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Abstract

The FitzHugh-Nagumo equations are known to admit fast traveling pulses that have monotone tails and arise as the
concatenation of Nagumo fronts and backs in an appropriate singular limit, where a parameter & goes to zero. These
pulses are known to be nonlinearly stable with respect to the underlying PDE. Recently, the existence of fast pulses with
oscillatory tails was proved for the FitzHugh-Nagumo equations. In this paper, we prove that the fast pulses with oscillatory
tails are also nonlinearly stable. Similar to the case of monotone tails, stability is decided by the location of a nontrivial
eigenvalue near the origin of the PDE linearization about the traveling pulse. We prove that this real eigenvalue is always
negative. However, the expression that governs the sign of this eigenvalue for oscillatory pulses differs from that for
monotone pulses, and we show indeed that the nontrivial eigenvalue in the monotone case scales with &, while the relevant

scaling in the oscillatory case is */°.

1 Introduction

The FitzHugh-Nagumo system

U = Uy + u( —a)(l —u) —w, (L

w = e(u —yw),

withy > 0,0 <a < % and 0 < € < 1 serves as a simple model for the propagation of nerve impulses in axons [10, 27]. The
FitzHugh-Nagumo system is also a paradigm for singularly perturbed partial differential equations: many of its features
and solutions have been studied in great detail over the past decades. Nerve impulses correspond to traveling waves that
propagate with constant speed without changing their profile, and the FitzHugh-Nagumo system indeed supports many
different localized traveling waves, or pulses. Slow pulses have wave speeds close to zero and arise as regular perturbations
from the limit & — 0. Fast pulses, on the other hand, have speeds that are bounded away from zero as € — 0: their
profiles do not arise as a regular perturbation from the £ = 0 limit. Both slow and fast pulses have monotone tails as
x — =xoo. Numerical simulations of (1.1) reveal that it admits traveling pulses with exponentially decaying oscillatory
tails: this observation is interesting as it opens up the possibility of constructing multi-pulses, which consist of several
well-separated copies of the original pulses that are glued together and propagate without changes of speed and profile.
Recently, the existence of oscillatory pulses was shown in [3] in the region where 0 < a, & < 1. The oscillations in the tails
were shown to arise along with a canard mechanism [22] in a local center manifold of the equilibrium; such a mechanism is
associated with the onset of periodic canard orbits and relaxation oscillations, for instance in the van der Pol equation [23].
Pulses with oscillatory tails have been found previously [13] in the FitzHugh—Nagumo system; however the methods used
were topological and provide insufficient information to deduce the existence of multipulses or determine stability.
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The emphasis of this paper is to investigate the stability of the traveling pulses with oscillatory tails that were found in
[3]. It is known [11] that the slow pulses are unstable as traveling-wave solutions to (1.1). In contrast, it was proved
independently by Jones [17] and Yanagida [33] that the fast pulses are stable for each fixed 0 < a < % provided € > 0 is
sufficiently small. The idea behind the stability proofs published in [17, 33] is as follows: first, (1.1) is linearized about a
fast pulse, and the eigenvalue problem associated with the resulting linear operator is then analysed to see whether it has
any eigenvalues with positive real part. By counting the zeros of the Evans-function, it was shown in [17, 33] that there
are at most two eigenvalues near or to the right of the imaginary axis: one of these eigenvalues stays at the origin due to
translational invariance of the family of pulses (obtained by shifting the profile in space). The key was then to show that
the second critical eigenvalue has a negative sign. In [17, 33], this was established using a parity argument by proving that
the derivative of the Evans function at O is strictly positive, which, in turn, follows from geometric properties of the pulse
profile in the limit & — 0. We mention that these results were extended in [6] to the long-wavelength spatially-periodic

wave trains that accompany the fast pulses in the FitzHugh-Nagumo equation.

In this paper, we prove that the pulses with oscillatory tails are also stable. In particular, we show that their stability is
again determined by the location of two eigenvalues near the origin, and we prove that the nonzero critical eigenvalue has
always negative real part. While the result is the expected one, the stability criterion that ensures negativity of the critical
eigenvalue is actually very different from the criterion for monotone pulses. Furthermore, the nonzero eigenvalue scales
differently in the monotone and oscillatory regimes: we show that the critical eigenvalue is of order & for monotone pulses,
while there are oscillatory pulses for which the eigenvalue scales with £** as & — 0.

In contrast to [17, 33], our proof is not based on Evans functions but relies instead on Lin’s method [16, 25, 30] to construct
potential eigenfunctions of the linearization for each potential eigenvalue A near and to the right of the imaginary axis. We
show that we can construct a piecewise continuous eigenfunction with exactly two jumps for each choice of A: finding
proper eigenvalues then reduces to finding values of A for which the two jumps vanish. One advantage of our method over
the Evans-function analysis in [17, 33] is that we obtain, as outlined above, the leading-order expressions for the eigenvalues
near the origin. In addition, our approach allows us to derive the leading-order asymptotics of the associated eigenfunctions
and the adjoint eigenfunctions, which helps us understand the dynamics of the pulse profile under perturbations: our results
imply that small perturbations centered around the back affect only the back but do not affect the position of the front, and
therefore of the pulse.

While we restrict ourselves to the FitzHugh-Nagumo system, our approach via Lin’s method applies more generally to
stability problems of pulses in singularly perturbed reaction-diffusion systems: in particular, the method can be applied to
singular pulse profiles that are constructed by concatenating fast jumps with parts of the slow manifolds. Provided the slow
manifolds have a consistent splitting of fast transverse stable and unstable fibers, our method reduces the PDE eigenvalue
problem to a matrix eigenvalue problem whose dimension is equal to the number of fast jumps.

Finally, we comment on the presence of the second critical eigenvalue that determines stability. The fast traveling pulses
are constructed by gluing pieces of the nullcline w = u(u — a)(1 — u) together with traveling fronts and backs of the
FitzHugh-Nagumo system with £ = 0. These pulses will develop oscillatory tails when a =~ 0: this coincides with the
region where the traveling fronts and backs jump off from the maxima and minima of the nullcline w = u(u — a)(1 — u) (we
refer to Figure 2 below for an illustration). Depending on exactly how the back jumps off the maximum of the nullcline,
the nontrivial second eigenvalue is either present or not: in previous work [1, 14] the stability of similar types of traveling
pulses is considered, but the critical eigenvalue is not present and the pulses are therefore automatically stable. We comment
in more detail in section 9 on the differences between [1, 14] and the present work.

This paper is organized as follows. The next section is devoted to an overview of our main results, including their precise
statements which are contained in Theorems 2.2 and 2.4. We then give an overview of the known existence results in
section 3. In section 4, we collect and prove pointwise estimates of the pulses in the limit € — 0 that will be crucial in our
stability analysis, which will be carried out in section 5 for the essential spectrum and in section 6 for the point spectrum of
the linearization about the pulses: these results are then collected in section 7 to prove Theorems 2.2 and 2.4 and conclude

stability. We illustrate our results with numerical simulations in section 8, and end with a discussion of our results and the



underlying method in section 9.

2 Overview of main results

We consider the FitzHugh-Nagumo system

U = Uye + f(u) —w, 2.1

wy = &(u —yw),
where f(u) = f(u;a) =u(u—-a)(1 —u),0 <a < % and 0 < € < 1. Moreover, we take 0 < y < 4 such that (2.1) has a single

equilibrium rest state (#, w) = (0,0). Using geometric singular perturbation theory [9] and the Exchange Lemma [18] one

can construct traveling-pulse solutions to (2.1):

Theorem 2.1 ([3, 19]). There exists K* > 0 such that for each k > 0 and K > K" the following holds. There exists
&o > 0 such that for each (a,¢€) € [0,% — k] X (0, &9) satisfying € < Kd* system (2.1) admits a traveling-pulse solution
éﬁa‘g(x, 1) = &u,g(x + ¢t) with wave speed ¢ = ¢(a, €) approximated (a-uniformly) by

&= V2(%-a)+0).

Furthermore, if we have in addition & > K*a®, then the tail of the pulse is oscillatory.

Figure 1 depicts a schematic bifurcation diagram of the region of existence of pulses guaranteed by Theorem 2.1. This
theorem encompasses two different existence results: the well known classical existence result [19] in the region where
O<exacx< %, and the extension [3] to the regime 0 < a, & < 1, where the onset of oscillations in the tails of the pulses is
observed. In the following, we refer to these two regimes as the hyperbolic and nonhyperbolic regimes, respectively, due

to the use of (non)-hyperbolic geometric singular perturbation theory in the respective existence proofs.

In the co-moving frame & = x + &, the solution @, .(€) = (g (£), wa.(£)) is a stationary solution to

Uy = Uge — Ctg + f(u) —w,
1 = Uge = Cug + f 22)
wy = —Cwg + e(u — yw).
We are interested in the stability of the traveling pulse &a,g(x, 1) as solution to (2.1) or equivalently the stability of ¢~Sa,a(§) as
solution to (2.2). Linearizing (2.2) about ¢, .(¢) yields a linear differential operator £, on C,(R, R?) given by

ng[ . J ) ( uge — Cug + f (Uge(EDu—w

w —Cwg + e(u —yw)

The stability of the pulse is determined by the spectrum of L, ., i.e. the values A € C for which the operator £, — A is not
boundedly invertible. The associated eigenvalue problem £, .y = Ay can be written as the ODE

0 1 0
Ve = Ap€ D, Ao, D) = A€, Dia,e) i=| A= Uae§) & 1 . (2.3)
’ £ 0 _/l +ey
¢ ¢

Invertibility of L, . — A can fail in two ways [31]: either the asymptotic matrix

0 1 0
AO(/I) = Ao(/l;a, g) = A+a ¢ 1 ’
2 A+ ey
- 0 ——
¢ ¢



of system (2.3) is nonhyperbolic (A is in the essential spectrum), or there exists a nontrivial exponentially localized solution
to (2.3) (4 is in the point spectrum). In the latter case we call A an eigenvalue of £, . or of (2.3). The spaces of exponentially
localized solutions to (£, — A = 0 or to (2.3) are referred to as eigenspaces and its nontrivial elements are called
eigenfunctions. This brings us to our main result.

Theorem 2.2. There exists by, &y > 0 such that the following holds. In the setting of Theorem 2.1, let ¢, (&) denote a

traveling-pulse solution to (2.2) for 0 < € < gy with associated linear operator L, z. The spectrum of L, . is contained in
{0} U {2 e C:Re(d) < —&bp}.

More precisely, the essential spectrum of L, is contained in the half plane Re(1) < —ey. The point spectrum of L, . to
the right hand side of the essential spectrum consists of the simple translational eigenvalue 1y = 0 and at most one other

real eigenvalue 1y = A1(a, ) < 0.

Theorem 2.2 will be proved in section 7. Combining Theorem 2.2 with [7] and [8, Theorem 2] yields nonlinear stability of

the traveling pulse @ ¢ (£).

Theorem 2.3. In the setting of Theorem 2.2, the traveling pulse $,(&) is nonlinearly stable in the following sense. There
exists d > 0 such that, if §(¢,1) is a solution to (2.2) satisfying ||p(&,0) — ¢u..(€)l| < d, then there exists & € R such that
p€ + &0, 1) = Pue(E)ll = 0 as 1 — oo.

In specific cases we have more information about the critical eigenvalue A; of £, .. In the hyperbolic regime, where a is
bounded below by an e-independent constant ag > 0, the nontrivial eigenvalue A; can be approximated explicitly to leading
order O(¢). In the nonhyperbolic regime we have 0 < a, & < 1; if we restrict ourselves to a wedge Koa® < & < Ka?, then
the second eigenvalue A, can be approximated to leading order O(¢*/?) by an a-independent expression in terms of Bessel
functions. Thus, regarding the potential other eigenvalue 1; we have the following result.

Theorem 2.4. In the setting of Theorem 2.2, we have the following:

(i) (Hyperbolic regime) For each ay > 0 there exists €y > 0 such that for each (a, ) € [a, % — k] x (0, &) the potential
eigenvalue A1 < 0 of L, . is approximated (a-uniformly) by

Al =-Me+ O(Islogalz),

where M| = Mi(a) > 0 can be determined explicitly; see (7.1). If the condition M, < y + alis satisfied, then A is
contained in the point spectrum of L, and lies to the right hand side of the essential spectrum.

(ii) (Non-hyperbolic regime) There exists gy > 0 and Ky, ko > 1 such that, if (a, €) € (0, % — k1% (0, &) satisfies Koa® < &,
then the eigenvalue 11 < 0 of L, lies to the right hand side of the essential spectrum and satisfies
P kg < A1 < ko>,

l+a

In particular; if (a,€) € (0,3 — k] X (0, &) satisfies Koa® < &' for some a > 0, then A, is approximated (a- and

a-uniformly) by

18 — dy)*3
I G ke 2t 37) 4'082/3_'_0(8(2_'_”)/3)’ 2.4)

where {y € R is the smallest positive solution to the equation
2 43/2 243/2
Joo3 (§§ / ) =Jo3 (§§ / ),

where J, denote Bessel functions of the first kind.



The regions in (c, a, €)-parameter space considered in Theorems 2.1 and 2.4 are shown in Figure 1. We emphasize that
Theorem 2.4 (ii) covers the regime £ > K*a” of oscillatory tails. Theorem 2.4 will be proved in section 7.

Ae C(aye)

1/2

Figure 1: Shown is a schematic bifurcation diagram of the regions in (c, a, £)-parameter space considered in Theorems 2.1
and 2.4. The green surface denotes the region of existence of pulses in the nonhyperbolic regime, and the blue surface
represents the hyperbolic regime. The solid red curve £ = K*a® represents the transition from monotone to oscillatory
behavior in the tails of the pulses. The dashed red curve denotes & = Koa’; the region above this curve gives the parameter
values for which the results of Theorem 2.4 (ii) are valid.

3 Overview of existence results

The stability analysis in this paper relies crucially on how the underlying pulse solutions are approximated by the singular
limit structure. In particular, we need detailed pointwise estimates of the pulse solutions whose stability we are interested
in. We will prove these estimates in Section 4; however, the proof will require an understanding of aspects of the existence
construction in [3]. In this section, we therefore provide an overview of the existence analysis in [3], omitting technical
details as much as possible. Then, in Section 4, we collect the technical results from [3] necessary for the pointwise
approximation result.

The traveling-pulse solutions in Theorem 2.1 arise from a concatenation of solutions to a series of reduced systems in the
singular limit & — 0. Their construction can be understood best in the setting of the traveling-wave ODE
Ug =V,
ve=cv— f(u)+w, 3.D
&
we = —(u—yw),
c
which is obtained from (2.1) by substituting the Ansatz (u, w)(x, t) = (4, w)(x + ct) for wave speed ¢ > 0 and putting & = x+

ct. We consider a pulse solution éa,s(é‘) = (U4,6(8), wa,e(£)) as in Theorem 2.1. Equivalently, ¢y (&) = (ug£(6), u;,g(§)7 Wa ()
is a solution to (3.1) homoclinic to (u, v, w) = (0, 0, 0) with wave speed ¢ = ¢(a, €).

The singular limit ¢, of ¢, can be understood via the fast/slow decomposition of the traveling-wave ODE (3.1). We
begin this section with defining the singular limit ¢, , followed by an outline of the construction of the pulse solution ¢, .
from the singular limit ¢, . in both the hyperbolic and nonhyperbolic regimes.



3.1 Singular limit

We separately consider (3.1), which we call the fast system, and the system below obtained by rescaling & = &£, which we

call the slow system
gup = v,
evg=cv— f(u) +w, 3.2)
wg = %(u —yw).

Note that (3.1) and (3.2) are equivalent for any € > 0. Taking the singular limit £ — 0 in each of (3.1) and (3.2) results in

simpler lower dimensional systems from which enough information can be obtained to determine the behavior in the full
system for 0 < £ << 1. We first set £ = 0 in (3.1) and obtain the layer problem

I/l§ =V,
ve =cv— fu)+w, 3.3)
W§ = 0,

so that w becomes a parameter for the flow, and the manifold
Mo = {(u,v,w) eR> v =0, w= fu),

defines a set of equilibria. Considering this layer problem in the plane w = 0 and for ¢ = ¢p(a) = \/5(% — a), we obtain the
Nagumo system

ug =,

o (3.4)

Ve = v — f(u).
For each 0 < a < 1/2, this system possesses a heteroclinic front solution ¢¢(£) = (ue(£), v¢(£)) which connects the equilibria
p(f) =(0,0) and p} = (1,0). In (3.3) this manifests as a connection in the plane w = 0 between the left and right branches of
My, when the wave speed ¢ equals ¢y. In addition, there exists a heteroclinic solution ¢y(£) = (up (), vp(€)) (the Nagumo
back) to the system

Ug =,

3.5)
Ve = Cov— f(u) + wtl),

which connects the equilibria p, = (u;,0) and p) = (up,0), where up = 1(2a — 1) and u}, = (1 + a) satisfy f(uy) =
f (ug) = wf,. Thus, for the same wave speed ¢ = ¢, there exists a connection between the left and right branches of My in
system (3.3) in the plane w = w,lj.

Remark 3.1. The front ¢¢(£) can be determined explicitly by substituting the Ansatz v = bu(u — 1), b € R in the Nagumo
equations (3.4). Subsequently, the back ¢y (&) is established by using the symmetry of f(u) about its inflection point. We
obtain

,  with us(¢) :=

o(é + ér0) J i) = [ 30 +a) = (€ + o) (3.6)

e (§) = ( W&+ Eo) (€ + &)

l 9
e 2 VE +1
where &,&r0 € R depends on the initial translation. We emphasize that we do not use the explicit expressions in (3.6)
to prove our main stability result Theorem 2.2. However, they are useful to evaluate the leading order expressions for the
second eigenvalue close to 0; see Theorem 2.4. Here we make use of the explicit formulas above with &, ¢, &9 = 0, but we

could have made any choice of initial translate.
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Figure 2: Shown is the singular pulse for € = 0 in the nonhyperbolic regime (left), the hyperbolic regime (center), and the
heteroclinic loop case [21] (right).

We note that for any 0 < a < 1/2 the heteroclitic orbits ¢¢ and ¢, connect equilibria which lie on normally hyperbolic

segments of the right and left branches of M, given by
M = {0, f)  u € [y, 11}, Mg = (@, 0, f(w)) : u € [uy, O}, 3.7

respectively. However, for a = 0, ¢; and ¢ leave precisely at the fold points on the critical manifold where normal
hyperbolicity is lost (see Figure 2). This determines the distinction in the singular structure between the hyperbolic and
nonhyperbolic cases. Furthermore, we note that for a = 1/2, ¢¢ and ¢, form a heteroclinic loop, but we do not consider

this case in this paper; see [21].
We now set € = 0 in (3.2) and obtain the reduced problem
0=v,
O=cv—f(u)+w,
W = %(u —yw),

where the flow is now restricted to the set M, and the dynamics are determined by the equation for w. Putting together the
information from the layer problem and reduced problem, there is for ¢ = ¢y a singular homoclinic orbit ¢, obtained by
following ¢, then up M, back across ¢y, then down M¢; see Figure 2. Thus, we define @40 as the singular concatenation

Bao = {(¢e(),0) : £ € R} U {(e(&), w) : £ € R} U MG UM, (3.8)

where M{, and Mé are defined in (3.7). Note that ¢, exists purely as a formal object as the two subsystems are not

equivalent to (3.1) for € = 0.

3.2 Existence analysis

Theorem 2.1 combines the classical existence result for fast pulses as well as an extension to the regime of pulses with
oscillatory tails proved in [3]. We begin by introducing the classical existence result and its proof in the context of geometric
singular perturbation theory and then proceed by describing how to overcome the difficulties encountered in the case

0 < a,e < 1. We refer to these cases as the hyperbolic and nonhyperbolic regimes, respectively.



3.2.1 Hyperbolic regime

The classical result is stated as follows

Theorem 3.2. For each 0 < a < 1/2, there exists &y = &o(a) > 0 such that for 0 < & < gy system (2.1) admits a

traveling-pulse solution with wave speed ¢ = ¢(a, €) satisfying

éa, &) = \/E(% - a) + O(e).

The above result is well known and has been obtained using a variety of methods including classical singular perturbation
theory [12] and the Conley index [2]. We describe a proof of this result similar to that in [19], using geometric singular
perturbation theory [9] and the Exchange Lemma [18].

It is possible to construct a pulse for € > 0 as a perturbation of the singular structure ¢, given by (3.8) as follows. By
Fenichel theory the segments M and Mé persist for € > 0 as locally invariant manifolds M., and Mﬁ In addition, the
manifolds W*(M{) and W*(M;) defined as the union of the stable and unstable fibers, respectively, of M; persist as
locally invariant manifolds ‘W and ‘W". Similarly the stable and unstable foliations of Mf; persist as locally invariant
manifolds ‘W?*‘ and ‘W"’. By Fenichel fibering the manifold ‘W** coincides with ‘W?(0), the stable manifold of the origin.
The origin also has a one-dimensional unstable manifold ‘W{(0) which persists for € > 0 as ‘W(0). By tracking “W;(0)
forwards and “W:(0) backwards, it is possible to find an intersection provided that ¢ ~ &y is chosen appropriately. The
Exchange Lemma is needed to track these manifolds in a neighborhood of the right branch M}, where the flow spends
time of order &', There exists for any r € Z.( an e-independent open neighborhood U of M. and a C"-change of
coordinates ¥, : Ug — R3, depending C"-smoothly on &, in which the flow is given by the Fenichel normal form [9, 18]

U =-AU,V,W;c,a,e)U,
V' =T(U,V,W;c,a,¢)V, (3.9)
W =e(1+HU,V,W;c,a,e)UV),

where the functions A,T" and H are C”, and A and I are bounded below away from zero. In the local coordinates M, is
given by U = V = 0, and ‘Wy" and W are given by U = 0 and V = 0, respectively. We assume that the Fenichel
neighborhood contains a box

Yo (Up) 2{U, V,W): UV e [-A AW e [-A,W* + A}, (3.10)

for W* > 0 and some small 0 < A < W*, both independent of &. The Exchange Lemma [18] then states that for sufficiently
small A > 0 and € > 0, any sufficiently large 7', and any |Wy| < A, there exists a solution (U(£), V (&), W(£)) to (3.9)
that lies in W .(UEg) for & € [0,T] and satisfies U(0) = A, W(0) = Wy, and V(T) = A and the norms |U(T)|, |V(0)|,and
|W(T) — Wy — eW*| are of order e %" for some g > 0, independent of &.

We now track “W(0) and “W:(0) up to the neighborhood Ug of M, and determine how they behave at U = A and V = A.
This gives a system of equations in ¢, T', & which can solved for ¢ = &(a, €) = ¢o(a) + O(¢) to connect Wi (0) and W:(0) via
a solution given by the Exchange lemma, completing the construction of the pulse of Theorem 3.2. The full pulse solution
@, 1s shown in Figure 4.

3.2.2 Nonhyperbolic regime

We now move on to the case 0 < a,& < 1. For certain values of the parameters a, &, the tails of the pulses develop small
oscillations near the equilibrium. The onset of the oscillations in the tail of the pulse is due to a transition occurring in the
linearization of (3.1) about the origin in which the two stable real eigenvalues collide and emerge as a complex conjugate
pair as a decreases for fixed . If a pulse/homoclinic orbit is present when eigenvalues change in this fashion, then this



situation is referred to as a Belyakov transition [15, §5.1.4]. In [3], it was shown that for sufficiently small a,& > O this
transition occurs when

a2
8=Z+O(a3), (3.11)

and the following result capturing the existence of pulses on either side of this transition was proved.

Theorem 3.3. [3, Theorem 1.1] There exists K*,uu > 0 such that the following holds. For each K > K", there exists
ao, €9 > 0 such that for each (a, &) € (0, ao) X (0, &) satisfying & < Ka?, system (2.1) admits a traveling-pulse solution with
wave speed ¢ = ¢(a, €) given by

é(a, &) = \/E(% - a) — ue + O(ela + g)).

Furthermore, for € > K*d?, the tail of the pulse is oscillatory.

Remark 3.4. In fact, by the identity (3.11), the constant K* > 0 in Theorem 3.3 can be any value larger than 1/4.

The difficulties in the proof of Theorem 3.3 arise from the fact that the pulses are constructed as perturbations from the
highly singular limit in which a = & = 0 (see Figure 2). In this limit, the origin sits at the lower left fold on the critical
manifold My, and the Nagumo front and back solutions ¢¢, leave Mé and M precisely at the folds where these manifolds
are no longer normally hyperbolic. Near such points, standard Fenichel theory and the Exchange Lemma break down, and
geometric blow-up techniques are used to track the flow in these regions.

However, away from the folds, standard geometric singular perturbation theory applies, and many of the arguments from
the classical case carry over. Outside of neighborhoods of the two fold points, the manifolds M; and Mé persist for € > 0
as locally invariant manifolds M. and M’ as do their (un)stable foliations WS, W’ WS" W™’ The origin has a strong
unstable manifold ‘W%(0) which persists for £ > 0 and can be tracked along M. through the neighborhood U given
in (3.10) via the Exchange Lemma into a neighborhood U of the upper right fold point. The stable foliation ‘Wj[ of
the left branch can be tracked backwards from a neighborhood of the equilibrium to a neighborhood of the upper right
fold point. Constructing the pulse solution then amounts to the following two technical difficulties. First, one must find
an intersection of “W"(0) and “W** near the upper right fold point. Second, since the exponentially attracting properties
of the manifold (W;’[ are only defined along a normally hyperbolic segment of Mg, the flow can only be tracked up to a
neighborhood of the equilibrium at the origin. Hence additional arguments are required to justify that the tails of the pulses
in fact converge to the equilibrium upon entering this neighborhood. Overcoming these difficulties is therefore reduced to
local analyses near the two fold points.

We begin with the upper right fold point; by the Exchange Lemma the manifold W;(0) is exponentially close to M
upon entering an a- and g-independent neighborhood U of the fold point. The goal is therefore to track M. and nearby
trajectories in this neighborhood. The fold point is given by the fixed point (u*, 0, w*) of the layer problem (3.3) where

u*zé(a+1+ Vaz—a+1),

and w* = f(u"). The linearization of (3.3) about this fixed point has one positive real eigenvalue ¢ > 0 and a double zero
eigenvalue, since f'(u*) = 0. In a neighborhood of the fold point there exists a local change of coordinates that brings
system (3.1) into the canonical form for a fold point, as studied in [22] using blow-up analysis. By tracking solutions near
the fold, it is possible to find a solution which connects ‘W};(0) and ’ng This leads to the following result from [3, §5.5].

Proposition 3.5. There exists u, ay, &g > 0 such that the following holds. For each (a,&) € (0,a0) X (0, &), there exists

¢ = ¢(a, ) satisfying
éa,e) = \/E(% - a) — ue + O(ela + €)),

such that in system (3.1) the manifolds W¢(0) and ‘Wé’g intersect.



After finding an intersection between W"(0) and ‘W, it remains to show that solutions on the manifold ‘W’ converge
to the equilibrium. As previously stated, using standard geometric singular perturbation theory arguments, it is possible to
track ‘VV;’Z into a neighborhood of the origin, but more work is required to show that the tail of the pulse in fact converges

to the equilibrium after entering this neighborhood. We have the following result which follows from the analysis in [3,

§6].

Proposition 3.6. For each K > 0 and each sufficiently small oy > 0, there exists agy, &y,dy > 0 such that the following
holds. For each (a, €) € (0, ag) X (0, &y) satisfying € < Kd?, the equilibrium (u,v,w) = (0,0, 0) in system (3.1) is stable with
two-dimensional stable manifold ‘W:(0). Furthermore, any solution on fWg’[ which enters the ball B(0, o) at a distance
< dy from Mﬁ lies in the stable manifold ‘W:(0) and remains in B(0, 0o) until converging to the equilibrium.

Theorem 3.3 then follows from Propositions 3.5 and 3.6.

3.2.3 Main existence result

Combining Theorems 3.2 and 3.3, we obtain Theorem 2.1, repeated here for convenience, which encompasses both the
hyperbolic and nonhyperbolic regimes.

Theorem 2.1. There exists K* > 0 such that for each k > 0 and K > K* the following holds. There exists &y > 0 such that
foreach (a, ) € [0, 1 _41%(0, &9) satisfying € < Kd* system (2.1) admits a traveling-pulse solution qAba,g(x, 1= (Eﬁa,s(x+ ¢t)

with wave speed ¢ = ¢(a, €) a-uniformly approximated by
¢=V2(-a)+ 0.
Furthermore, if we have in addition € > K*a?, then the tail of the pulse is oscillatory.

Proof. We take K* > }1 and fix K, « satisfying K > K* and « > 0. From Theorem 3.3 we obtain constants ag, &y and
a traveling pulse for each (a,&) € (0,a9) X (0, &) satisfying € < Ka?, where the pulses for K*'a~ < & < Ka® have
oscillatory tails. By shrinking &y > O further if necessary, Theorem 3.2 yields the existence of pulse solutions for each

(a, €) € [ay, % — k] X (0, &), where we use that [ay, % — k] is compact to ensure gy > 0 is independent of a. |

4 Pointwise estimates of pulse solutions

Our main result of this section, Theorem 4.3, provides pointwise estimates describing the closeness of the traveling pulse
solution ¢, . and its singular limit ¢, in R®. In order to prove Theorem 4.3, we will use results from the existence analysis
in §3, as well as two additional technical results regarding the flow in the neighborhood U} of the upper right fold point.
We begin with the analysis near this fold point, followed by the statement and proof of Theorem 4.3.

4.1 Analysis near the upper right fold point

In this section, we obtain more detailed estimates on the flow in the a- and e-independent neighborhood Uy of the upper
right fold point. These will be helpful both in proving Theorem 4.3 and in the forthcoming stability analysis, particularly

the eigenvalue computations in §6.5.

As mentioned in §3.2.2 there exists a local change of coordinates in a neighborhood of the fold point («*, 0, w*), where

u*z%(a+1+ Vaz—a+1),
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and w* = f(u"), that brings system (3.1) into the canonical form for a fold point. More precisely, we can perform for any
r € Zsy a C"-change of coordinates ®,: Ur — R? to (3.1), which is C"-smooth in ¢, a and & for (c, a, €)-values restricted
to the set [Co(ap), Co(—ao)] X [—ap, ap] X [—&0, €0, Where ay, &y > 0 are chosen sufficiently small and ¢y(a) = \/E(% - a.
Applying @, to the flow of (3.1) in the neighborhood U of the fold point yields the canonical form

X' =6 (y + X%+ h(x,y, & c, a)) ,

y = Goeg(x,y, &; ¢, a), 4.1)

7 =z(c+0(x,y,2,€),

where

1 1/6
b=~ (@ —a+1)" @ -y >0, 4.2)
C

uniformly in |a| < ag and ¢ € [¢y(ag), Co(—ap)], and h, g are C"-functions satisfying
h(x,y, €;c,a) = Oe, xy,y*, x°),
g('x’y7 8; C? a) = 1 + 0('x7y’ 8)’

uniformly in |a|] < @y and ¢ € [¢o(ap), Co(—ap)]. The coordinate transform @, can be decomposed in a linear and nonlinear

part
u u u u
O v |=N]|l v |-] O +d.| v |,
w w w* w

where the nonlinearity @, satisfies ®,(u*, 0, w*) = dD,(u*,0,w*) = 0 and the linear part N is given by

B B
. Bi - 2
N=00. 0 |[= 0 0 P ,
. c
v , L1
c 2
where
2 73 =173
,31=(a —a+1) W —yw") > 0,
1/6
B = c(a2 -a+ 1) / (u* —)/W*)_Z/3 > 0,

uniformly in |a| < ag and ¢ € [E(ap), ¢o(—ap)]. Finally, there exists a neighborhood U} R3 of 0, which is independent of
¢,a and g, such that Uy € O (UF).

In the transformed system (4.1), the x, y-dynamics is decoupled from the dynamics in the z-direction along the straightened
out strong unstable fibers. Thus, the flow is fully described by the dynamics on the two-dimensional invariant manifold
z = 0 and by the one-dimensional dynamics along the fibers in the z-direction. On this invariant manifold, for £ = 0 we see
that the critical manifold is given by {(x,y) : y + 2+ h(x,y,0; c,a) = 0}, which is a approximately a downwards-opening
parabola. The branch of this parabola for x < 0 is attracting and corresponds to the manifold M;. We define /\/((r)’+ to be
the singular trajectory obtained by appending the fast trajectory given by the line {(x,0) : x > 0} to the attracting branch
Mg, of the critical manifold. We note that /\/((’)’Jr can be represented as a graph y = so(x). In [3] it was shown that, for
sufficiently small & > 0, /\/((’)‘+ perturbs to a trajectory M on z = 0, represented as a graph y = s.(x), which is a-uniformly
c’-o0 (82/3)-01036 to /\/((r)’Jr (see Figure 3).

We proceed by obtaining estimates on the flow in the invariant manifold z = 0 in (4.1). For sufficiently small p, o > 0, we

define the sections
2 = Ei(p, 0) = {(%e(c, @) + X0, —p%) 1 0 < |xo| < ope},
¥ =%%p) :={(p,y) : y €R}.

11
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Figure 3: Shown is the flow on the invariant manifold z = O in the fold neighborhood Ur. Note that x increases to the left.

where X.(c,a) denotes the x-value at which the manifold M_" intersects y = —p*. In [3], using geometric blow-up

techniques it was shown that between the sections X! and X°, the manifold M.* is 0(52/ 3 )-close to M;" and can be

represented as the graph of an invertible function y = s.(x).

Considering the flow of (4.1) on the invariant manifold z = 0, we rescale f = 6y¢ and append an equation for &, arriving at

the system
dx )
— =y+x"+hx,y,¢&;c,a),
7 (x,y )
D _ g )
— =¢gg(x,y,&;¢,a),
ar 8g(X,y
de
—_=0.
dt

4.3)

The blow-up analysis in [3] is based on [22] and makes use of three different rescalings in blow-up charts K, K5, K5 to

track solutions between X. and £°. The chart % is described by the coordinates
X=rx, y= —rf, €= rfsl,
the second chart % uses the coordinates
X=rx, Y= —V§Y2, &= rg,
and the third chart % uses the coordinates
xX=r3, y= —r§y3, e= r283.
In each of the charts K, K5, and K, we define entry/exit sections
Z’i" = {(xl,rl,sl) :0<eg<6,0< |x1 —p_lsgl(—p2)| < o‘p3sl,r1 =p} ,

ZTW (xl,rl,é‘]) L€ = 5,0 < |)C1 — rl_lsgl(—r%)i < o-rfé,O <r Sp},

Eé” (x2,¥2,12) : 0 < |xz - r;lsgl(—6_2/3r§)| < 0'p362/3,y2 =63.0<n, Sp61/3},
=3

out
23

(r3,¥3,€3) : 0 <r3 <p,y3 € [-B,6], &3 =5},

= {(Xz,yz,rz) tx=6"70<nmn< ,051/3},
={
=1{(r3,y3.83) : 13 = p,y3 € [-B, B, &3 € (0,0)},

for sufficiently small 83, 6, o, p > O satisfying 2Q062/ 3 < B, where € is the smallest positive zero of

Jo1y3 (%23/2) +J13 (%ZS/Z) )

12
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with J, Bessel functions of the first kind. The set {(x, y, &) € R3: (x,y) € Zé(p, o), € (0, p36)} equals Z"]" in the K coordi-
nates (4.4). Moreover, 23“’ is contained in the set {(x,y,¢€) € R?: (x,y) € £°}, when converting to the K5 coordinates (4.6).
In [3, §4], it was shown that the flow of (4.3) maps Z’f‘ into 3" via the sequence

ziln Z(l)uz — Zén ng — Zén ng,

taking into account the different coordinate systems to represent X" and T for i = 1,2,3. The estimates on the flow

between the various sections obtained in [3] enable us to prove the following.

Proposition 4.1. For each sufficiently small p,o > 0, there exists ap, &y > 0 such that for (a,&) € (0,ap) X (0, &) the
following holds. The flow of (4.1) on the invariant manifold z = 0 maps ZQ(P, o) into X°(p). In addition, a trajectory T

starting at x = X.(c,a) + xy in ng satisfies

(i) Between X\ and X° we have that T is O(x,)-close to the manifold M:*. In particular, we have, along T between X,
and X°, the bound |y — s.(x)| < C|xo| for some constant C > 0 independent of a and &.

(ii) There exist constants k, k>0, independent of p, o, a and ¢, such that, along I between Z; and X°, we have x' > (k/ p)E.
Furthermore, define the function ®: (—=Qg, ) — R by

I3 (38°7) - Lys (34°7
Ve : if/z )_ : (243/2)’
11/3(35 ) 1—1/3(3§ )
0@) = 4.7
T3 (3(=0?) = T3 (3(=0*?)
N (3032) + 1 (302)

f¢>0

f{<0

where J, and I, denote Bessel functions and modified Bessel functions of the first kind, respectively, and €y denotes
the first positive zero of J13 (%53/2> +J13 (%53/2)_ Then, © is smooth, strictly decreasing and invertible and along T’
we approximate a-uniformly

x =6 (x2 -o! (xs’1/3).92/3) +0(), for0<|x| <ke'l,

where 0 is defined in (4.2).

Proof. The proof of (i) follows from the proof of the estimates in [3, Corollary 4.1].

For (ii), we begin with the lower bound x’ > (k/p)e. Between the sections Z’i” and X", the existence of such a k>0
follows from the proof of [3, Lemma 4.2]. In addition by [3, Lemmata 4.3, 4.4], by possibly taking k smaller, the flow
satisfies
d ~ -
X = 60—)f > ke*? > (k/p)e,
dt
between the sections 2;" and X5

1/3

Finally, for any sufficiently small &, for O < |x| < ke'/~, we are concerned with the flow in the chart K, between the sections

Zé" and Z9“. In the K, coordinates (4.5), the flow takes the form

d)CZ
dty
dy>
diy
dr
dt,

= —y2 + X5 + O(r2),
= —1+0(r), (4.8)

=0,
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where t, = rf. We quote a few facts from [3, §4.6]. Between the sections Zé" and 23", the manifold M.* can be
represented as the graph (x;, s2(x2; r2)) of a smooth invertible function y, = s2(x3; 2) smoothly parameterized by r, = g3
with s5(x2; 12) = $2(x2; 0) + O(r2). Furthermore, using results from [26, § 11.9], we have that s,(x;0) = ®’1(x2), where
the function @ is defined in (4.7). The function ® is smooth, strictly decreasing and maps (—£2, o) bijectively onto R. By

part (i) above, we deduce that along I" between Z;” and X5, we have |y> — s2(x2; r2)| = O(r2). Hence we compute

, dx dx; _ _ _
x = GOE = Horgd—tz = Horg (x% - yz) + O(rg) = Horg (x% -0 1(xz)) + O(rg) =6 (x2 - &Pe™! (xs 1/3)) + O(e),
which concludes the proof of assertion (ii). |

By studying the dynamics close to M>*, it is possible to track the pulse solution ¢, .(£) established in Proposition 3.5,
which lies in the intersection of W35 (0) and (Wg‘[, near the fold. For each sufficiently small p, 0, z9 > 0, we define the
sections

T = (0. 0n20) 1= {(x,3,2) 1 (x.) € Zy(p,0). 2 € [0, 201,

out out ’ (4.9)
M =X (z0) == Up N {z = 20}

We remark that for each sufficiently small p,o,z9 > 0, it is always possible to choose the fold neighborhood Uy and
the Fenichel neighborhood U so that they intersect in a region containing the section ZZ’. We have the following by [3,
Proposition 4.1, Corollary 4.1 and §5.5].

Proposition 4.2. For each sufficiently small o, p,zo > O there exists ag, gy > 0 such that the following holds. For (a, ) €
(0, ap)x(0, &9) the solution D(¢,(£)) to system (4.1) enters the fold neighborhood U via the section 2;”(p, T, z0) and exits
via X (z). The intersection point of ®s(¢,.+(£)) with " is a-uniformly O(e**)-close to the intersection point between
% and the back solution ®o(py(£), wkl,) to system (4.1) at € = 0.

We note that by taking p, 0, zop > 0 smaller, it is possible to ensure that the solutions considered in Proposition 4.2 pass as

close to the fold as desired, at the expense of possibly taking ag, &y smaller.

4.2 Main approximation result

In the stability analysis we need to approximate the pulse ¢, . pointwise by its singular limit ¢,o. More specifically, we
will cover the real line by four intervals J, J,, Jy, and J;. For £-values in J, or J; the pulse ¢, -(£) is close to the right or left
branches M;, and Mf) of the slow manifold My, respectively. For &-values in J; or J,, the pulse ¢, (£) is approximated by
(some translate of) the front (¢¢(£), 0) or back (¢, (), wtl,), respectively.

To determine suitable endpoints of the intervals Jr and J, we need to find ¢ € R such that ¢, .(¢) can be approximated by
one of the four non-smooth corners of the concatenation ¢,; see Figure 4. By translational invariance, we can define the
& — 0 limit of ¢, .(0) to be (¢¢(0), 0). Intuitively, one expects that, since the dynamics on the slow manifold is of the order
O(e), a point ¢, -(E(e)) converges to the lower-right corner of ¢, as long as E(g) — co and €E(g) — 0 as € — 0; see also
Theorem 4.5. This motivates to choose the upper endpoint of J¢ to be an a- and e-independent multiple of —loge. In a

similar fashion one can determine endpoints for Jp.

We establish the following pointwise estimates for the traveling pulse ¢, (&) along the front and back and along the right
and left branches of the slow manifold.

Theorem 4.3. For each sufficiently small ay, o0y > 0 and each T > 0, there exists g9 > 0 and C > 1 such that the following

holds. Let ¢, (&) be a traveling-pulse solution as in Theorem 2.1 for 0 < € < &y, and define Z.(¢) := —tloge. There exist
&0, Zae > 0 with & independent of a and € and 1/C < €Z,, < C such that:
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Figure 4: Shown is the pulse solution ¢, (¢) along with the singular Nagumo front ¢ and back ¢,. The points ¢, (Z.(€))
and ¢, +(Z, . = E-(¢)) approximate the intersection points of ¢¢ and ¢, with M and Mg.

(i) For¢ € Jp := (=00, 2:(8)], ¢,(€) is approximated by the front with

< CeE (e).

()
0

¢a,6(§) - [

(ii) Foré € Jy :=[Zye — Br(8), Zae + Z1(€)], dae(€) is approximated by the back with

¢a,a(§) - [ ¢b(§ _IZa’S) ]’ <C {8ET(8)’ ifa > ap,

b 82/357(8), ifa < ag.

(iii) For & € J, = [&0, Zae — &0, Gae(€) is approximated by the right slow manifold M{ with
d(¢a,£(§)’ MS) < go.
(iv) For & € Jp = [Zye + €0, ), Bas(€) is approximated by the left slow manifold M} with

d($a (), ME) < .

As an immediate corollary, we obtain

Corollary 4.4. For each sufficiently small oo > 0, there exists gy > 0 such that the following holds. Let ¢, . denote a pulse
solution to (3.1) in the setting of Theorem 2.1 with 0 < & < &y. The Hausdor{f distance between ¢, and ¢, as geometric
objects in R® is smaller than o.

Below we provide a proof of Theorem 4.3; we take care to separate the cases corresponding to Theorem 3.2 and that
of Theorem 3.3 in which the pulse passes by upper fold. The estimates in Theorem 4.3 follow from standard Fenichel
theory and the fold estimates along with the following argument from [6, 14]. Recall from §3 that in the e-independent
neighborhood Uy of M., there exists a C"-change of coordinates ¥, : Ug — R? in which the flow is given by the Fenichel
normal form (3.9). Here we have that M is given by U = V = 0, ‘Wy" and ‘W' are given by U = O and V = 0,
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respectively, and the open Fenichel neighborhood W.(UE) contains a box {(U, V, W) : U,V € [-A,Al, W € [-A, W + A]}
for W* > 0 and some small 0 < A << W*, both independent of &. We define the following entry and exit manifolds

Ny :={(U,V,W): U=AV e[-AALW e [-A,A]},
Ny :={(U,V,W): U,V € [-A, A, W = W),

for the flow around the corner where 0 < W, < W*. We make use of the following theorem, based on a result in [6].

Theorem 4.5 ([6, Theorem 4.1]). Assume that E(¢) is a continuous function of € into the reals satisfying
limE(e) = 0, limeE(e) = 0. 4.10)
&—0 &0

Moreover, assume that there is a one-parameter family of solutions (U, V,W)(&, ) to (3.9) with (U,V,W)(é1,€) € Ny,
(U, V,W)(&(e),€) € Ny and lim0 W(&1,€) = 0 for some &, &:(g) € R. Let Uy(€) denote the solution to
E—

U' =-AU,0,0;c,a,0)U, 4.11)
satisfying Ug(&1) = A + Uy where |Uol < A. Then, for € > 0 sufficiently small, we have that
(U, V, W&, &) = (Uo(€),0,0)ll < C (s5(e) + [Tol + IW(£1,8)l),  foré € [£1,E(e)],

where C > 0 is independent of a and e.

Remark 4.6. We note that Theorem 4.5 extends the result [6, Theorem 4.1] to account for the following minor technicali-
ties. Firstly, the estimates obtained along the singular &£ = 0 solution are shown to hold along the entire interval [£], E(g)]
rather than just at the endpoint & = Z(&). Second, we allow for an error U in the case that the solution in question does not
arrive in N at the same time &) as the singular solution Uy. Finally, no assumptions are made on the entry height W(&y, )
other than continuity in & with liLn W(£1, €) = 0. This is necessary to deal with the O (82/ 3) estimates along the back arising
from Proposition 4.2 in the nonhyperbolic regime. A proof of Theorem 4.5 is given in Appendix A.

Proof of Theorem 4.3. We note that Z,(¢) := —7log & satisfies condition (4.10) in Theorem 4.5 for every 7 > 0.

We begin by showing (i). By standard geometric perturbation theory and the stable manifold theorem, the solution ¢, (&)
is a-uniformly O(g)-close to (¢¢(£),0) upon entry in Ny at & = O(1). We apply the coordinate transform W, in the
neighborhood UE of M., which brings system (3.1) into Fenichel normal form (3.9). For &£ = 0, the orbit (¢¢(¢),0)
converges exponentially to the equilibrium (p},O) and hence lies in ‘W*(M(). Therefore, we have that Wo(¢(£),0) =
(Uo(£),0,0), where Uo(&) solves (4.11). We denote (Uqe(§), Vae(): Ware(§)) = Ye(@ars(§)). By Theorem 4.5 we have
1(Uae(€)s Vael&), Woe(£)) — (Up(€),0,0)|| < CeE.(e) for & € [&,E.(e)]. Since the transform W, to the Fenichel normal
form is C"-smooth in &, we incur at most O(g) errors when transforming back to the (u, v, w)-coordinates. Therefore, ¢, -(£)
is a-uniformly O (¢E.(¢))-close to (¢¢(£), 0) for & € [&, Z.(¢)] and we obtain the estimate (i).

We now prove (ii). From Proposition 4.2, for each sufficiently small ay > 0 we have that for 0 < a < ag the solution ¢, .
leaves the neighborhood U of the slow manifold M., after passing the section T, defined in (4.9), where the flow enters
the neighborhood U governed by the fold dynamics. With appropriate choice of the neighborhood Up, the case a > ay
bounded away from zero is covered by standard geometric singular perturbation theory and the Exchange Lemma. Hence
the estimate (ii) is split into two cases.

We first consider the case a > ag in which the classical arguments apply. In this case, the pulse leaves M, via the Fenichel
neighborhood U, where the flow is governed by the Fenichel normal form (3.9). By taking Z, . = O,(7") to be at leading
order the time at which the pulse solution exits the Fenichel neighborhood U of M, along the back and treating the flow
in a neighborhood of the left slow manifold Mﬁ in a similar manner, the estimate (ii) follows from a similar argument as (i).

We now consider the case a@ < ag in which ¢, . leaves U via the fold neighborhood Ur. We apply the coordinate transform
O, Ur — R3 in the neighborhood U bringing system (3.1) into the canonical form (4.1); see §4.1. Take Z, . = Os(s’l)
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to be at leading order the time at which the pulse solution exits the a- and e-independent fold neighborhood Uy C O (UF)
via the section =%, defined in (4.9); that is, we assume @ (¢, (Z,. — &) € T, where & = O(1). We begin with
establishing (ii) on the interval Jy_ = [Z,, — E{(&), Zye — &bl

The back solution (¢, (), wll)) to system (3.3) converges exponentially in backwards time to the equilibrium (pl'), wg) e M;
lying O(a)-close to the fold point (&, 0, w*). Therefore, the equilibrium (p,lj, wtl,) is contained in U, for a > 0 sufficiently
small. Thus, transforming to system (4.1) for & = 0 yields ®g( ptl,, w,lj) = (xp, ¥b, 0), where x, < 0 and the equilibrium (xy, y)
lies on the critical manifold M = {(x,y) : x < 0,y + 2+ h(x,y,0,¢,a) = 0} of the invariant subspace z = 0. In addition,
Do (Pp (&), wf)) equals the solution (xy, Vb, 25(£)) to (4.1) for & = 0, where we gauge zp(€) so that (xp, Vb, 2o(—&)) € .

Recall that by Proposition 4.2 @.(¢,.(£)) enters the fold neighborhood U} via the section ZZ’ and leaves via the section
XM at € = Zye — &. Since the y-dynamics in (4.1) is O(g), one readily observes that ¢, -(£) lies in Up for & € Jp_ =
[Za,s —E.(e), Za,s —&pl. We claim that the pUIse solution (Da((pa,s(é:)) = (-xa,a(f)’ ya,s(f), Za,s(é:)) satisfies

IP:(Bae(€)) — Po(dp(€ — Zy o), Wil < C**Er(e), foré € Jy_. 4.12)

By Proposition 4.2, ®s(a.s(Za. — &)) € 2™ lies a-uniformly O (s7/*)-close to ®y(g(~&), w) € ™. Hence, it holds

O (Pue(Zae = &) = (¥ + O (7). 30 + O(£7°) . 20), 4.13)

a-uniformly, for some zp > 0. First, since (xp,yp) lies on the critical manifold M, we have x, < 0. So, by (4.13)
it holds x,.(Z,. — &) < Ce*. Second, Proposition 4.1 (ii) yields x/ (&) > 0 for ¢ € J,_. Combining these two
observations, we establish x,.(£) < Ce* for & € Jv—. Hence, by Proposition 4.1 (i) (x5£(£), ya.e(£)) is O(e*?)-close to
{(x,y): y+ X%+ h(x, ¥, &, ¢,a) = 0} for £ € J,_. Thus, one observes directly from equation (4.1) that |x¢;,g(§)| < C&*? and
[y,.6(©)] < Ce for & € Jy, _. Therefore, starting at & = Z, . — &, and integrating backwards, we have

Za,e—Eb
Pras(®) = Xaw(Zas — &) < f CePdt < CE (o)
¢ (4.14)

Zac—Eb
Van(®) = VarZas — &) < f Cedi < CsZ,(s),
3

foré € Jy—.

Define 7y(¢) := z,(€é — Z, ). In backwards time, trajectories in (4.1) are exponentially attracted to the invariant manifold
z = 0 with rate greater than ¢/2 by taking Uy smaller if necessary. Note that ¢ is bounded from below away from O by an

a-independent constant. Since (xp, yb, 2(£)) solves (4.1) for & = 0 the difference z,.(¢) — Zp(£) satisfies on Jp -

’

Za,g - Zi) = (6 + O(xa,.sa Ya,esZaes Xbs Ybs Zb, 8)) (Zu,e - Zb) + O((|xa,6 - xbl + |ya,s - yb| + ‘9) (lza,e| + |Zb|)) >

suppressing the é-dependence of terms. Hence, using (4.13), (4.14) and the fact that in backwards time Z,(¢) and z,¢(¢) are
exponentially decaying with rate ¢/2, we deduce that z, ; — Z,(£) satisfies a differential equation of the form

X' =bi(OX +by(&), X(Zue—&) =0,
where b (&) > ¢/2 > 0 and
|b2(§)| < C82/3ET(8)6—5(ZH,5—§)/2
for ¢ € J,_. Hence, we estimate
2as(&) — 26| < C7PE(e).

for & € Jp . Combining this with (4.13) and (4.14), we have that (4.12) holds. Hence, since the transform @, is C"-smooth
in a and &, the pulse solution ¢, -(¢) is a-uniformly O (82/ 3ET(s))—close to the back (¢, (£), wtl,) and the estimate (ii) holds
for & € Jo- = [Za,a - E.(8), Zys — &l
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We now follow ¢, along the back into a (Fenichel) neighborhood of M’. Upon entry, ¢, .(¢) is a-uniformly 0(82/ 3)—
close to (¢b(§),w11)). Combining this with another application of Theorem 4.5, the estimate (ii) follows for & € J,, =
(Zae = &bs Zae + Ec(8)].

By taking the a- and e-independent neighborhoods Uy and Uy smaller if necessary (and thus taking ag, &y > 0 smaller
if necessary) and setting & sufficiently large independent of a and &, we have that ¢, (¢) lies in the union Ug U Uy for
& € [&0, Z,.—&o]. Hence we obtain (iii) along the right branch M. Along the left branch M, asimilar argument combined
with Proposition 3.6 gives the estimate (iv). O

S Essential spectrum

In this section we prove that the essential spectrum of £, is contained in the left half plane and that it is bounded away
from the imaginary axis. Moreover, we compute the intersection points of the essential spectrum with the real axis. Explicit
expressions of these points are useful to determine whether there is a second eigenvalue of £, . to the right of the essential
spectrum.

Proposition 5.1. In the setting of Theorem 2.1, let §, -(€) denote a traveling-pulse solution to (2.2) with associated linear
operator L, .. The essential spectrum of L, . is contained in the half plane Re(1) < —gy. Moreover, for all A € C to
the right of the essential spectrum the asymptotic matrix Ao(1) = Ay(A;a, €) of system (2.3) has precisely one (spatial)

eigenvalue of positive real part. Finally, the essential spectrum intersects with the real axis at points

1 1 1 2
—5a — 5&Y + 5 +/(ey — a)* — 4e, or a > +2e,
O L 4 34y —a) f sy +2+e G.1)

—8)/+52—%\/(252—ay+a)2—(sy—a)2+48, fora < ey+2+e.

Proof. The essential spectrum is given by the A-values for which the asymptotic matrix Ay(1) of system (2.3) is nonhyper-
bolic. Thus we are looking for solutions A € C to

0 = det(Ag() - it) = A (it - ) + ¢

¢ &2

(5.2)

witht € Rand A := —> —¢itr—a—A. Forall r € R and Re(1) > —a we have that Re(A) < 0. For Re(1) > —a we

rewrite (5.2) as
A= —ye+eA ' —itt.

Taking real parts in the latter equation yields Re(1) < —ey. This proves that the essential spectrum is confined to Re(1) <
— min{ey, a}. We now note that in the setting of Theorem 2.1, we have € < Ka?. This proves that the essential spectrum of
L, is contained in the half plane Re(1) < —¢gy.

One readily observes that for sufficiently large A > 0, the asymptotic matrix Ay(1) has precisely one unstable eigenvalue.
By continuity this holds for all A € C to the right of the essential spectrum. This proves the second assertion.

For the third assertion we are interested in real solutions A to the characteristic equation (5.2). Solving (5.2) yields

2 =—gy-2itt—1>—a+ \/(sy —a)? —de+ 1 - 2ey - a)r’. (5.3)

Note that the square root in (5.3) is either real or purely imaginary. If the square root in (5.3) is real, it holds 0 = Im(Q) = ¢t
yielding 7 = 0. We obtain two real solutions given by (5.1) if and only if (sy — a)? — 4e > 0. If the square root in (5.3) is
purely imaginary it holds

0 =2Im(2) = —2¢r + \/—(sy —a)? +4e -1 +2(ey — a)1?,
21 =2Re(1) = —ey — 7 —a,
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Figure 5: Shown are the regions R (), R»(6, M), R3(M) considered in the point spectrum analysis.

yielding

=2 +ey—ax+ \/(25‘2—8)/+a)2—(57—a)2+4s.

Since we have 72 > 0, we obtain one real solution given by (5.1) if and only if (ey — a)> —4e <0. |

6 Point spectrum

In order to prove Theorem 2.2, we need to show that the point spectrum of £, to the right of the essential spectrum
consists at most of two eigenvalues. One of these eigenvalues is the simple translational eigenvalue 4 = 0. The other
eigenvalue is real and strictly negative. We will establish that this second eigenvalue is bounded away from the imaginary
axis by &by for some by > 0. Moreover, we aim to provide a leading order expression of this eigenvalue in the hyperbolic

and nonhyperbolic regimes to prove Theorem 2.4.

We cover the critical point spectrum by the following three regions (see Figure 5),

R1 = R1(6) := B(0,9),
Ry = Ry(6, M) := {1 € C: Re() > 6,6 < || < M},
Ry = Ry(M) := {1 € C : |arg()| < 27/3,|4] > M},

where 6, M > 0 are a- and e-independent constants. Recall that the point spectrum of £, . is given by the eigenvalues A of
the linear problem (2.3), i.e. the A-values such that (2.3) has an exponentially localized solution.

We start by showing that for M > 0 sufficiently large, the region R3(M) contains no point spectrum by rescaling the
eigenvalue problem (2.3). The analysis in the regions R; and R, is more elaborate. The first step is to shift the essential
spectrum away from the imaginary axis by introducing an exponential weight > 0. The eigenvalues A of system (2.3)
and its shifted counterpart coincide to the right of the essential spectrum. Thus, it is sufficient to look at the eigenvalues A
of the shifted system to determine the critical point spectrum of £, .. We proceed by constructing a piecewise continuous
eigenfunction for any prospective eigenvalue A to the shifted problem. Finding eigenvalues then reduces to identifying the
values of A for which the discontinuous jumps vanish.
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6.1 The region R;

In this section we show that R3 contains no point spectrum of L, .. Our approach is to prove that for 1 € R3(M), provided
M > 0 is sufficiently large, a rescaled version of system (2.3) either has an exponential dichotomy on R or an exponen-
tial trichotomy on R with one-dimensional center direction. We proceed by showing that a system that admits such an
exponential separation and that converges to the same asymptotic system as & — oo and & — —co can not have nontrivial
exponentially localized solutions. For the definition of exponential dichotomies and trichotomies we refer to Appendix B.
We note that exponential dichotomies and trichotomies persist under small perturbations of the underlying ODE, a property

referred to as roughness [5, 29].

Proposition 6.1. In the setting of Theorem 2.1, let ¢, (£) denote a traveling-pulse solution to (2.2) with associated linear

operator L, .. There exists M > 0, independent of a and &, such that the region R3(M) contains no point spectrum of L, .

Proof. Let A € R;. We rescale system (2.3) by putting & = M{,—“, it =u, \/W\Nz = v and w = w. The resulting system is of
the form

Ve = AE DY, AN = AE La.e) = Ai(D) + A€ ), ©.1)
0 1 0 0 0 O
D Ahame| = 00 PP T AL C R i
1( ) - Al(/lv a, 8) = |/1| 5 AZ(f’ /l) - AZ(é:’ /L a, 8) - 8|/l| \/m >
_ &y
N e 0%

where we dropped the tildes. Note that A, is bounded on R X R; uniformly in (a, €) € [0, L _ k1 %10, &]. Our goal is to
show that (6.1), and thus (2.3), admits no nontrivial exponentially localized solutions for A € R;.

Since we have |arg(1)| < 27/3 for all A € R3, it holds Re(+/4/|4]) > 1/2. We distinguish between the cases 4[Re(1)] > & /||
and 4|Re(1)| < ¢ \/m First, suppose 4|Re(1)| > ¢ \/m, then A,(2) is hyperbolic with spectral gap larger than 1/4. Thus,
by roughness [5, p. 34] system (6.1) has an exponential dichotomy on R for M > 0 sufficiently large (with lower bound
independent of a, € and 1). Hence, (6.1) admits no nontrivial exponentially localized solutions and A is not in the point
spectrum of £, ..

Second, suppose 4|Re(1)| < ¢ \/m then A;(2) has one (spatial) eigenvalue with absolute real part < 1/4 and two eigen-
values with absolute real part > 1/2. By roughness system (6.1) has an exponential trichotomy on R for M > 0 suffi-
ciently large (with lower bound independent of a, £ and 1). Hence, all exponentially localized solution must be contained
in the one-dimensional center subspace. Fix 0 < k < 1/8. By continuity the eigenvalues of the asymptotic matrix
Aco ) = fl_i)ermA(f, A) are separated in one eigenvalue v with absolute real part < 1/4 + k and two eigenvalues with abso-
lute real p>art_2 1/2 — k provided M > 0 is sufficiently large (with lower bound independent of a, £ and ). Let 8 be the
eigenvector associated with v. Using [24, Theorem 1] we conclude that any solution ¥(¢) in the center subspace of (6.1)

satisfies g-‘hm Y(€)e™ = b.B for some b, € C\ {0} and is therefore only exponentially localized in case it is trivial.
—+00

Therefore, A is not in the point spectrum of £, .. i

6.2 Setup for the regions R, and R,

As described at the start of this section, we introduce a weight 7 > 0 and study the shifted system

Ye = AE DY, A D) =A¢ La,8) = Ag(€, L a,€) -1, (6.2)

instead of the original eigenvalue problem (2.3) to determine the point spectrum of £, on the right hand side of the
essential spectrum in the region R; U R;. In this section we describe the approach in more detail and fully formulate the

shifted eigenvalue problem.
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6.2.1 Approach

The structure (3.8) of the singular limit ¢, of the pulse ¢, . leads to our framework for the construction of exponentially
localized solutions to (6.2) in the regions R; and R,. More specifically, depending on the value of £ € R the pulse ¢,(£) is
to leading order described by the front ¢, the back ¢, or the left or right slow manifolds Mﬁ and M, (see Theorem 4.3).

This leads to a partition of the real line in four intervals given by
If = (_007 Ls]v Ir = [Lg, Za,g - La]’ Ib = [Za,s - Ls’ Za,s + Ls], I(’ = [Za,s + Ls’ OO)9

where Z,, = O (") is defined in Theorem 4.3 and stands for the time the traveling-pulse solution spends near the right
slow manifold M., and L, is given by

L. := —vloge, (6.3)

with v > 0 an a- and e-independent constant. The endpoints of the above intervals correspond to the &-values for which
¢a.£(£) converges to one of the four non-smooth corners of the singular concatenation ¢,p; see §4 and Figure 4. Recall
from Theorem 4.3 that the pulse ¢, .(¢) is for € in I, or I; close to the right or left slow manifold, respectively. Moreover,
for & in It or I, the pulse ¢, (€) is approximated by the front or the back, respectively; see also Remark 6.2.

When the weight > 0 is chosen appropriately, the spectrum of the coefficient matrix A(&, 4) of system (6.2) has for &-
values in I, and I, a consistent splitting into one unstable and two stable eigenvalues. This splitting along the slow manifolds
guarantees the existence of exponential dichotomies on the intervals I, and I,. Solutions to (6.2) can be decomposed in
terms of these dichotomies. To obtain suitable expressions for the solutions in the other two intervals /; and I, we have to
distinguish between the regions R; and R;.

We start with describing the set-up for the region R;. For & € I; we establish a reduced eigenvalue problem by setting
€ and A to 0 in system (6.2), while approximating ¢, .(£) with the front ¢¢(£). The reduced eigenvalue problem admits
exponential dichotomies on both half-lines. The full eigenvalue problem (6.2) can be seen as a (4, &)-perturbation of
the reduced eigenvalue problem. Hence, one can construct solutions to (6.2) using a variation of constants approach on

intervals
If,— = (—00,0], If,+ = [0’ La]’

which partition It and correspond to the positive and negative half-lines in the singular limit. The perturbation term is kept
under control by taking § > 0 and & > 0 sufficiently small. Similarly, we establish a reduced eigenvalue problem along the

back and one can construct solutions to (6.2) using a variation of constants approach on intervals
Ib’f = [Za,g - Lg’ Za,s]s Ib,+ = [Zu,s, Za,s + Ls]

In summary, we obtain variation of constants formulas for the solutions to (6.2) on the four intervals /. and I, and
expressions for the solutions to (6.2) in terms of exponential dichotomies on the two intervals I, and I,. Matching of these
expressions yields for any 4 € R; a piecewise continuous, exponentially localized solution to (6.2) which has jumps at
¢ =0and ¢ = Z,.. Finding eigenvalues then reduces to locating A € R; for which the two jumps vanish. Equating the
jumps to zero leads to an analytic matching equation that is to leading order a quadratic in A. The two solutions to this
equation are the two eigenvalues of the shifted eigenvalue problem (6.2) in R;(6).

We know a priori that 4 = 0 is a solution to the matching equation by translational invariance. The associated eigenfunction
of (6.2) is the weighted derivative e ¢, (&) of the pulse. This information can be used to simplify some of the expressions
in the matching equation. In the hyperbolic regime, this leads to a leading order expression of the second nonzero eigen-
value. In the nonhyperbolic regime the expressions in the matching equations relate to the dynamics at the fold point. One
needs detailed information about the dynamics in the blow-up coordinates to determine the sign and magnitude of these
expressions, which eventually yield that the second eigenvalue is strictly negative and smaller than bye for some by > 0
independent of a and &. In the regime Kya® < &, a leading order expression for the second eigenvalue can be determined,
which is of the order O(s*?).
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Finally, we describe the set-up in the region R,. Again our approach is to construct an exponentially localized solution
to (6.2). We establish reduced eigenvalue problems for A € R, by setting £ to 0 in (6.2), while approximating ¢, (&) with (a
translate of) the front ¢¢(¢) or the back ¢,(£). However, we do keep the A-dependence in contrast to the reduction done in
the region R;. Since A is bounded away from the origin, the reduced eigenvalue problems admit exponential dichotomies
on the whole real line: a fundamental difference with the region R;. By roughness these dichotomies transfer to exponential
dichotomies of (6.2) on the two intervals Iy and I,. Thus, the real line is partitioned in four intervals It, Iy, I, and I, such
that on each interval system (6.2) admits an exponential dichotomy governing the solutions. An exponentially localized
solution can now be obtained by matching expressions for solutions on these four intervals. Notice that in contrast to the
region R;, we do not obtain matching conditions at ¢ = 0 and ¢ = Z,.. By comparing the dichotomy projections at the
endpoints of the four intervals, we will show that such matching conditions can only lead to the trivial solution. Thus, for
A € Ry(0, M) the shifted eigenvalue problem (6.2) admits no nontrivial exponentially localized solution for any M > 0 and
each ¢ > 0 sufficiently small.

Remark 6.2. We emphasize that the intervals Iy, I, I, and I, partitioning the real line, are strictly contained in the intervals
Jt, Jv, J»- and J; introduced in Proposition 4.3 covering the real line. The reason for this is a technical one: to estimate the
dichotomy projections on the endpoints of the /-intervals we need a £-region where the pulse solution ¢, .(£) can be
estimated both by its distance to one of to slow manifolds and by its distance to the front or back; see Proposition 6.5.

6.2.2 Formulation of the shifted eigenvalue problem

In this section we determine 1, v > 0 such that the shifted system (6.2) admits exponential dichotomies on the intervals
I, =[L;,Zysc—Le]l and Iy = [Z, ¢ + L., 00), where L, is given by (6.3) and Z, is as in Theorem 4.3. Recall that for £-values
in I, and I, the pulse ¢, () is close to the right and left slow manifold, respectively. The following technical result shows
that for appropriate values of 77 the spectrum of the coefficient matrix A(¢, 1) of system (6.2) has for &-values in [, and Iy a
consistent splitting into one unstable and two stable eigenvalues.

Lemma 6.3. Let x, M > 0 and define for oo > 0
1mmwy=kmmek%aepg-«Luegaa—n—ammqugm+n—am1+mﬁ.

Take n = % 2k > 0. For 09,6 > 0 sufficiently small, there exists €y > 0 and 0 < pu < n such that the matrix

-n 1 0
A=Au dae):=| A-fw) ¢-n 1 ,
P00 e

has for (a,u) € U(o, k), A € (R1(0) U Ry(6, M)) and € € [—&y, 9] a uniform spectral gap larger than u > 0 and precisely
one eigenvalue of positive real part.
Proof. The matrix A(u, A, a, €) is nonhyperbolic if and only if

0 =det(A(u, A, a,8) — it) = (772 -+ 2itn — ¢it+ f'(u) — A — En) (—iT - ’Hcﬂ - 17) + f,

is satisfied for some 7 € R. Thus, all A-values for which A(u, 4, a,0) is nonhyperbolic are given by the union of a line and
a parabola

{—=¢on + i¢oT : TER}U {772 — 12 4 2itn — &oit+ f'(u) —Eon : T € R}. (6.4)

Recall that ¢y = ¢yp(a) is given by \/5(% —a). For any (a,u) € U(oy,«k), it holds ¢y = cola) > V2k and f'(w) =
—3u® + 2(a + Du — a < 307. Hence, for (a, u) € U(cy, k) the union (6.4) lies in the half plane

Re(1) < max {—Eon, " - \/EKU + 30'0}.
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Take n = 1 V2k and 30 < 1&*. We deduce that (6.4) is contained in Re(1) < —1&* < 0 for any (a, u) € U(co, ). Hence,
provided 6 > 0 is sufficiently small, the union (6.4) does not intersect the compact set R{(6) U R,(5, M) for any (a, u) in
the compact set U(o, k). By continuity we conclude that there exists &y > 0 such that the matrix A(u, A, a, €) has for
(a,u) € U(og, k), A € (R1(0) U Ry(5, M)) and € € [—&y, &)] a uniform spectral gap larger than some p > 0. Note that —7 is
in the spectrum of A(O, 0, a, 0). Therefore, we must have u < 7.

In addition, one readily observes that for sufficiently large A > 0 the matrix A(u, A, a, 0) has precisely one eigenvalue of
positive real part. On the other hand, the union (6.4) lies in the half plane Re(1) < —}1/(2 < 0 for (a,u) € U(oy,k).
So, by continuity A(u, 4,a,0) has precisely one eigenvalue of positive real part for 1 € C lying to the right of (6.4).
Taking &,&9 > O sufficiently small, we conclude that A(u, A,a, £) has precisely one eigenvalue of positive real part for
(a,u) € U(oy, k), A € (R1(6) URy(6,M)) and € € [—&y, &)]- |

We are now able to state a suitable version of the shifted eigenvalue problem (6.2). Thus, we started with « > 0 and
K > K*, where K* > 0 is as in Theorem 2.1. Then, Theorem 2.1 provided us with an gy > 0 such that for any (a, &) €
[0, 1 — k] X (0, &) satisfying & < Ka? there exists a traveling-pulse solution @, (&) to (2.2). In Proposition 6.1 we obtained
M > 0, independent of a and &, such that the region R3(M) contains no point spectrum of the associated linear operator
L. We fix

n:=1V2k>0,
and take v > 0 an a- and e-independent constant satisfying
v > max{2,2V2} >0, (6.5)

where > 0 is as in Lemma 6.3. The shifted eigenvalue problem is given by

-1 1 0
A D) =A¢ Ba,8) = A— f(uae(€) ¢-7 1 ,
wf = A(f’ /l)lfl” £ 0 —M—ng -7 (66)

(A, a,&) € (R1(6) U Ra(6, M)) X [O,% —k]1x(0,8), <Ka,

where u, .(£) denotes the u-component of the pulse ¢, .(¢) and 6 > 0 is as in Lemma 6.3. In the next section we will show
that with the above choice of 1,6, M and v system (6.6) admits for 4 € R;(5) U R»(5, M) exponential dichotomies on the
intervals I, = [L;,Z,, — L] and Iy = [Z,. + L., o), where L, is given by (6.3) and Z, . is as in Theorem 4.3. However,
before establishing these dichotomies, we prove that it is indeed sufficient to study the shifted eigenvalue problem (6.6) to
determine the critical point spectrum of £, . in R} U R;.

Proposition 6.4. In the setting of Theorem 2.1, let §,, (x, t) denote a traveling-pulse solution to (2.2) with associated linear
operator L, .. A point 1 € Ry U R, lying to the right of the essential spectrum of L, is in the point spectrum of L, ¢ if and
only if it is an eigenvalue of the shifted eigenvalue problem (6.6).

Proof. The spectra of the asymptotic matrices Aol a,€) and A0, A, a, ) of systems (2.3) and (6.6), respectively, are
related via o/(A(0, A, a, €)) = o(Ay(1;a,€)) — 1. Moreover, both A(0,,a,¢) and Ay(1;a, ) have precisely one (spatial)
eigenvalue of positive real part for 4 € Ry U R, to the right of the essential spectrum of £, by Proposition 5.1 and
Lemma 6.3. Therefore, for 4 € R; U R, to the right of the essential spectrum of L, ., system (2.3) admits a nontrivial
exponentially localized solution (&) if and only if system (6.6) admits one given by e " y(&). O

6.2.3 Exponential dichotomies along the right and left slow manifolds

For é-values in I; or I, the pulse ¢, (&) is by Theorem 4.3 close to the right or left slow manifolds on which the dynamics
is of the order O(¢). Hence, for £ € I, U I, the coefficient matrix A(&, 2) of the shifted eigenvalue problem (6.6) has slowly
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varying coefficients and is pointwise hyperbolic by Lemma 6.3. It is well-known that such systems admit exponential
dichotomies; see [S5, Proposition 6.1]. We will prove below that the associated projections can be chosen to depend
analytically on 4 and are close to the spectral projections on the (un)stable eigenspaces of A(¢, 1). As described in §6.2.1 the
exponential dichotomies provide the framework for the construction of solutions to (6.6) on I, and I,. The approximations
of the dichotomy projections by the spectral projections are needed to match solutions to (6.6) on I, and I, to solutions on
the other two intervals It and I,.

Proposition 6.5. For each sufficiently small ay > 0, there exists &g > 0 such that system (6.6) admits for 0 < € < &
exponential dichotomies on the intervals I, = [L;,Z, . — L;] and Iy = [Z,  + L., ) with constants C,u > 0, where y > 0 is
as in Lemma 6.3. The associated projections Qi’;(f, A) = QZ’; (&, A;a, €) are analytic in A on Ry U R, and are approximated
at the endpoints Lg,Z, o = L, by

(1@ - PI(Le, V) < Callog s,
Q= PI(Zas = Lo, V|| . |[[Q} = PN(Zus + Ls, V|| < C&”“llog &,

where p(a) = 1 for a > ay, p(a) = % for a < ay and P&, 1) = P(E, A a, €) are the spectral projections onto the stable
eigenspace of the coefficient matrix A(¢, A) of (6.6). In the above C > (0 is a constant independent of A, a and &.

Proof. We begin by proving the existence of the desired exponential dichotomy on the interval /,. The construction on the
interval I, is similar, and we outline the differences only. Denote L, := L,/2 = —3 log e. We introduce a smooth partition

of unity y;: R — [0, 1], i = 1,2, 3, satisfying

i:m®3=1,Lﬁ@st, £€R,
supp(x1) C (—oo,]lg): supp(2) € (Lo — 1, Zup — Lo + 1), supp(i3) € (Zus — L, 00).
The equation
Ye = AE DY, 67
with
AE, D) = AE, A a,8) 1= Y1 (AL, D) + x2(EAE D) + x3(EAZy s — Le, D),

coincides with (6.6) on /,. By Theorem 4.3 (iii) there exists, for any o > 0 sufficiently small, a constant &y > 0 such that
for € € (0, g9) it holds

i, (M < 00, Uae(€) € [uh = 00,1 + 00| = [3(a+ 1) =0, 1 + 0o 6.8)

for & € (L, - 1,Zye — L. + 1]. We calculate

X2E)0:A(E, ), £ €Ly Zos — L),
LENAE ) — AL, A d:AE, D), Le—1,L.],
e AE, 1) = X’z(f)( & D —A( ))sz(f) A&, D) fel ; ] ) 69)
Xz(f)(A(é:’ /1) - A(Za,a - Lg, /l)) +X2(§)65A(§’ /1)3 f € [Za,a - La, Za,a - Ls + 1],
0, otherwise.

First, we have that [|0:A(¢, V|| < Cop on RX (R UR;) by the mean value theorem and identities (6.8) and (6.9). Second, by
Lemma 6.3 and (6.8) the matrix A(&, 1) is hyperbolic on RX (R; UR;) with a- and e-uniform spectral gap larger than > 0.
Third, A&, A) can be bounded on R X (R} UR;) uniformly in a and €. Combining these three items with [5, Proposition 6.1]
gives that system (6.7) has, provided oy > 0 is sufficiently small, an exponential dichotomy on R with constants C, u > 0,
independent of A, a and &, and projections Q“*(¢, 1) = Q“*(&, A; a, €). Since (6.7) coincides with (6.6) on [L,, Z, . — L],
we have established the desired exponential dichotomy of (6.6) on I, with constants C, u > 0 and projections Q°(&, A).
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The next step is to prove that the projections @Q*(¢, 1) are analytic in A on R; U R,. Any solution to the constant coefficient
system i, = A(L,, Dy that converges to 0 as £ — —co must be in the kernel of the spectral projection (L, ) on the stable
eigenspace of A(L,, 1). Hence, it holds R(1 — P(L,, 1)) = R(@Q'(L, — 1, 1)) by construction of (6.7). Moreover, the spectral
projection (L, A) is analytic in A, since A(L, A) is analytic in A. Thus, R(Q“(L,— 1, 1)) and similarly R(Q*(Z, . —Ls+1, 2))
must be analytic subspaces in A. Denote by 7 (&, 5, ) =T, 3, A; a, €) the evolution of (6.7), which is analytic in 1. We
conclude that both ker(Qﬁ(I:,,: —1,4)) and

RQ (L.~ 1,0) = RT (Lo = 1,Zye — Lo + L, DQ(Zye — L + 1, ),

are analytic subspaces. Therefore, the projection Q’(L, — 1, 1) (and thus any projection Q“*(¢, 1), ¢ € R) is analytic in A
onR; UR,.
Finally, we shall prove that the projections @}(¢, 1) are close to the spectral projections (£, 2) on the stable eigenspace of

A(&, A) at the points & = Lg, Z, . — L. First, observe that we have,

u, ()| < Cellogsl, & € [Le,3L.],

. A (6.10)
|u;s(‘i:)| < Cgp(a)uog 8'9 é: € [Za,e - 3L8»Za,5 - 5]7
by Theorem 4.3 (i)-(ii). Consider the family of constant coefficient systems
e = Au, Dy, 6.11)

parameterized over u € R, where A(u, ) = A(u, A;a, g) is defined in Lemma 6.3. Denote by Sb(u, A) = ?A)(u, A;a, )
the spectral projection on the stable eigenspace of A(u, A) and by 7A'(§, f, u,A) = T (¢, é‘, u, 4; a, €) the evolution operator
of (6.11). Thus, we have A(ua,g(f), ) =A, ) and @(ua,g(g-“), ) =P, Q) for £ e R. Let by € R(P(Lg, A)). Observe that

J(&) 1= PE DT (€, Le, g (), Dby,

satisfies the inhomogeneous equation

Ve = AE DY +3©). 3@ = 0 P, T € Loyu, V|, o e o©b1-
By the variation of constants formula there exists b, € C* such that
0(€) = T (€, Ls + Lo, Dby + f Q& DT (£,€,D2@E)dé + f L, QENTE, & DR&)de, (6.12)
for& e [Lg, L, + L. By [29, Lemma 1.1] and (6.10) we have
@ < Ce by, 118 < Cellog sle ™~ |1by I, (6.13)

for & € [Lg, Ly + L,]. Evaluating (6.12) at L, + L, while using (6.13), we derive ||bs|| < Cellogel||b;]|, since v > u/2
by (6.5). Thus, applying Q" (L., 2) to (6.12) at L, yields the bound ||@ (L., 1)b,|| < Cellog £l||b, || for every by € R(P(Lg, 1))
by (6.13). Similarly, one shows that for every b; € ker(P(Le, 1)) we have ||Q) (L, )b|| < Cellog &ll|b1|]. Thus, we obtain

(@ = PILe, V|| < [[[QPILe, V|| + [[[Q(1 = P)I(Ls, V|| < Cellog&l.

The bound at Z, . — L, is obtain analogously.

In a similar way one obtains for 1 € R; U R, the desired exponential dichotomy for (6.6) on I, with constants C,u > 0
and projections @, (£, 1). The only fundamental difference in the analysis is that the analyticity of the range of Q(¢, 1) is
immediate, since the asymptotic system Sgim A(¢, ) is analytic in 4, see [32, Theorem 1]. O
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6.3 The region R,(6)
6.3.1 A reduced eigenvalue problem

As described in §6.2.1 we establish for £ in It or I, a reduced eigenvalue problem by setting € and A to 0 in system (6.6),
while approximating ¢, .(£) with (a translate of) the front ¢¢(¢€) or the back ¢, (), respectively. Thus, the reduced eigenvalue

problem reads

-n 1 0
Ve =AjEW, Aj)=Ai&a)=| —fuié) é-n 1 |, j=£Lb, (6.14)
0 0 -n

where u;(£) denotes the u-component of ¢;(£) and a is in [0, % — k]. Now, for &-values in I; = (—o0, L,], problem (6.6) can
be written as the perturbation

0 0 0
Ye = (Ar(©) + Be(§, )Y, Bi(€, ) = Br(§, ia,8) = | A= [f (uae(©) = f'(ue(€)] ¢-¢ 0 | (6.15)
& 0 =

To define (6.6) as a proper perturbation of (6.14) along the back, we introduce the translated version of (6.6)

e = A€+ Zye, DY (6.16)

For &-values in [-L,, L] problem (6.16) can be written as the perturbation

0 0 0
Ye = (Ap(&) + Bo(E, DY, Bo(&, D) = Bo(§, 5a,8) i= | A= [f' (Uael€ +Zue)) — fup(@)] ¢=¢ 0 [ (6.17)
& _ ey

The reduced eigenvalue problem (6.14) has an upper triangular block structure. Consequently, system (6.14) leaves the
subspace C? x {0} c C? invariant and the dynamics of (6.14) on that space is given by

-n 1
= Wié) & -n

Before studying the full reduced eigenvalue problem (6.14) we study the dynamics on the invariant subspace. We observe

ge = Ci(&p, Cj&) =Cj(&a):= Jj=1fb. (6.18)

that system (6.18) has a one-dimensional space of bounded solution spanned by
0i(€) = ¢j(&a) = ePE), j=1.b.
Therefore, the adjoint system
pe ==Ci(&) ¢, Jj=1.b, (6.19)
also has a one-dimensional space of bounded solution spanned by

)
()

We emphasize that ¢; and ¢;.q can be determined explicitly using the expressions in (3.6) for ¢;, j = f,b. We establish

Pjad(&) = @jad(&; a) = [ ]ewéo)f’ j=1f,b. (6.20)

exponential dichotomies for subsystem (6.18) on both half-lines.

Proposition 6.6. Let k > 0. For each a € [0, % — k], system (6.18) admits exponential dichotomies on both half-lines R,

+ \+

,+

with a-independent constants C,u > 0 and projections H;‘.’S &) = H’;’S(f; a), j = f,b. Here, u > 0 is as in Lemma 6.3 and

the projections can be chosen in such a way that

R(IT, (0)) = Span(¢;(0)) = RAT!_(0)), RAT", (0)) = Span(ip;4a(0)) = RAT_(0)), j = f.b. 6.21)
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Proof. Define the asymptotic matrices Cji00 = Cjieo(a) := flim Cj(¢) of (6.18) for j = f,b. Consider the matrix

A(u, A,a, &) from Lemma 6.3. The spectra of C¢_ and Ct o are contained in the spectra of A(O, 0,a,0) and A(l, 0,a,0),
respectively. Similarly, we have the spectral inclusions o(Cp ) C O'(AA(u,lj, 0,a,0)) and 0(Cp ) C O'(A(ug, 0,a,0)). By
Lemma 6.3 the matrices A(u, 0,a,0) have foru = 0,1, ug, ”11) and a € [0, % — k] a uniform spectral gap larger than u > 0.
Thus, the same holds for the asymptotic matrices C+, j = f,b. Hence, it follows from [29, Lemmata 1.1 and 1.2] that
system (6.18) admits exponential dichotomies on both half-lines with constants C, u > 0 and projections as in (6.21). By

compactness of [0, % — k] the constant C > 0 can be chosen independent of a. O

We shift our focus to the full reduced eigenvalue problem (6.14). One readily observes that

. —nE 4.
(€)= w,(Ea) :=[ “”éf) ]=( ¢ g’f@ ] j=f.b, 622)

is a bounded solution to (6.14). Moreover, using variation of constants formulas the exponential dichotomies of the sub-

system (6.18) can be transferred to the full system (6.14).

Corollary 6.7. Let k > 0. For each a € [0, 1_q system (6.14) admits exponential dichotomies on both half-lines R, with
a-independent constants C,u > 0 and projections Qi’i(f) = Q?:i(f; a), j = f,b, given by

i U(E*lf)cptf EVFdE
o] MO ﬁ FOVLEDFE |\ g o eno
0 1
(6.23)
s 1E=8) it EVFdE
o ©=| @ f IOEORE N _gr o), e<o,
0 1

where F is the vector (?) and (D;‘.”S (&8 = CD?”({?, & a) denotes the (un)stable evolution of system (6.18) under the expo-

+ i+

nential dichotomies established in Proposition 6.6. Here, it > 0 is as in Lemma 6.3 and the projections satisfy

R(Q](0)) = Span(¥y,j), R(Q;,(0)) = Span(w;(0), ¥2),

(6.24)
R(Q%_(0)) = Span(w;(0)),  R(Q}_(0)) = Span(¥ ;, V),
where w; is defined in (6.22) and
. (0 0
‘I’l,j = L}'l’j(a) ;z[ SOJ,aS( ) ]’ Y,:=[ 0|, j=f1,b, (6.25)

1
with ¢;.q(€) defined in (6.20).

Proof. By variation of constants, the evolution 7';(¢, &= T, &; a) of the triangular block system (6.14) is given by

q).i(gv ‘?) f (Dj(é‘:, Z)Fe”](zig)dz
&

Tj(g’ é}) = R
0 e ME=)

, j=f.b.

Hence, using Proposition 6.6, one readily observes that the projections defined in (6.23) yield exponential dichotomies on
both half-lines for (6.14) with constants C, min{u, n} > 0, where C > 0 is independent of a. The result follows, since u < 7
by Lemma 6.3. O

6.3.2 Along the front

In the previous section we showed that the eigenvalue problem (6.6) can be written as a (4, &)-perturbation (6.15) of
the reduced eigenvalue problem (6.14). Moreover, we established an exponential dichotomy of (6.14) on (—o0,0] in
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Corollary 6.7. Hence, solutions to (6.6) can be expressed by a variation of constant formula on (—oo,0]. This leads to an
exit condition at & = 0 for exponentially decaying solutions to (6.6) in backward time.

Eventually, our plan is to also obtain entry and exit conditions for solutions to (6.6) on [0,Z,.] and for exponentially
decaying solutions to (6.6) in forward time on [Z, ., o). As outlined in §6.2.1 equating these exit and entry conditions
at & = 0 and ¢ = Z, leads to a system of equations that can be reduced to a single analytic matching equation, whose

solutions are A-values for which (6.6) admits an exponentially localized solution.

Simultaneously, we evaluate the obtained exit condition at A = 0 using that we know a priori that the weighted derivative
e‘”§¢;’8(§) of the pulse is the eigenfunction of (6.6) at 1 = 0. As described in §6.2.1 this leads to extra information needed
to simplify the expressions in the final matching equation.

Proposition 6.8. Let By be as in (6.15) and ws as in (6.22). Denote by Tf”f’_s(f, & = Tf”ff(f,é; a) the (un)stable evolution of
system (6.14) under the exponential dichotomy on Iy _ = (—c0,0] established in Corollary 6.7 and by Q" (¢) = Q' (¢;a)

the associated projections.

(i) There exists 8, gy > 0 such that for A € R|(6) and € € (0, &y) any solution Y _(€, 1) to (6.6) decaying exponentially in
backward time satisfies

0

U0, 2) = Br-wr(0) + Br f T{_(0,8)Be(&, Dwp(E)dé + He-(Br-),  Of _(OWr-(0,2) = Br_wi(0),  (6.26)

—00

for some B _ € C, where H;_ is a linear map satisfying the bound
IH;.-(Bs. )l < Cellog & + |A1)*|Bs -,
with C > 0 independent of A,a and . Moreover, Y _(¢, A) is analytic in A.

(ii) The derivative ¢, . of the pulse solution satisfies

0 z A~ A~
0; _(0)¢;,.(0) = f TE_(0,8)Bi(£,0)e ™ ), (€)dé. (6.27)

—00

Proof. We begin with (i). Take 0 < 1 < u with u > 0 as in Lemma 6.3. Denote by C(If -, C?) the space of f-exponentially

decaying, continuous functions Iy~ — €3 endowed with the norm llll; = sup ||zp(§-‘)||eﬁ|§|. By Theorem 4.3 (i) we bound the
£<0

perturbation matrix By by
1Bt (&, A; a, €)l| < C(ellog &] + ), (6.28)

foré € Ir_. Let 8 € C and A € R(6). Combining (6.28) with Corollary 6.7 the function Gg ,: Cp(If -, C3) — Cy(ls -, C3)
given by

GpaW)(é) = Bw(é) + f: T{_(£.&)Bi(& Dy(@)dé + f TS _(£.6)Bi(E Dy(@)dé,

is a well-defined contraction mapping for each ¢, € > 0 sufficiently small (with upper bound independent of 8 and a). By

the Banach Contraction Theorem there exists a unique fixed point ¢ _ € Cp(If _, C?) satisfying

vi- = GpaWs-), &€l . (6.29)

Observe that ¢ _(€, ) is analytic in A, because the perturbation matrix Bg(€, A) is analytic in 4. Moreover, y¢ _ is linear in

B by construction. Hence, using estimate (6.28) we derive the bound

e -(&, D) = Bwe(©Il < C|BI(ellog ] + |A]), (6.30)

foré e Ir_.
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The solutions to the family of fixed point equations (6.29) parameterized over § € C form a one-dimensional space of
exponentially decaying solutions as & — —oo to (6.6). By Lemma 6.3 the asymptotic matrix A0, A, a, &) of system (6.6)
has precisely one eigenvalue of positive real part. Therefore, the space of decaying solutions in backward time to (6.6) is
one-dimensional. This proves that any solution ¢t _ (&, 2) to (6.6) that converges to 0 as £ — —co, satisfies (6.29) for some
B € C. Evaluating (6.29) at ¢ = 0 and using estimates (6.28) and (6.30) yields (6.26).

For (ii), note that e"’f¢;!8(§) is an eigenfunction of (6.6) at 4 = 0. Therefore, e‘”’fqb;,g(f) satisfies the fixed point iden-
tity (6.29) at A = 0 for some S8 € C and identity (6.27) follows. O

6.3.3 Passage near the right slow manifold

Using the exponential dichotomies of system (6.14) established in Corollary 6.7 one can construct expressions for solutions
to (6.6) via a variation of constants approach on the intervals I+, = [0,L.] and Iy = [Z,, — L., Z,.]. Moreover, the
exponential dichotomies established in Proposition 6.5 govern the solutions to (6.6) on I, = [L., Z,. — Lc]. Matching the
solutions on these three intervals we obtain the following entry and exit conditions at £ = 0 and ¢ = Z,, .

Proposition 6.9. Let B; be as in (6.15) and (6.17), ¥, as in (6.25) and w; as in (6.22) for j = f,b. Denote by T}‘,'is(f, é") =
T}“(f, & a) the (un)stable evolution of system (6.14) under the exponential dichotomies established in Corollary 6.7 and

k=

by Q?y’;_ﬁ(f) = Q;’i(f; a) the associated projections for j = f,b.

(i) For each sufficiently small ay > 0, there exists 5,y > 0 such that for 1 € R\(8) and € € (0, &y) any solution ¥*\(, 1)
to (6.6) satisfies

0
v¥(0, D) = Brewp(0) + 40 ()W + B f T{ (0, &)Bi(€, Vwx()dé + Hi(Br, Lt Bo), 631)
L, .

t_ (00, 2) = Brws(0),

0
YN (Zaer ) = Bown(0) + By f T, &)Bu(&, Dwn(@)dE + Hy (B, Lt Bo), 632)

0t (W (Zaer A) = Bowp(0),

for some B¢, By, &t € C, where Hy and H,, are linear maps satisfying the bounds

1 (Bt Zi Bo)ll < C ((ellog el + IANIZi] + (ellog el + [A)*Brl + e~/#(Byl)
1B, £, Bo)ll < C (& “llog & + AN |Bol + e (Bl + 12i))

where p(a) = %for a < ag and p(a) = 1 for a > ag and q,C > 0 independent of A,a and e. Moreover, Y*'(&, 1) is
analytic in A.

(ii) The derivative ¢, ., of the pulse solution satisfies

0

0 (00, .(0) = T{ (0, Ly)e "¢, (L) + f T, (0,8)B;(E, 0)e ), (E)dE,

Le

(6.33)
0} (0, (Zas) = Ty _(0,~Lo)e"™ ¢, (Zae — Ls) + f T _(0.8)Bi(E 0)e ™ ¢, (Zyo + E)dE.
L,

&

Proof. We begin with (i). For the matching procedure, we need to compare projections Qli’”i(f) of the exponential di-
chotomies of (6.14) established in Corollary 6.7 with the projections Q°(£, A) of the dichotomy of (6.6) on I, established
in Proposition 6.5. First, recall that the front ¢¢(¢) is a heteroclinic to the fixed point (1,0) of (3.4). By looking at the
linearization of (3.4) about (1,0) we deduce that ¢¢(¢), and thus the coefficient matrix A¢(¢) of (6.14), converges at an
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exponential rate % V2 to some asymptotic matrix Af o, as & — co. Hence, by [28, Lemma 3.4] and its proof the projections
Qf} associated with the exponential dichotomy of system (6.14) satisfy for & > 0

1
10556 - Pl < € (2 4 ), (6.34)

where P{"* = P{**(a) denotes the spectral projection on the (un)stable eigenspace of the asymptotic matrix Ay ... Moreover,
the coefficient matrix A(, 2) of (6.6) is approximated at L, = —vlog e by

lA(Ls, 1) = Apoll < C(ellog g] + |A)),

by Theorem 4.3 (i) and the fact that A¢(£) converges to A¢ o, at an exponential rate % V2 as & — oo, using that v is chosen
larger than 2 V2 in (6.5). By continuity the same bound holds for the spectral projections associated with the matrices
A(Lg, A) and A¢ . Combining the latter facts with (6.34) and the bounds in Proposition 6.5 we obtain

Q" (Le, D) — QF L (Lo)ll < Clellog el + 1)), (6.35)
using v > max{%, 2 \5}. In a similar way we obtain an estimate at Z, . — L,

Q" (Zae = Lo, ) = Oy (<L)l < C(&”Vllog s + |)). (6.36)

using Theorem 4.3 (ii).

By the variation of constants formula, any solution 1//21(5, A) to (6.6) must satisfy on I 4

YPE ) = TE (& Lo)ar + Brwr(@) + T, (£,0), + fO[ T{ (€ EBiE DY &, Ddé

(6.37)
+ f T¢ (& 8B Dy €, Ve,
Le
for some B¢, ¢t € C and ay € R(Q}" +(Lg)). By Theorem 4.3 (i) we bound the perturbation matrix By as
1Bt(£, A; a, &)l| < C(ellog g] + |4), (6.38)

for ¢ € ;. Hence, for all sufficiently small |4|,e > O, there exists a unique solution n/x?l to (6.37) by the contraction
mapping principle. Note that wff is linear in (ay, Br, {r) and satisfies the bound

sup Iy} (€, DIl < Clal + Bsl + i), (6.39)
£el0.L,]

by estimate (6.38), taking J, &y > 0 smaller if necessary.

Denote by 7,*(¢, &) = T3, £, 1;a, &) the (un)stable evolution of system (6.6) under the exponential dichotomy on I,
established in Proposition 6.5. Any solution ¢, to (6.6) on I, is of the form

wr(f, /l) = 7-:’({:’ Za,a - L87 /l)a'r + 77\(5’ st /l),Brs (640)

for some @, € R(Q'(Z,s — L, A)) and 8, € R(Q)(L., 1)). Applying the projection @, (L., ) to the difference ¢, (L, 1) —
w;l(Lg, A) yields the matching condition

ar = Hi(er, B, @), (6.41)
-, (et Br, @)l < C((ellog &l + 1A lesll + B¢l + IZe) + e, ),

where we use (6.35), (6.38), (6.39) and the fact that Z,, = Os(s_l) (see Theorem 4.3) to obtain the bound on the linear
map H;. Similarly, applying the projection Q}(L, 1) to the difference ¥, (L, 1) — zpil(Lg, A) yields the matching condition

Br = Halay, By, &p), (6.42)
1Ha (ar, Br, £l < C(ellog ] + [ADllall + B¢l + [£i]),
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where we use (6.35), (6.38), (6.39) and v > 2/u to obtain the bound on the linear map H,.

Consider the translated version (6.16) of system (6.6). By the variation of constants formula, any solution w;l(f, A) 10 (6.16)
on [—L,, 0] must satisfy

UE ) = Ty _(€,—Leo)ay + Bowy(€) + f; Ty _(£.8)By(& D (€, D)dé + fi Ts_(£.8)ByE DYy (€, Ddé,  (6.43)
for some B, € C and a, € R(Q,SJ,_(—LS)). By Theorem 4.3 (ii) we estimate
IBy(£, 2: a, &) < C(e”“llog €] + |A]), (6.44)

for & € [-L,,0]. For all sufficiently small |1], & > 0, there exists a unique solution :,D;l of (6.43). Note that ;D;l is linear in
(av, Bp) and using (6.44) we obtain the bound

sup (& DIl < Cllasll + 8o, (6.45)
é€[-L,,0]

taking J, &y > 0 smaller if necessary. The matching of c,lrf)'(—Lg, ) with ¥ ,(Z, . — L, ) is completely similar to the matching
of w;l(Lg, A) with ¥, (L, A) in the previous paragraph using (6.45) instead of (6.39) and (6.36) instead of (6.35). Hence we
give only the resulting matching conditions

ar = Hz(aw, Bv),
[H (@b, Bo)ll < C(&*@llog &l + 1)l + 1Bs)),
ap = Halaw, Bo, Br),
[Ha(es, By, BNl < € ((&"“llog &l + AN lewll + Bol) + e /<11B,11)

(6.46)

(6.47)

where H3 and H, are again linear maps.

We now combine the above results regarding the solution on [0, Z, .] to obtain the relevant conditions satisfied at & = 0 and
¢ =Z, .. Combining equations (6.42) and (6.47), we obtain a linear map Hs satisfying

ap = Hs(aw, Bo, at, Br, &),

(6.48)
[Hs (@t Bor B eIl < C ((6°@llog el + ANl + Bol) + e /(laell + B¢l + I25D)

Thus, solving (6.48) for a},, we obtain for all sufficiently small |1],& > 0

ap = avlay, Bv, Br, £r),

(6.49)
llew (e, B Bt £DII < € ((6°llog &l + IANIBs | + e~/ (lleell + 1Bl + 141]))

From (6.41), (6.46) and (6.49) we obtain a linear map H; satisfying

ar = He(ar, Br, &t Bv)s (6.50)
1He(ere, Bor B 0l < C ((ellog &l + [ADllarll + Bl + 1i1) + e~y ),

We solve (6.50) for ar for each sufficiently small ||, & > 0 and obtain

ar = ar(Bo, B, {r),

(6.51)
llas (B, Br £0)Il < C ((ellog &l + IANAB + 1¢l) + e By )

Substituting (6.51) into (6.37) at £ = 0 we deduce, using v > p/2 and identities (6.24), (6.38) and (6.39), that any solution
¢/Sl(§, A) to (6.6) satisfies the entry condition (6.31). Similarly, we substitute (6.51) into (6.49) and substitute the resulting
expression for a}, into (6.43) at & = 0. Using estimates (6.44) and (6.45) and we obtain the exit condition (6.32). Since
the perturbation matrices B;(¢, A), j = f, b, the evolution 7 (¢, &) of system (6.6) and the projections Q*(¢, 1) associated
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with the exponential dichotomy of (6.6) are analytic in 4, all quantities occurring in this proof depend analytically on A.
Thus, (£, A) is analytic in A.

For (ii), we note that e‘”%;,s(f) is an eigenfunction of (6.6) at 4 = 0. Therefore, there exists Sro,ro € C and arp €
R(Q} (L)) such that (6.37) is satisfied at 2 = 0 with y}'(£,0) = ¢ ¢, (&) and (e, Br, &) = (50, Bro. Lro). We derive
aro = Of +(Lg)e*”qub;’E(Lg) by applying Of  (L.) to (6.37) at & = L.. Therefore, the first identity in (6.33) follows by
applying @ ,(0) to (6.37) at & = 0. The second identity in (6.33) follows in a similar fashion using that there exists
Boo € Cand ayp € R(Q; _(~L,)) such that (6.43) is satisfied at 2 = 0 with ) (£,0) = e 7€) (Z,, + £) and (. o) =

(@b,0,Bb,0)- o

6.3.4 Along the back

Finally, we establish an entry condition for exponentially decaying solution to (6.6) on the interval [Z, ., o).

Proposition 6.10. Let B, be as in (6.17), ¥, as in (6.25) and wy, as in (6.22). Denote by Tg,’i(cf, & = Té"i(f,é—'; a) the
(un)stable evolution of system (6.14) under the exponential dichotomies established in Corollary 6.7 and by Qﬁ’i(f) =
Qv (¢ a) the associated projections.

(i) For each sufficiently small ay > 0, there exists 6,&y > 0 such that for 1 € R,(9) and € € (0, &y) any solution Y, (&, 1)
to (6.6), which is exponentially decaying in forward time, satisfies

Wb+ (Zaes A) = Boswp(0) + 45+ O} (0)W2 + B + f Ty (0, &)By(E, Dwn(@)dE + Ho 1 (Bo.v» o) 652)
L, .

Oy (0, +(Zye, ) = Bo+w(0),
for some By +, (b1 € C, where Hy, 4 is a linear map satisfying the bound
1y 1+ B+ & Il < C (& “llog & + DI | + (7 llog ] + (B

with p(a) = %fora < agand p(a) =1 for a > ag and C > 0 independent of A, a and €. Moreover, Y, +(&, A) is analytic
in A
(ii) The derivative ¢, , of the pulse solution satisfies

0 z A~ A~
0 (00} o(Zas) = T{ (0, Le)e ™o ), (Zyo + Le) + f T¢ (0,8)By(&,0)e ™ ¢, (Zy + E)dE. (6.53)

Le

Proof. We begin with (i). Consider the translated version (6.16) of system (6.6). By the variation of constants formula,
any solution g@b&(é‘, A) to (6.16) on [0, L.] must satisfy

Jor (&) = Ty (€, L)y s + Bor () + Los Ty (€,00¥2 + f; Ty (& &)By(E, Do+ (€, D)dé

(6.54)
¥ f Té (& &)By(E D & Ve,
for some By +, b+ € Cand ap 4 € R(Qg’ +(Ls)). By Theorem 4.3 (ii) we estimate
IBo(&, 2 a, 8)|| < C(e"@llog el + 1)), (6.55)

for & € [0, L.]. For all sufficiently small ||, & > 0, there exists a unique solution z,@b,Jr of (6.54). Note that tsz,+ is linear in
(@b+»Brv.+» {v.+) and using (6.55) we obtain the bound,

sup [+ (& DIl < Cllla 411 + By, + 1b.+1)s (6.56)
£el0.L,]
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taking 6, &y > 0 smaller if necessary.

Consider the exponential dichotomies of (6.6) on I, = [Z, . + L., c0) established in Proposition 6.5 with associated projec-
tions @, (¢, 1). Completely analogous to the derivation of (6.36) in the proof of Proposition 6.9 we establish

Q)" (Zae + Les ) = Qi (Lol < C(e*@llog & + |A)). (6.57)

The image of any exponentially decaying solution to (6.6) at Z, . + L. under Q;(Z, . + L., 1) must be 0, i.e. any solution
Ye(€, A) to (6.6) decaying in forward time can be written as

e €, ) = T)(é, Zye + Le, Ve, (6.58)

for some 8; € R(Q)(Z, + L;, A)), where 7, (£, £, ) denotes the stable evolution of system (6.6). Thus, by applying
Q)(Zye + L, D) to Y.+ (Lg, A) we obtain a linear map H, satisfying

v+ = Hi(@+,Bo+s Lo.4)s

(6.59)
[H1 (@b Boer Lo Bl < C(e”VNlog & + [AD(lap | + Boel + 1o+
where we have used (6.55), (6.56) and (6.57). So, for sufficiently small ||, & > 0, solving (6.59) for ay, . yields
b+ = @b+ (Bo+s Lb+) 6.60)

lla,+ (B4 &b+l < C(&@llog &l + [AN(Bo,+| + 1o +])-

Substituting (6.60) into (6.54) we deduce with the aid of (6.24), (6.55) and (6.56) that any exponentially decaying solution
Yp (&) = t,lA/b,Jr (& — Zye, A) to (6.6) satisfies the entry condition (6.52) at ¢ = Z, .. Moreover, analyticity of ¢, + (£, 4) in A
follows from the analyticity of By (&, 1), of the evolution 7 (&, , 1) and of the projections Q1 ED.

We now prove (ii). Identity (6.53) follows in a similar fashion as (6.27) in the proof of Proposition 6.9 using that there
exists Bo.+, o+ € Cand @y, € R(Q} , (L,)) such that (6.43) is satisfied at A = 0 with . (£,0) = e "¢ (Z,,+€). O

6.3.5 The matching procedure

In the previous sections we constructed a piecewise continuous, exponentially localized solution to the shifted eigenvalue
problem (6.6) for any A4 € R;(6). At the two discontinuous jumps at £ = 0 and ¢ = Z, . we obtained expressions for the
left and right limits of the solution; these are the so-called exit and entry conditions. Finding eigenvalues now reduces
to locating 4 € R; for which the exit and entry conditions match up. Equating the exit and entry conditions leads, after
reduction, to a single analytic matching equation in A.

During the matching process we simplify terms in the following way. Recall that we evaluated the obtained exit and entry
conditions at A = 0 using that the weighted derivative e‘”fqﬁ;,g(f) of the pulse is an eigenfunction of (6.6) at A = 0. This
leads to identities that can be substituted in the matching equations; see Remark 6.12.

Since the final analytic matching equation is to leading order a quadratic in 4, it has precisely two solutions in R;. These
solutions are the eigenvalues of £, in R;. A priori we know that 1o = 0 must be one of these two eigenvalues by
translational invariance. In the next section 6.4 we show that Ay is in fact a simple eigenvalue of L, .. The other eigenvalue
Ay can be determined to leading order. Section 6.5 is devoted to the calculation of this second eigenvalue, which differs
between the hyperbolic and nonhyperbolic regime.

Thus, our aim is to prove the following result.

Theorem 6.11. For each sufficiently small ay > 0, there exists 6, &y > 0 such that for € € (0, &) system (6.6) has precisely
two different eigenvalues Ay, 11 € R1(0). The eigenvalue Ay equals O and the corresponding eigenspace is spanned by the

solution e_”fqﬁ;ﬁ(f) to (6.6). The other eigenvalue A, is a-uniformly approximated by
M,
A =-—22 O(isp(a)log 8|2),
M,

b,1
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with
el (=Ly)

—eoke u{)(_Ls)

7L€ N . .
f ekl Byt

00

My, := f i (4©) e ¥de,  Myz = (¥, (Zue ~ L)), W.:= : (6.61)

where (up(£), vp(£)) = ¢p(E) denotes the heteroclinic back solution to the Nagumo system (3.5) and the exponent p(a) equals
% fora < agand 1 for a > ag. The corresponding eigenspace is spanned by a solution Y (€) to (6.6) satisfying

1 (& + Za ) — wp(©)ll < Ce”@llogel, € € [-Le, L],

(6.62)
1 (€ + Zop)ll < Ce”Pllogel, € €R\[-L,, L],

where wy, is as in (6.22) and C > 1 is independent of a and . Finally, the quantities My and My > satisfy the bounds

1/C < My, <C, |Mys| < Ce”Dllogel.

Proof. We start the proof with some estimates from the existence problem. By Theorem 4.3 (i)-(ii) we have the bounds

IBe(€, A a, 8|l < Clellogel + |A]), & € (o0, L], 6.63)
1B, 2;a, )l < C(&"@llogel + |A), & € [~Le, L. '

where By and By are as in (6.15) and (6.17). Moreover, we use the equations (3.4) and (3.5) for ¢+ and ¢, and the

equation (3.1) for ¢, in combination with Theorem 4.3 (i)-(ii) to estimate the difference between the derivatives

( ¢;é§) < Ceglloge|, &€ (—o0,L,],

H[ ¢b(§§) ]_ 5Tt )

We outline the matching procedure that yields the two A-values for which (6.6) admits nontrivial exponentially localized

) - ¢:1,£(§)
(6.64)
< CefDlloge|, &€[-Lg, L.

solutions. By Proposition 6.8 any solution ¢ _(£, 4) to (6.6) decaying exponentially in backward time satisfies (6.26) at
¢ = 0 for some constant Bs— € C. Moreover, by Proposition 6.9 any solution (&, Q) to (6.6) satisfies (6.31) at & = 0
for some B¢, ¢y € C and (6.32) at ¢ = Z,, for some S, € C. Finally, by Proposition 6.10 any solution ¥, +(£, 2) to (6.6)
decaying exponentially in forward time satisfies (6.52) at ¢ = Z, . for some B+, + € C. To obtain an exponentially
localized solution to (6.6) we match the solutions yr _, szI and Y+ at & = 0 and at ¢ = Z, . It suffices to require that the
differences (0, 1) — 4*(0, 2) and ¢¥*'(Z, . 1) — Y.+ (Za.s, A) vanish under the projections Ql‘c‘_Y (0) and Qgi (0) associated
with the exponential dichotomy of (6.14) established in Corollary 6.7.

We first apply the projections Q;ﬁ(O), Jj = f,b to the differences y¢_(0, 1) — (0, 1) and wSI(Za,g, A) = ¥ +(Zae, A) and
immediately obtain 8 = B¢ and B, = b+ using (6.26), (6.31), (6.32) and (6.52). For the remaining matching condi-
tions, consider the vectors ¥ ; and ¥, defined in (6.25) and the bounded solution ¢;.q4, given by (6.20), to the adjoint
equation (6.19) of the reduced eigenvalue problem (6.14). By (6.24) the vectors ¥, and

. 0 :
\Pj,J_ = lI’l,j_ fe d <¢j»dd(§)’F>d§ \PZ’ F :[ 1 ]’ J= fab’

span R(Q‘JY-)_(O)) and ¥, is contained in ker(Q‘;-’ L0 = R(Q;{ L0 c R(Q‘;’_(O)*) for j = f,b. Thus, we obtain four other
matching conditions by requiring that the inner products of the differences ¢ _(0, 1) —1//Sl (0, 1) and 1/151 (Zyer D) —Yo+(Zye, 1)
with ¥, and ¥, vanish for j = f,b. With the aid of the identities (6.26), (6.31), (6.32) and (6.52) we obtain the first two
matching conditions by pairing with ¥,

0 = (W2, ¥ (0, ) = y(0, ) = =L + Hi(Bo. B £0),

~ . ~ o (6.65)
0= (Y2, 4" Zur ) = U6+ (Zaer V) = =Goe + Ha By, 5B D),
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where the linear maps H; and H, satisfy by (6.63) the bounds
[H, (Bo, Br, 40| < C ((ellog &l + A1) (Bl + 14i]) + ¢ By ),
[H By, Lo+ £ < C ((£7llog ] + 1) (1Bl + 1db.+1) + € ¥*(Bel + 12i))

with ¢ > 0 independent of 1, a and &. Hence, we can solve system (6.65) for ¢ and ¢}, +, provided 4], € > O are sufficiently
small, and obtain

& = & (Bv. Br)s So.+ = Lo.+(Bos B, (6.66)
12:(B. Br)| < C ((ellog el + ANIBr] + e™7|By]) 166.+(Bos Bl < C ((&*“llog el + 1 ANB| + e *1Bt1)

For the last two matching conditions we substitute (6.66) into the identities (6.26), (6.31), (6.32) and (6.52). Moreover, we
estimate the tail of the integral in (6.26), i.e. the part from —oco to —L,, using that the exponential dichotomy of (6.14) on
R_ has exponent y by Corollary 6.7 and it holds v > p1/2. Thus, we obtain the last two matching conditions by pairing with
e, € ker(Q; ,(0)") and Wy, € ker(Q; ,(0)")

Le
0= (W1, ¥r-(0,0) - y(0, 1)) = r f (T1(0,€)"¥r 1, Bi(&, Dwr(©)) dé + Ha(Bo. Br), (6.67)
o
0= (Pors U Zaer ) = Wb+ (Zaes D)) = B f | (To(0.8)"¥o... Bo(&, Deon(©) dé + Ha(Bo. fo). (6.68)

where the linear maps H3 and H; satisfy the bounds

[ (Bo, Br)| < C ((llog &l + 1) [Bi] + e /*Byl)
[Ha(Bo, B0 < C ((e*“og el + A1) 1ol + €151l

The same procedure can be done using the expressions (6.27), (6.33) and (6.53) instead. We approximate a-uniformly

0 = (¥r.1, 6,0 - ¢,.(0) = (¥, 0f _(0)¢,.(0) - OF, (0)¢, .(0))

| 6.69
= fi <e‘fﬂTf(O, W1, Bi(€, O)Qﬁ;g(é—‘)) dé+0 (82) ’ ( )
0= (o1, 8,,(0) = ,.(0)) = (¥.1. O} _(0),,.0) — Ok, ()8, (0))
Ls (6.70)
) f*L (€ T0(0.8)" Wr.0. Bo(, 00, 1 (Zus + 6)) d + (" T (0, ~Lo) .. 6o (Zas = L)) + O (7).

using v > u/2 > n/2 (see (6.5) and Lemma 6.3).
Our plan is to use the identities (6.69) and (6.70) to simplify the expressions in (6.67) and (6.68). First, we calculate

—Coé
e 5a(®) O
| ceu© | ger, j=t,b, 6.71)

_ f 6_775: <¢j,ad($)’ F> dg: - f e—éogul.(é)dé‘\:
- J

where (1;(£),v;(£)) = ¢;(£). Recall that the front ¢ is a heteroclinic connection between the fixed points (0, 0) and (1, 0)
of the Nagumo system (3.4). By looking at the linearization of (3.4) about (0, 0) and (1, 0) we deduce that ¢1Z(§) converges

eETH(0,6) W, =

to O at an exponential rate % V2 as & — *oo. The same holds for ¢ (£) by symmetry. Recall that & is given by ‘/z(% —a.
So, for all @ > 0, the upper two entries of (6.71) are bounded on R by some constant C > 0, independent of a, whereas the
last entry is bounded by Cl|log | on [-L,, L.]. Further, by (6.63) the upper two rows of B¢(£,0) are bounded by Cellog €|
on [-L., L.], whereas the last row is bounded by Ce as can be observed from (6.15). Combining these bounds with
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v>2V2, (6.64) and (6.69) we approximate ag-uniformly
L, Le
f (T1(0,6)" W1 1, Bi(&, Dwi(£)) d¢ = f (e1T1(0,£)" s . Be(€, 0)¢,,.(6)) d
—L, -L,

-1 f " et (u;(g))2 dé + O (|elog &) (6.72)

L
- I " e (@)’ dé +O(jslog o).

Similarly, we estimate a-uniformly

L
f (To(0,£) Ph.1. Bo(&, Dwn(©) dé = = (" To(0, ~Le) Wo. 1, 8} (Zas — L))
-L; (6.73)

-1 f Tt (14©)” dé + O (1" 1og &P,

using (6.70) instead of (6.69). Substituting identities (6.72) and (6.73) into the remaining matching conditions (6.67)
and (6.68) we arrive at the linear system

-AM;+0 ((sllog el + I/ll)z) O(e™%) Brl_p (6.74)
O(e™) —AMy,; = Myz +O((e"“llog el + 14)%) J\ By ) '
where the approximations are a-uniformly and with My ; and My as in (6.61) and
00 b .
Mj = f (up(&)) e™4dé > 0. (6.75)

Thus, any nontrivial solution (B, B¢) to (6.74) corresponds to an eigenfunction of (6.6).

Since the perturbation matrices B;(¢, 1), j = f,b, the evolution 7(¢, & Q) of system (6.6) and the projections Qf; )
associated with the exponential dichotomy of (6.6) established in Proposition 6.5 are analytic in 4, all quantities occurring
in this section are analytic in A. Thus, the matrix in (6.74) and its determinant D(1) = D(4; a, €) are analytic in A.

Observe that the g-independent quantities My and My, ; are to leading order bounded away from 0, i.e. it holds 1/C <
Mg, My, < C, since u;(f) converges to 0 as £ — *oco at an exponential rate % \/5; see also (3.6). Second, we estimate
a-uniformly My > = O(”“|log &|) by combining (6.63) and (6.70). Hence, provided 6, & > 0 are sufficiently small, we have
for 1 € OR1(0) = {1 C: |1 =6}

|D(A) — AM p(AMy 1 + My )| < |[AM p(AMy 1 + My5).

By Rouché’s Theorem D(1) has in R;(8) precisely two roots Ao, A; that are a-uniformly O(|e”®log &|*)-close to the roots
of the quadratic AM(AMy 1 + My>) given by 0 and My My l, We conclude that (6.6) has two eigenvalues Ay, 4; in the
region R;.

We are interested in an eigenfunction i/ (£¢) of (6.6) corresponding to the eigenvalue A; that is a-uniformly O(|&” (”)log eP)-
close to —My 2 My, 11 The associated solution to (6.74) is given by the eigenvector (B¢, Bp) = (O(e“’/ ), 1). In the proofs of
Propositions 6.8, 6.9 and 6.10 we established a piecewise continuous eigenfunction to (6.6) for any prospective eigenvalue
A € R;. Thus, the eigenfunction ¥ (¢) to (6.6), corresponding to the eigenvalue A, satisfies (6.29) on I;_, (6.37) on
I, (6.40) on I,, (6.43) on I, _, (6.54) on I, and (6.58) on I,. The variables occurring in these six expressions can all be
expressed in By = O(e™%/#) and By, = 1. This leads to the approximation (6.62) of i (£).

By translational invariance we know a priori that e*”fqﬁ;ﬁ(.f) is an eigenfunction of (6.6) at A = 0. Therefore, 2 = 0 is one
of the two eigenvalues Ay, 4; € Ry of (6.6). With the aid of the bounds (6.62) one observes that the eigenfunction v (£) is
not a multiple of e_”f(ﬁ;,g(f). On the other hand, the space of exponentially decaying solutions in backward time to (6.6) is
one-dimensional, because the asymptotic matrix A(0, 1, a, €) of system (6.6) has precisely one eigenvalue of positive real
part by Lemma 6.3. Hence, the eigenfunctions ¢/ (¢) and e*"fqb;,g(.f) must correspond to different eigenvalues. We conclude
Ao =0and A; # Ag. |
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Remark 6.12. In the proof of Theorem 6.11 we simplified the final matching equation by using that e‘”%;,g(f) is an
exponentially localized solution to (6.6) at 4 = 0. More precisely, during the matching procedure we substituted the

expressions

Le
f (10,6, Bj€, 0w, (@) dé, j="1,b, (6.76)

L,

by (6.72) and (6.73). Alternatively, one could try to calculate (6.76) directly using (6.71). The most problematic term is
the difference f'(u,+(£)) — f'(u;(£)) in B;(£,0). This difference can be calculated using an identity of the form

9: — C; e[ Uae©) ]] - ng—‘[ 0 , j=1,b,
G =) [e [ v,.(é) ¢ (c(&) = cO)V, (&) = (f (e e(E)) = f (i, (&) + w, (£) /

where C; is the coeflicient matrix of (6.18). The equivalent of the latter is done in [16] in the context of the lattice

Fitzhugh-Nagumo equations.

Remark 6.13. The proof of Theorem 6.11 shows that any eigenfunction of problem (6.6) corresponds to an eigenvector
(Br,Bp) of (6.74). Such an eigenfunction is obtained by pasting together the eigenfunctions w¢(£) and wy,(€) to the reduced
eigenvalue problems (6.14) with amplitudes 5; and Sy, respectively.

The eigenvector (B¢, By) = (1,0(e_q/ 5)) of (6.74) corresponds to the eigenfunction e‘”‘fqﬁ;’g(f) of (6.6) at A = 0. Indeed,
this eigenfunction is centered at the front and close to w¢(£). Switching back to the unshifted eigenvalue problem (2.3),
we observe that the corresponding eigenfunction ¢, .(£) to (2.3) is close to a concatenation of w;(¢) and wy(é€); see also
Theorem 4.3.

The other eigenvector (B¢, B,) = (O(e“’/s), 1) of (6.74) corresponds to the eigenfunction ¢ (¢) of (6.6) at A = A;. The
eigenfunction 1 (£) is centered at the back and close to wy(£); see also estimate (6.62). When A; lies to the right of
the essential spectrum of £, ., it is also an eigenvalue of the unshifted eigenvalue problem (2.3) by Proposition 6.4. An
eigenfunction of (2.3) corresponding to this potential second eigenvalue A; is given by ¢ (&) := e"¢ %)y (£). Using the
estimate (6.62) we conclude that i (¢) is centered at the back and the left slow manifold and close to wy (&) along the back,
i.e. it holds

1 ()l < Ce”llog gle %9, & € (=00, Z,, — L],
101 (€ + Zae) — wp(@ll < Ce”Pllog ele™, & € [~Le, Le].

We emphasize that in contrast to the shifted eigenvalue problem, we do not obtain that the eigenfunction (&) is small
along the left slow manifold, i.e. for & € Iy = [Z,, + L., o). This observation agrees with the figures obtained numerically
in §8.

6.4 The translational eigenvalue is simple

In this section we prove that Ao = 0 is a simple eigenvalue of L, .. This is an essential ingredient to establish nonlinear
stability of the traveling pulse @, (€); see [7, 8] and Theorem 2.3. By Theorem 6.11 1, has geometric multiplicity one.
To prove that Ay also has algebraic multiplicity one we consider the associated shifted generalized eigenvalue problem
at 1 = Ay. Particular solutions to this inhomogeneous problem are given by the A-derivatives of solutions (&, 1) to the
shifted eigenvalue problem (6.6). By differentiating the exit and entry conditions at ¢ = 0 and at £ = Z, . established in
Propositions 6.8, 6.9 and 6.10 we obtain exit and entry conditions for exponentially localized solutions to the generalized
eigenvalue problem. Matching of these expression leads to a contradiction showing that Ay also has algebraic multiplicity
one.

Proposition 6.14. In the setting of Theorem 2.1, let ¢, () denote a traveling-pulse solution to (2.2) with associated linear

operator L, .. The translational eigenvalue Ay = 0 of L, . is simple.
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Proof. By Theorem 6.11 the eigenspace of the shifted eigenvalue problem (6.6) at 1 = Ay is spanned by the weighted
derivative e"’fqb;,g(f). Translating back to the original system (2.3) we deduce ker(£, ) is one-dimensional and spanned
by (5;‘8({;‘). So the geometric multiplicity of 1y equals one. Regarding the algebraic multiplicity of the eigenvalue 1y we are
interested in exponentially localized solutions ¢ to the generalized eigenvalue problem £, . = &;’g(f). This problem can
be represented by the inhomogeneous ODE

e = Ao(€, 00 + [240] (£, 0)¢, (&), (6.77)

where Ay(&, A) is the coefficient matrix of (2.3). The asymptotic matrices of (2.3) and the shifted version (6.6) have
precisely one eigenvalue of positive real part at 4 = 0 by Proposition 5.1 and Lemma 6.3. Moreover, the weighted
derivative e_”‘fqﬁ;’g(f) is exponentially localized. Therefore, J/(¢) is an exponentially localized solution to (6.77) if and only
if (&) = e (&) is an exponentially localized solution to

e = A€, 00 + 7 [1A] (£, 0)¢, (6, (6.78)

where A(¢, A) is the coefficient matrix of the shifted eigenvalue problem (6.6).

Since e_”fqﬁ;,g(f) is an exponentially localized solution to (6.6) at 4 = 0, there exists by Propositions 6.8, 6.9 and 6.10
solutions ¢ (&, A), Y&, ) and Yp+(€, ) to (6.6), which are analytic in A and satisfy (6.26), (6.31), (6.32) and (6.52)
for some Bt Br. ¢t.Bo. o+ o.s € C. such that €, (€) equals (€, 0) on (~c0,0], Y*(£,0) on [0, Z,..] and s, +(€,0)
on [Z,,,o0). As in the proof of Theorem 6.11 we match ¥ _(0,0) to zﬁSl(O, 0) and zﬁSI(Za,a, 0) to Y -(Z,,0). Applying
the projections Q?,_(O), J = f,b to the differences ¢+ _(0,0) — (0, 0) and l//SI(Za,g, 0) — Yp-(Z4e,0) yields B¢ - = Br and
Bb = Po.+. Taking the inner products 0 = (¥, ¢t _(0,0) — ¢*1(0,0)) and 0 = (¥2, " (Z,z, 0) — ¥ (Zas, 0)) we obtain that
{r and ¢}, 4 can be expressed in B, and S as

& = 4B, Br), Lo+ = Lo+ (Bo, Br), (6.79)
12:(Bo- )| < C (ellog llBs] + e~/#1Bs]) 1Gb.+(Bo- B)] < C (623 log l|Bol + e™/*(B¢l)

where C > 0 is independent of a and &.

Observe that the derivatives [0¢-](£,0), [0 ,1!,051](5, 0) and [04p+1(£, 0) are particular solutions to the equation (6.78) on
(=0,0], [0, Z,] and [Z, ¢, o), respectively. Moreover, e ¢’a’£(§) spans the space of exponentially localized solutions to
the homogeneous problem (6.6) associated to (6.78). Now suppose that ¢(£) is an exponentially localized solution to (6.78).
By the previous two observations it holds

W(&) = [0 -1(£,0) + are ¢, (&), &€ (—00,0],
W(&) = [0WV1E,0) + are ¢, (&), € €10,Z,,], (6.80)
W(E) = [0 +1(€,0) + aze @), (£), € € [Zyg, ),

for some a3 € C. We differentiate the analytic expressions (6.26) and (6.31) with respect to A and obtain by the Cauchy
estimates and (6.79)

0
[01,-1(£,0) = B f T¢_(0,&)Bwr@)dé + H (Br),  H(Br)ll < Cellog &l|Bs. -1,
- (6.81)
[0.°1(£,0) = B f TY(0,8)Bwr@)dé + HoBr. o). IHa(Br.Bo)ll < C (sllog ellBel + /%18y,

where wy is as in (6.22), H, , are linear maps and B denotes the derivative of the perturbation matrix

B = B(a, &) := [0,]B(¢, ) :=

S = O

0 O
0O O
0 1
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On the other hand, we estimate using Theorem 4.3 (i)

v, ,(0)
[Prae — Wil < Cellogel,  where Wy, :=| —u,,(0) |, (6.82)
0

and ¥, is defined in (6.25). Note that s, . is perpendicular to the derivative ¢;’8(0). As in the proof of Theorem 6.11
note that the front ¢;(¢) = (up(£), vi(£)) decays to 0 as ¢ — +oo with an exponential rate % V2. Thus, we calculate using
v >2V2, (6.80), (6.81) and (6.82)

0 = (Wras: [020-1(0.0) — [0,411(0,0) + (@1 — @2) ,(0))

Le
= pr ( f (T1(0,6)" W1 1, Bwx()) d + Oellog s|>) + B0 (¢79%) (6.83)

= B¢ (—M; + O(ellog ) + 5O (e—q/s) ’
a-uniformly, where M is defined in (6.75). Let Wy s = (v, o(Zys), —tt;, o(Z4 ), 0). A similar calculation shows
0= (Poer (007 1(Zg 0) = [0t Za, 0) + (2 — @3)e ), (Zu0))
= Bo (_Mb,l + 0(82/3|10g g|)) + B0 (e—q/a) i

a-uniformly, where M,, ; is defined in (6.61). The conditions (6.83) and (6.84) form a system of linear equations in Sy and

(6.84)

Bo. The only solution to this system is f = B, = 0, because My, My, ; > 0 are independent of &€ and bounded below away
from O uniformly in a. This is a contradiction with the fact that e‘”‘fgb;,s(g) is not the zero solution to (6.6). We conclude
that (6.78) has no exponentially localized solution and that also the algebraic multiplicity of the eigenvalue A = 0 of L,
equals one. O

6.5 Calculation of second eigenvalue

By Theorem 6.11 the second eigenvalue A; € Ry of (6.6) is a-uniformly O(Ie"(“)log 8|2)—close to the quotient —My o2 My '1
Thus, to prove our main stability results 2.2, we need to show —My o2 My % < —&by, where by is independent of a and ¢.

Since My, > 0 is independent of £ and bounded by an a-independent constant, the problem amounts to proving that M, »
is bounded below by &b, for some by > 0. We distinguish between the hyperbolic and nonhyperbolic regime.

In the hyperbolic regime, it is possible to determine the quantity My to leading order. This relies on the fact that the
solution ¢y, ,4(€), defined in (6.20), to the adjoint system (6.19) converges exponentially to 0 as £ — —oo with rate V2a.
Since a is bounded below in the hyperbolic regime, the first two coordinates of V., defined in (6.61), are of higher order
by choosing v sufficiently large.

Le
Therefore, the calculation for My, reduces to approximating the product w;’g(Za,‘9 -L,) f u{,(f)e_co‘fdf . This leads to the

following result.

Proposition 6.15. For each ay > 0 there exists &y > 0 such that for each (a, €) € [ao, % — k] X (0, &) the quantity My, in
Theorem 6.11 is approximated (a-uniformly) by

e . ,
Moo = — (ywp — up) f up(E)e“d¢ + O (&llog &), (6.85)
Co —oo

In particular, we have My, > g/kg for some ko > 1, independent of a and &.

Proof. The Nagumo back solution ¢y (£) to system (3.5) converges to the fixed point Pf) = (u['), 0) as ¢ — —oo. By looking
at the linearization of (3.5) about pll) we deduce that the convergence of ¢, (£) to pII) is exponential at a rate % V2. Combining
this with Theorem 4.3 (ii), v > 2 V2 and & — & = O(&) we estimate

e

, e
W, o(Zae — Le) = 3 (ttae(—Le) — ywa (L)) = 5—0 (l,tll3 - yw&) + O(szllog sl).
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In addition, the derivative ¢y (£) converges exponentially to O at a rate %\/5 as & — —oo. Finally, recall that ¢y(a) =
\5(% — a). Using all the previous observations, we estimate
CoLe /(.
¢ (,J va( Lé) M; g(Za,s - Ls) 00
— S0l / ( : =

My, = < j uy(=Ls) | v (Zae — Le) > = —; (utl, - ywé)f up (€)e 4 dé + O(szllog sl,sﬁ“‘”).

¢ = 2 ~ ~ ,’ 0 —00

f 6760§u{,(§)d£ Wa,s(Zuﬁ - L«‘?)

Without loss of generality we may assume v > \/E/ao. Thus, we take v > max{2 ‘/E \/E/ao, 2/u} > 0 (see (6.5)). With
this choice of v the approximation result follows. Since we have 0 < y < 4, the line w = y~ ! intersects the cubic w = f(u)
only at u = 0. So, it holds ”113 - yw[') > (. Moreover, we have u{)(f) = vp(€) < 0 for all x € R. Combing these two items, it
follows Mb!2 > S/ko. O

Recall that the solution ¢y, ,q(£), defined in (6.20), to the adjoint system (6.19) converges exponentially to 0 as § — —oo with
rate V2a. Thus, in the nonhyperbolic regime 0 < a < 1, the first two coordinates of V., defined in (6.61), are no longer of

Le
higher-order, as was the case in the hyperbolic regime. Therefore, in addition to the product w}, .(Z, .—L;) f uj, (&)e ¢ dé,

we also have to bound the inner product

< (pb,ad(_Ls)
0

] 3o (Zae = Lg)> , (6.86)

from below away from 0. Recall from §4.1 that the pulse solution ¢, .(¢) is at & = Z, . — L. in the neighborhood U of
the fold point (1", 0, w"), where u* = % (a +1+ Va2 —a+1)and w* = f(u*). In Uy there exists a coordinate transform
O, Ur — R3 bringing system (3.1) into the canonical form (4.1). In system (4.1) the dynamics on the two-dimensional
invariant manifold z = 0 is decoupled from the dynamics along the straightened out strong unstable fibers in the z-direction.
The flow on the invariant manifold z = 0 can be estimated; see Propositions 4.1 and 4.2. Therefore, our approach is to
transfer to local coordinates by applying @, to the inner product (6.86). The estimates on the dynamics of (4.1) leads to
bounds on ¢;’8(Za,€ — L) in the local coordinates. In addition, the other term (¢,’)’ad(—Ls), 0) in the inner product (6.86) can
be determined to leading order in the local coordinates, since the linear action of @, is explicit. Furthermore, if we have
& > Kyd’, then the leading order of ¢;,S(Za,g — L) can also be determined in local coordinates using the estimates on the
x-derivative given in Proposition 4.1 (ii). The procedure described above leads to the following result.

Proposition 6.16. For each sufficiently small ay > 0, there exists &y > 0 and Ko, ky > 1, such that for each (a,&) €
(0, ap) X (0, &) the quantity My in Theorem 6.11 satisfies My, > &/ko. If we have in addition & > Koa3, then My, is
bounded as £ [ky < My, < &*ky and can be approximated a-uniformly by

My, = &3 +0 (ellog&l),

a>  (18-4y)?*" o ( -3a
42 9v2 2(18 —4y)' P el
where © is defined in (4.7).

Proof. We start by estimating the lower term in the inner product My, ,. Similarly as in the proof of Proposition 6.15, we

estimate a-uniformly

v

W;,E(Za,s - L) = % (utl, - ')’th)) + 0(85/3|10g 8|) s

using Theorem 4.3 (ii). The e-independent quantity ull) - ywtl, > 0 is approximated by % - 24—7)/ + O(a) and is bounded away

from 0, since ”11) = %(1 +a), th) = f(utl,) and 0 < y < 4. In addition, u;(f) is strictly negative, independent of & and a and
1

converges to 0 at an exponential rate 5 V2 as & — +oo; see (3.6). Therefore, we estimate

_Ls . . . B
koe < < f e Cup (E)dE, W, (Zy s — Lg>> < ellog £ /ko (6.87)

00
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for some ko > 0 independent of @ and .

We continue by estimating the upper terms in the inner product M}, ». The linearization about the fixed point (utl,, 0) of (3.5)
has eigenvalues % V2 and — V24 and corresponding eigenvectors v, = (1, % ‘/5) andv_ =(1,- \/za), respectively. By [24,
Theorem 1] ¢{3(§)e_'f/ V2 converges at an exponential rate % V2 to an eigenvector a,v, as & — —oo for some @, € R\ {0}.
Using the explicit formula (3.6) for ¢, (&), we deduce a; = —% V2ebho! ‘ﬁ, where &,9 € R denotes the initial translation.

Without loss of generality we take &, = 0 so that ;. = —% V2; see Remark 3.1. Thus, we approximate a-uniformly
¢ vi(-Le) 1 _ -1
ool b = _¢ V2aL: +0(£%), 6.88
[ —u}(~Le) ] 2 V2 () (6:8%)

using v > 2 V2. For the remaining computations, we transform into local coordinates in the neighborhood U of the fold
point (u*,0,w"); see §4.1. Recall from the proof of Theorem 4.3 that ¢, .(Z,. — L.) is contained in the fold neighborhood
U for ay, gy > 0 sufficiently small. We apply the coordinate transform ®,: Up — R? bringing system (3.1) into the
canonical form (4.1). Recall from §4.1 that @, is C"-smooth in @ and & in a neighborhood of (a, €) = 0. Moreover, @, can

be decomposed about («*, 0, w") into a linear and a nonlinear part

w24
* * & (&
u u u u u
O v |=N|| v -] 0 ||[+D]| v |, N=0D,| 0 |=] 0 0 B—Z , (6.89)
% * C
w w w w w O 1 1
¢

where

3
Bi = (a2 —a+ 1)1/ W - )/w*)_l/3 >0,

1/6

B = E(a2 -a+ 1) / w* —yw*) 2 >0,
uniformly in a and &. The nonlinearity ®, satisfies ®,(u*,0,w*) = dD.(u*,0,w*) = 0 and 9D, is bounded a- and &-
uniformly. Differentiating (x4,£(£), ya,6(€), 24.£(§)) = Pe(Pue(§)) yields

X, (£) ) ()
Voel®) | =[N+ 00(8u:)]| v,
2,:) W, o()

Recall that (¢ (&), w,lj) converges at an exponential rate % V2 to (ué, 0, w,lj). Thus, by Theorem 4.3 (ii) and v > 2 V2 we have
a.6(Zas = Le) — (g, 0, wp)ll < Ce*|log el, (6.90)

where C > 0 denotes a constant independent of a and €. Recall that ué = %(1+a), u = % (a +1+ Va?2-a+ 1), w,l3 = f(ué),
w" = f(u") and f'(u") = 0. Therefore, we estimate

u*—%|,w*—%|§€a |u&—u*—%a|,|wé—w" < Cd. (6.91)
Combining estimates (6.90) and (6.91) with d®,(u*, 0, w*) = 0, we estimate
10P(fas(Zas — L < C (¥ log el + a). (6.92)
Using (6.88) and
1
B 0 0
1
(N_l)* = 0 _i i s
B B
1 ¢ 0



we approximate a-uniformly

, ) -1 M; S(Za,s - L)
ol <[ v (—Le) ],( Uy o(Zag — Le) ]> - <le_ VaaLe | \fp , v/] (Zoe — Lg) > + 0(82)
—up(—L,) VoelZaz = Lg) 2 0 W(ZZ(ZL; g - L;:)
| . -1 M;,E(Za,s - Ls)
_ <§e_ VaaL, (N-n) V2 | N| Vo (Zas — Le) > + 0(82)
0 Wi o(Zae — Le) ©99

1
1 ﬁ_l x;,g(za,a - La)
= <§e_ Vel N2 LI M|y, (Zae — L) > +0(&?),

ﬁz Z; g(Zas - Ls)
V2e -1 o

where A := 00 ,(pas(Zas — Le)) (N + 0D (Pa.o(Zas - LE)))_I. First, by (6.92) it holds [|All < C (¢*?|log#| + a). Second,
from the equations (4.1) one observes that Iy;’g(Za,g — L.)| < Ce. Third, by Theorem 4.3 the pulse ¢, (¢) exits the fold
neighborhood at ¢ = Z,. — &, where & = O(1). The dynamics in the z-component in (4.1) decays exponentially in
backward time with rate greater than ¢/2 by taking the neighborhood U smaller if necessary. Note that ¢ is bounded
from below away from O by an a-independent constant. Thus, we may assume that the a-independent constant v satisfies
v > 27", i.e. we take v > max{2 \/5, 2071, 2/u} > 0 (see (6.5)). With this choice of v, we estimate |z, .(Z, . — L;)| < Ce.
So, using the equation for z’ in (4.1), one observes that |z;’8(Za,g — L.)| < Ce. Combining the previous three observations

with (6.93), we approximate g-uniformly

1

1
’ ’ ,Bl
il <[ V;f((_LLE)) ][ wag‘w _ I;; ]> - %x;,s(za,s - Lg)< _ﬁ ,A+AN| 0 >+ O(e),
“Up\T e a,c\Laes — Le

B2 0 (6.94)
V2e -1
- Lx;,g(zm —Lo)(1+0(*’logel + a)) + O (e).

26
From Propositions 4.1 and 4.2 it follows that for any k" > 0 there exists €0, ao > 0 such that for (a, €) € (0, ag) X (0, &) it

holds x|, (Z, — L) > k. Moreover, 8; > 0 is bounded by an a-independent constant. Thus, by taking k" > 0 sufficiently

a
large, we estimate

ke
Mys > e ﬁ“ﬁ?f + Ko, (6.95)

1
using (6.87) and (6.94). This proves the first assertion.

Suppose we are in the regime € > Koa3 for some K > 0, so that a = O (8”3). On the one hand, using (6.89) and (6.91) we

approximate the x-coordinate x of (I)s(utl), 0, wtl,) by

xXp = —f1 (Mtl, - u*) + ";—; (w,') - w*) + O(az) = —’817(1 +0(d®).

On the other hand, since d®, is bounded a- and g-uniformly, we have by (6.90) that |x,(Z, — L) — x| < ce? 3|log &l.

Hence, using Koa3 < g, we estimate
|%0(Zas = Lo) + 3p10| < C (e llogel + a*) < Ce*Pllogéel. (6.96)

Therefore, Propositions 4.1 and 4.2 yield, provided Ky > 0 is chosen sufficiently large (with lower bound independent of a
and &),

x;,g(Za,a - La) = 90 (xa,a(Za,a - La)z - ®_l (xa,a(Za,a - La)8_1/3) 82/3) + 0(8) (697)
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First, by (6.91) it holds

s _ V2
3

Bi=(@-a+1)" @ -y =3318 -4 + 0.

1
Oy = =(a® —a+ DY (u* —yw") (18 — 403 + O(a),
¢

Second, in the regime Koa3 < & we have
'e“ﬁ“LE - 1’ < C81/3|10g5|.

Third, by combining (6.96) and (6.97), we observe x, .(Z,, — L;) = O(£*). We substitute (6.96) and (6.97) into (6.94)
and approximate My, with the aid of the previous three observations and identity (6.87) by

1 /
_xa,s(za,a — L) + O (ellogel)

M, =
T2
0
= 2_’?1 (xa,s(za,a - Lg)z - G)_l (xa,e(za,a - L£)8_1/3) 82/3) + 0 (8|10g SI)
~ a2 B (18 — 47)2/3 @71 -3a 82/3 + O(8|10 8|)
T 4V2 9V2 2(18 —4y)'P &1/3 Bev-

This is the desired leading order approximation of My . In the regime Kya® < &, for K, > 1 sufficiently large, the bound
&3 [ky < My, < &*°kq follows from this approximation, using that ®~! is smooth and ®~'(0) < 0. O

Remark 6.17. By Theorem 6.11 the second eigenvalue A; of (6.6) is to leading order approximated by the quotient
Moo My = We give a geometric interpretation of the quantities My ; and My, in both the hyperbolic and nonhyperbolic

regimes.

For the interpretation of the quantity M ; we append the Nagumo eigenvalue problem to the Nagumo existence prob-
lem (3.5) along the back

(6.98)
Ve = &ov — f(w)ii + Ail.

Note that (¢,(), ¢;(£)) is a heteroclinic solution to (6.98) for A = 0 connecting the equilibria (pt',,O) and (pg,O). The
space of bounded solutions to the adjoint equation of the linearization of (6.98) at 2 = 0 about (¢ (&), ¢;,(£)) is spanned by
(Yad.1€), 0) and (Yaa2(&), Yaa1(€)), Where Yaq 1 (€) = (v (€), —up(€))e™ . The Melnikov integral

My, = f i (u©)” e o4t

measures how the intersection between the stable manifold ‘W S(pg, 0) and unstable manifold W*( ptl,, 0) breaks at (¢,(0), ¢;,(0))
in the direction of (/,42(0), ¥aq,1(0)) as we vary A. Note that the quantity M, defined in (6.75), has a similar interpretation.

In the hyperbolic regime M, is to leading order given by (6.85). The positive sign of the quantity ut]) - ywllj in (6.85)
corresponds to the fact that solutions on the right slow manifold move in the direction of positive w. For the geometric

interpretation of the integral

f " up (£)e” 4 de, (6.99)

in (6.85) we observe that the dynamics in the layers of the fast problem (3.3) are given by the Nagumo systems
u‘f =V,

(6.100)
ve = Cov — f(u) +w.
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For w = wf) system (6.100) admits the heteroclinic solution ¢,(£) connecting the equilibria pllj and pg. The space of

bounded solutions to the adjoint problem of the linearization of (6.100) at w = wf) about ¢y (€) is spanned by ¥,q1(£). One
readily observes that (6.99) is a Melnikov integral measuring how the intersection between the stable manifold ‘W S(pg)
and unstable manifold W ”(pllj) breaks at ¢,(0) in the direction of ¢/,q.1(0) as we vary w in (6.100), i.e. as we move through
the fast fibers in the layer problem (3.3).

In the nonhyperbolic regime M, is estimated by (6.95). As can be observed from the proof of Proposition 6.16, the sign
of M, , is dominated by the inner product

v(—Le) | [ UoeZas = Le)
[ )
of the adjoint of the singular back solution and the derivative of the pulse solution near the fold point. This inner product
determines the orientation of the pulse solution as it passes over the fold before jumping off in the strong unstable direction
along the singular back solution. In essence, upon passing up and over the fold, the solution jumps off along a strong
unstable fiber to the left. In the fold coordinates, the sign of this inner product amounts to the sign of the derivative

X, o(Zse — L) of the x-coordinate of the pulse solution in the local coordinates around the fold (4.1). The sign of this
derivative is determined by the direction of the Riccati flow in the blow-up charts near the fold; see system (4.8).

6.6 The region R,

The goal of the section is to prove that the region R, (5, M) contains no eigenvalues of (6.6) for any M > 0 and each 6 > 0
sufficiently small. As described in §6.2.1 our approach is to show that problem (6.6) admits exponential dichotomies on
each of the intervals I, I,., I, and I, which together form a partition of the whole real line R. The exponential dichotomies
on I, and I, are yet established in Proposition 6.5. The exponential dichotomies on It and I, are generated from exponential
dichotomies of a reduced eigenvalue problem via roughness results. Our plan is to compare the projections of the afore-
mentioned exponential dichotomies at the endpoints of the intervals. The obtained estimates yield that any exponentially

localized solution to (6.6) must be trivial for 1 € R;.

6.6.1 A reduced eigenvalue problem

We establish for £ in I; or I, a reduced eigenvalue problem by setting £ to 0 in system (6.6), while approximating ¢, (&)
with (a translate of) the front ¢¢(£) or the back ¢, (&), respectively. However, we do keep the A-dependence in contrast to

the reduction done in the region R;. Thus, the reduced eigenvalue problem reads

-n 1 0
Ye =A;EDY, AfED=AEa) =] A-fwié) ¢-n 1 , J=1b, (6.101)
0 0 —% -7

where u;(£) denotes the u-component of ¢;(£), 4is in R, and a is in [0, % — «]. By its triangular structure, system (6.101)
leaves the subspace C* x {0} ¢ C? invariant. The dynamics of (6.101) on that space is given by

A= f' i) co—n

We remark that problem (6.102) corresponds to the weighted eigenvalue problem of the Nagumo systems u;, = u,, + f(u)

0e = Ci(&, D, Ci& 1) = Cj(é, La) = , j=fb. (6.102)

and u, = uy, + f(u) — w,lj about the traveling-wave solutions u¢(x + ¢ot) and uy(x + Cot), respectively.

We show that systems (6.101) and (6.102) admit exponential dichotomies on both half-lines. The translated derivative
e‘”‘fqﬁ}(f) is an exponentially localized solution to (6.102) at 2 = 0, which admits no zeros. Therefore, by Sturm-Liouville
theory, 4 = 0 is the eigenvalue of largest real part of (6.102). So, problems (6.102) admit no exponentially localized
solutions for A € R,(d, M) by taking 6 > O sufficiently small. This fact allows us to paste the exponential dichotomies on
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both half-lines of systems (6.102) and (6.101) to a single exponential dichotomy on R. This is the content of the following
result.

Proposition 6.18. Let x, M > 0. For each 6 > 0 sufficiently small, a € [0, % — k] and A € Ry(6, M) system (6.101) admits

exponential dichotomies on R with A- and a-independent constants C, 5 > 0, where yu > 0 is as in Lemma 6.3.

Proof. By Lemma 6.3, provided § > Ois sufficiently small, the asymptotic matrices C;100o(A) = Cj1eo(d;a) 1= fl—i>IPOO Ci(&, 1)
of (6.102) have for a € [0, 1/2 — «] and A € R,(8, M) a uniform spectral gap larger than u > 0. Hence, it folldws_from [29,
Lemmata 1.1 and 1.2] that system (6.102) admits for (4, a) € R, X [0, 1/2 — k] exponential dichotomies on both half-lines
with constants C,u > 0 and projections H;’i(f, ) = H;f,’;_i(g-‘, A;a), j = f,b. We emphasize that the constant C > 0 is
independent of A and a, because R, X [0, 1/2 — «] is compact.

By Sturm-Liouville theory (see e.g. [20, Theorem 2.3.3]) system (6.102) has precisely one eigenvalue 4 = 0 on Re(1) > —¢
(taking & > O smaller if necessary). Therefore, system (6.102) admits no bounded solutions for A € R,. Hence, we can
paste the exponential dichotomies as in [5, p. 16-19] by defining H;(O, A) to be the projection onto R(H;’ +(0, 1)) along
R(HZ?(O; A)). Thus, system (6.102) admits for (1,a) € R, X [0,1/2 — ] an exponential dichotomy on R with A- and
a-independent constants C, i > 0 and projections H?’S(g, A) = Hj’s(f, A;a), j=1,b.

By the triangular structure of system (6.101) the exponential dichotomy on R of the subsystem (6.102) can be transferred
to the full system (6.101) using a variation of constants formula; see also the proof of Corollary 6.7. The exponential

dichotomy on R of system (6.101) has constants C, min{u, n — %} > 0, where C > 0 is independent of a and A. The result

C(

follows by taking ¢ > 0 sufficiently small using that 4 < n by Lemma 6.3. O

6.6.2 Absence of point spectrum in R,

With the aid of the following lemma we show that the region R, contains no eigenvalues of (6.6).

Lemma 6.19 ([14, Lemma 6.10]). Letn € N, a,b € Rwitha < b and A € C([a, b], Mat,«,(C)). Suppose the equation
ox = A(X)p, (6.103)

has an exponential dichotomy on [a, b] with constants C,m > 0 and projections P’f’s(x). Denote by T(x,y) the evolution
of (6.103). Let P, be a projection such that ||P{(b) — P»|| < &y for some 69 > 0 and let v € C" a vector such that
1P} @Vl < KIP{(a)Vll for some k > 0. If we have do(1 + kC?e ")) < 1, then it holds

8o + kC2e™2m0=0) (1 + §)
1= 80 (1 + kC2e2mb-a)

1P T (b, a)v|| < l(1 = P)T (b, ayvll.

Proposition 6.20. Let M > 0 be as in Proposition 6.1. There exists 8, &y > 0 such that for € € (0, &y) system (6.6) admits
no nontrivial exponentially localized solution for A € Ry(6, M).

Proof. We start by establishing exponential dichotomies of system (6.6) on the intervals Iy = (=0, L;] and Iy = [Z,, —
Le,Zge + L] Let A € Ry(6, M). We regard the eigenvalue problem (6.6) as an e-perturbation of system (6.101). Indeed,
by Theorem 4.3 (i)-(ii), for each sufficiently small ag > 0, there exists &g > 0 such that for £ € (0, &y) we estimate the
difference between the coeflicient matrices of both systems along the front and the back by

A, D) = Ae(€, Dl < Cellogel, & € (=0, L],

(6.104)
IA(Zye + &, 2) = Ap(&, DI < Ce”Dllogel, & € [-Le, L],

where p(a) = % for a < ap and p(a) = 1 for a > ay and C is independent of A, a and . By Proposition 6.18 system (6.101)
has an exponential dichotomy on R with A- and a-independent constants C, ’71 > 0 and projections Qj‘s(g, )= Q;'s(g, A;a)
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for j = f,b. Denote by P?’X(/l) = P;f’x(/l; a) the spectral projection onto the (un)stable eigenspace of the asymptotic matrices
Ajieo(d) = Aj10(4; @) of system (6.101). As in the proof of Proposition 6.9 we obtain the estimate

1 H
197" (£, 1) = Pl < c(ﬁ Ly e*if), j=1.b, (6.105)

for & > 0. By estimate (6.104) roughness [4, Theorem 2] yields exponential dichotomies on It = (—oo,L.] and I, =
[Zae—Le, Zo o+L] for system (6.6) with A- and a-independent constants C, § > 0 and projections Q’;"“(f, A= Qljf’s(f, A a,¢),
which satisfy

Q" (€, 1) — Q' (£, D]l < Cellog ],

s s (6.106)
QY (Zae + £, — Op* (&, )| < Ce”llog el

for |£] < L.
On the other hand, system (6.6) admits by Proposition 6.5 exponential dichotomies on I, = [L;,Z,, — L] and on I, =

i, s

[Z,¢ + L, o0) with constants C, > 0 and projections Qr ",

&) = Qf,’;(f, A; a, £). The projections satisfy at the endpoints

1@ = PI(Le, V|| < Cellog &,

6.107
Q@ - PI(Zas — Lo, )|, Q= PNZus + L, V|| < Ce”@llogel, (€107

where P(&, ) = P(é, 4; a, €) denote the spectral projections onto the stable eigenspace of A(E, A).

Having established exponential dichotomies for (6.6) on the intervals Iy, I,, I, and I,, our next step is to compare the
associated projections at the endpoints of the intervals. Recall that A;(£, 1) converges at an exponential rate % V2 to the
asymptotic matrix A ;.. (4) as & — oo for j = f,b. Combining this with (6.104) and v > 2 V2 we estimate

A(Le, ) — As (D)l < Cellog &l
IA(Zye % Le, A) = Ap2o(D| < Ce”log el

By continuity the same bound holds for the spectral projections associated with these matrices. Combining this fact with
v > max{2 V2, 2/u}, (6.105), (6.106) and (6.107) we obtain

@ - @ I(Le, V|| < Cellog ],

. , ‘ (6.108)
Q" - Q' 1(Zas + Lo V)| . [[[QY° = Q¥*1(Zas = Ls V|| < C&”“llog .

The last step is an application of Lemma 6.19. Let (&) be an exponentially localized solution to (6.6) at some A € R;.
This implies Qf(0, )y (0) = 0. An application of Lemma 6.19 yields
Q) (Le, DY(Le)|| < Cellog elll@ (Le, V(L) (6.109)

using (6.108) and v > 2/u. We proceed in a similar fashion by applying Lemma 6.19 to the inequality (6.109) and
using (6.108) to obtain a similar inequality at the endpoint Z, . — L. Applying the Lemma once again, we eventually obtain

Q3 (Zae + Les W(Zy + Le)ll < Ce”Ollog ell|Q(Zae + Loy W(Zy e + Le)ll = 0,

where the latter equality is due to the fact that ¢/(¢) is exponentially localized. Thus, ¢ is the trivial solution to (6.6). O

7 Proofs of main stability results

We studied the essential spectrum in §5 and the point spectrum in §6 of the linearization £, .. In this section we complete
the proofs of the main stability results: Theorem 2.2 and Theorem 2.4.
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Proof of Theorem 2.2. In the regime & < Ka?, the essential spectrum of £, is contained in the half-plane Re(1) <
—min{ey,a} = —gy by Proposition 5.1. Consider the regions R;, R, and R3 defined in §6.2.1. By Propositions 6.1, 6.4
and 6.20 there is no point spectrum of £, . in the regions R, and Rj3 to the right hand side of the essential spectrum. By
Proposition 6.4, Theorem 6.11 and Proposition 6.14 the point spectrum in R; to the right hand side of the essential spectrum
consists of the simple translational eigenvalue 4y = 0 and at most one other real eigenvalue A, approximated by —My» M, {,
where M, ; > 0 is independent of £ and bounded by an a-independent constant. Subsequently, we use Propositions 6.15
and 6.16 to estimate M} . We conclude that there exists a constant by > 0 such that 1| < —gby. O

Proof of Theorem 2.4. It follows by Proposition 6.15 that the potential eigenvalue 4; < 0 of £, is approximated (a-
uniformly) by 4, = -Me + O (Is log slz) in the hyperbolic regime, where M, is given by

(ywh — ) [ uy (©)e~véde

M, =M (a) := >
b [ () etoéde
18(a + 1) - y (4a° - 6a> - 6a + 4) (7.1)
9a(1 —a)(1 —2a)
> 0,

where we used the explicit expressions for the front and the back given in (3.6) and substituted ullj = %(1 + a), wtl) = f(ull))
and & = V2(} - a).

By Theorem 5.1 the essential spectrum of £, intersects the real axis only at points 1 < —&(y + a™') in the hyperbolic

1

regime. So, if M| <y +a” " is satisfied, then A; lies to the right hand side of the essential spectrum. In that case, 4, is by

Proposition 6.4 contained in the point spectrum of £, .. This proves the first assertion.

By Theorem 6.11 and Proposition 6.16, there exists Ky, ko > 1, independent of a and ¢, such that, if & > K0a3, then

M, 23 2
A =——‘+O(s/ loge ),
., + O\l loge]
satisfies l/kogz/ S < kosz/ 3, By Theorem 5.1 the essential spectrum of L, intersects the real axis only at points

A < —min{e(y +a’), %a + %sy}. Thus, in the regime Koa® < & < Ka® the essential spectrum intersects the real axis

13 .2/3

at points 1 < —K|, . Taking Ky > 1 larger if necessary, it follows that A; lies to the right hand side of the essential

spectrum and A, is by Proposition 6.4 an eigenvalue of £, .

With the aid of (3.6) we calculate
0 2 . 1
M'ZJ‘W@)JM%=——+a@
R I (4©) 32

taking the initial translation &, ¢ of u,(£¢) equal to O; see Remark 3.1. Moreover, if Koa® < &' for some @ > 0, then we
compute with the aid of Proposition 6.16

18 — 4y)*3
Mys = - L= grtg)e2r3 4 0%, gllogl),

9V2
uniformly in a and @, where ® is defined in (4.7). With these leading order computations of My ; and M, the approxima-

I+a

tion (2.4) of A, follows in the regime Koa® < ' & < Kd’. |

8 Numerics

In this section, we discuss numerical results pertaining to Theorem 2.4. As the theorem is primarily a spectral stability
result, in the numerical analysis below we solve the traveling-wave ODE
0 = uge — cug + f(u) —w,

8.1
0= —cwe + &(u—yw).
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(a) Shown is the u-component of the pulse solution (blue) obtained
numerically for (¢, a, ,y) = (0.5480,0.0997,0.0021, 3.5). Also plot-
ted is the u-component of the eigenfunction (dashed red) correspond-

(b) Shown is the spectrum of the operator L, associated with the
pulse in Figure 6a. Note that the eigenvalue 1; = —0.0194 (shown in

ing to the cigenvalue 4; = ~0.0194. red) lies to the right of the essential spectrum.

Figure 6

for stationary solutions of (2.2) along with the eigenvalue problem (2.3) to obtain information on the behavior of the
potential second eigenvalue A; of £, .; in particular, we focus on the location of A; with respect to the essential spectrum
and its asymptotic behavior as € — 0.

8.1 Position of 1; with respect to the essential spectrum

In the nonhyperbolic regime Koa® < ¢ it is always the case that 1; lies to the right of the essential spectrum and is in fact
an eigenvalue of £, by Theorem 2.4 (ii). In the hyperbolic regime there is a condition in Theorem 2.4 (i) which ensures
that 4, lies to the right of the essential spectrum and is an eigenvalue of £, .. We comment on this condition. Note that for
parameter values (a,y) = (0.0997, 3.5) the condition is satisfied

M; =12.498 < 13530 =y +a~ .

Here M, is calculated with the aid of formula (7.1). If (u(x — cf), w(x — cf)) is a traveling-wave solution to (2.1) with wave
speed c, then (u(€), w(€)) solves (8.1), or equivalently, (u(£), u’ (£), w(£)) satisfies the traveling wave ODE
I/t§ =V,
ve=cv— f(u)+w, (8.2)
e
we = —(u —yw).
c
In Matlab, we solve (8.2) numerically for the parameter values (a, &,y) = (0.0997,0.0021, 3.5) where we obtain the mono-
tone pulse solution shown in Figure 6a with wave speed ¢ = 0.5480; we also solve the eigenvalue problem (2.3) and
obtain a solution with eigenvalue 1; = —0.0194; the corresponding eigenfunction of £, . is plotted along with the pulse in

Figure 6a. The spectrum associated with the pulse is plotted in Figure 6b. Note that the eigenvalue 1; = —0.0194 appears
indeed to the right of the essential spectrum.

8.2 Asymptoticsof 1, ase — 0

We now turn to the asymptotics of the eigenvalue 4, of £, as € — 0. To study this, we continue traveling-pulse solutions
to (2.1) numerically along different curves in the parameters c, a and ¢ in order to illustrate the behavior of the eigenvalue
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Figure 7

Ay in the hyperbolic and nonhyperbolic regimes treated in Theorem 2.4. In order to ensure that we obtain the correct value

for 1;, we use a small exponential weight 7 > 0 to shift the essential spectrum away from the imaginary axis, i.e. we

look for solutions to the eigenvalue problem (2.3) bounded in the weighted norm [|y|_;, = sup ||¢(§)e""’5||. This amounts to
£eR

replacing (2.3) with the shifted version

Ye = (Ao(E, D) —my. (8.3)

This procedure is justified and explained in detail in §6.2.2. In short, if [0, 1/2—«] is the allowed range for a in the existence
result Theorem 2.1, then for the choice = % V2«, 4y lies to the right of the shifted essential spectrum and is always an
eigenvalue of the shifted problem (8.3). In the following, we fix = 0.1. Thus, we restrict to a-values in [0, 0.3586].

8.2.1 Hyperbolic regime

We first consider the hyperbolic regime: according to Theorem 2.4 (i), for sufficiently small & > 0, the eigenvalue 4,
of (8.3) is approximated by

A = -Mie+0(lslogel), (8.4)

where M| > 0is given by (7.1). Using Matlab, we solve (8.2) numerically for the parameter values (a, &, y) = (0.1671,0.0021, 0.5)
where we obtain the monotone pulse solution shown in Figure 7a with wave speed ¢ = 0.4446. In addition, we solve the
eigenvalue problem (8.3) and obtain a solution with eigenvalue 1; = —0.0408; the corresponding weighted eigenfunction

of (8.3) is plotted along with the pulse in Figure 7a. To see whether (8.4) gives a good prediction for the location of the
eigenvalue A; in the hyperbolic regime, we fix the parameter a and using the continuation software package AUTO, we
append the weighted eigenvalue problem (8.3) to the existence problem (8.2) and continue in the parameters (c, €) letting

g — 0 to determine the asymptotics of the eigenvalue 1;. We regard c¢ here as a free parameter, because the value of

¢ = ¢(a, &) for which (2.1) admits a traveling-pulse solution depends on a and & by Theorem 2.1. Thus, instead of prescrib-

ing ¢ = ¢(a, €) we require AUTO to continue along a 1-dimensional curve in the (c, £)-plane of homoclinic solutions to 0

of (8.2).

The results of the continuation process are plotted in Figure 8. In Figure 8a, the continuation of the eigenvalue A; is plotted
against € along with the first order approximation 4; ~ —M e for the eigenvalue A; from Theorem 2.4 (i). There is good
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Figure 8

agreement as € — 0. In addition, in Figure 8b, a log-log plot of the difference of the two curves in Figure 8a is plotted
along with a straight line of slope 2. Asymptotically, there is good agreement between these two curves, which suggests
that the difference between the numerically computed values for A, and the approximation 4; ~ —M¢ is indeed higher

order.

8.2.2 Nonhyperbolic regime

We next consider the nonhyperbolic regime. Take K* > 1/4. By Theorem 2.1 and Remark 3.4, provided a,& > 0 are

sufficiently small with K*a*

< &, the tail of the pulse solution is oscillatory. Hence for sufficiently small € > 0, in
the region of oscillatory pulses, one expects by Theorem 2.4 (ii) that the eigenvalue 4; of (8.3) becomes asymptotically
(0] (82/ 3). Using Matlab, we solve (8.2) numerically for the parameter values (a, £,y) = (0.0059, 0.0021, 0.5) and obtain the
oscillatory pulse solution shown in Figure 7b with wave speed ¢ = 0.6864. We also solve the eigenvalue problem (8.3)
and obtain a solution with eigenvalue 1; = —0.0374 and corresponding weighted eigenfunction which is plotted along with
the pulse in Figure 7b. To determine the asymptotics of the eigenvalue A; in the oscillatory regime, we now continue this
solution letting £ — 0 along the curve £ = 61.90264” so that it holds & > K*a* along this curve. Note that we regard ¢

again as a free parameter for the same reasons as in §8.2.1.

We compare the results of the continuation process with the results of Theorem 2.4. Along the curve £ = 61.90264, for
sufficiently small a, € > 0, by Theorem 2.4 (ii) the eigenvalue is given by

A = -1 (18— 49)"3 (e + O () ~ —2.1561£7, (8.5)

where we used that {p ~ 1.0187.

The results of the continuation process are shown in Figure 9; in Figure 9a, the continuation of the eigenvalue A, is plotted
against € in blue along with the first order approximation (8.5) in red. In Figure 9b, a log-log plot of the difference of the
two curves in Figure 9 is plotted along with straight lines of slope 1 and 5/6. Asymptotically, the log of the difference
lies between these two lines, which suggests that the difference between the numerically computed values for A; and the

approximation is indeed higher order.
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Figure 9

9 Discussion and outlook

In this paper, we proved the spectral and nonlinear stability of fast pulses with oscillatory tails that exist in the FitzHugh-
Nagumo system

Uy = Uy + u( —a)(l —u) —w,

w = &(u —yw),

in the regime where 0 < a,& <« 1. We showed that the linearization of this PDE about a fast pulse has precisely two
eigenvalues near the origin when considered in an appropriate weighted function space. One of these eigenvalues Ay is
situated at the origin due to translational invariance, and we proved that the second nontrivial eigenvalue A, is real and
strictly negative, thus yielding stability. Our proof also recovers the known result that fast pulses with monotone tails,
which exist for fixed 0 < a < %, are stable. Comparing the case of monotone versus oscillatory tails, there are some
challenges present in the oscillatory case due to the nonhyperbolicity of the slow manifolds at the two fold points where
the Nagumo front and back jump off to the other branches of the slow manifold. Our results show that these challenges are
not just technical but rather result in qualitatively different behaviors. First, the fold at the equilibrium rest state facilitates
the onset of the oscillations in the tails of the pulses. Second, the symmetry present due to the cubic nonlinearity means
that the back has to jump off the other fold point. Due to the interaction of the back with this second fold point, the scaling
of the critical eigenvalue A, in the oscillatory case is given by £/, in contrast to the monotone case where it scales with &.

Moreover, the criterion that needs to be checked to ascertain the sign of A; is different in these two cases.

Our proof of spectral stability is based on Lyapunov-Schmidt reduction, and, more specifically, on the approach taken in
[16] to prove the stability of fast pulses with monotone tails for the discrete FitzHugh-Nagumo system. We begin with the
linearization of the FitzHugh-Nagumo equation about the fast pulse and write the associated eigenvalue problem as

e = AG, DY, 9.1)

where A(¢,1) — A(Q) as |¢] — co. The &-dependence in the matrix A(&, A) reflects the passage of the fast pulse along the
front, through the right branch of the slow manifold, the jump-off at the upper-right knee along the back, and down the left
branch of the slow manifold. Key to our approach is the fact that the spectrum of the matrix A(¢, 1) near the slow manifolds
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has a consistent splitting into one unstable and two center-stable eigenvalues, and that an exponential weight moves the
center eigenvalue into the left half-plane. Eigenfunctions therefore correspond to solutions that decay exponentially as
¢ — —oo, while they may grow algebraically or even with a small exponential rate (corresponding to the center-stable
matrix eigenvalues) as & — oo. The splitting along the slow manifolds guarantees the existence of exponential dichotomies
along the slow manifolds and shows that they cannot contribute point eigenvalues. The splitting allows us also to decide
whether the front and the back will contribute eigenvalues. For the FitzHugh-Nagumo system, both will contribute because
their derivatives decay exponentially as & — —oo so that they emerge along the unstable direction. In contrast, for the
cases studied in [1, 14], the back decays algebraically as ¢ — —oo and therefore emerges from the center-stable direction
instead of the unstable direction as required for eigenfunctions: hence, the back does not contribute an eigenvalue. Thus,
for FitzHugh-Nagumo, both front and back will contribute an eigenvalue, and our approach consists of constructing, for
each prospective eigenvalue A in the complex plane, a piecewise continuous eigenfunction of the linearization, that is a
piecewise continuous solution to (9.1), where we allow for precisely two jumps that occur in the middle of the front and the
back. Finding eigenvalues then reduces to identifying values of A for which these jumps vanish. Melnikov theory allows
us to find expressions for these jumps that can then be solved.

We emphasize that this approach applies to the more general situation of a pulse that is constructed by concatenating
several fronts and backs with parts of the slow manifolds: as long as there is a consistent splitting of eigenvalues, we
can decide which fronts and backs contribute an eigenvalue, and then construct prospective eigenfunctions with as many
jumps as expected eigenvalues, where the jumps occur near the fronts and backs that contribute. Equation (9.1) will have
exponential dichotomies along the slow manifolds and along the fronts and backs that do not contribute eigenvalues, which
allows for a reduction to a finite set of jumps with expansions that can be calculated using Melnikov theory.

Our method provides a piecewise continuous eigenfunction for any prospective eigenvalue A. Thus, by finding the eigen-
values A for which the finite set of jumps vanishes, we have therefore determined the corresponding eigenfunctions. In
our analysis, this amounts to the observation that eigenfunctions are found by piecing together multiples of the derivatives
of the Nagumo front SB¢¢; and back By¢;, where the ratio of the amplitudes (B¢, Bp) is determined by the corresponding
eigenvalue (see Remark 6.13). As expected, the eigenfunction corresponding to the translational eigenvalue Ay = 0O is rep-
resented by (B, Bp) = (1, 1). Moreover, assuming the second eigenvalue 4; < 0 lies to the right of the essential spectrum,
the corresponding eigenfunction is centered at the back as we have (B¢, 8y) = (0, 1). The implications for the dynamics
of the pulse profile under small perturbations are as follows. If a perturbation is localized near the back of the pulse, then
it excites only the eigenfunction corresponding to 4;, and the back will move with exponential rate back to its original
position relative to the front without interacting with the front. On the other hand, perturbations that affect also the front
will cause a shift of the full profile. These two mechanisms provide a detailed description of the way in which solutions
near the traveling pulse converge over time to an appropriate translate of the pulse.
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A Corner estimates

In this section we provide a proof of Theorem 4.5, based on a theorem in [6], regarding the nature of solutions upon entry

to a neighborhood of a slow manifold.

Proof of Theorem 4.5. This proof is based on an argument in [6]. In the box

UL ={(UV,W): UV e[-AALWEe[-A W +A]},
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for sufficiently small & > 0, there exist constants */* > 0 such that

0<al <AWUV,W;c,a,¢) < aj,
0<a” <I'(U,V,W;c,a,¢) < al,

We first consider the V-coordinate. For any & > &, we have
V) > [V(Ep)] e 740,
Since V(&) € N,, we also have
VED] < Aet 0,

We note that since the solution enters Uy via N; and reaches N, at &,(¢), using the equation for W in (3.9), we have that
& (&) satisfies & (e) > (C £)~!. Therefore, using the upper bound on I we have that

é: a a a 1
|V( )l < A67 B e G < Ce_a’
f rf [él»—‘H((‘:)],

The solution in the slow W-component may be written as

W) = W&, e) + f e(1+ HU(s),V(s),W(s),c,a,e)U(s)V(s))ds,
&

from which we infer that
[W(é) — W(£r,e)l < Ce(é - &) < CeE(e), for & € [¢1,E(e)],
and hence

W@ < CeE(e) + IW(&1,8)l,  for € € [§1,E(e)].

Finally we consider the U-component. We have that the difference (U(&) — Uy(¢)) satisfies

U -Uy=—-(AU,V,W,c,a,e)U — A(Uy,0,0,c,a,0)Up)
= -A(Uy,0,0,c,a,0) (U - Uy) + O(e +|U - Up| + |V| + |W]) U.

with U(&;) — Up(éy) = U, where |Ug| < A. By possibly taking A smaller if necessary and using the fact that the rate of
contraction in the U-component is stronger than @, we deduce that (U(£) — Uy(&)) satisfies a differential equation

X' =bhi@X + b6, X)) = o,
where b1 (&) < —a* /2 < 0 and
Ib2(6)] < C (5(e) + IW(&1, ) e,
for & € [£),E(¢)]. Hence, it holds
UE) - Ug(&)] < C(e5(e) + |Tol + W (&1, 8)]),

for & € [£1, E(g)], which completes the proof. m]
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B Exponential dichotomies and trichotomies

It is well-known that exponential separation is an important tool in studying spectral properties of traveling waves [31].
Below we provide the definitions of exponential dichotomies and trichotomies to familiarize the reader with our notation.

For an extensive introduction we refer to [5, 29].

Definition. Letn € Z.o, J C R an interval and A € C(J, Mat,,(C)). Denote by T'(x,y) the evolution operator of
0x = A0, (B.1)

Equation (B.1) has an exponential dichotomy on J with constants K, u > 0 and projections P*(x), P“(x): C* —» C",x € J if
for all x,y € J it holds

e Plx)+P(x)=1;
o PY(0T(x,y) = T(x, )P (y);

o ITC P WILIT G, )P Il < Ke ) for x > y.

Equation (B.1) has an exponential trichotomy on J with constants K, u, v > 0 and projections P“(x), P*(x), P°(x): C" —
C",x € J if for all x,y € J it holds

e P+ P (0)+P()=1

o PY(X0)T(x,y) = T(x,y)P“*(y);

o [T, )P WL IT (. )P0l < Ke ™™ for x > y;
o IT(x )P I < Ke™ L.

Often we use the abbreviations 7"*(x,y) = T(x,y)P"*(y) leaving the associated projections of the dichotomy or tri-

chotomy implicit.
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