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Abstract

Numerical studies indicate that the FitzHugh—Nagumo system exhibits stable traveling pulses with os-
cillatory tails. In this paper, the existence of such pulses is proved analytically in the singular perturbation
limit near parameter values where the FitzHugh—Nagumo system exhibits folds. In addition, the stability
of these pulses is investigated numerically, and a mechanism is proposed that explains the transition from
single to double pulses that was observed in earlier numerical studies. The existence proof utilizes geometric
blow-up techniques combined with the Exchange Lemma: the main challenge is to understand the passage

near two fold points on the slow manifold where normal hyperbolicity fails.

1 Introduction

In this paper we consider the FitzHugh—Nagumo equations in the form

U = Ugg + fu) —w (1.1)
wy = 6(” - FYU}) )
where the nonlinearity f(u) = u(u—a)(1—u),0<a <1/2,v>0,and 0 < § < 1. The PDE (1.1) was originally
proposed ([6, 20]) as a simplification of the Hodgkin-Huxley model of nerve axon dynamics.

We are interested in traveling wave solutions, that is, solutions of the form (u,w)(z,t) = (u,w)(z + ct) for
wavespeed ¢ > 0. Finding such solutions to (1.1) is equivalent to finding bounded solutions of the following
system of ODEs

du

dv

€ v — f(u) +w
dw

dif = 6(’[1, - ")/U/) )

where £ = x + ct is the traveling wave variable, and 0 < € = §/c. We assume € < 1 so that we may view (1.2)
as a singular perturbation problem in the parameter e. In addition, we take v > 0 sufficiently small so that
(u,v,w) = (0,0,0) is the only equilibrium of the system.

It is well known that for each 0 < a < 1/2 and each sufficiently small € > 0, (1.1) admits a localized traveling pulse
solution. Equivalently, in (1.2) this corresponds to the existence of an orbit homoclinic to the only equilibrium
(u,v,w) = (0,0,0) with positive wavespeed ¢ = O(1). This existence result has been obtained using a number
of different techniques: classical singular perturbation theory ([9]), Conley index ([2]), and geometric singular
perturbation theory ([15]). Numerics suggest that as a — 0, the tails of the pulses develop small amplitude
oscillations, evidence of a Shilnikov saddle-focus homoclinic and thus the bifurcation of N-homoclinic orbits ([10,
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Figure 1: Shown is a schematic bifurcation diagram depicting the branch of pulses guaranteed by Theorem 1.1.
The monotone pulse and oscillatory pulse shown were computed numerically for the parameter values (c,a,€) =
(0.593,0.069,0.0036) and (c, a, ¢) = (0.689,0.002,0.0036), respectively.

§5.1.2]). The goal of this work is to understand this phenomenon analytically and prove an extension of this

existence theorem which also encompasses the onset of oscillations in the tails of the pulses.

Specifically, in this work we prove the following existence theorem

Theorem 1.1. There exists K*, . > 0 such that the following holds. For each K > K™, there exists ag, €y > 0
such that for each (a,€) € (0,a0) x (0,€) satisfying € < Ka?, there exists ¢ = c(a,€) given by
1

c(a,) = VB (5~ a) ~ e+ Olelal +0)

such that (1.1) admits a traveling pulse solution. Furthermore, for e > K*a?, the tail of the pulse is oscillatory.

The statement and implications of Theorem 1.1 will be presented in more detail in §3. We note here that
this result extends the classical existence result by guaranteeing, at least near the point (¢, a,€) = (1/v/2,0,0), a

surface of solutions which contains both pulses with monotone tails and pulses with oscillatory tails (see Figure 1).

The general strategy behind the proof of Theorem 1.1 presented in this paper is similar to that of the classical
existence result for fast pulses using geometric singular perturbation theory and the Exchange Lemma, albeit
with a number of additional technical challenges due to the nature of the (¢, a,€¢) ~ (1/v/2,0,0) limit in which
normal hyperbolicity is lost at two points on the critical manifold: these challenges will be described more
precisely in §2. Related difficulties have also been encountered in other constructions of traveling wave solutions,

e.g. in [1, 4], and we will discuss in §2.2 below how these results differ from ours.

The geometric framework of the proof developed here provides also insight into a possible mechanism for the
termination of the branch of fast pulses that was previously studied in, for example, [3, 7, 8]. We propose a
geometric explanation, supported by a numerical analysis, for the termination of this branch of fast pulses and

the transition of a single fast pulse into a double pulse.

The remainder of the paper is structured as follows. In §2, we describe the classical existence result for pulses
and the difficulties that arise in proving the above extension. In §3, we outline the proof of Theorem 1.1 and
the relation to oscillations in the tails of the pulses; §4-6 are devoted to the proof of Theorem 1.1. Section 7
contains a numerical analysis relating the above result to previous numerical analyses of (1.2), and in particular,
we describe a termination mechanism for the branch of pulses guaranteed by the theorem as well as a brief

numerical stability analysis of the pulse solutions. Finally, §8 contains a discussion of the results.



2 Background

2.1 Known existence results for pulses

It is known that for each 0 < a < 1/2 and each sufficiently small ¢ > 0, there exists ¢ > 0 such that (1.2)
admits an orbit homoclinic to (u,v,w) = (0,0,0), the only equilibrium of the full system. In this section, we
describe a proof of this result using geometric singular perturbation theory ([5]) and the Exchange Lemma ([14]),
in the spirit of [15]. Many of the arguments carry over to the proof of Theorem 1.1, and we indicate where these
arguments fail and more work is needed to establish this extension.

To keep similar notation as in the relevant literature for geometric singular perturbation theory results, we abuse

notation and denote the independent variable in (1.2) by ¢ and write the system as

i@ o= v (2.1)
v o= cv— f(u)+w
w = e(lu—rw),

d
where "= e We separately consider (2.1) above, which we call the fast system, and the system below obtained
by rescaling time as 7 = et, which we call the slow system:

ew = w (2:2)
e = cv—flu)+w
wl = (’LL - wa) ;

d

where " denotes —. The two systems (2.1) and (2.2) are equivalent for any € > 0. The idea of geometric singular
T

perturbation theory is to determine properties of the ¢ > 0 system by piecing together information from the

simpler equations obtained by separately considering the fast and slow systems in the singular limit e = 0.

We first set ¢ = 0 in (2.1), and we obtain the layer problem

U o= v (2.3)
0= - flu)+w
W o= 0,

so that w becomes a parameter for the flow and Mo(c,a) = {(u,v,w) : v =0, w = f(u)} is a set of equilibria
(though the critical manifold does not depend on ¢, we keep track of this anyways for convenience later).
Considering this system in the plane w = 0, we obtain the Nagumo system
U = v (2.4)
0 = cv— f(u).
It can be shown that for each 0 < a < 1/2, for ¢ = ¢*(a) = V2(1/2 — a), this system possesses a heteroclinic
connection ¢ (the Nagumo front) between the critical points (u,v) = (0,0) and (u,v) = (1,0). In (2.3), this
manifests as a connection between the left and right branches of My(c,a) in the plane w = 0. By symmetry,
there exists w*(a) such that there is a connection ¢, (which we call the Nagumo back) in the plane w = w*(a)
between the right and left branches of My(c,a) traveling with the same speed ¢ = ¢*(a). The layer problem
is shown in Figure 2. We will use the notation Mj(c,a) and M(c,a) to denote the right and left branches of
Mo (c, a), respectively.
Similarly, by setting e = 0 in (2.2), we obtain the reduced problem

0 = v (2.5)
0 = cw—flu)+w
w/ = (U - ")/U}) )
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Figure 2: Shown is the fast subsystem for e = 0 and 0 < a < 1/2.
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Figure 3: Shown is the slow subsystem for e = 0 and 0 < a < 1/2.

where the flow is now restricted to the set My(c, a) with flow determined by the equation for w. This is shown

in Figure 3.

Combining elements of both the fast and slow subsystems, we see that there is a singular ¢ = 0 “pulse” obtained
by following ¢, then up Mg(c, a), back across ¢, then down M (c,a). This exists purely as a formal object as
the two subsystems are not equivalent to (2.1) for e = 0. This singular structure is shown in Figure 4.

We now use Fenichel theory and the Exchange Lemma to construct a pulse for € > 0 as a perturbation of this
singular structure. The first thing to note is that for any 0 < a < 1/2 the Nagumo front ¢y and Nagumo back
ép leave and arrive at points on segments of M (c,a) and M§(c,a) which are normally hyperbolic. Therefore
such segments persist for € > 0 as locally invariant manifolds M” (c,a) and M’(c,a). Also, the stable manifold
Ws(./\/lg(c, a)), consisting of the union of the stable fibers of the equilibria lying on Mé(c, a), also persists for e > 0
as a two-dimensional manifold W#*(¢, a). By Fenichel fibering, we in fact have that W*(c, a) = W?(0; ¢, a), the
stable manifold of the origin.

In addition, the origin has a one-dimensional unstable manifold W (0; ¢, a) which persists for e > 0 as W2(0; ¢, a).
The idea is to track W(0; ¢, a) forwards and track W (0; ¢, a) backwards and show that there is an intersection
provided we adjust ¢ & ¢"(a) appropriately. The difficulty in this procedure comes from trying to track these
manifolds in a neighborhood of the right branch M? (¢, a), where the flow spends time of order e ~'. The Exchange
Lemma is used to describe the flow in this region.



Figure 4: Shown is the singular pulse € = 0.
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Figure 5: Shown is the set up for the Exchange lemma.

Since we are only concerned with a normally hyperbolic segment of M (c,a), as stated before it perturbs to a
manifold M/ (¢, a). In addition its stable and unstable manifolds, W*(Mg(c,a)) and W*(Mg(c, a)) also perturb
to locally invariant manifolds W (¢, a) and W' (¢, a). Also, in a neighborhood of M (c,a), there exists a

smooth change of coordinates in which the flow takes a very simple form, the Fenichel normal form ([5, 14]):

X' = —AX,Y,Zca,e)X (2.6)
Y'" = B(X,Y,Z,ca,eY
7' = e(l1+E(X,Y,Z,c,a,e)XY) ,

where M7 (c,a) is given by X =Y = 0, and W"" (¢, a) and W' (¢, a) are given by X = 0 and Y = 0, respectively,
and the functions A and B are bounded below by some constant 7 > 0. The Exchange Lemma ([14]) then states
that for sufficiently small A > 0 and € > 0, any sufficiently large T, and any Z, there exists a solution to (2.6)
satisfying X (0) = A, Z(0) = Zy, and Y(T') = A and the norms | X (T)|, |Y(0)],and |Z(T') — Zy — €T'| are of order

e . The result is shown in Figure 5.

The idea is now to follow W¥(0; ¢,a) and WZ(0;¢,a) up to this neighborhood of M (c,a) and determine how
they behave at X = A and Y = A. This gives a system of equations in ¢, T, ¢ which we can now solve to connect
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Figure 6: Shown is the construction of the pulse solution.
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Figure 7: Shown is the bifurcation diagram indicating the known regions of existence for pulses in (2.1). Pulses
on the upper branch are referred to as “fast” pulses, while those along the lower branch are called “slow” pulses.

These two branches coalesce near the point (c,a,€) = (0,1/2,0).

WX(0; ¢,a) and W?(0; ¢, a) using the solution given by the Exchange lemma, completing the construction of the

pulse which is shown in Figure 6.

The existence results for pulses in the FitzHugh—Nagumo system are collected in the bifurcation diagram in
Figure 7 where the green surface denotes the existence region for pulses. The pulses constructed above for
¢ = c"(a) > 0 are called “fast” pulses and the region of existence is given by the upper branch. For each
0 < a < 1/2, there are also “slow” pulses which bifurcate for small ¢, e > 0, and the region of existence of such
pulses is given by the lower branch. It is also known ([16]) that near the point (¢, a,€) = (0,1/2,0), these two
branches coalesce and form a surface as shown.

2.2 Motivation and complications for a ~ 0

Numerical evidence (see, for instance, §7) suggests that when one of the fast pulses constructed above is continued
in (c,a) for fixed ¢, the tail of the pulse becomes oscillatory as a — 0, i.e. as one moves towards the upper left
corner of the bifurcation diagram of Figure 7. Pulses with oscillatory tails correspond to homoclinic orbits of the
travelling wave ODE (2.1) for which the origin is a saddle-focus with one strongly unstable eigenvalue and two
weakly stable complex conjugate (non-real) eigenvalues: such homoclinic orbits are often referred to as Shilnikov
saddle-focus homoclinic orbits. The numerical observation that pulses with oscillatory tails exist is of interest,

because such pulses are typically accompanied by infinitely many distinct N-pulses for each given N > 2 (]10,



Figure 8: Shown is the singular pulse for € = 0 in the case of (¢,a) = (1/v/2,0).

§5.1.2]): here, an N-pulse is a travelling pulse that resembles N well separated copies of the original pulse. The
goal of this current work is to prove the existence of pulses with oscillatory tails analytically by studying the
branch of fast pulses in the regime near the singular point (¢, a,€) = (1/v/2,0,0) in the bifurcation diagram. We
will accomplish this by looking for pulses which arise as perturbations from the singular € = 0 structure for the
case of (c,a) = (1/v/2,0), which is shown in Figure 8.

Proceeding as in the case of fast waves, we wish to find an intersection between the stable and unstable manifolds

of the origin. Let I, = [—ag, ag] for some small ag > 0. In the plane w = 0, the fast system for a € I, reduces to
@ = v (2.7)
v = cw—ulu—a)(l—u).

As stated previously, for a > 0 this system possesses Nagumo front type solutions connecting v = 0 to u = 1
for any ¢ = ¢*(a). For —ag < a < 0 with ag sufficiently small, this system possesses front type solutions for any
¢ > 1/v2(1 + a) connecting u = 0 to u = 1. For the critical value ¢ = ¢*(a) = V2(1/2 — a) the front leaves
the origin along the strong unstable manifold of the origin, and for all other values of ¢, the front leaves the
origin along a weak unstable direction. Our primary concern is the case of a = 0, in which (2.7) reduces to a

Fisher-KPP type equation
0 o= v (2.8)
v o= cw—ui(l—u).
Again, it is known that this system possesses front type solutions connecting v = 0 to u = 1 for any ¢ > 1/ V2.
For the critical value ¢ = 1/ V2 the front leaves the origin along the strong unstable manifold of the origin,
and for ¢ > 1/ V2, the front leaves the origin along a center manifold. We are concerned with the case of

(¢,a) = (1/v/2,0) in which, as is the case with the Nagumo front, the singular fast front solution leaves the origin

along the strong unstable manifold; here the solution is given explicitly by

wp(t) = % (tanh (2\1/575) + 1) (2.9)

op(t) = %Uf(t)(l —us(1)) .

Note that by symmetry, for (¢,a) = (1/v/2,0), the fast singular back solution also leaves the upper right fold
point along the strong unstable direction.



Thus from Fenichel theory, the origin has a strong unstable manifold W (0;¢, a) for ¢ € I, a € I,, and e = 0
which persists as an invariant manifold W (0; ¢, a) for a,c in the same range and € € [0, €], some €. Here I,
is a fixed closed interval which contains the set {¢*(a) : a € I,} in its interior. Recall ¢*(a) is the wavespeed
for which the front solution in the strong unstable manifold exists for this choice of a, and ¢*(0) = 1/v/2. We
note that for —ag < a < 0 with ag sufficiently small, though the origin sits on the unstable middle branch of the
critical manifold, it still has a well defined strong unstable manifold.

Taking any piece of M{(c, a) which is normally hyperbolic, i.e. away from the fold point, Fenichel theory again
ensures that this persists a locally invariant manifold M (c,a) for € € (0, ¢p]. Similarly outside of a small fixed
neighborhood of the fold, M{(c, a) has stable and unstable manifolds W*(Mg(e, a)) and W*(M((c,a)) which
persist as locally invariant manifolds W2 (¢, a) and W (¢, a).

We follow W (0; ¢, a) along the front into a neighborhood of the right branch M (¢, a), and using the Exchange
Lemma, we can follow W¥(0; ¢, a) along MZ(c,a), but only up to a fixed neighborhood of the fold point. Here

the Exchange Lemma breaks down.

Another issue is that the origin does not have a well defined stable manifold as in the case of 0 < a < 1/2. For
a = 0, the origin sits on the fold of the critical manifold My(c, a) and thus does not lie in the region where the
branch MS (c,a) is normally hyperbolic. Therefore, we cannot use the results of Fenichel as before to deduce
that any section of Mé(c, a) containing the origin persists as an invariant manifold for ¢ > 0. In the same vein,
we cannot deduce that W(c,a) = W?(0; ¢, a).

However, outside any small fixed neighborhood of the origin, Fenichel theory applies, and we know that Mg(c, a)
and its stable manifold W*(M§(c,a)) perturb to invariant manifolds M(c,a) and W#*¢(c,a) which enter this
small fixed neighborhood of the origin. In addition, the origin remains an equilibrium for € > 0, so it remains
to find conditions which ensure that M(¢, a) and nearby trajectories on W*(M§(c,a)) in fact converge to zero.
This is discussed in §6. It is important to note in this case that the manifolds M(c, a) and W*(M§(c,a)) are
not unique and are only defined up to errors exponentially small in 1/e. The forthcoming analysis is valid for
any such choice of these manifolds, and in §6, we show that under certain conditions it is possible to choose
M(c,a) and W*(M{(c,a)) so that they in fact lie on WE(0; ¢, a).

We now follow the manifold Wj’e(c, a) backwards along the back up to a small neighborhood of the fold point,
where again the theory breaks down. Thus we may be able to find a connection between W*(0; ¢, a) and W**(c, a)
up to understanding the flow near the fold point. The flow in this region and the interaction with the exchange

lemma is discussed in Sections 4 and 5.

Figure 9 summarizes what is given by the usual Fenichel theory arguments, which apply outside of small neigh-

borhoods of the two fold points at which the critical manifold is not normally hyperbolic.

We note that there have been other studies of constructing singular solutions passing near non-hyperbolic fold
points. In [1], for instance, a pulse solution was constructed in a model of cardiac tissue: in this model, the fast
‘back’ portion of the pulse also originated from a non-hyperbolic fold point as in the case for FitzHugh—-Nagumo
above. Both models exhibit a Fisher-KPP type equation as described above when viewing the layer problem in
the plane containing the singular fast ‘back’ solution. One difference between these two cases is that, in [1], only
wavespeeds ¢ > 1/ V/2 are considered, which means that the back solution leaves the fold point along the center
manifold: in particular, the desired pulse solution can be constructed by following a continuation of the slow
manifold in the center manifold of the fold point. A second difference is that the origin of the model considered
in [1] is hyperbolic, instead of being a second fold point as in the situation discussed in our paper. The setup
discussed in [4] is similar to the one studied in [1] in that a condition is imposed on the wavespeed that ensures
that the singular back solution leaves the fold along a center manifold rather than a strong unstable fiber.

In our case, we consider the critical wavespeed ¢ =1/ V/2 in which the back leaves along a strong unstable fiber.
As in [1], we will use the blow up techniques of [17] to construct the desired pulse solution. However, a number
of refinements of the results of [17] are needed to track the solution in a neighborhood of the fold point as the



Figure 9: Shown are the regions of difficulty for the case of a ~ 0.

solution exits this neighborhood along a strong unstable fiber as opposed to remaining on the center manifold.
This will be described in more detail in Sections 4 and 5.

3 Statement of the main result

We start by collecting a few results which follow from Fenichel theory. Define the closed intervals I, = [—ag, ao]
for some small ap > 0 and I. = {c"(a) : a € I, }; recall ¢*(a) is the wavespeed for which the Nagumo front exists
for this choice of a. Then for sufficiently small ¢y, standard geometric singular perturbation theory gives the
following:

1. The origin has a strong unstable manifold Wy (0; ¢, a) for ¢ € I., a € I,, and € = 0 which persists for a,c

in the same range and e € [0, ¢].

2. We consider the critical manifold defined by {(u,v,w) : v =0,w = f(u)}. For each a € I,, we consider the
right branch of the critical manifold M{(c,a) up to a neighborhood of the knee for ¢ = 0. This manifold
persists as a slow manifold M (c,a) for € € [0,¢]. In addition, M{(c,a) possesses stable and unstable
manifolds W? (M (¢, a)) and W*(M(c,a)) which also persist for € € [0, o] as invariant manifolds which
we denote by W2 (¢, a) and WX (¢, a).

3. In addition, we consider the left branch of the critical manifold Mg(c, a) up to a neighborhood of the origin
for ¢ = 0. This manifold persists as a slow manifold M¥(c, a) for € € [0, €o]. In addition, M§(c, a) possesses
a stable manifold W*(M¢§(c, a)) which also persists for € € [0, ¢p] as an invariant manifold which we denote
by W*(c, a).

The goal of this paper is to prove Theorem 1.1 which we restate here for convenience:

Theorem 1.1. There exists K*, > 0 such that the following holds. For each K > K™, there exists ag, €y > 0
such that for each (a,€) € (0,a0) x (0,€) satisfying € < Ka?, there exists ¢ = c(a,€) given by

c(a,) = V2 (5~ a) ~ e+ Olelal +0)

such that (1.1) admits a traveling pulse solution. Furthermore, for e > K*a?, the tail of the pulse is oscillatory.



Figure 10: Schematic bifurcation diagram for the parameters (c,a,€). Here the green surface is the region of
existence of pulses as in Theorem 1.1; in the grey region, Theorem 1.1 does not apply. The red curve denotes

the location of the Belyakov transition which occurs at the origin.

In §5.5, the wave speed of the pulse is computed as
cla,€) = c*(a) — pe+ O(e(lal +¢€)) , (3.1)

where p > 0. Figure 10 shows the location of the surface of solutions guaranteed by the theorem in the bifurcation
diagram for the parameters (c,a,¢). We emphasize that this theorem does indeed guarantee the existence of
the desired branch of pulses with oscillatory tails. The onset of the oscillations in the tail of the pulse is due
to a transition occurring in the linearization of (2.1) about the origin in which the two stable real eigenvalues
collide and emerge as a complex conjugate pair as a decreases for fixed e. If a pulse/homoclinic orbit is present
when eigenvalues changes in this fashion, then this situation is referred to as a Belyakov transition ([10, §5.1.4]):
all N-pulses that accompany a Shilnikov homoclinic orbit terminate near the Belyakov transition point. The

linearization of (2.1) about the origin is given by

01 O
J=|a ¢ 1 . (3.2)
e 0 —ey

We can compute the location of the Belyakov transition for small (a,€) by finding real eigenvalues which are
double roots of the characteristic polynomial of J. Thus, we determine for which (e, a) both the characteristic

polynomial and its derivative vanish, and find that this holds when

a2

=t 0(a®) . (3.3)

This gives the location of the transition and allows us to choose the quantity K* > for which the statement

1
4¢*(0)
in Theorem 1.1 holds for all sufficiently small (a,¢). Then by taking K sufficiently large in Theorem 1.1, we see
that the surface of pulses in cae-space which are given by the theorem encompasses both sides of this Belyakov

transition and therefore captures both the monotone and oscillatory tails (see Figure 10).

The proof of Theorem 1.1 is presented in three parts:

1. In §4, we present an analysis of the flow in a small neighborhood of the upper right fold point.

2. In §5, using the Exchange Lemma together with the analysis of §4, we show that for each a € I, and
€ € (0, €), there exists ¢ = ¢(a, €) such that W*(0; ¢, a) connects to W*(c, a) after passing near the upper
right fold point.

10



3. In §6, we show that for each (a,¢) satisfying the relation in the statement of Theorem 1.1, the manifold
M (¢, a) and nearby solutions on W**(c, a) in fact converge to the equilibrium, completing the construction
of the pulse.

4 Tracking around the fold

4.1 Preparation of equations

We append an equation for the parameter € to (2.1) and arrive at the system

i@ = (4.1)
v = cv— f(u)+w

w = e(u—yw)

e = 0.

For (c,a) € I, x I, the fold point is given by the fixed point (u,v,w,€) = (u*,0,w",0) of (4.1) where

u*z%(a—!—l—i—\/cﬂ—a—kl) ) (4.2)

and w* = f(u*). The linearization of (4.1) about this point is

010 0
0 ¢ 1 0
0 0 0 u" —~w"

0 00 0

This matrix has one positive eigenvalue A = ¢ with eigenvector (1,¢,0,0) as well as an eigenvalue A = 0
with algebraic multiplicity three and geometric multiplicity one. The associated eigenvector is (1,0,0,0) and

generalized eigenvectors are (0,1, —¢,0) and (0,0, u* — yw*, —c). By making the coordinate transformation

v ow—w"

*
c c?
w—w*
z9 = —
c

voow—w*
z3 = —

c c? ’

we arrive at the system

. -1 1 1 € N N
Z = z2+c< a2—a+1—|—2> (21+Z3)2—E(zl+z3)3—c—2(21+z'3+cwzg+u —qw*)  (4.5)
. € * *
o —E(Zl+Z3+C’}/ZQ+U, — yw™)
, 1 1 , 1 s € . .
Z3 = 023—1—2 a —a+1+§ (21 + 23) +E(21+Z3) +C—2(z1+23+c'yzz+u — yw™)
¢ = 0,

which, for e = 0, is in Jordan normal form for the three dynamic variables (21, 22,23). To understand the
dynamics near the fold point, we separate the nonhyperbolic dynamics which occur on a three-dimensional

center manifold. In a small neighborhood of the fold point, this manifold can be represented as a graph
zZ3 = F(Zl, Z2, 6) (46)
= oz + brze+ ozt + Ole, 2120, 25, 27) -

11



We can directly compute the coefficients 3;, and we find that

-1 1
Bo = P1 =0, ﬁzzCQ( a2—a+1+2). (4.7)
We now make the following change of coordinates
-1 1
= — 2 — 14 = 4.8
T - ( a?—a+1+ 2) z1 (4.8)
-1 1
y = ( (12—a—|—1—i—>zQ7
c 2

which gives the flow on the center manifold in the coordinates (z,y, €) as

i = y+2* 4+ 0(e,zy,y?, 2°) (4.9)
1 1

j = [( a2—a+1+)(u*—ww*wou,y,e)}
c 2

é = 0.

Making one further coordinate transformation in the variable z3 to straighten out the unstable fibers, we arrive
at the full system

i = y+a’+0(exy,y% a°) (4.10)
1 1

g = 6|:2( a2—a+1—|—)(u*—*yw*)—&—(’)(x,y,e)
c 2

2 = z2(c+0(x,y,2,€)

e = 0.

Let V; C R? be a small fixed neighborhood of (z,y, ) = (0,0, 0) where the above computations are valid. Define
the neighborhood Uy by
U ={(z,y,2,¢c,a) € Vi x I. x I} , (4.11)

and denote the change of coordinates from (z,y, z, ¢, @) to the original (u, v, w, ¢, a) coordinates by ®; : Uy — Oy
where Oy is the corresponding neighborhood of the fold in (u, v, w)-coordinates for (c,a) € I. x I,. We note that
in the neighborhood Uy the equations for the variables (z,y) are in the canonical form for a fold point as in [17],
that is, we have

i = y+a2+h(z,yeca) (4.12)
Z) = 69(%%@@ a’)
2 = z(c+0(x,y,z,¢)
e = 0,
where
h(z,y,e,c,a) = O(e,xy, y?, %) (4.13)
g<x7 y7 6) c7 a/) = 1 +O(:L.7 y? 6) M

We assume that the neighborhood V; has been chosen small enough so that g(x,y, €, ¢, a) is bounded away from
zero, say gm < 9(x,y,€,¢,a) < gy with g, > 0. We have thus factored out the one hyperbolic direction (given
by z) and the flow consists of the flow on a three-dimensional center manifold, parametrized by (z, vy, €) and the
one-dimensional flow along the fast unstable fibers (the z-direction).
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Az’n

So \\S<

Figure 11: Shown is the set up of (4.14) for the passage near the fold point as in [17]: note that the positive
z-axis points to the left, so that the attracting branch Sg (¢, a) corresponding to z < 0 is on the right.

4.2 Tracking solutions around the fold point: existing theory

Here we describe the existing theory for extending geometric singular perturbation theory to a fold point.
Consider the 2D system

& = y+x?+h(x,yeca) (4.14)
y’ = eg(x7 y7 67 C7 a) 7

with parameters (e, ¢, a). We collect a few relevant results from [17]. For e = 0, this system possesses a critical
manifold given by {(z,y) : y + 2® 4+ h(x,%,0,¢,a) = 0}, which in a sufficiently small neighborhood of the origin
is shaped as a parabola opening downwards. The branch of this parabola corresponding to x < 0, which we
denote by Sg' (c,a), is attracting and normally hyperbolic away from the fold point. Thus by Fenichel theory,
this critical manifold persists as an attracting slow manifold S.(c,a) for sufficiently small € > 0 and consists of
a single solution. This slow manifold is unique up to exponentially small errors. In [17], this slow manifold is
tracked around the knee where normal hyperbolicity is lost. The set up is shown in Figure 11; note that the

orientation is chosen so that the positive z-axis points to the left.

For sufficiently small p > 0 (to be chosen) and an appropriate interval .J, define the following sections A™(p) =
{(z,—p?) :x € J} and A°“(p) = {(p,y) : ¥y € R}. Then we have the following

Theorem 4.1 ([17, Theorem 2.1]). For each sufficiently small p > 0, there exists ¢g > 0 such that for each
(c,a) € I. x I, and € € (0,¢), the manifold SF(c,a) passes through A°“*(p) at a point (p,§c(c,a)) where
Jelc,a) = O(2/3).

This theorem describes how the slow manifold exits a neighborhood of the fold point but not the nature of the
passage near the fold point. Since the solution we are trying to construct will leave the neighborhood Uy along
a strong unstable fiber before reaching A°**, we need to extend the results of [17] to derive estimates which hold

throughout this neighborhood, not just at the entry/exit sections.

4.3 Tracking solutions in a neighborhood of the fold point

For our purposes, we actually need to be able to say a bit more about the nature of SI (¢, a) as well as nearby
solutions between the two sections A™(p) and A°“*(p). We can think of the slow manifold S (c,a) as being a
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one-dimensional slice of a two-dimensional critical manifold M (c,a) = U.<¢, ST (c,a) of the three-dimensional
(z,y,€) subsystem of (4.12). It will sometimes be useful to consider the manifold M*(c, a) instead as we utilize

a number of different coordinate systems in the analysis below.

Let #.(c,a) denote the z-value at which the manifold S (c,a) intersects the section A™(p) and define the
following set for small o, p,d to be chosen later:

S = {(Zc(c,a) + 20, —p*,€6,¢,a) 1 0 < |zo| < ape, € € (0,0%5), (c,a) € I. x I} . (4.15)
We also define the exit set
Y ={(p,y,6,c,a) :y €R, € €(0,0%5), (c,a) € I. x I} . (4.16)

Between the two sections X and X, the slow manifold S (c,a) consists of a single solution 7. (¢; ¢,a) which
can be written as

Ye(tic,a) = (ze(t;c,a), ye(tic,a). €, ¢,a) (4.17)
with 7.(0; ¢,a) € F and 7. (7;¢c,a) € B} for some time 7. = 7(c, a).
We define the C* function so(x;c,a) so that between A™(p) and A°“!(p), y = so(w;c,a) is the graph of the
singular solution obtained by following Sy (¢,a) to (x,y) = (0,0) then continuing on the fast fiber defined by
y=0.
The following Proposition 4.1 and Corollary 4.1, which will be proved in Sections 4.7 and 4.8 below, are the main
results of this section. Proposition 4.1 gives estimates on the flow of (4.12) in the center manifold z = 0 between
the sections ¥ and ¥}". Corollary 4.1 then describes the implications for the full four dimensional flow of (4.12)

where the dynamics of the basepoints of the unstable fibers are given by the flow on the center manifold.

Proposition 4.1. Consider the flow of (4.12) in the three dimensional center manifold z = 0. There exists
§ > 0 such that for all sufficiently small choices of o, p, all solutions starting in X cross X7 . Furthermore,
there exists k > 0 such that the following holds. Given a solution y(t) = (z(t),y(t), €, ¢, a) with v(0) € X}, let
denote the first time at which (1) € ¥F. Then

(i) i(t) > ke for t € [0,7]

In addition (see Remark 4.1 below), for each (c,a) € I. x I, we can represent the manifold ST (c,a) as a graph

(z,se(x;¢,a),€) for x € [x:(0;¢,a), p] where sc(x;c,a) is an invertible function of x and

(ii) |se(x;c,a) — so(x;c,a)| = 0(62/3)
i) |38y S0 YRYE:
(iii) Ir (x;¢,a) . (z;c,a)] = O(e’)

on the interval [z(0; ¢, a), p].

Remark 4.1. The above result shows that there exists & > 0 such that for cach (c,a) € I. x I,, we have
Ze(t;e,a) > ke for t € [0,7(c,a)]. Note that due to the bounds on the function g(z,y,¢€,c,a) in System (4.12),
there is a similar lower bound ¢.(t;c,a) > gme. Thus we can represent the manifold SI(c,a) as a graph
(x, se(x;c,a),€) for & € [2:(0; ¢, a), p| where s.(x;c,a) is an invertible function of x on the interval [z.(0; ¢, a), p].

Since this trajectory is contained in the neighborhood V%, there exists an upper bound for the derivative

i=y+ 2> +h(z,y,eca) <K . (4.18)
) L dse d(s71)
We therefore have the following bounds on the derivatives E(az; ¢,a) and ﬁ(y; ¢ a):
It < e wseia) < 2 (4.19)
i < d(Se_l) (y c a) £ . (4.20)
g~ dy T T gme
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We now fix p, o small enough to satisfy Proposition 4.1. We have the following

Corollary 4.1. There exists T¢,e9 > 0 such that for each sufficiently small A, each
(e,c,a,27) € (0,€0) X I X Iy X [T, Ty] (4.21)

and each 0 < |z;| < ope there exists z; = z;(A,, €, %4, x5, ¢,a) andyy = yr(e, zi, Ty, ¢,a), timeT = T(e, x;, x5, ¢, a),
and a solution ¢(t;€,;,x5,¢,a) to (4.12) satisfying

1. ¢(01 €, Tq, xfa c, a) = (‘%E(Cv a’) + Ty, _p27 Zi, 6)

2. ¢(Tse,xi,x5,¢,a) = (x5, 5¢(xf5¢,0) —yp, Az €)
where |yr| = O(z;), |Dayyrl = O(xi/€), |Dxr,..x,T| = (’)(67("+1)) and z; = O(e™"), some n > 0, for Aj =
{xi,xf,c,a},j =0,...,n.

Remark 4.2. Corollary 4.1 solves a boundary value problem for (4.12) in the following sense. For each sufficiently
small z;, A,, xy, the result guarantees the existence of a solution to (4.12) whose basepoint in the center manifold
is distance z; in the z-direction from S (¢, a) in &7 and whose strong unstable z component reaches A, at z = .
Also, the result gives estimates on the derivatives of the initial unstable component z; in Ej‘, the time T spent

until 2 = A, and the distance y = y¢ in the y-direction from S (c,a) when (z,2) = (z, A,).

To prove these results we will use blow up techniques as in [17], and the proofs are given in Sections 4.7 and 4.8,
respectively. The blow up is essentially a rescaling which “blows up” the degenerate point (x,y,€) = (0,0,0) to
a 2-sphere. The blow up transformation is given by

T =TT, y=-T°7, e=7¢. (4.22)

Defining By = 5% x [0, 7] for some sufficiently small 7o, we consider the blow up as a mapping B — R? with
(z,7,6) € S* and 7 € [0,7]. The point (x,y,€) = (0,0,0) is now represented as a copy of S? (i.e. ¥ = 0) in
the blow up transformation. To study the flow on the manifold By and track solutions near SJ (c,a) around the
fold, there are three relevant coordinate charts. Keeping the same notation as in [17], the first is the chart Ky
which uses the coordinates

Tr=riry, Y= —r%, €= r?el , (4.23)

the second chart Ky uses the coordinates
_ _ .2 _.3
T = T2X2, Yy = —TaY2, €E=Ty, (424)
and the third chart 3 uses the coordinates
_ _ .2 _.3
=Ty, Y=—T5Ys, €=T;€3. (4.25)

The setup for the coordinate charts is shown in Figure 12. With these three sets of coordinates, a short calculation

gives the following

Lemma 4.1. The transition map k12 : K1 — Ky between the coordinates in Ky and Ko is given by

T 1
61%, Y2 = 62?’ r2 = 7‘16}/3, foreg >0, (4.26)
1 1

o =
and the transition map ka3 : Ko — K3 between the coordinates in Ko and K3 is given by

1
T3 =ToTy, Y3 = y—z, €3 = —, forwy>0. (4.27)
T3 T3
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Figure 12: Shown is the set up for the coordinate charts KC;, i = 1,2, 3.

4.4 Dynamics in K,

The desingularized equations in the new variables are given by

1
o = —1+a22+ 56171+ O(r) (4.28)
1
ryo= 3na (=14 O(r))
3
¢ = Sau+om) .

d 1d

dt, i di
results from [17]. Firstly, there are two invariant subspaces for the dynamics of (4.28): the plane r; = 0 and the

where ' = denotes differentiation with respect to a rescaled time variable ¢;. Here we collect a few

plane ¢; = 0. Their intersection is the invariant line Iy = {(21,0,0) : 1 € R}, and the dynamics on Iy evolve
according to oy = —1 + 22. There are two equilibria p, = (—1,0,0) and p, = (1,0,0). The equilibrium we are
interested in, p, has eigenvalue —2 for the flow along l;. In the plane ¢; = 0, the dynamics are given by
) = —1+a2i+0(r) (4.29)
o= 0.
This system has a normally hyperbolic curve of equilibria SS: 1 (¢, a) emanating from p, which exactly corresponds

to the branch Si (c,a) of the critical manifold S in the original coordinates. Along SSL’I(C, a) the linearization

of (4.29) has one zero eigenvalue and one eigenvalue close to —2 for small ry.

In the invariant plane r; = 0, the dynamics are given by

1

—1+a2?+ €171 (4.30)
3

6/1 = fef .

2

Here we still have the equilibrium p, which now has an additional zero eigenvalue due to the second equation.

/
Ty

The corresponding eigenvector is (—1,4) and hence there exists a one-dimensional center manifold N; (c,a) at
pa along which ¢; increases. Note that the branch of N; (¢, a) in the half space ¢; > 0 is unique.

Restricting attention to the set
Dy ={(z1,r,€61): 21 ER,0<r <p,0<¢; <0}, (4.31)

we have the following result from [17]
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Figure 13: Shown is the set up in the chart K;.

Proposition 4.2 ([17, Proposition 2.6]). For any (c,a) € I.x I, and any sufficiently small p, 6 > 0, the following
assertions hold for the dynamics of (4.28):

1. There exists an attracting center manifold Mi"(c,a) at pa which contains the line of equilibria S, (c,a) and
the center manifold Ny (c,a). In Dy, M (c,a) is given as a graph vy = hy(r1,e1,¢,a) = —1 4+ O(r1,€1)
with

—3/2 < hy(r1,€1,¢,a) < —1/2 on Dy . (4.32)
The branch of Ni (c,a) in ri = 0,¢ > 0 is unique. (Note that the manifold M (c,a) is precisely the
manifold M (c,a) in the Ky coordinates.)

2. There exists a stable invariant foliation F*(c,a) with base M (c,a) and one-dimensional fibers. For any
n > —2, for any sufficiently small p,d, the contraction along F*(c,a) during a time interval [0, T is stronger

than €.

Making the change of variables 1 = 21 — h4 (11, €1, ¢, a), we arrive at the system

B o= 51 (-2431+0(r1,6)) (4.33)
o= %Tlel (=14 0(r))
€ = gef (1+0(r)) -
In the chart Ky, the section E;L is given by
"= {(x1,7r1,6):0< e < 8,0 < |Fy] < oper, i = p} . (4.34)
We define the exit section
B = {(wnre) e = 8,0 < |E)] <or}d 0 < <p} (4.35)

The set up is shown in Figure 13. We have the following

Lemma 4.2. Consider the system (4.33). There exists k1 > 0 such that for all (¢,a) € I. x I, and all sufficiently
small p, 6,0 > 0, the following holds. Let v,(t) = (z1(t),1(t), e1(t)) denote a solution with v,(0) € X", Then
y1 reaches X9, In addition, letting 7 denote the first time at which v1(11) € 9", we have
dx dxy dry
il - i 4.36
dt, ", T (4.36)
= 1 (Z1+ hy(r1,e,6a) +70 (31 + hy(r, e, ¢ a))

> kyprieg fort € [0,7] .
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Proof. Consider a solution 7, (t) = (21 (), 71(t), e1(t)) with 4, (0) € 2i". We note that for sufficiently small p, §,
since ¢, is a constant of the motion, |#;| is decreasing, and 7; does indeed exit ¥"*.

To prove (4.36), we compute

- - . 1 -
r1 (%1 + hy(ri, e, c, a))/ + 7y (&1 + hy(r1,€1,c,0)) =rmd) + 57’161(1 — 1)+ O(r%el,rlef) . (4.37)

Since rie; is a constant of the motion and |#;| is decreasing, |Z1| < or’e;. Also, from (4.33), we have 7| =

i‘l (72 + i’l + (9(7"1,61)) so that

- N - N 1 -
(1 4 hy(ri,en,6,0) 471 (@1 + hy(r1,e1,6,0)) = i (—=2+3) + 57’161(1 —Z1) + O(r2ey, r1€2)
1
= 57’161(1 + O(T’l, 61)) . (438)
Thus there exists k1 > 0 such that for all sufficiently small p,d, the relation (4.36) holds. O

4.5 Dynamics in K;

In the chart K3, the equations in the new variables are given by

ryg = T%F(Tg, Y3, €3,C, a) (439)
yg = T3 [63(—1 +O(T3)) - 2y3F(T37y3a€3aC7 a)]
€3 = —37“3€3F(’I“3, Y3,€3,C a) )

where F(rs,ys,€s,¢,a) =1 —ys + O(rs). For small 5 > 0, consider the set

Eén - {(7‘3793,63) 10 < r3 < P, Y3 S [_675]763 = 6} 5 (440)
The analysis in [17] shows that X5 is carried by the flow of (4.39) to the set
EgUt - {(T37y3a63) 3= p,Y3 S [_ﬁ7ﬁ]a€3 S (076)} . (441)

What we take from this is that for some fixed k3 < 1, for all sufficiently small 3, p, d, between the sections Eé"
and 23" we have F(r3,ys, €3) > k362/3 and thus 75 > r§k362/3. So for a trajectory starting at t = 0 in Eg" with
initial r3(0) = ro, we have 13 > r§k352/3. Since e3 =  in ¥ and € = ries is a constant of the flow, this implies
rg > 62/3k3.

We can also compute an upper bound for the time spent between Eé” and X3". By integrating the estimate
1/3

€

> 01/3 — 61/352/3]41325

rg > r§k352/3 from 0 to ¢t and using the relation € = r8’5, we obtain that r3(t) . Thus any

4 1 1 1
. . in out - . L ot . . .
trajectory crossing X3" reaches ¥5"" in time ¢t < " (61/351/3 p). We sum this up in the following

Lemma 4.3. For any (c,a) € I. x I, and all sufficiently small p, 6, B, any trajectory entering Y5" exits L in

) 1 1 1 . . 2/3
time t < s <61/351/3 — p> , and between these two sections, 13 > €/ k3.

We now fix 8 small enough so as to satisfy Lemma 4.3.

4.6 Dynamics in K,

In the chart Ko, the desingularized equations in the new variables are given by

rh = —ys+ x% + O(ra) (4.42)
Yy, = —1+0(rg)
o= 0,
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d
where ' = pTe = ) denotes differentiation with respect to a rescaled time variable t; = rot. For ro = 0, this
2 T2
reduces to the Riccati equation

rh = —yp+ad (4.43)
vo = —1,
whose solutions can be expressed in terms of special functions. We quote the relevant results:
Proposition 4.3 ([19, §11.9]). The system (4.43) has the following properties:
(i) There exists a special solution v20(t) = (x2,0(t),y2,0(t)) which can be represented as a graph y2o(t) =

1
$2,0(x2,0(t)) for an invertible function so o which satisfies sa () > (x2 + 2) for x <0 and s20(x) < x?
x

for all x. In addition,

so0(r) = —Qo+1/2+0(1/2%) as = — o0,
where Qg is the smallest positive zero of
To17(22%2[3) + Jy5(22°2/3)
where J_13,J1/3 are Bessel functions of the first kind.

(i1) The special solution Ya,0(t) = (x2,0(t),y2,0(t)) satisfies x4 o(t), 25 o(t) > 0 for all t and x20(t) — +oo as
t — *oo.

We now fix ¢ small enough to satisfy the results of Sections 4.4 and 4.5 as well as taking 2Q06%/® < 3, where 8
is the small constant fixed at the end of §4.5. The lemma below follows from a regular perturbation argument.

Lemma 4.4. The special solution a0 has the following properties:

(i) Let 11,79 be the times at which ys0(m1) = 5723 and z2,0(T2) = 57 Y/3. Then there exists ko such that
l’l270(t) > 3ko fort € [11,72].

(i1) There exists 5 > 0 such that for any (c,a) € I. x I, and any 0 < ro < 13, the special solution a2
persists as a solution ya r,(t;c,a) = (Ta,r, (6 ¢,a), 2,0, (t; ¢, a),72) of (4.42), and solution similarly can be
represented as a graph y = so.,.,(v;¢,a) for an invertible function sz .., (x;c,a) which is C'-O(rq) close to
s2,0(z) on the interval x € [s£i2(6_2/3;c, a),6"Y/3).  Furthermore, we have Ty ., (tc,a) > 2ky for x €
[52_;,2(572/3;0, a),571/3}.

Remark 4.3. We note that the set

My (c,a) = {(Ta,ry, 525 (T2,my; ¢, a),72) : Ty € [32_,{2 (67235¢,a),6713), 0 < ry <13} (4.44)
is in fact a piece of the manifold M (¢, a) in the Ko coordinates.
In the Ko coordinates, we have that k1o (Zi’“t) is contained in the set

S5 = {(w2,y2,72) 1 0 < |wa — 551, (6735 ¢,0)| < 0p°6%/%, 4o = 67%/3,0 <y < p5'/7} (4.45)
We also define the exit set

35 = {(xg,ya,72) : w2 = 07130 < < ,051/3} : (4.46)

The set up is shown in Figure 14. We have the following
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Figure 14: Shown is the set up in the chart KCo.

Lemma 4.5. For any (c,a) € I. x I, and any sufficiently small o,p, any solution v2(t) = (x2(t),y2(t),r2)
satisfying ¥(0) € S4 will reach Y3"* and between these two sections, this solution satisfies xh(t) > ko and

[y2(t) — s2,m, (22(1); ¢, 0)| < Qo

Proof. For sufficiently small p < 6*1/37";, we can appeal to Lemma 4.4 (ii), so that for any ro < p8*/3 | the

special solution 72, does in fact reach $§* with 'y ., (t) > 2k; between Yim and 9%, We can also ensure that
yh > —1/2.

Now consider any solution ¥o(t) = (22(t), y2(t), 72) with v(0) € £4*. By taking ¢ small, we can control how close
y2 and 2, are in ¥5". Thus we can ensure that y2 reaches 3% and z5(t) > k2 between ©5* and $3°.

By shrinking o if necessary, it is also possible to control the difference |ya(t) — s2.r, (x2(t); ¢, a)|. O

4.7 Proof of Proposition 4.1

The following argument holds for any p, o small enough to satisfy the analysis in Sections 4.4, 4.5, and 4.6 (the

parameters § and 0 were already fixed in Sections 4.5 and 4.6, respectively).

To prove (i), we follow the section X, utilizing the results of the analysis in the previous sections. We consider
a solution (t) = (z(t),y(t),€,c,a) which starts in 3. As outlined in §4.4, in the K; coordinates, ¥} is given
by the section X¢. The section X{" is carried to £¢* by the flow and between these two sections, using (4.36)

we can also compute

dzx dry dzy
= = = = 4.4
dt at Ty (4.47)
oy (P, A1
- U \an Tt T an
> klprfel
> kle.

As noted in §4.6, k12 (39*") C $4". Between the two sections ¥%* and $3*, Lemma 4.5 gives

de _ | dz2
Pt dt
dx
2 4T3
"2ty
k‘z?‘%

k2€2/3 ,

(4.48)

VoV
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and in addition, by the choice of 2006%/% < B in §4.6, we have that ko3 (Zg“t) is contained in the set Zé”. In
chart Ks, Lemma 4.3 implies that @(t) > ks>’ between L5 and %¢**. Taking k < min{k; : i = 1,2, 3} gives
i(t) > ke between L™ and $°“*, which completes the proof of (i).

It remains to prove the estimates (ii) and (iii) for the function s.(z;c,a). In the chart Ky, Si (c,a) is given by
the graph 23 = h (r1,0,¢,a) = —1+O(r1), and for small positive €, between the sections ¢ and X9, SF(c, a)
lies on the manifold defined by the graph

x1 = hy(r,€e,c¢a) = hy(r1,0,ca) + O(er) . (4.49)
d dse
We now compute %(z;c, a) and %(x;c, a) as

dsg dy/drq 2rq

E(x; ©a) = dx/dry - hy(r1,0,¢,a) + 1107 hi(r1,0,¢,a) (4.50)
= (—2+O(T1))

&(m'c 0) = dy/drq _ 2r;

de 77 dr/dry  hi(r1,0,c,a) + 110y hy(r1,0,c,a) + O(er)
= %(w;c,a)—l—(’)(rlel) .

Between £%" and 2¢%, we have that r; > (¢/6)/%. This implies that between % and $¢“*, we have

dse, dso, B 1/3
Ir (z;¢,a) Tx (x;c,a) = O(e?) . (4.51)
To estimate |s¢(x; ¢, a) — so(z; ¢, a)|, we write
1 dSO _ _
so(z;e,a) = s(w;e,a) + Tr (x+t(z —x);c,a) (x—2)dt, (4.52)
0 X
where 7 = s ! (sc(z; ¢, a); ¢,a). By (4.50), we have
d
Dwica) = 1i(-2+0() (4.53)
T1$1(—2—|—0(T1)) (454)
h,+(’l"1, €1,C, a)
= O(z), (4.55)
by (4.32). Therefore
so(w;c,a) = sc(wye,a) + O(x(x — 7), (x — 2)?) . (4.56)
By (4.49), we have that (xr — ) = O(r1€1) which gives
|sc(z;c,a) — so(x;c,a)] = O(rie) (4.57)

= 0P,

where again we used the fact that between X" and %¢“¢, we have that ry > (¢/8)/3.

In the chart Kz, the function s.(z; ¢, a) is given by —r2sa ., (x5 ' ¢,a). By Lemma 4.4 (ii), we have that

se(z;c,a) = 77”352”2 (xr;l; c,a) = 0(62/3) . (4.58)
and p d
%(90;0, a) = —ry S;x’” (wrgl;c, a) = 0(61/3) (4.59)

between X5 and X9“!. Since so(z; ¢, a) = O(2?) near x = 0, we have that in this region in the chart Ka, so(z; ¢, a)

satisfies so(z; ¢, a) = O(¢2/3) and %(m;c, a) = O('/3).
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ds
Once the trajectory exits the chart Iy via $9"*, we are in a region of positive z where so(z; ¢, a) = —O(x; c,a) =0,

and we can determine the dynamics in the chart 3. From above, we know that in the chart KC3, the y-coordinate
changes by no more than O(¢2/3) so that s.(z;c,a) = O(e?/3). Also, in the chart K3, we have that & > kge?/3
which gives

ds. ]
gMmeE
k‘3€2/3
= O(?).

This completes the proof of (ii) and (iii).

4.8 Proof of Corollary 4.1

Except for the estimates on 7', ys, the result follows directly from the statement of Proposition 4.1 and the
implicit function theorem. To obtain the estimates on the time of flight T', we write
zf

1
~dx . 4.61
- dw (4.61)

T(e, x;5,2f,c,0) = /

Ze(c,a)tx;

By Proposition 4.1 (i), we have that T = O(e™!). Since the vector field is smooth, we can differentiate (4.61)
and using Proposition 4.1 (i), we obtain the required bounds on the derivatives of T with respect to x;,z ¢, ¢, a.

To obtain y; = O(x;), we look at the evolution of § = y — sc(z;¢,a). We first note that since the graph

y = S¢(x; ¢, a) defines a solution to (4.14), we can plug in this solution to get

ﬁse(x;c, a) = eg(z, se(x;c,a),€,¢,a) . (4.62)
Plugging y = § + sc(z; ¢, a) into (4.14) and using (4.62) gives

€ |g(:177g + SE(I;Ca a)vea ¢, CL) - g(l’,Se(I;C, a),e,c, a)| (463)

9]

1

/ €gy(x, sy + se(z;c,a),€,¢,a)yds
0

Hiely| ,

IN

for some constant Hj since the function g is smooth. Therefore § can grow with rate at most O(¢), and we can
deduce that

lysl = 15(D)] < [5(0)] e, (4.64)
which, by using the bound on T above, we can reduce to
lyrl < Ha|5(0)] (4.65)

for some constant Hs. To determine §(0), we write

[9(0)] = |se(ze(c,a) + x45¢,a) — se(xe(e,a); ¢, a)l (4.66)
1
ds.
= /0 %(xe(c,a)—i—sxi;c,a) -x;ds
< I,
k

where we used (4.19).
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To obtain the bound on Dyy, we integrate (4.63) to obtain

T (e,xs,xp,c,a) 1
o= o= | eontesit sitasca).eca)i) s (4.67)
0 0

Using the fact that the function g is smooth and the estimates on 7" and DT above, we obtain the desired

estimate for the first derivative of y; with respect to z;,z,c, a.

The bound on z; comes directly from the equations, but to ensure that z; and its derivatives are exponentially

small in 1/¢, it is necessary to find a lower bound for the time of flight 7. We now write

yr 1

—p? Yy
1

> 2) .
> gMe(nyrp)

T(e,zi,z¢,c,a)

We note that by Proposition 4.1 (ii) and the analysis above using the fact that |z;] < o€, we have yy =
so(2f;¢,a) + O(/3). Since vy € [T, %], we have so(xf;c,a) > so(—Ff;¢,a). So we can deduce the existence

of 19 such that for all sufficiently small Z; and for all sufficiently small e,

T(e,zi,xf,¢c,a) > o (4.69)
€

5 Tying together the Exchange Lemma and fold analysis

5.1 Set-up and transversality

To find connections between the strong unstable manifold W (0;¢,a) of the origin and the stable manifold
W¥(c,a) of the left segment of the slow manifold, we will need two transversality results. The first describes
transversality of the manifolds W (0; ¢, a) and W*(M{(c, a)) with respect to varying the wave speed parameter

C.

Proposition 5.1. There exists ¢¢ > 0 and p > 0 such that for each a € I, and € € [0,¢0], the manifold
U WX(0; ¢, a) intersects U W2 (e, a) transversely in uwvwce-space with the intersection occurring at ¢ = é(a, €)

cel, cel,
for a smooth function ¢ : I, x [0,e0] — I. where é(a,€) = c*(a) — pe + O(e(lal + €)).

Proof. We aim to show that the manifold defined by U W{(0; ¢, a) intersects U W (MG (e, a)) transversely in
cel. cel,
uvwe-space at ¢ = ¢*(a) and that this transverse intersection persists for € € [0, €9]. To do this, we note that for

each a € I,, there is an intersection of these manifolds occurring along the Nagumo front ¢5 for ¢ = c*(a),e =0
in the plane w = 0. It suffices to show that the intersection at (c,a,€) = (¢*(0),0,0) is transverse with respect
to varying the wave speed c, so that for all sufficiently small a € I, and € > 0, we can solve for an intersection

at ¢ = c¢(a, €). This amounts to a Melnikov computation along the Nagumo front ¢;.
For each a € I,, we consider the planar system (2.4)

U = v

v o= cv— f(u> )

obtained by considering (2.1) with w = ¢ = 0. As stated above, for (¢,a) = (¢*(0),0), this system possesses a
heteroclinic connection ¢¢(t) = (us(t),vs(t)) (the Nagumo front) between the critical points (u,v) = (0,0) = po
and (u,v) = (1,0) = p; that lies in the intersection of W*(pg) and W*(p1). We now compute the distance
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between W*(po) and W?*(p1) to first order in ¢ — ¢*(0). We consider the adjoint equation of the linearization
of (2.4) about the Nagumo front ¢ given by

0 (ur(t)

1 —(0)

b= " (5.1)

Let 94 be a nonzero bounded solution of (5.1), and let F denote the right hand side of (2.4). Then

M= [ DR(os0) vy 652)

measures the distance between W"(py) and W#(p1) to first order in ¢ — ¢*(0). Thus it remains to show
that M7 is nonzero. Up to multiplication by a constant, we have that ¢y (t) = e O —pp(t),up(t)) =
e_c*(o)t(—i)f(t)mf(t)) which gives
(o)
Mg :/ e Oty ()2 dt >0, (5.3)
— 00

as required.

Similarly, we may also compute the distance between W*(pg) and W?(p1) to first order in a as
Mj= [ DuFo(os(t) - urt)dt (5.4)
[ e O 00 - o)

By (2.9), for a = 0 the Nagumo front satisfies the relation vs(t) = —=us(t)(1 — us(t)). Hence

Sl

M§ = V2Mj . (5.5)

To understand how the intersection of Wy (0; ¢*(0), 0) and W* (Mg (c*(0),0)) breaks as we vary €, we now consider
the full three-dimensional system (2.1)

U = v
v = cw—flu)+tw
w o= e(u—yw).

Note that the function (uy(t),vs(t),0) obtained by appending w = 0 to the Nagumo front ¢¢(t) is a solution to
this system for e = a = 0 and ¢ = ¢*(0). We consider the adjoint equation of the linearization of (2.1) about this

solution given by

0 Ly o
=l e o v (5.6)
0 -1 0

The space of solutions to (5.6) that grow at most algebraically is two-dimensional and spanned by

t
U, = (—e_c*(o)ti)f(t),e_C*(O)tTlf(t),/ _e_c*(O)svf(S) ds> (5.7)
0

and ¥y = (0,0, 1). The function

U = (eC*(Oﬁ@f(t),eC*<°>tuf(t), / e sy (s) ds> (5.8)
t
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is the unique such solution to (5.6) (up to multiplication by a constant) satisfying ¥(¢) — 0 as t — co. Let Fy
denote the right hand side of (2.1); then by Melnikov theory, we can describe the distance between W (¢, a) and
W:" (¢, a) to first order in e by the integral:

o~ Z D (ug (), v (£),0) - (1) i (5.9)

_ /O; </too ¢ 03y () ds) wp(t)dt > 0.

The distance function d(c,a,€) which defines the separation between W!(0;¢,a) and W?"(¢,a) can now be
expanded as
d(c,a,€) = M(c— c*(0) + v2a) + Me + O ((|c —c0) +a+ 6)2) . (5.10)

To find an intersection between W (0;¢,a) and W:" (¢, a), we now solve the equation d(c,a,e) = 0 for ¢ and
obtain ¢ = é(a,€) = c*(a) — pe + O(e(|al + €)) where pu := Mj /M7 > 0 due to (5.3) and (5.9), and we used the
fact that v2a = ¢*(0) — ¢*(a). The lack of O(a?) terms in the expression for &(a,€) is due to the fact that for

€ = 0 the intersection occurs at ¢ = ¢*(a). O

The second result needed is transversality of W*(M§(c,a)) and W*(Mp(c,a)) along the back for a = 0. The
problem here is that Mg(c, a) is not actually normally hyperbolic at the fold and therefore Fenichel theory does
not ensure smooth persistence of the manifold W*(M({(c, a)) in this region for ¢ > 0: we will have to appeal to

results from §4 to obtain the necessary transversality.

To start with, in the neighborhood Oy, in the center manifold near the fold point, we extend the right branch
M{(c,a) of the critical manifold by concatenating it with the fast unstable fiber leaving the fold point (see the
description of the function so(x; ¢, a) in §4.3) and call this new manifold M{ " (¢, a). Tt now makes sense to define
WU(M(T)’Jr(c, a)) as the union of the strong unstable fibers of this singular trajectory. The advantage is now that
Proposition 4.1 shows that My (c, a) persists as a trajectory M™% (¢, a) which is C'-O(e'/3) close to M (¢, a).
We can then define W¥*"(c,a) to be the union of the strong unstable fibers of this perturbed solution. We are
ready to state the following result.

Proposition 5.2. For each (c,a) € I, x I,, W*(My(c,a)) intersects WMy (c,a)) transversely in uvwe-
space along the Nagumo back ¢p, and this transverse intersection persists for € € [0, €. Furthermore, for each
(¢,a,€) € I, x I, x [0, €], the manifold W**(c,a) intersects W™ (c,a) transversely.

Proof. We note that past the fold point, M{ " (c,a) lies in a plane of constant w since in this region M{ " (c, a)
is described by the fast e = 0 flow. Thus we proceed as in the proof of Proposition 5.1, though now we show
transversality of the manifolds W?*(M§(c, a)) and W*(M}(c, a)) with respect to w, which is a parameter for the
fast € = 0 flow.

It suffices to prove transversality at (e,a) = (0,0). By the C' dependence of the manifolds with respect to a,
this transversality persists for a € I,. The fact that this transversality persists for small € > 0 follows from the
Ch-O(e'/?) closeness of M™*(c,a) and My T (¢,a). This implies that W*(My™(c,a)) and W™ (¢, a) are also
Cr-O(eY?) close.

To continue, we consider the planar system

W = v (5.11)

) cw— flu)+w,

obtained by considering (2.1) with a = e = 0. For ¢ = ¢*(0) and w = w*(0), this system possesses a heteroclinic
connection ¢p(t) = (up(t),vp(t)) (the Nagumo back) between the critical points (u,v) = (u1,0) = ¢ and
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(u,v) = (up,0) = go where uy and u; are the smallest and largest zeros of w*(0) — f(u), respectively. That is,

there exists an intersection of W*(q1) and W?(qo) defined by the connection ¢y.

Thus the manifolds W*(M§(c*(0),0)) and W*(Mp(c*(0),0)) intersect in the full system along the Nagumo back
bp. Since M{T(c*(0),0) lies in the plane w = w*(0) past the fold point (and thus so do its fast fibers since the
fast flow is confined to w =const planes), we have that W*(Mg(c*(0),0)) is tangent to the plane w = w*(0)
along ¢p. In (5.11), from regular perturbation theory, the stable manifold of the leftmost equilibrium (given
by the trajectory ¢, at w = w*(0)) breaks smoothly in w and thus W*(M§(c*(0),0)) is transverse to planes
w =const; in particular this gives the necessary transversality of W?*(M§(c*(0),0)) and W*( M3 (c*(0),0)).

We therefore obtain the desired transversality of W**(c,a) and W*" (¢, a) for all (c,a,¢) € I, x I, x [0,¢0]. O

5.2 Exchange Lemma

In this section we use the Exchange Lemma of [21] to track the manifold W!(0;¢c,a) near the right branch
MZ(c,a) of the slow manifold up to a fixed neighborhood of the fold point. The analysis of §4 defines a fixed
neighborhood Oy of the fold point in wvw-coordinates for (¢,a) € I. x I, in which the flow is well understood.
The neighborhood Oy corresponds to the neighborhood Uy in zyzca-coordinates in which the section ¥} defines
points along trajectories satisfying the desired estimates.

We may assume that the manifold M. (c,a) extends into this neighborhood past the section X" but ends before
the fold (in Uy note that M (c, a), where defined, coincides with S (c,a) up to errors exponentially small in 1/e
due to the non-uniqueness of the center manifold in §4). Here M/ (¢, a) is normally hyperbolic, and thus there

exists a C" ! Fenichel normal form for the equations in a neighborhood of M”(c, a):

X' = —AX,Y,Z,ca,0)X (5.12)
Y' = B(X,Y,Z,ca,€Y

7' = e(1+E(X,Y,Z,ca,e)XY)

d =0

a = 0,

where the functions A and B are positive and bounded away from 0 uniformly in all variables. These equations
are valid in a neighborhood U, of M[(c,a),c € I.,a € I, which we assume to be given by X, Y € (—A, A) for
some small A > 0 and (Z,¢c,a) € V = (—A,Zy + A) x I. x I, for appropriate Zy > A. In U,, for each c,a, e,
the manifold M7 (c, a) is given by X =Y = 0. Similarly the manifolds W' (¢,a) and W?" (¢, a) are given by
X =0 and Y = 0 respectively. We denote the change of coordinates from (X,Y,Z, ¢,a) to the (u,v,w,c,a)
coordinates by ®. : U, — O, where O, is the corresponding neighborhood of MZ(c,a) in (u, v, w)-coordinates
for (c¢,a) € I, x I,. Since O, is by construction a neighborhood of a normally hyperbolic segment of M (c,a)
which extends into Oy, there is an overlap of the neighborhoods O, and Oy where the fold analysis is valid. We
now comment on the constants A, Zo: since MZ(c,a) extends past the section X} in the neighborhood Uy, for
A sufficiently small, we can think of Zj as being the height in the U, coordinates at which M (¢, a) hits Ej for
(¢c,a,€) = (¢*(0),0,0); see §5.3 for details.

We note that due to the non-uniqueness of the center manifold in §4, the coordinate descriptions of the manifolds
M (e, a), W2 (¢c,a), and W' (¢, a) in the two neighborhoods O, and Oy are only equal up to errors exponentially
small in 1/e. Since these errors are taken into account in the analysis below, for simplicity we will use the same

notation for these manifolds in the different coordinate systems.

For each € € [0, ¢g] we define the two-dimensional incoming manifold

N = U Wi0ica) | n{x =A}, (5.13)

cel.,a€l,
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which, under the flow of (5.12) becomes a manifold N of dimension three. Define
A={(Y,Z,a):Y € (-A,A),Z € (Zy—A,Zy+ A)yac1,} . (5.14)

The necessary transversality of the incoming manifold Nf" with {Y = 0} is given by Proposition 5.1. The
generalized Exchange Lemma now gives the following

Theorem 5.1 ([21, Theorem 3.1]). There exist functions X, W : A x [0, ¢g] — R which satisfy

(i) For e > 0, the set
{(X,Y,Z,a,¢): (Y, Z,a) € A, X = X (Y, Z,a,¢), c=é&a,e)+ W (Y, Z, a,e)} is contained in N.

(ii) X(Y, Z,a,0) =0, W(Y, Z,a,0) =0, W(0,Z,a,¢) =0

(iii) There exists ¢ > 0 such that |D; X|,|D;W| = O(e~ 7€) for any 0 < j <r.

We comment on the interpretation of Theorem 5.1. For each choice of a, height Z and unstable component Y
lying in A, provided the offset ¢ — ¢(a, €) is adjusted by the quantity V~V(Y, Z,a,¢€), the theorem guarantees a
solution which starts in N'™ which hits the point (X,Y, Z, a,c) where X = X(, 2, a,c). In (ii), the property
W (0, Z,a,€) = 0 refers to the fact that for ¢ = &(a, €), the manifold WX(0; ¢, a) in fact lies in the stable foliation
Y = 0, which was proved in Proposition 5.1. The final properties X (Y, Z,a,0) = 0, W(Y, Z,a,0) = 0, and
property (iii) state that the functions X ,W — 0 uniformly in the limit ¢ — 0, and that this convergence is in

fact exponential in derivatives up to order r.

5.3 Set-up in U,

We will use Theorem 5.1 to describe the flow up to a neighborhood of the fold point, then we will use the results
of §4. We first place a section ¥ in the neighborhood U ¢ of the fold point which we define by

Y ={(z,y,2,¢,0a,€) € Up:y= —p?, |z — Fo(c*(0),0)| < A,z € [-A',A'], (¢,a,€) € I}, (5.15)

for some small choice of A" where I = I, x I, x [0,¢€0]. As described above, there is an of overlap of the regions
described by Uy and the neighborhood U, where the Fenichel normal form is valid. We denote the change of
coordinates between these neighborhoods by ®. : @;1(06 NOyf) C U. — Uy where &g = <I>J71 o ®,.. From the
construction the section <I>e_fl(2m) will be given by a section in XY Z-space transverse to the sets X = const
and Y = const. We can therefore represent ®_,'(X™) in XY Z-space as &' (™) = {(X,Y, Z,c,a,¢) : Z =

Y(X,Y, ¢, a,€)} for some smooth function
i [FAA] X [-AA] X T = [-A+ Zy, A+ Zy] (5.16)

where we assume that Z has been chosen so that 1(0,0,c¢*(0),0,0) = Zy. It is important to note that since
M (c,a) and ST (c,a) are equal up to exponentially small errors in the Uy coordinates, ®e(0,0, Z, ¢, a, €) maps
onto S (c,a) up to errors exponentially small in 1/e. Figure 15 shows the setup as well as the passage of a
trajectory according to the Exchange Lemma. Figure 16 shows the continuation of this trajectory past the fold.
The idea is to show that for each a € I, and each € € (0,¢), we can find ¢ such that this solution connects
W(0;¢,a) to W*(c,a) as shown.

5.4 Entering Uy via the Exchange lemma

We now use the Exchange Lemma to solve for solutions which cross ®_'(2™). For each Y € [-A,A], a € I,

and € € (0, o], we can find a solution which reaches the point

(X,Y,9(X,Y,¢,a,€),¢,a) € D (Z™) (5.17)
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Y

Figure 15: Shown is the set up of the Exchange Lemma (Theorem 5.1).

Figure 16: Shown is the flow near the fold point.
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provided we can solve
X = X(Y,9(X,Y,c,a,€),a,€) (5.18)
c = 6(@,6) + W(K w(X7 Y) C7 a? 6)7a’7 6)

in terms of (Y, a,€) where X, W are the functions from Theorem 5.1. Using the fact that ¢ is smooth and that
X, W and their derivatives are O(e~9/€), we can solve by the implicit function theorem for (X, ¢ — &(a, €)) near
(0,0) in terms of the variables (Y, a, €) to obtain

X = X"(Y,a,¢) (5.19)
¢ = éla,e) +W*(Y,a,e€),

where the smooth functions X*, W* and their derivatives are O(e~%/¢), where we may need to take ¢ smaller.

To sum up, we have just shown the following:
Proposition 5.3. For each Y € [-A,A], a € I, and € € (0, €], we can find a solution which reaches the point
(X,K’IJ}(X,Y,C, a, 6)7Ca Cl) € (I)e_fl(zzn) ) (520)

where X = X*(Y,a,€) and ¢ = &(a,€)+W*(Y, a,€). The functions X* and W* and their derivatives are O(e~9/€).

5.5 Connecting to W*‘(c,a): analysis in U;

What we conclude from Proposition 5.3 is that for any sufficiently small choice of (Y, a, €) we can find a solution
which enters a neighborhood of the fold at a distance Y from W?" (¢, a) along the unstable fibers provided c is
adjusted from &(a, €) by O(e~%/€). In addition the distance from W* (¢, a) is O(e~%/€). By applying the smooth
transition map ®er, it is convenient to rewrite Proposition 5.3 in the Uy coordinates as

Proposition 5.4. For each z € [-A',A’], a € I, and € € (0, €], we can find a solution which reaches the point
(z,—p% 2,¢c,a) € 2" (5.21)

where x = Zc(c,a) + 2% (z,a,€) and ¢ = é(a,€) + w*(z,a,¢€). The functions z*, w* and their derivatives are
O(e ).

Remark 5.1. Though the manifolds W:"" (¢, a) and W™ (¢, a) are not unique, the errors we incur by transforming
to the Uy coordinates are exponentially small in 1/e and can be absorbed in the functions z*, w* without changing
the result.

We will use this result along with the center manifold analysis of §4 to find such a solution for each (a,e¢)
which connects to W?*(c,a). We first determine the location of W?*(c,a) in the neighborhood U;. From
Proposition 5.2, we know that W*(M§(c*(0),0)) intersects W*(M T (c*(0),0)) transversely for € = 0 along
the Nagumo back ¢, and this intersection persists for (c,a,€) € I. x I, x (0,¢p). This means that W*¢(c, a)
will transversely intersect the manifold W*'" (¢, a) which is composed of the union of the unstable fibers of the

continuation of the slow manifold M?*(c, a) found in §4. We therefore place an exit section %% defined by
YUl = {(z,y,2,¢c,a,€) €Uy : 2= A"} . (5.22)
For (c,a,¢€) € I, x I, x (0, ), the intersection of W**(c, a) and W™" (¢, a) occurs at a point
(2,9, 2,¢,a,€) = (ze(c,a,€), sc(x(c,a,€);c,a), N, c,a,€) € B (5.23)
and thus we may expand W?*(c,a) in X% as

(xay_se(z;cv CL)) = (IZ(Cvaae) +O(Zj7€)’g)7 (S [_AZNAZJ] ) (524)
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for some small A,. Now using Corollary 4.1, we aim to find a solution to match with W#*(c,a) at z = A’
From Corollary 4.1 for each (¢, ¢, a,x;,x ), we get a solution ¢(t; €, z;, s, ¢, a) and time of flight T'(¢, z;, xs, ¢, a)
satisfying
¢(O;€7xi7xfac7 (1) = (‘%6(67 CL) +‘T1ﬁaip2azi7€) (525)
O(Tse,xi,xp,c,a) = (zf,s(zp;0,a) —yr, Alje) .

Thus finding a connection between W¥(0; ¢, a) and W**(¢, a) for a given (a, €) amounts to solving the following
system of equations

x;, = 2%(z,a,€) (5.26)
¢ = éla,e) +w*(z,a,€)
xy = wm(c,a,€) +O(Y,€)
ys(zs, xp,€6,a,¢) = ¢
zi(A xi xp,€6,a,0) =z,

for all variables in terms of (a,¢).

We start by substituting ; = 2*(2, a, €) into the equation for §. Using the fact that *(z,a,€) = O(e~9¢) and
the estimates y; = O(z;) and Dyy = O(x;/¢€) from Corollary 4.1, we can solve for § = §(z, a, €) by the implicit
function theorem where g, Dg = O(e_q/ €), where ¢ may need to be taken smaller. We now substitute everything
into the equation for z. Using the estimates on z; from Corollary 4.1 and the estimates on § above, we can then

solve for z = z(a, €) (and subsequently all other variables) by the implicit function theorem.
In particular, we note that the wave speed c is given by
cla,e) = &(a,e) +O(e"9°) (5.27)
= c(a) —pe+ O(e(lal +€))

where p > 0 is the constant from Proposition 5.1, and we have absorbed the exponentially small terms in the
O(€?) term.

6 Convergence of M'(c,a) to the equilibrium

The analysis of Sections 4 and 5 shows that for each a € I, and for any sufficiently small ¢, there exists a wave
speed ¢ such that the manifold W*(0; ¢, a) intersects W*(c, a). Upon entering a neighborhood of the origin, this
trajectory will be exponentially close to the perturbed slow manifold M¥(c,a). It remains to show that M¥(c, a)
and as well as nearby trajectories on W**(c,a) in fact converge to the equilibrium at the origin. This result is
not immediate, as for a = 0, the origin is on the lower left knee where Mg(c, a) is not normally hyperbolic. In

this section, a center manifold analysis of the origin produces conditions on (a, €) which ensure this result.

6.1 Preparation of equations

To study the stability properties of the equilibrium at (u,v,w) = (0,0,0) of (2.1) for small €,a, we append
equations for a and € to (2.1) and obtain

U = v (6.1)
v o= - flu)+w

w = elu—yw)

a 0

e = 0.
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For a = € = 0, the origin coincides with the lower left knee on the critical manifold. System (6.1) has the family
of equilibria (u,0, f(u),a,0) where u varies near 0. We are interested in the lower left knee of w = f(u) as a
function of a. For (¢,a) € I, x I,, the knee is given by the family (uf(a),0,w'(a), a,0) where

ut(a) = (a +1-va2—a+ 1) (6.2)

3

The linearization of (6.1) about the knee at (a,€) = 0 is given by

01000
0 c 100

J=1000 0 0 (6.3)
0000 O
0000 O

There is one positive eigenvalue A = ¢ with eigenvector (1,¢,0,0,0) and a quadruple zero eigenvalue. By making

the coordinate transformation

+ v w_wT

iV 6.4
21 u—ul =~ = (6.4)
w— wh
zZ9 = —
c
v ow—w
z3 = -+ 2 )
c c
we arrive at the system
. 1 1 €
7 = zg—l—E(\/aQ—a—&—l) (21—|-Z3)2—E(21 +Z3)3—C—2(z1+23+c'yzz+uT—’wa) (6.5)
o= & i t
Zo = —E(zl+23+csz+u —yw")
1 1 €
Z3 = czg—g(\/az—a+1>(z1—|—Z3)2—|—E(z1—|—Z3)3+c—2(z1+Z3+C’yzz+uT—’wa)
a = 0
e = 0,

which, for e = 0, is in Jordan normal form for the three dynamic variables (21, 22,23). To understand the
dynamics near the fold point, we separate the nonhyperbolic dynamics which occur on a four-dimensional center
manifold. In a small neighborhood of the fold point, this manifold can be represented as a graph

zz3 = F(z1,29,¢€) (6.6)
= Boz1+ Prza+ Bazi + Ole, 2129, 235, 23] .
We can directly compute the coefficients 3;, and we find that
fo=F=0, pr=7(Va—at1)=1+0@). (6.7)
We now make the following change of coordinates
x = cl% (\/a2—7a+1) z1 (6.8)
y = — (M) 22

a
2c1/2 7
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and rescale time by ¢*/? which gives the flow on the center manifold in the coordinates (x,y, a,€) as

i = —y(14+0(z,y,a,€) + 22 (1+0(x,y,a,¢) + eO(z,y, a, €) (6.9)
= €elz(1+0(z,y,a,€)) + a(l+ O(x,y,a,€)) + Oy)]

a = 0

e = 0.

Making one further coordinate transformation in the variable z3 to straighten out the unstable fibers, we arrive
at the full system

@ = —y+a?+0(eayy? ) (6.10)
y = elz(1+0(@,y,a,¢) +a(l+0(z,y,a,¢)) + O(y)]

2 = z(c+0(z,y,z,¢)

a = 0

e = 0.

We note that the (x,y) coordinates are in the canonical form for a canard point (compare [17]), that is,

& = —yhi(z,y,a,6c) + 22ho(x,y, o, €, ¢) + ehs(z,y, o€, c) (6.11)
y = e(zha(z,y,a,€ ) + ahs(z,y, o, € c) + yhe(x, y, a, € ¢))

P o= 2(e+O(,y,2,6)

a = 0

e = 0

)

where we have

h3(xvy7aa€76) = O(xvyvave) (612)
hi(z,y,a,e,¢) = 1+0(z,y,a,¢), j=1,2,4,5.

We have now separated the hyperbolic dynamics (given by the z-coordinate) from the nonhyperbolic dynamics
which are isolated on a four-dimensional center manifold parameterized by the variables (z,y, €, &) on which the
origin is a canard point in the sense of [17]. Geometrically, in a singularly perturbed system a canard point is
characterized by a folded critical manifold with one attracting and one repelling branch and a singular “canard”
trajectory traveling down the attracting branch and continuing up the repelling branch (see Figure 17). Such
points are associated with “canard explosion” phenomena in which small scale oscillations near the equilibrium
undergo a rapid transformation in an exponentially small region in parameter space and emerge as large relaxation
cycles [18]. We note that Figure 23 in §7 provides a visualization of what such a canard explosion looks like,
though in this case the solutions depicted are homoclinic pulse solutions rather than periodic orbits; we refer to
§7 for a more detailed discussion.

6.2 Tracking Mel (c,a) close to the canard point - blowup and rescaling

From Fenichel theory, we know that away from the canard point, the left branch M{(c, a) of the critical manifold
perturbs to a slow manifold M!(c,a) for small € > 0 (see Figure 17). This slow manifold is unique up to errors
exponentially small in 1/¢; as the preceding analysis is valid for any such choice of M!(c,a), we may now fix a
choice of M!(c,a) which lies in the center manifold z = 0. In addition, there is a stable equilibrium py = po(c)

for the slow flow on M (¢, a) for a > 0. The goal of this section is to show that under suitable conditions on € and
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Figure 17: Shown is the flow near the canard point for ¢ = a = 0. Away from the canard point, the left branch
M (c,a) of the critical manifold perturbs smoothly to a slow manifold M!(c,a) for small € > 0.

a, pp persists as a stable equilibrium p.(«), and the perturbed slow manifold Mel (¢c,a) and nearby trajectories

converge to pe.

To do this, the idea will be to track a section Ay, (p,0) = {(z,y) : |z + p| < op, y = p?} (see Figure 17) for
some small p, o > 0 and show that all trajectories crossing this section converge to the equilibrium. We have the

following

Proposition 6.1. Consider the section A, (p, o) for the system (6.11) in the center manifold z = 0. For each
K > 0, there exists p,d,¢,a such that for (p,o,¢,a) € D and ¢ € 1., there is a stable equilibrium for (6.11),

where D is given by
D ={(p,0,6,a):p€(0,p), 0 €(0,5), 0<e<p’®, 0<a<pi, 0<e< Ka’}. (6.13)
Furthermore, under these conditions, all trajectories passing through A, (p,c) converge to the equilibrium.

From this we have the following

Corollary 6.1. For each K > 0, there exists a choice of the parameters p,o,ag, €y such that for all (c,a,¢€) €
I. x (0,a0) x (0,€) satisfying e < Ka?, the manifold M%(c,a) crosses the section A™(p, o) and thus converges

to the equilibrium.

Remark 6.1. The aim of Corollary 6.1 is to prove convergence of the tails of the pulses constructed in Sections 4
and 5. Thus far, we have found an intersection of W*(0; ¢, a) with W#(c,a); this trajectory will therefore be
exponentially attracted to the perturbed slow manifold Mﬁ(c, a) upon entering a neighborhood of the origin. The
manifold W**(c, a), however, is only unique up to errors exponentially small in 1/e, though the justification for
the intersection holds for any such choice of W#*(c, a). Therefore, we may now fix W**(c,a) to be the manifold

formed by evolving the section A™(p, o) in backwards time in the center manifold z = 0.

We now fix an arbitrary K > 0. The section Ajy(p, o) will be tracked using blowup methods as in [17]. Restricting

to the center manifold z = 0, we proceed as in §4, though now the blow up transformation is given by

T, y=79, «a=f7a, e=7i€, (6.14)

=

xr =

defined on the manifold B. = S? x [0, 7] x [~ao, ag] for sufficiently small 7o, @y with (z,7,€) € S%. There are
three relevant coordinate charts which will be needed for the analysis of the flow on the manifold B.. Keeping
the same notation as in [17] and [18], the first is the chart K; which uses the coordinates

2 2
xT=rz, Y=r], Q«=riq1, €=Ti€, (6.15)
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the second chart Ky uses the coordinates

T =ToTy, Y =T3Ys, «=rToqz, €=13, (6.16)
and the third chart 4 uses the coordinates

T=T4T4, Y=TIYs, Q =Ty €=Tiey . (6.17)
With these three sets of coordinates, a short calculation gives the following

Lemma 6.1. The transition map k12 : K1 — Ky between the coordinates in Ky and ICo is given by

1 1 aq 1/2
T2 =5 Y27 2= G5, T2 T161/ , fore >0, (6.18)
€ €1 €

and the transition map k14 : K1 — K, between the coordinates in K1 and Ky is given by

1 1 €1
Ty=—, Yo=—, €@=—5, T4=ri01, fora;3>0. (6.19)
a1 a? a?

6.3 Dynamics in K,

Here we outline the relevant dynamics in K as described in [17]. After desingularizing the equations in the new
variables, we arrive at the following system

1
oy = 1422 - éelxlF(xl,rl, €1,0a1,¢) + O(r1) (6.20)
1
o= greF (@ e an,0)
€y = —EF(x1,71,€1,0a1,c)

2.
I

1
—50161F(13177“17€1,041,C) )
where
F(z1,r1,€1,01,¢) =21+ a1 + O(rq) . (6.21)

Here we collect a few results from [17]. The hyperplanes 1 = 0,€; = 0, a3 = 0 are all invariant. Their intersection
is the invariant line [; = {(21,0,0,0) : 1 € R}, and the dynamics on l; evolve according to )} = —1 + 2. There
are two equilibria p, = (—1,0,0,0) and p, = (1,0,0,0). The equilibrium we are interested in, p, has eigenvalue
—2 for the flow along l;. There is a normally hyperbolic curve of equilibria Saf 1(¢) emanating from p, which

exactly corresponds to the manifold Mé(c, 0) in the original coordinates. Restricting attention to the set
D, = {(l‘l,”f‘l,Gl) 2<r1<2,0< < P, 0<e1 < —a<a; < 5[} s (622)
we have the following result which will be useful in obtaining an expression for /\/lﬁ(c7 a):

Proposition 6.2 ([17, Proposition 3.4]). Consider the system (6.20). For any c € I. and all sufficiently small
p,€,a > 0, there exists a three-dimensional attracting center manifold Ml"'(c) at p, which contains the line of

equilibria Sar)l(c). In Dy, M (c) is given as a graph x1 = h(r1,e1,01,¢) = =14+ O(r1, €1, 1).
We now consider the following section
o= {(z1,71,e1,00) : 1+ 21| <0, 0< € < Ka? 0<aoy <@, r =p} ,

where o, &, p will be chosen appropriately. It is clear that in the chart Ky, A, (p, o) is contained in the section
»i" for € and a in the desired range, hence the goal will be to track the evolution of X" To accomplish this, we
consider two subsets of ¥ defined by

Zif}l = {(xl,rhel,al) 14z <o, 0<e §25a%, 0<a; <a, r :p}

ler; = {(xl,rl,el,al) 14z <o, 60t <e <Kai, 0<e <& 1 :p} ,
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where § and € < § will be chosen appropriately small. The evolution of ¥ and ¥ will be governed by the
dynamics of the charts Ky and Ko, respectively.

We now consider the two exit sections defined by

oot = {(xl,rl,el,al) 14z <o, 0<e < 2062, 0< 7 <p, a; =

a}
nout = {(xhrl,el,al) 1+ 2| <o, ,0< 7 <p, e :g} .

The following lemma describes the flow in the chart 1y for (6.20).
Lemma 6.2. There exists & > 0 and ki > 0 such that the following hold for all ¢ € I..:

out

(i) For any p,o,5 < ki, the flow maps XV} into L4

(ii) Fiz § < ki. There exists & < § such that for any € < & and any p,o < ki, the flow maps L% into 74T

Thus once & > 0 and k] > 0 are fixed as in the above lemma, it is possible to define the transition map
My : 2 — 294 for any p,0,6 < kf. Once § < k} is fixed, we may then also define the transition map
I;5 : 7% — 295, Hence we first determine the evolution of ITj4 (X7}) € 294" in the chart K4 in order to choose
& appropriately. Then it will be possible to consider the evolution of I1;5 (2‘1“2) C X95% in the chart K.

6.4 Dynamics in K,

Fix & as in Lemma 6.2. We desingularize the equations in the new variables and arrive at the following system

Ty = —ys+ai+O0(rs) (6.23)
ys = es(l+a4+0(ra))

ry, = 0

e = 0.

We think of this system as a singularly perturbed system with two slow variables y, and r4, one fast variable x4,

and singular perturbation parameter €.

It is possible to define a critical manifold Sy(rs4) in each fixed r4 slice for r4 € [0,7}] for some small ;. At
r4 = 0 this critical manifold can be taken as any segment of the curve y4 = 23 for x4 in any negative compact
interval bounded away from 0, say for x4 € [~x, —2]] where we can take z > 2/& and 0 < 2} < 1/2. For
each fixed r4 € [0, r}], there is a similar critical manifold for the same range of z4. Define My to be the union of
the curves So(r4) over ry € [0,7]. Then My is a compact 2-dimensional critical manifold for e4 = 0 for the full
3-dimensional system. In addition, provided r} is sufficiently small, for each fixed r4 the slow flow on Sy(r4) has
a stable equilibrium po(r4) with po(0) = (—=1,1). Figure 18 shows the setup for ¢4 = 0.

In addition My has a stable manifold W?*(Mj) consisting of the planes y4 = const. In particular, we consider the
subset of W*(My) defined by

Wo = {($4,y4,€4,7”4) HEUVIS [_:Cﬁ7 —IZ],y4 € [(IZ)Za (I£)2]764 = 07T4 € [O,T’Z]} . (624)

It follows from Fenichel theory that the critical manifold My and its stable manifold W*(Mp) perturb smoothly
for small ¢4 > 0 to invariant manifolds M., and W?*(M,,). Further, the equilibria po(rs) persist as stable
equilibria pe, (14), and in each fixed 74 slice, all orbits lying on W*(M,,) converge to pe,(rs). The dynamics for
€4 > 0 are shown in Figure 19. In particular, there exists €, > 0 such that for 0 < ¢4 < €&, the set Wy perturbs
to a set W,,, all points of which converge to pe, (r4).

35



T4

Figure 18: Shown is the critical manifold My in chart K4 for ¢4 = 0. Also shown is the ¢4 = 0 curve of equilibria
po(rs) for the slow flow on My. The section X as in the proof of Proposition 6.1 is also shown.

4 Y4

S
\

T4

T4

Figure 19: Shown is the perturbed slow manifold M., in chart Ky for 4 > 0. All trajectories on W?*(M,)

converge to pe, (r4).
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Using the transition map k14 (6.19), we have in chart Ky that k14 (E‘f}ft) is contained in the set

1

Ziln = {(I47y4,€4,7’4) : ‘d + 24| <

1
,O§e4§25,0<7"4§pd,y4@2}, (6.25)

o Q

which is shown in Figure 18 for ¢4 = 0.
We can now prove the following

Lemma 6.3. There exists kj such that for any p,0 < kj and any o < 1/2, there exists a curve of equilibria

pe, (r4) such that all trajectories crossing the section ¥y converge to pe,(r4).

Proof. For any p < 1} /& and any o < 1/2, the set ©i* N {e4 = 0} lies in Wy. Thus by taking 6§ < & /2, we have
that all trajectories passing through Eil“ converge to the unique equilibrium on the slow manifold M., (r4) for

each r4 € (0, p&). Thus taking k; < min (rfl, 624> proves the result. O
&

6.5 Dynamics in K,

We now fix & < min(k], k;) and desingularize the equations in the Ky coordinates to arrive at the following
system

rhy = —yo+ 23+ O(r) (6.26)
Yy = xa+as+O(ry)

h = 0

ay = 0.

Making the change of variables o = x5 + as and 33 = yo — a%, we arrive at the system

By = —fo+ 5 — 20 + O(ry) (6.27)
Uo = T2+ 0(ry)

rh = 0

ay = 0.

For r5 = as = 0, the system is integrable with constant of motion

I 1 on (. . 1
H(anyz) = 56 292 <y2 — 1‘3 —+ 2) . (628)

The function H has a continuous family of closed level curves
T" = {(Z9,72) : H(%2,92) = h}, he(0,1/4) (6.29)

contained in the interior of the parabola §j» = #2 — 1/2, which is the level curve for h = 0 (see Figure 20).

For ro = 0, we have that

dH -
o 2e" 220,73 (6.30)

so that for positive as, all trajectories in the interior of the parabola g, = :%% — 1/2 converge to the unique
equilibrium (Z2,¢2) = (0,0) corresponding to the maximum value h = 1/4. For sufficiently small rq9, this
equilibrium persists, and we denote it by pa2(r2) with p2(0) = (0, 0).
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(a) a2 =0 (b) az >0

Figure 20: Shown are the dynamics in the chart Ko as well as the section Ei; for the cases of ap = 0 and as > 0.
For s = 0, the orbits are given by the level curves I' for the function H (Z2, T2).

Using the transition map r12 (6.18), we have in chart Ky that r12 (£93") is contained in the set

in = o1 < < 0%, yo = 1
Xy =< (22, y2, 2, 72) g1W‘5‘332 <€1T’ W_a2_m,0<7”2_p €, y2—g ) (6.31)
which in the coordinates (Z2, 7o) is the set
n o |1 5 o 1 1 9~ - 1 9
22 {(,fEQ,yQ,OZQ,TQ). m+x270[2 <m, WﬁOKQSW, O§7’2§p €, y2€a2} . (632)

We assume that € < 1/K so that X" lies in a region of positive 7. We also define the set
S =38 N{ry =0} . (6.33)

We can now prove the following

Lemma 6.4. There exists €5 > 0 such that the following holds. For each € < €, there exists k3 > 0 such that
for p < k3 and o < 1/2, all trajectories crossing the section Y5 converge to the equilibrium ps(ro) of (6.26).

Proof. Tt suffices to show that for ¢ small enough, all trajectories crossing Eiz‘?o eventually enter the interior of
the parabola o = Z2 — 1/2 when 75 = 0 for any ay € [1/K'/2,1/6'/2]. By a regular perturbation argument,
this also holds for small 75 > 0. Thus by taking p sufficiently small we can ensure all points in X3 converge to
pa(r2).

For 7y = 0 and ay € [1/K'/2,1/6Y/?], we consider the flow for points in the set S0 N {#3 > G2 +1/2} (as
the other points already lie in the interior of the parabola g, = QE% — 1/2). Note that all such points satisfy
Zy < —1/v/2. In this region for any ay € [1/K/2,1/6%/%], we have

1 1\ /2
75 = — 6.34
%> 3+ (5g) - (6.39)
so that any orbit starting in Zi; either reaches &y = —1/ V2 in finite time or enters the interior of the parabola

fio = 22 — 1/2. The idea will be to show that all orbits starting in Ei{‘o enter the interior of the parabola before
reaching zo = —1/v/2. For an orbit starting in X' N {72 > o + 1/2} at t = 0 with #5(0) = z¢, which reaches
Fy = —1/V/2 at time t = t(, the condition that this orbit has crossed §, = #2 — 1/2 is satisfied if jo(tg) > 0. We
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have

alto) mmy+4°%aMt (6.35)

to ~ ~2
. _ o —T2(t) + T5(t) — 200T2(1)
= 0 +/ To(t)—= — —~ dt
RO | R0 g TR0 25 0)
to (—go(t) + 2(t) — 2a0da(t
S 52(0)+/ (=50 22() 272(t)) gt
0 Q2
71/\/5 1
= 7(0) + ———dZT
72(0) 5 Sy 022
IR SN T
I Y
Thus the condition is satisfied if
1 1 1,

for any initial condition z¢ of a trajectory in X3 N {2 > gy +1/2} and any oy € [1/K'/21/6Y/?]. In particular,

1 1
——— ). Therefore we set & = min | 6%, — |.
2\/K> 2 ( 2\/[()

Now fix any € < €. Then all points in 212130 converge to the equilibrium for ro = 0, and there exists r3 such that

this holds for any o < 1/2 and any € < min ((537

this continues to be true for 0 < ry < r3 and any ¢ < 1/2. Thus for any p < (r3/€)*/2, all points in LI converge
to the equilibrium. So we set kj = (r3/¢)*/2. O

Proof of Proposition 6.1. To prove the main result, we just need to choose constants appropriately and identify
Ain(p, o) in the chart Ky. We fix & and k7 as in Lemma 6.2. Then for p, 0,6 < kT we have that IT 4 (Z‘fjl) C uoY
and thus we may apply Lemma 6.3 from §6.4. Therefore for any p,d < min(k], k;) and any o < min(k],1/2),
all points in X1 converge to the equilibrium.

We now fix § < min(k], k}). By Lemma 6.2 (ii) for any ¢ < €} and any p,o < ki, we have that IT;o (211‘5) C x9ut
and we may apply Lemma 6.4 of §6.5. We fix ¢ < min(é},é5). Then Lemma 6.4 gives k; such that for any
p < min(k}, k3) and any o < min(k}, 1/2), all points in X% converge to the equilibrium.

Taking p < min(k], k3, k;) and ¢ < min(k], 1/2), we have the following. For each p < p and ¢ < &, the union of
Ain(p, o) over a € (0, pa), € € (0, p?¢€) and 0 < € < Ko is contained in the union of the sections X U X% and

we can apply Lemmas 6.3 and 6.4 as just described.

With these choices of @, €, p, 7, the result holds on all of D. O

Proof of Corollary 6.1. Fix K > 0. Proposition 6.1 then gives p,&,¢€,a& such that for all (p,o,¢,a) € D, any
trajectory crossing Ai”(p, o) converges to the equilibrium. We therefore need to show that the parameters
can be chosen in such a way as to continue to satisfy Proposition 6.1 with ./\/lﬁ(c, a) crossing A™(p, o). Using
Proposition 6.2, we can obtain an expression for M*(c,a) at y = 77 = p*:

z=pr1 = —p+O(par,per,p®) (6.37)

€
= —p+0(a,,p2> .
P

For M‘(c,a) to hit A™(p, ), we need |z + p| < op. Provided a < p? and € < p?, we have that M(c, a) reaches
2
y=p" at

r=—p+0(p?) . (6.38)
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Figure 21: Plotted are the homoclinic C-curve and banana obtained by continuing the pulse solution in the
parameters (a, c) for e = 0.021. The red square and green circle refer to the locations of the oscillatory pulse and

double pulse of Figure 22, respectively.

So fix any o < &. Then for any sufficiently small p, we can ensure that M*(c, a) hits A™(p, ). Fix such a value

—1/2

of p. Now take ey = min(p>, p?¢) and choose ag so that agc < min(p?, pa) for all ¢ € I,. Then the result

follows from Proposition 6.1. O

7 Numerical analysis

In this section we present a numerical analysis, performed using the continuation software AUTO, which describes
a possible termination mechanism for the branch of pulses found analytically above. Throughout this section,
we fix y=1/2.

7.1 Homoclinic C-curve and stability

Starting with a monotone 1-pulse, we begin by fixing ¢ = 0.021 and continuing in the parameters (¢, a) and obtain
the homoclinic “C-curve” (Figure 21a) which connects the branch of fast monotone pulses with the branch of slow
pulses (see the schematic diagram in Figure 7). When continuing along the upper branch towards the left corner
of the diagram, due to the Belyakov transition occurring at the origin, the tail of the pulse solution changes from
monotone to oscillatory. The branch eventually turns around sharply as the pulse undergoes a transition from
a single to a double pulse. The continuation then follows the C-curve in reverse, and similar sharp turn occurs
when the lower branch appears to terminate in the lower left corner of the diagram, during which the double
pulse transitions back to a single pulse. To better visualize this curve of solutions, in Figure 21b, the L?-norm

of the solutions is plotted against the parameter a. This gives the homoclinic “banana” as described in [3].

One question that arises is that of the stability of the pulses of Theorem 1.1. We choose an oscillatory pulse
and a double pulse near the end of the homoclinic C-curve and compute their spectra in Matlab. The pulses
and their spectra are shown in Figure 22. It is known ([13, 23]) that the classical fast pulse solution is stable,
and one expects that after the onset of oscillations in the tail, the pulse remains stable. In addition, we expect
that as the homoclinic C-curve turns around and the oscillatory pulse transitions into a double pulse, stability is
lost so that the double pulse is unstable. This is supported by the numerical computations for the pulses shown
in Figure 22. Due to translation invariance, they each possess an eigenvalue at zero, but the double pulse has
an additional positive real eigenvalue to the right of the essential spectrum arising from the interaction of the
Nagumo front ¢y and back ¢, (the eigenfunction for the unstable eigenvalue is plotted along with the double
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(c) Shown is a double pulse (solid blue) for (¢, a,€) =
(0.612,0.001,0.021) as well as the eigenfunction (dot- (d) Shown is the spectrum of the double pulse.
ted red) corresponding to its unstable eigenvalue.

Figure 22: Plotted are examples of an oscillatory pulse and a double pulse along the homoclinic C-curve along
with their spectra. The colored shapes refer to their location along the homoclinic C-curve and banana of
Figure 21.

pulse in Figure 22). The oscillatory pulse on the other hand has the remainder of its spectrum confined to the
left half plane.

We expect that stability of the oscillatory pulse should follow from the analysis used to construct the pulse and
following techniques as in [11, 12], where existence and stability of pulses for the discrete FitzHugh—-Nagumo
equations were obtained. As with the classical pulse, the difficulty comes from tracking the two eigenvalues near
the origin arising from the translation invariance of the Nagumo front and back. For the pulse, one eigenvalue
remains at the origin due to translation invariance and we expect that the second eigenvalue, representing the
interaction of front and back, moves into the left half plane. Again, complications arise due to the loss of normal
hyperbolically at the fold, but it should be possible to treat this with analysis similar to that used to construct
the pulse.

In previous works where stability was obtained for pulses passing near non-hyperbolic fold points (e.g. in [1, 4]),
only one eigenvalue was contributed near the origin due to the front. However, as mentioned previously in §2.2,
the singular ‘back’ solution in this case leaves the fold along a center manifold rather than the strong unstable
manifold and thus does not contribute an eigenvalue ([22]). We reiterate that for the pulses constructed in
the case of FitzHugh-Nagumo, the singular back solution does in fact leave the fold along the strong unstable

manifold which accounts for the additional interaction eigenvalue.
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7.2 Single-to-double pulse transition

Numerical explorations of the FitzHugh-Nagumo system have resulted in possible explanations for the termi-
nation of the branch of pulses in the upper left corner of the C-curve and the structure of the homoclinic
banana ([3, 7, 8]). The major contributing factor to this behavior is the singular Hopf bifurcation occurring at
the origin. As the Hopf bifurcation is subcritical in the region in question, the onset of small unstable periodic
solutions nearby block the convergence of the homoclinic to the equilibrium. However, the exact nature of the
sharp turn in the C-curve, and in particular the relation to the transition between the single and double pulse, is
not well understood. Guided by the analysis to construct the pulse in the previous sections and the investigation
of the canard point at the origin, we propose a geometric mechanism for the transition from the single to double
pulse, and we use the numerical continuation to visualize this transition. Figure 23 shows a zoom of the upper

left part of the banana for a lower value of € as well as six different pulses along the curve plotted together.

When viewing this progression, it becomes clear how the second pulse must be added. Starting from the
oscillatory pulse, after passing near the equilibrium, the tail follows the completely unstable middle branch of
the slow manifold for some amount of time before jumping off and returning to ./\/lf(c, a) and then converging to
the equilibrium. Eventually the pulse follows the entire middle branch up to the fold point before jumping back
to Mﬁ(c, a). In Figure 24a, we see this progression fills out a surface when many such pulses are plotted together.
As the transition continues, the pulse instead jumps from the middle branch to M’ (c,a) which it follows until
reaching the fold point, then jumps back to ./\/lﬁ(c7 a), culminating in a double pulse. Figure 24b shows a surface
filled out by this part of the sequence with many pulses plotted together. The entire progression of the tail from

small oscillations to a full additional pulse resembles a classical canard explosion (see Figure 23b).

After extending the results of the previous sections, it should be possible to describe this entire sequence an-
alytically using the same geometric framework used to construct the pulse with oscillatory tail. As with the
proof of Theorem 1.1, up to understanding the flow near the fold points, each pulse along the transition can
be constructed using classical geometric singular perturbation theory and the Exchange Lemma. Near the fold

points, additional blow up charts will be required to fully construct the pulses.

For (c,a,¢€) = (1 /V2,0, O), away from the fold points, the center branch of the critical manifold (which we now
denote as M) is completely unstable and exhibits heteroclitic connections to both the left branch M§ and the
right branch M{, which we denote by ¢, and ¢,., respectively. We therefore expect that the transition pulses can
be constructed as perturbations of two new types of singular double pulses for (c,a,¢€) = (1 / V2,0, 0): “left”
double pulses and “right” double pulses. The left/right descriptor refers to whether the double pulse involves a
jump from Mg to the left branch /\/lg or a jump to the right branch M. These two types of singular pulses are

shown in Figure 25.

As MG is normally hyperbolic away from the folds, standard geometric singular perturbation theory and the
Exchange Lemma can be used to track the pulses along any of the three branches of the critical manifolds
and along the heteroclinic connections away from the fold points. As before, the difficulty comes in tracking
the solutions near the folds, where additional blow up charts will be required in order to fully understand the
transition. At the lower fold, one must describe how solutions close to M’ pass near the equilibrium (see
Figure 26) then follow the middle branch for some amount of time before jumping off towards either M. or
Mf . Eventually these trajectories will return to converge to the equilibrium along Mf, and an issue then arises
in determining how to distinguish such trajectories from those that follow the middle branch as they are all
exponentially close to Mf . Additional charts will also be required in the blow up analysis at the upper right
fold, especially at the interface between the left and right double pulses where the pulse follows Mg into a
neighborhood of the fold before jumping off along the Nagumo back (see Figure 27).
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Figure 23: Transition from single to double pulse in the top left of the homoclinic banana for e = 0.0036. The
solutions labelled 1,2, 3 are left pulses, and those labelled 4,5, 6 are right pulses.
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Figure 24: Transition from single to double pulse in the top left of the homoclinic banana for € = 0.0036.
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(b) Singular right double pulse follows the sequence: ¢y,

MG, dp, Mb, M§ b7, MG, ¢y, M.

Figure 25: Singular € = 0 double pulses for (¢, a) = (1/v/2,0).
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Figure 26: Shown is a schematic for the expected flow near the canard point for pulses along the single-to-double

pulse transition.
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Figure 27: Shown is a schematic for the expected flow near the upper fold point for left and right pulses along

the single-to-double pulse transition.

8 Discussion

In this paper we showed that the FitzHugh-Nagumo equations

U = Uy + flu) —w (8.1)
wy = O6(u—w),

admit a traveling pulse solution (u,w)(z,t) = (u,w)(x + ct) with wave speed ¢ = ¢(a,¢€) for 0 < a < 1/2 and
sufficiently small € > 0. We showed that the region of existence near a = 0 encompasses a Belyakov transition
occurring at the equilibrium (u,v,w) = (0,0,0) where two real stable eigenvalues split as a complex conjugate
pair and thus describes the onset of small scale oscillations in the tails of the pulses. This result extends the

classical existence result for traveling pulses in FitzZHugh—Nagumo.

We employed many of the same techniques used in the classical existence proof in the context of geometric
singular perturbation theory. Fenichel’s theorems and the Exchange Lemma were used to construct the pulse up
to understanding the flow near two non-hyperbolic fold points of the critical manifold. To understand the flow
near the folds, we used blow up techniques to extend results from [17] and obtain estimates on the flow in small

neighborhoods of these points.

We further investigated the oscillatory pulses through a numerical analysis. Firstly, we provided numerical
evidence for the stability of the pulses. In addition, we contextualized the above existence result in the study of
FitzHugh-Nagumo as a “CU-system”, and we described a geometric mechanism for how the onset of oscillations
leads to the addition of a full second pulse. This transition also explains the termination of the branch of pulses
constructed above as we approach the region in parameter space containing canard solutions arising from the
singular Hopf bifurcation occurring at the origin. We believe it is possible to describe this transition analytically,

and we outlined a strategy which employs the same techniques used in the above existence proof.
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