, player
I is required to build a ©-g-spm N with w; € RV and with p* € N such
that rEjl\((p*,wl) =Y and N2 (55,1) E ®(x), where [(N) = 55 + 1, and letting
No = N3, is also required to build a partial embedding 7 : Ny --» M,
with domain o(Ny) U {w;}, such that 7 is Xy, 5-elementary on its domain.
We leave to the reader the precise formulation of G%, and of honesty.
Because player I is only required to embed Ny --» M, and pﬁf“ =
w, the Coding Lemma argument shows that honesty is sufficiently simply
computable. The fact that “strategic (for player I) implies honest” is as
follows. Let A and 7 : Ny --» M, be produced by a generic run against a
winning strategy for player I, as usual. Then N/ = M. For we have N < M
as usual. Since 13y .,y = X, it therefore suffices to see that WV o= A (TV).
We claim that 7 induces a hull embedding (7 ~ V) — (TM ~ M),
which suffices. For clearly 7 induces a hull embedding 7 — 7M. Let
MY, b)Y be defined over N, analogously to M, b3 over M. Let gy be an
13, formula such that b1 = (tboo(b,w;))™. Since rEf((p*m) = Y, then
b)Y = (tboo(b,w1))N. But let M = M N A, Th(TM)) and ¢V likewise for
N. Then M = ¢ because of how they are determined by ¥. The claim
easily follows. |

We now proceed to the generalization of [19, Theorem 0.1], the final
scale construction of the paper. While it uses only the weaker determinacy
assumption, it requires a mouse capturing hypothesis, as in [19].

Definition 5.23. Suppose V is an hpm and HC exists. Let I" be a pointclass
of the form %} N PB(R) for some a < [(V). In this setting, for x € R, we

write Cr(x) for the set of all y € R such that for some ordinal v < wy, y (as
a subset of w) is Ar({,z}). Let x € HC be such that z is transitive and

fw 2 2. Then ¢s € R denotes the code for (z, €) determined by f. And
Cr(z) denotes the set of all y € PB(z) such that for all f: w =% z we have

f(y) € Crlcy). B

Lemma 5.24. Let P be a ©-g-organized Q-pm satisfying AD. Let Q<P be
such that Q 1is passive and admissible. Work in P. Let I be the pointclass
12 2NP(R). Let x € HC with x transitive and infinite. Then for all y € HC,
the following are equivalent:

(1) y € Cr(x),
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(2) there is R < Q such that y is definable over R from parameters in
OrdUz U {z},

(3) for comeager many bijections f :w — x, f~'(y) € Cr(cy).

Proof. The proof is mostly like that of [1, Theorem 3.4(?)]; we just mention
a couple of points. For z € R, the equivalence of (1) and (2) follows because
Q F AD + KP. Now consider the proof that (3) implies (2). If P satisfies
(3), then we may take the witnessing comeager set C' to be a countable
intersection of dense sets, and then C' € Q. So by KP there is R<Q such that
for every f € C, f~'(y) is definable over R from parameters in Ord U {c;}.
As in [1], there is then some a < w] and n < w and injection o : n — x such
that for comeager many bijections f : w — z extending o, f~(y) is the o't
real which is definable over R from parameters in Ord U {c;}, in the natural
ordering. Letting 6 = [(R), this defines y over Q|(J + 2) from parameters in

{6, 2} Urg(o). O

Definition 5.25. Let P, Q,I',x be as in 5.24. Suppose that MM € J(2)
and Q* € Q where O = QIHC”. Work in P. Then Lp"** (z) denotes
(Lp™* (x))9.5% Similarly for Lpt-**"(z). We say that super-small T-8Q*-
mouse capturing holds on a cone iff there is z € R such that for all
transitive z € HC, if 9, 2z € J(2) then Lp"™** (z) is super-small and

Cr(z) = Lp™™ (z) N P(x). B

Theorem 5.26. Let M be a fully sound, ©-g-organized Q2-pm satisfying
AD. Suppose [, [(M)] is a weak gap of M and that M is countably 5€)-
(n,w; + 1)-iterable where n < w is least such that pit, = w. Assume DCgam
and RIM = RM agnd J(M) E DCg.” Suppose that Q* € M|ay where
QO = QIHCM. In M, let T be the pointclass rE{wao NP(R), and assume
that super-small T'-8Q* -mouse capturing holds on a cone. Then M E “L"E%d
has the scale property”.

5880 Q E“N is 80"~ (w, wy +1)-iterable” for all N'<Lp™*?" (z). Note here that Q =*“PB(w;)
exists” because Q E AD.

59 7 (M) provides a universe in which we can execute certain arguments in the proof of
[19, Theorem 0.1] without introducing new reals. The authors believe that [19, Theorem
0.1] should also have adopted a hypothesis along these lines. Indeed, its proof seems to
proceed under the implicit assumption that RM =RV
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Proof. We follow the proof of [19], making some modifications. By DCgum
we may assume that M is countable. By 5.22 we may assume that M E“©
exists” and there is some £+ 1 € (©M, [(M)) such that M| F ZF. Therefore
PBR)NM € M|¢ and M| E ZF + AD. We work mostly inside J (M), and
so we write R = RM, HC = HCM, etc. We have Q* € M|ag. Let z € R be
in the mouse capturing cone, with zy > (ag,t) where t codes Th)" relative to

ag, and such that {Q*} is rE{wO‘O(zO). For this proof, except where context
dictates otherwise, premouse abbreviates g-organized Q*-pm over (N, z)
for some x >7 zy and transitive structure N with M € J (N, x); likewise all
related terminology (such as iteration tree, iterability, Lp, etc).

Because [ag, [(M)] is a £; gap of M, for (N, z) as above we have (with
terminology as just described above)

Lp" (N, z) = Lp(W, z)M* = Lp(N, z)™.

Likewise for LpL (N, z).

Remark 5.27. Let V' be a g-whole premouse and N'<Q < LpL (V) with Q
projecting to A/. Then Q translates to some Q'<Lp' (A), where o(Q') = o(Q)
and Q' projects to w, as follows. There is a slight wrinkle in the translation,
because we must have U2 = () as ULP" V) = () whereas possibly &V £ (). We
have |Q'| = | Q] and ¢b? = N. There is o > 0 such that [(NV) + o < I(Q)
and for 8 > «, Q|(I(N) + ) and Q'| have the same active predicates, and
for 8 € [1,a], R =get QI(I(N) + 8) and R’ =4ef Q|8 are both E-passive,
and if R is P-active then T is linear, and if R’ is P-active then T* is
linear. These are linear iterations at the least measurable of 9. Because
the iterations are linear, the corresponding predicates are trivial, so we can
trivially translate between them.®* It can be that Q = Lp' (N), but in
this case Q is not sound, whereas Q' is sound (recall cb? = N), whereas

cb? = V).

60R and R’ can have different predicates, because the definition of spm requires that a
particular tree can only have a cofinal branch added at at most one segment of the spm.
We must have 211 = () by definition, but possibly LV # (), in which case there can be
conflict between R, R’ over which tree should have a branch added. But it is easy to see
that if Q is large enough then Q has a g-closed segment R such that R’ is also g-closed,
and beyond which no disagreements arise. (If Nj is the least ZF level of Q such that
N 4Ny, and if T is non-linear and via ¥V, then 7 is not making N generically generic,
as its linear initial segment is too short. So R, R’ never disagree over non-linear trees.)
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Definition 5.28. Let 1 < k& < w. A countable premouse N over A is

k-suitable iff there is a strictly increasing sequence (J;),_, such that

(a) For all § € (rank(A),o(N)), we have N' E“§ is Woodin” if and only if
0 = 0; for some i < k.

(b) If k = wthen o(N) = sup;_,, 8, and if k < w then o(N) = sup;_,(6;",)V.
(c) If N|n is a strong cutpoint of A" then N|(n*)N = Lp (MV|n).

(d) Let £ € (rank(A),o(N)) be such that N' F“¢ is not Woodin”. Then
Cr(N|€) E“¢ is not Woodin”.

We write 6V = ¢; and &, = 0. =

Let NV be k-suitable over A and let £ € (rank(A),o(N)) be a limit ordinal
such that N E“¢ isn’t Woodin”. Let Q@ <N be the Q-structure for £. Let «
be such that & = o(N|a). Suppose that N|a < Q. Then a = ¢ and N|¢ is
g-closed. In particular, N|¢ is g-whole, so Lp’, (N|¢) translates to an initial
segment of Lp" (NV|€). Assume that A is reasonably iterable. If ¢ is a strong
cutpoint of Q, our mouse capturing hypothesis combined with (d) therefore
gives that Q < Lpi(./\f |€). Moreover, note that if ¢ is a cardinal of N then
N¢ is a strong cutpoint of Q, since N has only finitely many Woodins. On
the other hand, if € is not a (strong) cutpoint of Q, then one can show that
Q ¢ Lp' (N[€), but Q is coded over Lp! (N[€) (here LpY (N[€) translates to
a proper segment of Lp" (NV[¢€)).5!

Definition 5.29 (I'-guided). Let P be k-suitable and 7 € HC be a normal
iteration tree on P. We say T is Q-guided iff for each limit A < 1h(7),
Q = O(TIA[0,N7) exists and ®(T[A) ~ (Q,0(T)) is (w,w; + 1)-iterable.

61Suppose ¢ is not a cutpoint of Q. Then by definition Q # Lpg_(./\f|§). Let E € ]E?_
be least overlapping £ and k = crit(E). Since & is a limit of Woodins in Q, k is not a
cardinal of A/. Let P <N be least such that O < P and pz < Kk, and let n < w be such
that pl”,; < & < p-. We claim that Lp, (N'|¢) = U where U = Ult,,(P, E) (and note that
U E“¢ is Woodin”, but Q is computable from U, as @ <P and P = €, 41(U)). For £ is
a strong cutpoint of U, and U is &-sound but not fully sound. So it suffices to see that
there is an above-k, (n,ws)-iteration strategy for P in M|ag. Let R<N be least such that
QO <R and pz,2 < Kk (so P 9 R). Note that « is a limit of strong cutpoints of R and of
Woodins of R. Let v € (p&, k) be a strong cutpoint of R, and let  be the least Woodin
of R above . Then 7 is a strong cutpoint of R. Since Cr(N|n) E“y is not Woodin”, and
by our mouse capturing hypothesis, therefore R < Lpg_ (NM|n). In particular, there is an
above-7 iteration strategy for R in M]ag, which yields the desired strategy.
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We say that T is ['-guided iff it is Q-guided, as witnessed by iteration
strategies in M|ay. .

Remark 5.30. Let P be k-suitable. For a normal tree 7 on P of limit length
there is at most one 7-cofinal branch b such that 7 ~ b is Q-guided. (Let
by, by be distinct such branches; we can successfully compare the phalanxes
O(T = by) and (7T ~ by). Standard fine structure and the fact that P has
at most w-many Woodins then leads to contradiction.) Therefore if 7 ~ b is
normal, via an (w,w; + 1)-iteration strategy for P, is based on [6] ,,0) and
Q(T,b) exists, then T ~ b is Q-guided.

Definition 5.31. Let N be a g-whole premouse. We write O} (A) for the
unique @ < Lp! (V) such that Q is a Q-structure for AV, if such exists.%?
Let k£ < w, P be k-suitable and 7 a normal, limit length, I'-guided tree
on P. We say that T is short iff QF (M (T)) exists; otherwise that T is
maximal. .

Definition 5.32. Let P be k-suitable. Let 7 be an iteration tree on P. We
say that 7T is suitability strict iff for every a < 1h(7T):
(1) If [0, )7 does not drop then M is k-suitable.

(2) If [0, o]y drops and there are trees U,V such that Tla+1=U "V,
where U has last model R, 1 does not drop, and there is i € [0, k) such
that V is based on [0}, (6;)%), then no @ < M is (i + 1)-suitable.

Let X be a (partial) iteration strategy for P. We say that X is suitability
strict iff every tree T via ¥ is suitability strict. o
Definition 5.33. Let P be k-suitable. We say that P is short tree iterable
iff for every normal I'-guided tree 7 on P, we have:

(1) T is suitability strict.

(2) If 7 has limit length and is short then there is b such that 7 ~ b is a
[-guided tree.

(3) If T has successor length then every one-step putative normal extension
of T is an iteration tree.

62The “t” is for tame. While Q might not be tame, o(N) is a strong cutpoint of Q.
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Let P be short tree iterable. The short tree strategy WS for P is the
partial iteration strategy W for P, such that U(7) = b iff T is normal and
short and 7 ~ b is ['-guided. (By 5.30 this specifies 5 uniquely.) o

Lemma 5.34. Let N be k-suitable.

(1) The function N+~ WSk where N is short-tree iterable, is in M; in
fact, WSk is T({N, 20})-definable, uniformly in N.%3

(2) Suppose there is a suitability strict normal (w,w; + 1)-strategy 3 for
N. Then N is short tree iterable and W53 C . Moreover, for any T
via 3, T is via WS} iff for every limit X < Inh(T), Q(T,b) exists where
b=1[0,\)r.

Proof. Part (1) follows from the admissibility of M|ay.

Consider (2). Let 7 on A be normal, of limit length, via both ¥ and
U, Let b = (7). It suffices to show that (a) if Q(T,b) exists then T is
short, and (b) if 7 is short then b = US}(T). (Note that if Q(7,b) does not
exist then M, is k-suitable so T is maximal.)

Consider (a); suppose Q = Q(T,b) exists. If b does not drop then M, is
suitable and § # §;(M;]) for any i < k. So Cr(M(T)) E“S is not Woodin”,
so our mouse capturing hypothesis implies that 7 is short. So suppose that
b drops. We can’t have Cr(M(T)) C Q, by suitability strictness. If § is
a cutpoint of Q (and so a strong cutpoint) we can then compare Q with
Lp’, (M(T)); since the comparison is above &, we get that @ < Lp’ (M(T)),
so T is short. So suppose ¢ is not a cutpoint of Q. Let E € E,(Q) be least
such that k = crit(£) < 0 and let 77 be the normal tree given by 7 ~ (b, E).
Then M7’ E“k is a limit of Woodins”, so b7 drops and Cp(M(T)) € MT
(by suitability strictness). Also MT' E“J is Woodin” and ¢ is a cutpoint of
MT'. So M = QF(M(T)) exists, so T is short.

Consider (b). Since T is short, @ = Q(T,b) exists. We claim that 7 ~ b
is I'-guided, which suffices. For it’s easy to reduce to the case that J is not
a cutpoint of Q. Let T’ be as above, let A = Ih(7) and a = pred” (A + 1).
Let M;T, = MT|y. Then M/ |y E“k is a limit of cutpoints”. It follows that
T 1, 1h(T)) can be considered an above-x, normal tree on M |y, and the
iterability of the phalanx ®(7) ~ (Q,d) reduces to the above-x iterability
of M|y, which reduces to the above-§ iterability of M (because of the
existence of izf/\ﬂ). But M7 < Lp' (M(T)), so we are done. O

63But it seems that we might have W5} ¢ M|ay.
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Definition 5.35. Let A € P(R)NM. We define the phrase T respects A as
in [19], except that we also require that T be suitability strict (and making
any obvious adaptations to our setting). We define A/ is normally A-
iterable as in [19], except that we also require that N be short tree iterable.

Using these definitions, we then define (almost, locally) A-iterable as in
[19]. =

Lemma 5.36. The analogue of [19, Lemma 1.9.1] holds.

Proof. This is mostly an immediate generalization. The proof in [19] can be
run inside J (M) (in fact, inside M, since M F DCg). Use suitability strict-
ness to see that, for example, in the comparison of R|0 with A/|0 (notation
as in [19]), no tree drops on its main branch. O

Remark 5.37. We make a further observation on the comparison above. Let
(T,U) be the I'-guided portion of the comparison of, for example, (R|0, N|0).
Let A < 1h(7,U) be a limit; suppose T [\ is cofinally non-padded. So Q =
Q(T A, [0, A]7) exists. Then in fact, §(7T[A) is a strong cutpoint of Q. For
otherwise, by the proof of 5.34, [0, A]7 drops in a manner which cannot be
undone; i.e., for all « > A, [0,a]7 drops, a contradiction. Similar remarks
pertain to genericity iterations on k-suitable models.

Lemma 5.38. Let A € M N*P(R). Then for a cone of s € R there is an
w-suitable, A-iterable premouse over (M, s).

Proof. The following account is based on the sketch given in [19, 1.12.1].6
We give full detail here, since the proof is rather involved and the possibility
of non-tame mice was not covered explicitly in [19], and moreover, comparing
our proof with the remarks in [19, Footnote 12|, we will not manage to es-
tablish the full Dodd-Jensen property for the iteration strategy we construct,
but we will verify a version of said property which suffices for our purposes.

64We are using g-organized mice as our mice over reals. The authors believe that, had
we used a hierarchy Z of mice over reals more closely related to ©-g-organized mice, then
the proof in [2, §7(?)] could be adapted to work in the present context. (One needs to
define Z such that ©-g-organized mice can be realized as derived models of Z-mice, in a
reasonably level-by-level manner.) Such a proof would have the advantage of providing
some extra information. However, one would need to define and use the relevant Prikry
forcing, so it seems to be more work overall, and our approach also has the advantage that
it is less dependent on the precise hierarchy of mice over reals that is used. One might
alternatively start out like [2, §7(7)], but instead of using Prikry forcing, finish more like
in our present proof.
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Say that a set of reals constituting a counterexample to the theorem is
I'-bad. Suppose there is a I-bad set. For other pointclasses I' we define
I'-bad analogously.

Let {y < ap and 9q € X1(L) be such that Q* is definable over M|(y
from zo and M|({o + 1) F va(z) but M|(y F —1pq(z0). Recall there is
£+1€(0,1(M)) such that M|¢ E ZF. So by 4.1 there are &, ¢, 3,T, A such
that:

- Q@<a<é<f<a,

~ Mla <F M|B but Mo’ 4% M|a for all o/ < a,

_ @M\B < g,

~ T =12 and 4 € BR)ME and M| E ZF+“A is [-bad”.
As M|¢ E ZF, A really is I-bad. We may assume that 3 is least such that
there are @, £ as above (relative to the fixed (;). Then § = & + 1, leﬂ R,

Mlﬁ = {¢} and [@, 3] is a weak gap of M (the type rX; (E} does not

reﬂect, using the choice of (y,29). We will show that A is not [-bad, a
contradiction. )

Let (A;);,, be a self-justifying system at the end of the gap [, 3], with
Ay = A. By AD, in M| there is a cone of reals s such that there is no
w-suitable, A-iterable premouse over (I, s). Let z; > 2o be a base for this
cone such that for every i < w there is ¢ < OMIF such that A; is definable
over M|( from 2, and a scale on Thm|1 (R) is definable over M|3 from z.
We write Lp for Lp Recalling that zy codes O, it follows that

Cf(m, Zl) = Cf(Zl) g C[‘(Zl) = Cp(m, Zl).

So Lp(9, z1) <Lp" (M, z1) and both are super-small, by our mouse capturing
hypothesis. Let P<Lp' (9, z;) be least such that p = w and P ¢ Lp(M, 21).
Let ¥p be the (w,w;+1)-strategy for P. So Xp € (M|ap)\(M|a). Let z, € R
code P, with zo >7 2.

We say that a pointclass A is lovely iff A = r¥(z,) N P(R) for some
passive V' < Mlag. Let (I';);c00 be lovely pointclasses such that I C Ar,
and (3pHC)* is Ar, and for each i € [1,9], I'; C Ar, ,. Working in M|¢,
let Tj be the tree of a scale for a universal I'y set. By Woodin [23] applied in
M| (where ZF + AD holds) there is z3 € R such that zo < z3 and

H* =g HODEEOS] 2 A s Woodin”,

To,22
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L¢ [Ty,
where Ay = w25[ 0-%8],

Let T;, U; € H* be trees projecting respectively to a universal I'; set and
its complement. Let A; be least such that VAI{_* is I';-Woodin. Let A < £ be
large and such that (V{fI", Ag) is a coarse premouse. Let

7 (H,A) — (VT A)

be elementary, with H € HC"", ny € H*, and 2,,T},U; € rg(n) for each
i <9 (let Uy = 0). Let mg(TH,U) = (T;,U;). Then by arguments in [1]
(using M|¢ as a background ZF + AD model):

Fact 5.39. In M|ay there is a unique (wy,w; + 1)-iteration strategy Ay for
(H,A) such that for each countable successor length tree T via Ag, letting
j=1i" and J = ML, then

pli(TE)] C plTa] & pli(UL)] C plUs).

Moreover, the restriction of Ay to HCH™ is the unique g -realization strategy
in H*. Further, for i > 1, J E%(TH),j(U1) are Col(w,j(A))-absolutely
complementing”. Moreover,

O =gt CrIVA € H & j(CT) = CrIVilp);
O =g IV € H & j(Q7) = Q" [V o).

J

Let C = (Na),<a be the maximal L*"[E, (M, z,)]-construction as com-
puted in H (see 2.46). For every a < A and n < w, the (n,w;,w; +1)-strategy
for €,(N,) given by resurrection and lifting to Ay, is a 8Q*-strategy; this is
by and 5.39, 3.43 and properties of the resurrection/lifting maps. So by 2.45,
this construction does indeed have length A + 1.

Claim 5.40. There is v < A and k < w such that pgll =w and C,(N,) is
not (k,w; + 1)-iterable in M|a.

Proof. Tt suffices to see that C reaches P. We have z,, P € HC? | and by the
definability of ¥p[HC, letting X2 = Sp |V we have 8 € H, and XX is
moved correctly by Ay [HC. It follows that the background extenders used in
C all cohere £ and so we can apply 3.23 (the stationarity of C with respect
to P). So we just need to rule out the possibility that for some normal tree
T on P via ¥p, with last model P’, No < P’. But because (XpHC)* and
(2*)d are Ar, and Na is definable over (VI Q) we have T € Cr, (V).
But Cr, (V) E“A is Woodin”, so by the universality of Na (see [17, Lemma
11.1]), T ¢ Cr, (Vi) contradiction. O

83



We will now look at the least stage where the construction produces a
fine structurally nice mouse which is not iterable in M|a. This move, and
its relation to producing a mouse with w Woodins and a suitability strict
iteration strategy, is related to, and motivated by, an argument shown to the
first author by Steel, in a similar situation, though a different context.

Given a k-sound premouse N/ € HC and ¢ € o(N), we say that N is
(T, k, ¢)-iterable iff there is an above-(, (k,w; + 1)-iteration strategy for A/
in M|a. We say that N is (T, ¢)-iterable iff N is (I', m, ¢)-iterable, where m
is defined in the next paragraph.

By the previous claim, we may let (y,m,n') € Ord® be lex-least such
that, letting S = &,,(IV,), S|’ is a g-whole cutpoint of S and

R =qet CHUH‘;H(U' U pfn-ﬁ-l)

is n’-sound and not (T, m, n)-iterable. Let 7’ : R' — S be the uncollapse. (It
follows that 7' (pR\n') = pS..1\n'. We allow i < p3 ., so we do need to
assume 7’-soundness explicitly.) It seems that 1’ could be measurable in R/,
which is slightly inconvenient. So we first replace R’ with a slightly larger
hull R, and replace ' with a strong cutpoint n of R.

Given a premouse N and 1 < o(N), we say that n is N-finely measur-
able iff ) = crit(F) for some N-total measure E such that either E € EY,

or B e EEM(N’F) for some F € EY.

We claim that ' < min(pRX’, pS) and 7’ is not measurable in H, nor
S-finely measurable. For pR' is the least p such that either p ¢ dom(n’)
or (p) > pS, by elementarity. We have 7 < pX’ (as otherwise R’ is not
(T, m — 1,n/)-iterable, which implies that €,,_;(N,) is not (T',m — 1, p))-
iterable, contradicting the minimality of m), so also 7/ < p. Since ' < pS
if ' is S-finely measurable then 7' is measurable in H. But if H F“u is a
normal measure on 1" and j : H — Ult(H, p) is the ultrapower map, then

R’ = cHulll ) (f Ui,

which contradicts the minimality of j(n') in Ult(H, u). (The minimality can
be computed correctly in H and its Apy-iterates by 5.39.)
Now let n = ((7)*)®. We claim that n < pS and S|n is a g-whole strong
cutpoint of S and
R =der cHully,  (nUp,.)

is n-sound and not (", m, n)-iterable. (Therefore n = ((1/)*)* is also a strong
cutpoint of R.) For suppose n = pS. Then 7'(n') = 1’ because otherwise we
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contradict the minimality of m, as above. So pX = (()")® and 7’ is not
R'-finely measurable. But then any above-n tree on R’ immediately drops
either in model or to degree < m — 1, which contradicts the minimality of
(v,m). In particular, n = ((n')*)° < o(S), so S|n is g-whole, and since 7’ is
not S- ﬁnely measurable, 7 is a strong cutpoint of §. Clearly R is n-sound. If
7'(7') > n' then n < 7'(n) < pS,, which easily gives that R is not (T, m, n)-
iterable. If 7'(n) = ' then 1’ is not R’-finely measurable, which implies that
R’ is not (L', m, ((/)*)® )-iterable, so R is not (I, m, n)—iterable.

Let my : R — S be the uncollapse embedding. Let ¥z be the above-n,
(m, w1, w; + 1)-strategy for R given by resurrection and lifting to Ay, taking
o as the base lifting map. Let 7 be on R via ¥z and A < Ih(7), and let U be
the lifted tree on H. Write Cy = #,(C). Let n = deg” (\). Let ('y)\ ST, 7))
be the (7,8’ ') produced by lifting/resurrection such that v < &, (v) and
s =c, (NC*) and 7’ MT — &' is the lifting map. (In particular, 7] is a
weak n- embeddmg, and v{ = &, (y) iff [0, \]7 does not drop in model. Here
if [0, A]7 does not drop in model, the codomain of 7y is iff ,(S), not i \(R).)

Let 7 be an above-n normal tree on R, of countable limit length. Let
b be a T-cofinal branch. Let Q, = O(T,b). Then k(T,b) denotes w if
Q< M), and denotes deg” () otherwise. And ®o(7,b) denotes the phalanx
O(T) ™ (Qp, k), where k = k(T ,b). (In the phalanx notation, k& denotes the
base degree corresponding to Qp.) We say that b is [-verified for T iff
®o(T,b) is normally (wy + 1)-iterable in M|a.

Claim 5.41. Let T be normal on R via X, of length A\ + 1 for some limit
A < wi. Suppose that P =qe¢ Po(T [N, b) is not normally (wy + 1)-iterable in
Mla. Let My = M], b=10b", Q= Q(TI\Db), k= k(TI\b), § =5(TI\)
and My = M(TIAN). Then either:

(i) d is a strong cutpoint of Q@ = My, b does not drop in model or degree
and Ql|(6%)% = Lp, (M7); or

(ii) & is not a cutpoint of Q, and letting E € ES be such that crit(E) < § <
Ih(E), with Ih(E) minimal, and letting T+ be the normal tree T =~ (E),
then b7 does not drop in model or degree, and Q||Ih(E) = Lp, (My).

Proof. Let (7, Sx,my) = (7], Sy, 7). Suppose J is a cutpoint (hence strong
cutpoint) of Q. Because ¢ is a cutpoint, the difficulty in iterating 8 gives that
Q is not (T, k, §)-iterable. Because § is a strong cutpoint and by standard
fine structure, Q@ < LpE(MT).
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We leave the proof that @ = M, to the reader; assume this. We show
that b does not drop in model or degree; suppose otherwise. We have

Q = Hull?,, (0 UpZ,).
and (7, k) <jex (i%”/\(v), m) and p‘,fjrl = 7T,\(pk9+1) and (by the commutativity
between the copy and iteration maps after the last drop) and

rg(my) € R* =det Huufil(ﬂ(fs) Upfil)-

Let R’ be the transitive collapse of R* and let o : @ — R’ be the obvious
map, a weak k-embedding with o(0) = 7,(d). So o lifts above-d trees on Q to
above-my(8) trees on R’. Therefore R’ is not (', k, m\(d))-iterable. But R’ is
mA(8)-sound, as there are generalized (k + 1)-solidity witnesses for (S, pi;)
in rg(my) (by commutativity as before). This contradicts the minimality of
(ig(7), m) in MY

So b7 does not drop. One can show Q[|(6§7)2 < Lp, (M7) much as above.
But Q 4 Lp, (M7), as Q is not (I, k, §)-iterable. So Q||(67)¢ = Lp_ (M7),
as required.

Now suppose 8 is not a cutpoint of Q. Suppose that 7 drops in model
or degree. Since § is a strong cutpoint of M;T, then as before, by choice of
(y,m), MT" is (T, j, 6)-iterable, where j = deg”  (MZL"). Therefore, letting
k = crit(E) and £ = A + 1, M§T+ is (T, j, k)-iterable (we can copy trees
using ip). But s is a cutpoint of MgT+. So Tt = (TIx+1) " T, where
X = predT(f) and T’ is an above-k, j-maximal tree on MgT+. Thus, the
iterability of I3 can be reduced to the above-x iterability of MgT+. Therefore

B is iterable in M|a, a contradiction. So b7" does not drop. We then get
Q|[Ih(E) = Lp, (M7) by the arguments just given. O

Claim 5.42. Let T be a normal tree on R, via Xr, of countable limit length.
Then there is at most one branch T-verified for T. However, the following
partial strategy V is not an above-n, (m,w;)-strategy for R: Given T, let
U(T) be the unique branch which is T-verified for T.

Proof. Uniqueness follows from the usual comparison and fine structural ar-
guments, using the n-soundness of R. If existence holds then by uniqueness
and because M|a is admissible, R is (I', n)-iterable, contradiction. O
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Definition 5.43. We define the term I'-k-suitable analogously to k-suitable
(cf. 5.28), but with T' replacing I'. We likewise define I'-A-iterable and I'-
suitability strict. Let R be '-w-suitable with z; € R. Then o denotes
the Col(w, 67)-term capturing A; over R (see [1]). Let @ be a structure and
m: @ — P. We say that 7 is an ff-embedding iff 7 is ¥;-elementary and
olft € rg(r) for all i < w. —|

Claim 5.44. (i) S has infinitely many Woodins § such that n < § < pS.
Let o, be the supremum of the ﬁ/nﬂf w-many and let N be the translation of
S0, to a g-organized spm over S|y (translated as in 5.27). Then (i1) N is
[ -w-suitable.

Proof. We will construct a '-w-suitable premouse which is an initial segment
of a Yr-iterate of R. This is by applying Claim 5.42 and an obvious general-
ization thereof, in tandem with Claim 5.41, up to w many times. So let 7y on
Ro = R be via Xx (so above d_1 =qcr 17), witnessing the failure of “existence”
in 5.42, with 7y of minimal length. Let §o = §(7p). Let b = X (7s). So 5.41
applies to ®o(7o,b). Use notation as there, so T = Ty ~ b and 6 = .

Suppose first that 5.41(ii) holds. Let k = crit(£). Since E overlaps 0
and b7 " does not drop in model or degree, k is a limit of Woodins of ]\/[07:,
and 1 < k < 0 < pm(MIL") (recall we arranged that 7 is a strong cutpoint of
R). And MT" is not (T, §)-iterable. Now let % be the supremum of the first
w-many Woodins of MT" above . Let ¢ be least such that §% < Ih(E]).
So MT"|6¥ = M6, Note 67 is a strong cutpoint of M/ and ¢ € b7, so
[0, ¢]7 does not drop in model or degree. Therefore M/ is not (T, §;)-iterable.
Now let U be the lifted tree, via Ay, on H. Then n < 7 (65) < pm(ST)
and 7l (6;) is the sup of the first w Woodins of S¢ above 7, and S is not
(T, @] (3))-iterable. By the elementarity of iff ., this gives (i).

We now verify condition (c¢) of I'-w-suitability. Let x > 7 be a cutpoint
of 8|0, with n < k. Let C, be the r-core of S. We claim that () C, is not
(T, k)-iterable. For let & € b7 be least such that 7¢(Ih(E])) > i (k). Let &
be the least such that me(%) > i (k). Then v(E]) < & for all o +1 <7 &,
and £ is a cutpoint of Mg— (as k is a cutpoint of §). Therefore MZ is not
(I', R)-iterable, and

Se . S
rg(me) C Huunﬁfﬂ('/é{,g(“) U Prt1)s

s0 i ¢(C.) is not (I, i (k))-iterable, giving ().
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Now let S|k be a g-whole strong cutpoint of S|d,,. By the choice of v, we
have S|(k7)® < Lp, (S|x). But letting C.;1 be the (k + 1)-core of S, by (),
we have Lp_ (S|x) <Cy41. Condition (c) follows.

We now verify condition (d). Let n < & < §,, with S E“¢ is not Woodin”;
we must show that Cp(S|€) F“¢ is not Woodin”. We may assume that S|¢
is g-whole, and by (c), that £ is not a strong cutpoint of S. Let F' € E® be
least such that p = crit(F) < ¢ < 1h(F). Note that p is a limit of strong
cutpoints of S|¢. So if u = £ then S|¢ is the Q-structure for £, so we are
done. So suppose p < . We may assume that S|[Ih(F) E“¢ is Woodin”,
because otherwise there is Q<S|[Ih(F) such that Q is a Q-structure for £ and
¢ is a strong cutpoint of @, and so Q <Lp, (S[¢) (by choice of ). Therefore
i is not a cardinal of S. Let Q <S be least such that Ih(F) < o(Q) and
p2 < pi. Then Q collapses €. Let ¢ € [p2, 1) be a g-whole strong cutpoint of
Q. Then Q< Lp, (S](¢), so Q@ € Cr(8|¢), which suffices. This completes the
proof that S|4, is [-w-suitable in this case.

Now suppose that conclusion (a) of Claim 5.41 holds. Let 7,7 = 7o~

and let Ry = M;?. Then b7 does not drop in model or degree. And &y
is a strong cutpoint of Ry, R, is dp-sound, projects < &, and is not (T, dy)-
iterable. So the obvious modification of Claim 5.42 applies to Ry above dy.
Pick 71 on R, above 4y, like before. Again apply Claim 5 41. If its conclusion

(b) holds proceed as before, and otherwise let Ry = Moo and pick 73 on R,
etc.

If the above process produces R, and T, for all n < w, then we get (i)
much as before, and note that, letting d, be the n'® Woodin of S above 7,
then S is not (I, 0,,)-iterable. Part (ii) follows much like before. O

Claim 5.45. Let P be [-w-suitable and let 7 : Q — P be an /Y—embedding.
Then (i) Q is ['-w-suitable and for each i < w, (i) 7(02) = oF, and (iii)
rg(m) is cofinal in 6T .

Proof. Parts (i) and (ii) are by condensation of term relations for self-justifying-
systems; see [1]. Consider (iii). If rg(m) N 67 is bounded in §7, then we may
assume that crit(m) = 62, by taking the appropriate hull (cf the first part
of the proof of [19, Lemma 1.16.2]). But then Q|5Q P|62, and P62 is
not I-Woodin, but o l=“5Q is Woodin”, so Q is not I-w-suitable, contradic-
tion. [
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Definition 5.46. Let 7 = (7,) .., be a stack of normal iteration trees. We
say that 7 is relevant iff for every o < 7, b7 does not drop. (Here we allow
T, to be trivial, and it might drop.) (Recall from 2.39 that a hod iteration

strategy acts on relevant trees.) =

From now on we fix N as defined in Claim 5.44. Let X, be the hod-
(w,wr,w; + 1) strategy for N given by resurrection and lifting to Ay. The
next claim follows from 5.39.

a<ly

Claim 5.47. For any successor length tree U on H via Ag, i“(N) is [-w-
suitable and ‘4 IN : N — 4 (N) is an A-embedding.

Claim 5.48. Y, is ['-suitability strict. Moreover, let T be via Xy, of suc-
cessor length, such that b7 does not drop. Then i’ is an A-embedding.

Proof. Let T be via Y, of successor length. If b7 does not drop, then the
lemma’s conclusions regarding M7 and i’ follow from 5.45 and 5.47.
Suppose b7 drops and that i < w is as in 5.32(2), but some R < M is I'-
(4 1)-suitable. For simplicity assume that 7 consists of just one normal tree
and that 7 has minimal possible length. It follows that for every extender F
used in T, v(E) < 6 = 6R. Let n = deg” (b7). Then pns1(MTL) < o(R) and
M7 is d-sound. So let Q <X M7 be least such that R < Q and p2 < §. So

Q|(67)2 = R|(64)® = Lpl(R]d),

Q E“§ is Woodin”, Q is d-sound and ¢ is a strong cutpoint of Q. So letting
j < w be such that P]'QH <4< ij, Q is not (T, j,0)-iterable. Let U be
the Ay-tree on H given by lifting 7. Suppose for simplicity that Q = M.
Because of the drop, ST is (T, j, 7L (§))-iterable, so @ = MZL is (T,7,0)-
iterable, contradiction. If Q< M; it is similar.%° O

Definition 5.49. Let Q be I'-w-suitable. Let ¥ be a hod-(w,w;,w; + 1)-
strategy for Q. We say that (7,P) is a X-pair iff T is a countable tree on
Q via ¥, with last model P. We say that a ¥-pair (7,P) is non-dropping
iff b7 does not drop. We say that ¥ is ff-good iff for every non-dropping
S-pair (T, P), P is T-w-suitable and i7 is an A-embedding. If (T, P) is a
non-dropping -pair, we write X7, for the (7, P)-tail of ¥ (that is, ¥7 is the
hod-(w, wy,wy + 1) iteration strategy A for P where A(U) = X(T,U)). =

%5Suppose M7 is active type 3 and v(E(ML)) < o(Q) < o(MTL). Let E* € MY be a
background extender for ST and lift Q to a model in Ult(MY, E*).
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The following claim is immediate:

Claim 5.50. Let ¥ be a hod-(w,wq,w; + 1)-iteration strategy for Q. Let
(T, P) be a non-dropping S-pair. If ¥ is suitability strict then ¥7 is suit-
ability strict. If ¥ is A-good then ¥}, is A-good.

Claim 5.51. Let Q be ['-w-suitable. Then there is at most one suitability
strict A-good hod-(w,wq,wy + 1) iteration strategy for Q.

Proof. Let X, A be two such strategies, and let 7 be of limit length, via X, A,
such that b = X(T) # A(T) = ¢. We may assume that 7 is normal. We
can compare the phalanx ®(7) ~ b with the phalanx ®(7) ~ ¢, forming trees
U,V, using X, A, respectively. The comparison is successful. By suitability
strictness, we have MY = P = MY . By standard fine structure, o and b
do not drop and MY E“6(T) is Woodin”. In particular, §(7) = ] for some
k < w. Because X, A are A-strategies and by 5.45, therefore rg(i¥) Nrg(i¥) is
unbounded in §7. But then rg(i/ ) Nrg(i]) is unbounded in 67, so b =c. O

We are now in a position to establish a version of Dodd-Jensen.

Claim 5.52. Let X be an ff—good, suitability strict strategy for Q. Let (T ,P)
be a mon-dropping X-pair.

(1) Let m : R — P be an ff-embeddmg. Then the m-pullback A of ¥T is
A-good and suitability strict. Therefore if R = Q then A = X..

(2) Let m : Q — P be an A-embedding. Then for all a < o(Q), i7 (a) <

().

Proof. The first clause of (1) is proven like 5.48. This together with 5.51
yields the second clause. For (2), the standard Dodd-Jensen proof works;
the copying does not break down by (1). O

One can now deduce that A is I'-A-iterable, because 5.50 and 5.52 apply
to N and X, which is enough Dodd—JensEri for Yz to apply the proof of
[14, Theorem 4.6]. Recall that A is over S|n. Let g C Col(w, S|n) be N-
generic. Let z € RN (N]1)[g] code (N|n,g). Then we can reorganize N[z]
as a premouse N* over (IM,z), and N* is [-w-suitable and I'-A-iterable;
these facts all follow by S-construction (for g-organized spms; cf. 4.11). But
x >7 21, contradicting the choice of z;. This completes the proof of 5.38. [
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Now for simplicity assume n = 0 and 5 = [(M) is a limit ordinal; we
allow that YM £ 0. Let p,wy, W, %, (8, Ys, ¥;),.,, be as in the proof of 5.17.
Claim 5.18 holds. Let z = wy, G =p, ¥ = TM, U = UM and U’ = UM,
Define the language

L* = E U {/BzaMz}z<w U {Gapu W7 2.:7 T) U) U/}a

each symbol in £*\L is a constant symbol. Relative to these definitions, let
By, (Bi),_, and S = (S,),_ be as in [19].5 The analogue of [19, Corollary
1.14] holds (the proof should be executed in J (M), where we have (S;),_.,
and where DCgr holds — this allows us to “intersect all the cones” without
introducing new reals, and also the resulting iterate A is in J (M), hence
in M). Regarding [19, Lemma 1.15.1], the overall proof is executed in V,
where M is countable, and so we may take M = M, and we need not take
any countable substructure of V. The proper segments of the iteration are
all in M. Also see [9] for details on the process of interleaving comparison
with genericity iteration.” Consider the analogue of [19, Lemma 1.16.2]:

Lemma 5.53. Let N be w-suitable and S-iterable. Let 7 Q — N be -
elementary with TZAJ/ € rg(m) for alli,j < w. Then there is some m < w such
that for all n > m, rg(n) is cofinal in & .

Proof. The proof mostly follows that of [19, 1.16.2]. But consider the proof of
its Claim; we adopt the same notation. Within that proof, consider the proof
that M* = M. We prove this, as things are different. As M is countable
we have M = M and R = RM. Let T*, U*, etc, be YM", UM ete. Let
T="TMand Y~ =TM  etc. We have p: M~ — M and ¢* : H* — H ™.

First note that T* =T, for p o ¢* yields order-preserving maps U* — U
and U™ — U’. Therefore cb™” = cb™. So essentially as in the proof of 5.17,
M* is a 1-sound hpm over cb™ with p/*" = w and p" = p.

By 3.43, as p* o ¢*: H* — H is Xj-elementary, we have that H* is a
(0, w; + 1)-iterable g-organized Q-pm over T™"; likewise for HM'I" for every
n such that M*|n is relevant. So M* is a (0,w; + 1)-iterable ©-g-organized
Q-pm over TM. So we can compare M* with M. Because they are both
1-sound and minimal for realizing >, M* = M. m

66 As before, we use the symbol £* where [19] uses £, and vice versa.

67The issue is as follows. Let 7 be one of the trees involved in the comparison. Let
a < 1h(7); it might be that [0, a]7 drops. But then the usual procedure for choosing the
least extender on E, (M7) producing a bad extender algebra axiom need not make sense,
because in fact, the relevant extender algebra is not even in M.
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We modify the statement of [19, Lemma 1.20.1] as follows: Let Q be w-
suitable, j-sound and j-realizable. We claim that with respect to trees above
67, Q is short tree iterable, and the conclusions of [19, Lemma 1.20.1] hold,
except with (a)(ii) replaced by “Q-to-P drops”, and (b)(ii) replaced by “b
drops and T ~ b is I'-guided”. Let us argue that Q is short tree iterable above
5]9_ - Assume j = 0 for simplicity. First note that whenever 7 : Q@ — N
is a O-realization, the m-pullback (US})™ of WS} is suitability strict. To see
this argue like in the proof of 5.48. Then, as in the proof of 5.34, it follows
that (USH)™ is precisely the short tree strategy for Q. This suffices. Now
consider the uniqueness of the branch b described in [19, Lemma 1.20.1(b)],
as modified above. Given two such branches b, ¢, we compare the phalanxes
O(T ~b),P(T ~ ¢), producing trees U, V. If T is short then note that both
T ~band T ~ ¢ are I'-guided, so b = ¢. If T is maximal then b, ¢ cannot
drop; rule out the possibility that, for example, MY <« MY and b¥ drops, by
using suitability strictness.

Let 3, Q, (F, <*), Q be defined as in [19, §2]. Then 3, (F, <*) € J(M)
and the analogue of [19, Lemma 2.1.2] holds, but we mention some points.
It seems possible that Q. be illfounded because o(J(M)) = o(M) +w. But
J (M) E“Q is wellfounded in the codes”. Standard arguments therefore
show that Q. |08> is wellfounded (in fact that 65> < ©M).%% The latter is
enough for the scale construction to go through. The rest of the argument is
essentially as in [19]. This completes the proof. O

5.5 Scales analysis within core model induction

We finish by explaining how we use the scale existence theorems in applica-
tion to the core model induction. Assume DCp.

Suppose that T =4¢ (Q[HC) x {2} is self-scaled for some z € R, with
z >7 ag. Then using the scales existence theorems 5.1, 5.22, 5.26 together
with 5.16, we get the scales analysis for LpGQ(R, T) from optimal determinacy
and super-small mouse capturing hypotheses (that is, through any initial
segment of LpGQ(]R, T) for which these hypotheses hold).

We have dealt with LpGQ(R,Q[HC,z) instead of LpGQ(R) because we
seem to need extra assumptions to obtain the scales analysis from optimal

68Recall that at the start of the proof we reduced to the case that M E“© exists”. This
reduction relied on M being O-g-organized. This seems to be a key point at which there
is a problem with the scales analysis for g-organized mice.
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assumptions in the latter. We now discuss what we need for this. In ap-
plication, if there are no divergent AD pointclasses, {2 will in fact be very
nice:

Definition 5.54. Let [’ be a boldface pointclass and X C R. We say that
[ is an AD-pointclass iff AD holds with respect to all sets in . We say
that [, X are Wadge compatible iff A, X are Wadge compatible for every
Ael.

We say that €2 is very nice iff T =gt (2[HC) x {2} is self-scaled for some
z € R, J(HC,T) E AD, and T is Wadge compatible with every boldface
AD-pointclass. -

Remark 5.55. Suppose (2 is very nice and let T be as above. We want to
see that the scales analysis in LpGQ(R) proceeds from optimal determinacy
assumptions. Let N deGQ(R) be such that N'E AD and A ends a gap [« (]
of LpGQ(R), such that [a, ] is not strong. Suppose that if o, 5] is weak and
QJHC € N|a then super-small mouse capturing for T' = Z{\f\a holds on a
cone. We claim that one of the scale existence theorems 5.1, 5.17, or 5.26
applies.

For by 5.16 and the mouse capturing hypothesis, we may assume that the
gap is admissible, and so weak, and that QHC ¢ N|a, so T ¢ A|a. We
claim that then J(N') F AD, so 5.17 applies. If every set of reals in J(N)
is Wadge below T4, this is because J(HC,Y) E AD. So suppose otherwise.
Let P < N be least such that there is Z € J(P) such that Z £y T4, If
P <N then J;1(P) E AD, so by the Wadge compatibility given by 5.54, we
have QJHC € J(P), so o < I(P). We claim that Q[HC ¢ N|5. Because
Q is very nice and by 5.14, this is clear if Thﬁ\gf‘ < T4 or Th{é’f <y Ted
(as very niceness would otherwise yield scales on these sets). Otherwise, by
Wadge compatibility, T°¢ <y Thfgf‘. But then because N« is admissible,
T4 € Nla, contradiction. So P = A. Since N ends a weak gap, there are
sets X; € P(R) NN such that P(R) N J(N) is exactly the sets which are
projective in @<, X;. It follows that P(R) N J(N) C PB(R) N J(HC,T), so
JN)EAD (and so T € J(N)).
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