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Abstract

We analyze synchronization of relaxation oscillations in multiple-timescale reaction-diffusion systems.
Interpreting synchronization as convergence to frequency-synchronized wave-train solutions, we resolve
for the first time the case of phase waves. These waves are nearly phase-synchronized relaxation oscilla-
tions, featuring quasistationary plateaus of length ε−1 separated by fast transition layers, where ε≪ 1 is
the timescale separation parameter. Tracking the decay of modulations via a Bloch-wave eigenfunction
analysis, we find a remarkably weak interaction strength of order ε8/3. This weak layer interaction and
many of the technical difficulties arise from repeated scattering of eigenfunctions through fold points at
the ends of the quasistationary plateaus. We capture this by combining a novel geometric desingular-
ization approach with Lin’s method, exponential trichotomies, and the Riccati transform. While our
spectral stability analysis yields diffusive synchronization of all phase waves in the FitzHugh–Nagumo
system, it also identifies potential finite-wavelength instabilities, which we realize in a system variant.
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1 Introduction

The collective behavior of oscillators has been at the center of many questions in nonlinear dynamics,
with applications including synchronization in mechanical systems [50], in neuropathology [52, 59], in the
social sciences [40], in electrical grids [39], or in chemical experiments [33]. Synchronization here means
�rst of all that the temporal behavior of any oscillator in the collection is periodic with one common
period for all oscillators, that is, the collective behavior is frequency synchronized. In an even stronger
form of synchronization, all individual oscillators go through a particular �xed phase of the oscillation
at the same time, that is, they are phase synchronized. Predicting synchronization, and failure thereof,
can then explain observations, guide treatments, and more theoretically elucidate our understanding of
collective behavior between order and chaos. Our results are concerned with frequency synchronization and
possible desynchronization in relaxation oscillators. We shall start in§1.1 with background on questions of
synchronization relevant to our results. We then set up the FitzHugh{Nagumo system with its wave-train
solutions in §1.2 and state our main stability result and its implications in §1.3 and §1.4.

1.1 Phenomenology of synchronization

Models of synchrony. The simplest descriptions of oscillators rely on modeling the phase � of the
oscillation as through a di�erential equation � t = g(�) on the circle � 2 S1 = R=Z, leading to phase models
such as the celebrated Kuramoto model [1, 70], where the transition from synchronization to unlocked states
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is now well-understood in kinetic limits [24]. More realistic models include inertia [25] or amplitudes [78].
The Landau oscillator, a universal normal form near Hopf bifurcations, incorporates amplitudes in the
simplest form. In spatially extended oscillatory systems, it leads to the complex Ginzburg{Landau equation
as a modulation equation [4, 74]. We are concerned here with what are often more representative and
relevant models of oscillators that describe relaxation oscillations in multiple timescale systems. Speci�cally,
we are interested in the FitzHugh{Nagumo system, or the closely related van-der-Pol equations. In contrast
to phase or Landau oscillators, these models o�er more realistic phase-resetting curves, that is, the response
of oscillations to external stimuli depends quite sensitively on the phase of the oscillation. The multiple
timescale structure { with fast relaxation on O(1) time scales between slow adaptation onO(1=") time
scales, where" > 0 is a small parameter { also appears intrinsically in applications including ecosystem
dynamics [67], neuroscience [79], heart arrhythmias [91], chemical reactions [45], and even 
uid 
ows and
turbulence [12]. From this broad phenomenological perspective, our work here addresses two questions:

(i) What are time scales of synchronization?

(ii) When and how does synchronization fail?

We explore these questions in the context of a continuous distribution of oscillators, modeled through
reaction-di�usion systems on the line, with a speci�c focus on the FitzHugh{Nagumo system in the oscilla-
tory regime; see§1.2, below. The spatially continuous setting avoids additional complicating e�ects due to
spatial discreteness. Moreover, the planar dynamics of the ODE, describing spatially independent solutions
of the FitzHugh{Nagumo system, isolate key features of multiple timescale relaxation, thus making this
equation and its variants a model of choice in many of the applications mentioned above. Indeed, much
is known about the spatio-temporal dynamics of the FitzHugh{Nagumo equation, including existence,
stability, and bifurcation results for traveling fronts [34, 73], pulses [17, 20, 21, 46, 55, 62], and periodic
wave trains [42, 53, 54, 71, 89]. Our focus here is on these wave trains which are periodic in both space
and time and propagate as traveling waves in this spatially continuous setting. The collective dynamics
of wave trains are frequency synchronized { that is, all points in space oscillate with the same frequency
{ while the phase of the oscillation has a constant spatial gradient; see Figure 1. Synchronization then
corresponds to the convergence to one of those frequency-synchronized wave trains, from initial conditions
that are close to the wave train { that is, already almost synchronized { or more globally. We shall focus
on the former, local question, which translates (i) and (ii) into questions of stability of oscillations: can
wave trains be unstable (ii), and what is the rate of convergence to wave trains when they are stable (i)?
Our work is motivated by somewhat dramatic di�erences in frequency synchronization that are illustrated
in Figure 2, which shows how synchronization time scales di�er within the same equation by only changing
the wavelength, and by the possible failure of synchronization in related models, illustrated in Figure 8.

E�ective di�usivity and stability. For single oscillators, or small groups of synchronized oscillators,
stability and rates of convergence are determined by the real part of Floquet exponents� of the linearized
equation: positive real parts yield instability and desynchronization, negative real parts< (� ) = � � give
exponential rates � of synchronization. Perturbing a synchronized state will generally lead to a phase shift
of the collective oscillation due to the trivial Floquet exponent � = 0 associated with time translations.
In large or even moderately sized systems, Floquet exponents closest to the imaginary axis arise from
modulating this phase response across oscillators. In other words, the phase of oscillators may be perturbed
in a non-uniform fashion across the system and temporal dynamics only slowly heal the resulting phase
mismatch. The dynamics of phase modulations of oscillators in large, spatially extended systems can be
described using long-wavelength modulation theory [38]. In this regime, the phase dynamics are well-
approximated by a viscous eikonal equation. Modulating the phase of a wave-train solutionu(x; t ) =
uwt (lx � !t ) with wavenumber l 2 R n f 0g and frequency! 2 R via

uwt (`x � !t + �( x; t )) � uwt (`x � !t ) + �( x; t ) � u0
wt (`x � !t );

3



Figure 1: Spacetime plot of pro�les u(x; t ) corresponding to spatially homogeneous oscillations (left) and traveling wave trains
(right) obtained numerically in (1.1) for a = 0 :2; 
 = 1 ; " = 0 :001.

one �nds in a long-wavelength limit
� t + d2� 2

x = de� � xx ;

wherede� > 0 is an e�ective di�usivity and the coe�cient d2 2 R encodes nonlinear dispersion. Wave-train
solutions are now of the form �( x; t ) = ` � x � ! � t, with ! � = d2`2

� . Small-amplitude perturbations of wave
trains can be shown to behave according to solutions of the linearized equation, a convection-di�usion
equation

� t + 2d2` � � x = de� � xx :

That is, for t ! 1 solutions are well-approximated by solutions to the heat equation, advected with the
group velocity 2d2` � . The time scales of synchronization correspond to the rate of decay in the di�usion
equation, which in large systems is

k�( �; t)kL 1 � (de� t) � 1=2k�( �; 0)kL 1 ; t > 0:

We therefore refer toTe� = 1=de� as the time scale of synchronization, thus encoding how we shall answer
question (i) in what follows. The e�ective di�usive behavior is illustrated in direct simulations in Figure 3,
showing in particular the appearance of di�usive pro�les �( x; t ) � u0

wt (` � x � !t ).
The second question, from our point of view, asks for spectral instabilities of the synchronized state. In

a simple dichotomy, this potential instability is either caused by (A) a sign change in the e�ective di�usivity
de� , that is, ill-posedness of the phase approximation, or (B) by a �nite-wavelength mode that is invisible
in the phase approximation.

Roughly speaking, we answer the questions (i) and (ii) above for phase-wave trains in terms of the slow
timescale parameter" as follows:

(i) in FitzHugh{Nagumo and variants, de� � "2=3 and Tsync � " � 2=3, see Theorem 1.2;

(ii) in FitzHugh{Nagumo, no instabilities, see Theorem 1.2; in variants of the FitzHugh{Nagumo system,
de� > 0, but oscillatory Turing instabilities can occur at modulation wavenumber k � "1=6, see§1.4.

In terms of the dichotomy mentioned above, the instability in (ii) is always of type (B), i.e. not due to
a change of sign ofde� . Therefore, it is not visible in a phase-reduction that �xes the small parameter
" in the relaxation oscillation, but rather caused by an instability of the neutral mode at a �nite (for
�xed ") wavenumber. We found the rigidity in (ii) in regard to the consistent stable e�ective di�usivity,
de� > 0, remarkable. It is strikingly di�erent from the well-understood example of the complex Ginzburg{
Landau equation, where the prevalent instability mechanism is a change in sign ofde� , known there as
a sideband or Benjamin{Feir instability. The sideband instability plays an outsized role in the transition
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trigger waves phase waves

Figure 2: Illustration of the fast decay of perturbations of trigger waves (left) compared to the weak relaxation of random
perturbations of phase waves (right); see Appendix E for details on implementation.

from coherent spatio-temporal dynamics with ultimate phase-synchrony, to spatio-temporal chaos in its
various forms [4, 29]. For frequency-synchronized states with a phase gradient, that is, for wave-train
solutions, there is however in certain parameter regimes a �nite-wavelength instability in the complex
Ginzburg{Landau equation preceding the sideband instability [93], somewhat reminiscent of the potential
instability we observe here.

Synchronization via transition layer interaction. Relaxation oscillations in FitzHugh{Nagumo- or
van-der-Pol-type oscillators consist of two rapid switches between states of slowly varying amplitudes.
In the spatially homogeneous oscillation, the rapid switches are initiated by the slow evolution hitting a
fold point of a slow manifold. This slow passage through the fold contributes a characteristicO(" � 1=3)-
correction to the leading-order O(" � 1)-part in the period of oscillations, which stems from the maximal
time spent drifting along the slow branch; see Figure 4. Modulating homogeneous oscillations spatially, the
time instances of the rapid switches vary in space: for wave trains, the switches occur along characteristics
! (`)t = `x , with ! (0) the frequency of the spatially homogeneous oscillation; see Figure 1. Dispersion,
that is, the dependence of! on the spatial wavenumber` encoded in the coe�cient d2 in the modulation
equation above, can be thought of as re
ecting the interaction of these rapid switches. Wheǹ increases,
i.e. for spatially more narrowly spaced transition layers, the drift along the slow manifold is cut short by an
early transition triggered by the interaction of layers, rather than induced by the phase of the oscillation
reaching its �nal state. The associated periodic wave trains for larger` are thus called trigger waves,
while the waves for small ` are called phase waves; see Figure 5 for a depiction of these waves in the
FitzHugh{Nagumo system.

Trigger waves are related to waves in the excitable regime [15]. Here, in the absence of spatially
homogeneous oscillations, oscillatory behavior is organized by excitation pulses, each consisting of a rapid
jump at the front and a second relaxation at the back, and their interaction. Interaction of layers in
this excitable regime, or more generally the regime of trigger waves, is fairly well-understood through a
perturbative analysis; see [83] for large separation at �xed" and [42, 71] forO(" � 1)-separation and layers
away from the fold points of the slow manifold. In both cases, the position of transition layers is naturally
associated with a zero eigenvalue in the linearization and therefore a \soft mode", leading to e�ective
reduced descriptions.

In contrast, the transition layers in phase waves do not possess such a natural zero eigenvalue, a fact that
was noticed when analyzing the stability of pulses in a modi�ed FitzHugh{Nagumo system [13]. Therefore,
while the stability analysis features a characteristic neutral mode associated with translations, it does not
possess individual modes associated with translations of the two distinct transition layers, and there does
not appear an obvious way to cast the dynamics as reduced weak-interaction dynamics. Our main result,
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trigger waves phase waves

Figure 3: Localized perturbation of trigger waves (left column) and phase waves (right column) in the �rst component by
10� 2 exp (� x2=100). Top: space-time plot of u-component (only partial domain on left) shows quick relaxation in the trigger-
wave case, with perturbation only visible up to t = 200, and a persistent defect in the phase wave case visible up tot = 15000
(note the di�erent spatial and temporal plot ranges). Middle: Snapshots of perturbation pro�les, subtracting a closest perfect
periodic wave train from the solution. Perturbations are modulated and large near interfaces. They slowly travel to the left
with the group velocity and decay in amplitude as their width grows (again fast in the trigger- and slow in the phase-wave
case). Bottom: The decay is di�usive, which is illustrated here by plotting the square of the width of the region where the
perturbation exceeds 10� 5 versus time. Data and linear �t with slope 4 de� shows, as" decreases, the increasede� � 1=" in
the trigger case, and the decreasede� � " 2=3 in the phase wave case; see Appendix E for details on implementation.
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