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Abstract

The FitzHugh—Nagumo equations are known to admit fast traveling pulse solutions with monotone tails.
It is also known that this system admits traveling pulses with exponentially decaying oscillatory tails. Upon
numerical continuation in parameter space, it has been observed that the oscillations in the tails of the pulses
grow into a secondary excursion resembling a second copy of the primary pulse. In this paper, we outline in
detail the geometric mechanism responsible for this single-to-double-pulse transition, and we construct the

transition analytically using geometric singular perturbation theory and blow-up techniques.
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1 Introduction

The FitzHugh-Nagumo system is a singularly perturbed reaction-diffusion partial differential equation (PDE)
which arose as a simplification of the Hodgkin—Huxley model [17] for the propagation of nerve impulses in axons.
We consider this system in the form

Ut = Uy + fu) —w,

1.1
wy = 0(u — yw), (L)

for x € R, where f(u) =u(u—a)(1l —u), with0 < a < %, 0<d<1,and v > 0.

We are interested in solutions resembling nerve impulses. Such solutions, which we refer to as pulses, correspond
to traveling waves that propagate with constant speed and are localized, i.e. the profiles converge to zero as |z

goes to infinity.

To find traveling waves, we search for solutions of the form (u,w)(x,t) = (u,w)(x + ct) for wavespeeds ¢ > 0.

Finding traveling pulse solutions to (1.1) is equivalent to finding localized solutions of the traveling wave ODE

v=cv— f(u)+w (1.2)

wZE(U—’}/U}),

d
where we denote by " = Fr differentiation with respect to the traveling wave variable £ = = + ct, and where

0 < e=d/c< 1. In addition, we take v > 0 sufficiently small so that (u,v,w) = (0,0,0) is the only equilibrium
of the system (1.2). In all of our numerical computations, we fix v = 0.5.

It is well known that for each 0 < a < 1/2 and each sufficiently small ¢ > 0, (1.1) admits “slow” and “fast”
traveling pulse solutions. Equivalently, in (1.2) this corresponds to the existence of orbits homoclinic to the only
equilibrium (u,v,w) = (0,0,0) with constant wave speeds ¢: Slow pulses have wave speeds close to zero and
arise as regular perturbations from the limit ¢ — 0. Fast pulses have speeds that are bounded away from zero as
€ — 0 and cannot be constructed as regular perturbations from ¢ = 0 as in the case of slow pulses. The existence
result for fast pulses has been obtained using a number of different techniques: classical singular perturbation
theory [15], Conley index [3], and geometric singular perturbation theory [20]. This last viewpoint is the one we
shall adopt.

A schematic bifurcation diagram depicting the existence results for pulses is shown in Figure 1. The existence
region is composed of two branches: the upper branch represents the fast pulses, and the lower branch represents
the slow pulses. It has been shown in [21] that near the point (¢, a,€) = (0,1/2,0), these two branches coalesce

and form a surface as shown.

In general, both slow and fast pulses as described above have monotone tails as © — fo00. However, it was shown
in [5] that (1.1) also admits fast traveling pulses with small amplitude, exponentially decaying oscillatory tails
in the region near the point (c,a,¢e) = (1/ V2,0, 0), which corresponds to the upper left corner of the bifurcation
diagram in Figure 1. In the linearization of (1.2) about (u,v,w) = (0,0,0) this transition is characterized by
two real eigenvalues which collide and then split as a complex conjugate pair; when a homoclinic orbit is present
in this situation, it is referred to as a Belyakov transition [18, §5.1.4]. In [5], it was shown that for sufficiently

small a, e > 0 this transition occurs when

_ Ve
T4

€ +0 (a3) , (1.3)

and proving the existence of pulses with oscillatory tails amounted to showing that pulses exist on either side of

this transition (see Figure 1 — the red curve denotes the location of the Belyakov transition).
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Figure 1: Shown is the bifurcation diagram indicating the classical regions of existence for pulses in (1.2).
Pulses on the upper greem branch are referred to as “fast” pulses, while those along the lower green branch
are called “slow” pulses. It is known [21] that these two branches coalesce near the point (c,a,€) = (0,1/2,0)
and form the blue surface shown. It has been conjectured [29] that these two branches connect globally and
are in fact part of a larger surface (shown in light blue). The purple surface denotes the extension beyond the
Belyakov transition (shown in red) to the region of pulses with oscillatory tails. Also shown are profiles of a
fast pulse with monotone tail and fast pulse with oscillatory tail obtained numerically for the parameter values
(c,a,€e) = (0.593,0.069,0.0036) and (c,a,€) = (0.689,0.002,0.0036), respectively.

Figure 1 also shows profiles of a fast monotone and fast oscillatory pulse obtained numerically. Such pulse
solutions with oscillatory tails are interesting due to the possibility of constructing multi-pulses, which consist
of several well-separated copies of the original pulse [18, §5.1.2]. We also note that pulses with oscillatory tails

have been observed in FitzHugh-Nagumo-type systems with cross diffusion terms [30].

Combining these two different existence results for fast pulses, the well known classical existence result [20] in

the region where 0 < € € a < %, and the extension [5] to the regime 0 < a,e < 1, encompassing the onset of
oscillations in the tails of the pulses, we have the following theorem.

Theorem 1.1 ([5, 20]). There exists K* > 0 such that for each 0 < k < 1/2 and K > K* the following holds.
There exists e > 0 such that for each (a,e) € 0,3 — k] x (0,€0) satisfying e < Ka* system (1.2) admits a

traveling-pulse solution with wave speed ¢ = ¢(a, €) approzimated uniformly in a by
¢=v2(3—a)+0().
Furthermore, if we have in addition € > K*a?, then the tail of the pulse decays in an oscillatory fashion.

We remark that while the slow pulses are known to be unstable in the PDE (1.1), it was proved independently
by Jones [19] and Yanagida [29] that the fast pulses (with monotone tails) are stable for each fixed 0 < a < 3
provided € > 0 is sufficiently small. This stability result has also been recently extended in [4] to all pulses in
Theorem 1.1, including those with oscillatory tails.

This paper is concerned with understanding the following phenomenon associated with the above traveling pulses:
when continuing these pulses numerically in the parameters (c,a) for fixed €, the continuation traces out a C-
shaped (or rather, backwards C-shaped) curve; see Figure 2a. This is to be expected when considering an ¢ =
const slice of the bifurcation diagram in Figure 1. When approaching the upper left corner of this bifurcation
diagram, the pulses develop oscillations in the tails as described above, but the curve does not terminate; instead,
as shown in Figure 2, the curve turns back sharply, and the oscillations in the tails of the pulses grow into a

secondary pulse resembling the primary pulse via a mechanism resembling a canard explosion. The curve then
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(¢,a,¢) = (0.005,0.608,0.021). (0.001,0.612,0.021).

Figure 2: Plotted are the homoclinic C-curve (a) and banana (b) obtained by continuing the pulse solution in the
parameters (a,c) for e = 0.021. The red square and green circle refer to the locations of an example oscillatory

pulse (¢) and double pulse (d), respectively.

retraces itself, and the double pulse transitions back into a single pulse near the lower left corner of the bifurcation
diagram. Plotting the parameter a versus the L?-norm of the solution as in Figure 2b shows that this C-curve is
indeed composed of two curves forming a so-called homoclinic banana [6]. This homoclinic C-curve and banana

are shown in Figure 2, as well as a single and double pulse on either side of this sharp transition.

Numerical explorations of the FitzHugh—Nagumo system have resulted in possible explanations for the termi-
nation of the branch of pulses in the upper left corner of the C-curve and the structure of the homoclinic
banana [6, 12, 13]. There are several mechanisms at work, including a singular Hopf bifurcation occurring at the
equilibrium as well as the presence of canard orbits and maximal canards (tangency of attracting and repelling
slow manifolds). Figure 3 shows a schematic bifurcation diagram projected into (a, €)-space. Shown are curves
representing the location of a Hopf bifurcation (indicating exchange of stability of two complex conjugate eigen-
values) and the Belyakov transition occurring in the linearization of the vector field at the equilibrium, as well
as the location of a maximal canard denoting the tangency of a repelling slow manifold and an attracting slow

manifold near the equilibrium.

When continuing the classical branch of fast 1-pulses (green curve), the oscillations in the tails develop after
crossing the Belyakov transition due to the change in eigenvalue structure near the equilibrium. Continuing
further, it is clear that the branch cannot continue forever for decreasing a as it is blocked by the Hopf bifurcation.

In fact, as stated above, this branch instead undergoes a 1-to-2-pulse transition and turns back sharply before



reaching the Hopf bifurcation.

In [13], the authors identified the proximity of this sharp turn to the tangency of certain invariant manifolds,
namely the stable manifold of the equilibrium and the unstable manifold of a saddle slow manifold. However,
the exact nature of the sharp turn in the C-curve, and in particular the continuous transition between the single
and double pulse, is not fully understood; it is our aim in this work to fully unfold this transition — we will
also explain the tangency observed in [13] (see Remark 4.6). In [5], we proposed a geometric mechanism which
explains this transition, best visualized in the three-dimensional phase space: Figure 4 shows a zoom of the upper
left part of the banana for a lower value of € as well as six different pulses along the curve plotted together. See

the accompanying animation M108070-01.mp4 [local/web 5.49MB] for a visualization of the transition.

The goal of this paper is to construct this transition analytically using geometric singular perturbation theory
and blow up techniques as in the construction of the oscillatory pulses in [5, Theorem 1.1]. Specifically we aim
to extend the existence result Theorem 1.1 for fast pulses to include this transition by proving the following

theorem, which for now we state informally.

Theorem. For each sufficiently small € > 0, there exists a one-parameter family

s — (Cv a, F) (Sa \/E), ERS (07 Send)

of traveling pulse solutions T'(s,\/€) to (1.2), which is C* in (s,\/€). Furthermore, for s sufficiently small, the
solutions T'(s,/€) coincide with the single pulses with oscillatory tails from Theorem 1.1, while the solutions
['(s,v/€) are double pulses for s sufficiently close to Sepnd-

The construction is based on the slow-fast decomposition of the traveling wave ODE (1.2):

U=
v=cv— f(u)+w

W= 6(“ - ’)/’LU),

The singular € = 0 limit consists of slow flow on the critical manifold {(u,v,w) = (u,0, f(u))} and fast layer
dynamics restricted to planes w = const in which there exist front solutions connecting different branches of
the critical manifold. The transitional pulses are then obtained as perturbations from singular limit structures
obtained by concatenating fast jumps along front solutions in the layer dynamics and slow evolution along
portions of the critical manifold. The geometric setup can be seen in Figure 4 where the slow (resp. fast)
portions of the flow are labelled by single (resp. double) arrows. The corresponding singular limit structure is

also shown in Figure 8 below.

Obtaining the transitional pulse solutions as perturbations from the singular structure poses a number of chal-
lenges, and the techniques required to construct such solutions extend beyond standard methods of geometric
singular perturbation theory. A primary challenge arises from the fact that normal hyperbolicity is lost at two
fold points on the critical manifold, and as the pulses in question pass near these points, blow-up techniques are
needed to understand the flow in these regions. The resulting geometric matching procedure used to construct
the pulses, while tailored to this particular problem, is in fact quite general: The slow/fast pieces of the pulse
and passages through fold points are all matched together to construct the full solution, taking into account both

hyperbolic and nonhyperbolic aspects of the flow near the folds.

We now comment on a number of phenomena that are apparent in Figure 4:

e The first is the observation that much of the transition occurs along a nearly vertical path in parameter
space (see Figure 4a). We will show that this is due to the fact that the transition from a single to a double
pulse is organized by a canard mechanism similar to that which generates a canard explosion of periodic

orbits [23]. In particular, we show that for each fixed ¢, much of the transition occurs exponentially close
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Figure 3: Plotted is a schematic bifurcation diagram associated with the 1-to-2-pulse transition along the homo-
clinic banana projected into (a,€)-space. The location of the Hopf bifurcation (dashed black), mazimal canard
(solid black), and Belyakov transition (dashed red) are shown along with the eigenvalue structure of the equilib-
rium in the relevant regions. The green branch of solutions corresponds to the pulse solutions for a fized value of
€, and the arrows indicate the direction of continuation along the transition. Starting as a 1-pulse with mono-
tone tail, the branch continues beyond the Belyakov transition (red dashed curve) and the pulses develop small
oscillatory exponentially decaying tails before undergoing a sharp transition near the canard region and returning
as a 2-pulse with oscillatory tail. We conjecture that this branch of 2 pulses then terminates at the Belyakov
transition for sufficiently small € (see Remark 4.13). We note that there is dependence on the wavespeed ¢ along
the branch of pulses, and further that the locations of the Belyakov, canard, and Hopf regions also depend on
the value of c. Hence this picture is actually valid on some two-dimensional surface in (c,a,€)-space; for clarity
we have projected this onto the (a,€)-plane. Also indicated are small amplitude repelling periodic orbits which
bifurcate for each fized ¢ ~ 1/\/5 from the subcritical Hopf bifurcation. These periodic solutions undergo a canard

explosion and reemerge as large relaxation oscillations.
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(c) Siz pulses along the banana in the full uvw-space showing the transition from a single to a double pulse.

Figure 4: Transition from single to double pulse in the top left of the homoclinic banana for ¢ = 0.0036 (a
visualization of this transition is shown in the accompanying animation M108070_.01.mp4 [local/web 5.49MB]).
The solutions labelled 1,2 are left pulses, and those labelled 4,5,6 are Tight pulses. The solution labelled 3 lies in
the transition between left/right pulses. The siz pulses are representative of siz different pulse types which we will
construct in §4. Pulse 1 follows the sequence (a), (b), (¢), (d), followed by an oscillatory tail. Pulses 2,3,4,5,6
first follow the sequence (a), (b), (¢), (d), followed by a secondary pulse along the corresponding colored trajectory,
followed by an oscillatory tail. Note in the zoomed in portion of (c) that pulses labelled 2,3,4,5 appear to have
nearly identical/overlapping tail trajectories. We will show that this due to the presence of an “Airy point” along

the middle branch at which the dynamics transverse to the middle branch transitions from node to focus behavior.
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(in (a,¢) parameter space) to a maximal canard representing the tangency of repelling and attracting slow

manifolds. In this sense the transition can be viewed as a “canard explosion of homoclinic orbits.”

This raises several technical challenges in constructing and parameterizing the pulse solutions due to
dependence on exponentially small terms. Further, the proximity of the transition to the maximal canard
and the subcritical Hopf bifurcations complicates matters, in particular in identifying the stable manifold
of the equilibrium (a homoclinic solution must lie on this manifold). Bifurcating from the Hopf bifurcation
are small amplitude repelling periodic orbits (see Figure 3): hence near the Hopf bifurcation, the stable
manifold takes the form of a disc whose boundary is one such periodic orbit. Therefore any potential
pulse solution could never reach the equilibrium in this region. However, moving further from the Hopf
for increasing a, the periodic orbits grow in amplitude, undergo a canard transition near the maximal
canard, and return as large relaxation oscillations; once these periodic orbits are sufficiently large, they no
longer form the boundary of the stable manifold of the equilibrium as the full three-dimensional dynamics
take over. Hence the structure of the stable manifold of the equilibrium is very sensitive and difficult
to characterize in this region, and there is delicate interplay between the homoclinic pulse solutions and
canard periodic orbits near the equilibrium. In order to construct the pulse solutions, in §3 we will determine
geometric criteria which guarantee that certain solutions must lie on the stable manifold, and as a result

we show that the periodic orbits bifurcating from the Hopf cannot cause obstructions.

e The second observation is that the transitional pulses all have oscillatory tails. As in [5], we will show that
the oscillations in the tails are due to the presence of the Belyakov transition occurring at the equilibrium
at the origin. The presence of the oscillatory tails in the single-to-double-pulse transition indicates that this
transition occurs to the left of the Belyakov transition (see Figure 3). For e large enough, the entire banana
occurs on the left (complex side) of the Belyakov transition depicted in Figure 1 (hence all pulses have
oscillatory tails), though for sufficiently small €, we see numerically (Figure 5) that the banana splits, and
only single pulses exist to the right of the Belyakov transition. We will show that our construction indeed
breaks down near the Belyakov transition, and we conjecture that this is where the branch terminates for

sufficiently small € (see Remark 4.13).

e Finally, many of the pulses appear to have nearly identical/overlapping tails (see Figure 4c, in particular
the zoomed-in portion). More precisely, it seems that along the vertical portion of the transition (see
Figure 4a), after completing the secondary excursion, all of the transitional pulses jump off at nearly the
same w-value and follow almost identical tail trajectories. Understanding this phenomenon is essential
for the construction of the single-to-double-pulse transition. It turns out that the jump-off behavior is
determined by the structure of the middle branch of the critical manifold. While the entire branch is
completely unstable, we will see in §2.1 below that there is a point along the middle branch (in fact two
due to symmetry) at which the flow changes from node to focus behavior: it is near this transition point
that transitional pulses jump off to the left branch and thereby begin to form the tails. We refer to this
point as the Airy point (as solutions near this point are governed by the Airy equation) and will introduce

another blow up to examine the flow in this region (see §5).

The remainder of this paper is organized as follows. In §2, we outline the setup and give a precise statement of
the main result, Theorem 2.2. In §3, we study the relevant two-dimensional dynamics near the equilibrium in
order to characterize its stable manifold. The pulse solutions are then constructed in §4 save for the technical

results on the dynamics near the Airy point which are proved in §5.
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(red) obtained numerically, and the points where the transitional pulses as in Figure ja.

branch of double pulses terminates (black).

Figure 5: Termination of the homoclinic banana and C-curve near the Belyakov transition for e = 0.0036.

2 Setup and statement of the main result

In this section, we outline the setup and statement of the problem in the context of geometric singular pertur-
bation theory. In §2.1, we describe fronts and backs of the reduced layer problems, which provide the building
blocks of the transitional pulses. In §2.2, we state our main result: it is based on singular transitional pulses
that form the backbone of the single-to-double pulse transition and which are based on the singular solutions
constructed in §2.1. An outline of the proof is given in §2.3, and we collect several results in §2.4 that follow

from standard geometric singular perturbation theory and from our previous work [5] for future reference.

2.1 Singular building blocks of transitional pulses

We separately consider the traveling wave ODE
U=
v=cv— flu)+w (2.1)
W = e(u — yw),

which we call the fast system, and the system below obtained by rescaling 7 = €£, which we refer to as the slow

system:

eu' = v
ev' =cv— f(u)+w (2.2)

w = (U - wa)a
d
where " denotes —. The two systems (2.1) and (2.2) are equivalent for any € > 0. The idea of geometric singular

-
perturbation theory is to determine properties of the € > 0 system by piecing together information from the

simpler equations obtained by separately considering the fast and slow systems in the singular limit e = 0.

10



2.1.1 The critical manifold My(a)

We first set € = 0 in (2.2) and obtain the reduced system
0=wv
0=cv— flu)+w (2.3)
’LU/ = (u - ’YU)),
where the flow is now restricted to the set

Mo(a) = {(u,v,w) :v =0, w= f(u) =ulu—a)(l —u)}, (2.4)

called the critical manifold with flow determined by the equation for w. Since w = f(u) is cubic, there are two

extrema, or folds, at

uj[(a)zl(a—i—li\/cﬂ—a—i—l). (2.5)

3

Hence the manifold My(a) is S-shaped and consists of three branches

Mo(a) = M{(a) U Mg (a) U Mj(a), (2.6)
where
Mg(a) = {(u,v,w) v =0, w = f(u),u € (~o0,u’ (a))}
Mg (a) = {(v,v,w) : v =0, w= f(u),u€ [u(a),ul(a)]}
Mi(a) = {(u,v,w) :v =0, w= f(u),u € (ul(a),o0)}

We now set € = 0 in (2.1), and we obtain the layer problem

v=cv— flu)+w (2.7)
W =0,

so that w becomes a parameter for the flow and My(a) is the corresponding set of equilibria.

2.1.2 The fronts ¢y, ¢

Considering (2.7) system in the plane w = 0, we obtain the Nagumo system

U =0
(2.8)

0 =cv— f(u).
Fix ag sufficiently small. Tt can then be shown that for each —ag < a < 1/2, this system possesses a heteroclinic
connection ¢ (the Nagumo front) between the critical points (u,v) = (0,0) and (u,v) = (1,0) with wavespeed
c=c"(a) =V2(1/2 —a).
For a > 0, in (2.7), the Nagumo front manifests as a connection between normally hyperbolic segments of the
left and right branches, M} (a) and M§(a), of the critical manifold Mg (a), in the plane w = 0. By symmetry,
there exists wp(a) such that there is a connection ¢ (the Nagumo back) in the plane w = wy(a) between the
right and left branches of Mg(a) traveling with the same speed ¢ = ¢*(a) (see Figure 6). In the case a = 1/2,

¢¢ and ¢y form a heteroclinic loop, though we do not consider this case here; see [21].

For —ag < a < 0, this system possesses front type solutions for any ¢ > 1/\/5(1 + a) connecting u = 0 to u = 1.
For the critical value ¢ = ¢*(a) = v2(1/2 — a) the front leaves the origin along the strong unstable manifold of

11
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Figure 6: Shown are the singular fronts ¢y and ¢p for the layer problem (2.7) fore =0 and 0 < a < 1/2.

the origin, and for all other values of ¢, the front leaves the origin along a weak unstable direction. In the case
of a =0, (2.8) reduces to a Fisher-KPP type equation
U =10

O =cv—u*(l —u) (29)

and the front/back solutions ¢, ¢y, leave M§(a) and Mj(a) from the nonhyperbolic fold points (see Figure 6).
For the critical value ¢ = 1/ V2 the front ¢y leaves the origin along the strong unstable manifold of the origin,
and for ¢ > 1/ V2, the front leaves the origin along a center manifold. We are concerned with the case of
(c,a) = (1/V/2,0) (see Figure 6, left inset) in which the singular fast front solution ¢ leaves the origin along the
strong unstable manifold. Note that by symmetry, for (¢,a) = (1/ V2, 0), the fast singular back solution ¢, also

leaves the upper right fold point along the strong unstable direction.

Remark 2.1. For each 0 < a < 1/2, there exists a singular pulse solution obtained by following the sequence ¢y,
Mp(a), ¢y, Mb(a) (see Figure 6). The existence Theorem 1.1 is obtained by searching for perturbations from
these singular pulses for sufficiently small € > 0. The classical monotone pulses are obtained as perturbations

from the case of 0 < a < 1/2, whereas the onset of oscillations in the tails is found by perturbing from e = a = 0.

2.1.3 The fronts ¢y(w), ¢, (w)

To understand the single to double pulse transition, we need more information from the layer problem (2.7),
specifically regarding properties of the middle branch M{*(a) of the critical manifold Mg(a). For a = 0 there are
also fronts connecting M5 (a) to M§(a) and Mj(a) for values of w € [0,w'], where (uf,0,w") = (2/3,0,8/27)
denotes the location of the upper right fold point for (¢, a) = (1/v/2,0) (see Figure 7). To see this, we study the
two-dimensional system

U=

. ) (2.10)

v=cv—u‘(l—u)+w,
From §2.1.2 above, when w = 0, (2.10) has two equilibria at (u,v) = (1,0) and (u,v) = (0,0), which corresponds
to the lower fold point in the left inset of Figure 6; when ¢ = 1/ V2, there is a front ¢ connecting these
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Uy qbg U2 Uz

Uy U us U

oy

w € (wh —wa,w’)

Figure 7: Shown is the structure of the fronts ¢¢, dr, ds, dp for values of w € [0, wT] (see Proposition A.1).

two equilibria. When w = w' there are two equilibria at (u,v) = (—1/3,0) and (u,v) = (2/3,0), the latter
corresponding to the upper fold point in the left inset of Figure 6; as discussed in §2.1.2 there is a ‘back’ ¢y
which connects these two equilibria.

For values of w € (0,w'), (2.10) has three equilibria p; = (u;(w),0), where u;(w),i = 1,2, 3 are the three solutions
of f(u) = w in increasing order. The outer equilibria are saddles, while the middle equilibrium p, is completely

unstable. To compute the type, we note that the eigenvalues at ps are given by

¢+ /E— A m(w)

5 (2.11)

Ax(p2) =

We define w4 to be the lesser of the two solutions of ¢* = 4f’(ug(w)), and we refer to the point (uz(wa),0,wa) as
the Airy point (by symmetry there is a second Airy point higher on M{(a) corresponding to the larger solution,
but for the forthcoming analysis, we will see that the lower Airy point is the only important one). Hence for
(¢,a) = (1/v/2,0), the equilibrium ps is an unstable node for w € (0,w4) U (w' — wa, w'), a degenerate node at
w = wa,w’ —wa, and an unstable spiral for w € (w4, w’ —w,). For each w € (0,w"), there exists a front ¢, (w)
connecting the equilibria ps and p1, and a front ¢, (w), connecting the equilibria ps and p3 (see Figure 7). The
existence of these fronts as well as their properties are outlined in Proposition A.1 in Appendix A.

2.2 Statement of the main result

The goal of this section is to state our main result that encompasses the transition from the single pulses with
oscillatory tails from Theorem 1.1 to double pulse solutions comprised of a single pulse followed by a secondary

excursion that is close to the original pulse.

These solutions will be close to singular transitional pulses, and we begin by constructing these singular tran-
sitional pulses for (c,a,€) = (1/v/2,0,0) using the layer analysis above: we refer to Figure 8 for the underlying
geometry. We define

M(uy,uz) :={(u,0, f(u)) : u € [ur,us]} (2.12)
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(a) Singular left double pulse follows the sequence: ¢y, (b) Singular right double pulse follows the sequence: ¢y,
MG, dy, Mo, MG e, M. MG, du, Mo, MG ey Mg, o, M.

Figure 8: Singular ¢ = 0 double pulses for (c,a) = (1/v/2,0).

All singular pulses will consist of a primary pulse

T4 = ¢ UM(u',1)Ugp UM(u' —1,0), (2.13)

followed by a secondary pulse. The secondary pulse follows a canard-like explosion which we parametrize by
s € (0,2w'). We define the singular secondary pulses

M(0,u3(s)) U ¢e(s) U M(ui(s),0), s € (0,w)
To(s) = M(0,u") U ¢y UM(ul —1,0), s =w'
M(0,up (2w’ — 8)) U ¢, (2w — 5) U M(ul, uz(2w — 5)) U ¢ U M(u' — 1,0), s € (w',2w').
(2.14)

We refer to singular transitional pulses I'g(s) = T§UT2(s) as “left” transitional pulses for s € (0,w') and “right”
transitional pulses for s € (w', 2w’). The left /right descriptor refers to whether the double pulse involves a jump
from M{" to the left branch Mé or a jump to the right branch M. These two types of singular pulses are

shown in Figure 8.

We can now state the following existence theorem for a one-parameter family of homoclinic solutions to (1.2)
that connects the single pulses with oscillatory tails with double pulses that resemble two copies of the original

pulse.

Theorem 2.2. Fiz a small neighborhood V of the origin. For each sufficiently small A, > 0, there exists
€0,q,C > 0 such that the following holds. For each 0 < € < €, there exists Sena(vVe) = 2wl + O(e) and a

one-parameter family of traveling pulse solutions to (1.2)

s = (c(s,ve),al(s,ve),I(s,ve€)), s (0,Sena(Ve)] (2.15)

which is C* in (s,\/€). Purthermore:

(i) (Approximation by singular transitional pulses) The family T'(s, /€) is approzimated by the singular tran-

sitional pulses To(s) = T UT2(s) in the following sense:

e Fors € (0,A,), the solution T'(s,+/€) consists of a primary excursion which lies within O(\/€) of T'g,

followed by an oscillatory tail.

14



o Fors € (A, Sena(Ve)), the solution T'(s,\/€) consists of a primary excursion which lies within O(v/e)
of T, followed by a secondary excursion which lies within O(y/€) of T3(s), followed by an oscillatory
tail.

e For s = suna(vVe) the solution T'(s,v/€) consists of a primary excursion which lies within O(v/€) of T'g,
followed by a secondary excursion which again lies within O(v/€) of 'y, followed by an oscillatory tail

which remains in V.

(ii) (Behavior of tail trajectories) For s € (0,A,) U (2w’ — A, Send(VE)], the oscillatory tail of T'(s,\/€) is
confined to V. For s € (Ay,2w! — Ay), there exists N(s) € N such that the oscillatory tail of T'(s,/€)

completes a sequence of excursions which reach the set {u = 0} at heights w = w;(s, €), where
wi(s,€) > wa(s,€) > ... > wn(s)—2(5,€) > wWn(s)=1(5,€) = Ay > wi(s) (8, €) >0, (2.16)

after which the tail is confined to V. We have that w;(s,€) — w;(s,0) as € — 0 where w;(s,0) are successive

zeros of a way-in-way-out function, that is,
R(w(s,0),w2(s,0)) = R(wa(s,0),ws(s,0)) = ... = R(wy(s)-1(5,0), wn (s (s,0)) =0, (2.17)

where the function R is defined by

Lo J'(w)
Rw™,wt) = 7/ (c — /2= 4f’(u)) ————du, (2.18)
2 Jur(w) u—yf(u)
where ui(w), us(w) denote the smallest two solutions of f(u) = w in increasing order. Furthermore, the
functions w;(s,0),i = 1,...,N(s) are constant for s € [w%, 2w’ — wa], where w% > w4 is defined by

R(w%, wa) = 0.

(1ii) (Continuation of classical branch of 1-pulses) For all sufficiently small s > 0, a(s,v/€) is monotone decreas-

ing in s and the pulses T'(s,\/€) correspond to the classical 1-pulses from Theorem 1.1 with
(s, V&) = a(s, V), o). (2.19)

(iv) (Exponential closeness of parameters) There ezists (cp,ag) = (cg, ap)(Ve) such that for all s € (A, 2w’ —
Ay), we have that

|(c;a)(s,Ve) — (cp,ap)(Ve)| < Ce /<, (2.20)

Remark 2.3. We note the appearance of the way-in-way-out type function R which determines the behavior
of the tail trajectories of the pulses. In §3, we will show that solutions on the stable manifold W?(0;¢,a) of
the equilibrium complete a series of excursions within a certain two-dimensional invariant manifold. These
excursions are determined by a balance of exponential contraction/expansion along canard trajectories near the

critical manifold My, and we we will show that this balance is captured by the function R.

Remark 2.4. The exponential closeness of the parameter values (c,a) along the transition in Theorem 2.2(iv)
is related to the existence of maximal canards in a center manifold of the equilibrium, similarly to the case of the

classical canard explosion [23].

Remark 2.5. The termination of the branch of transitional pulses in Theorem 2.2 at s = scnq(Ve) is related to
the presence of the Belyakov transition (1.3) discussed in the introduction and the split banana appearing in the
numerical continuation for sufficiently small € (see Figure 5). As a perturbation from the e = 0 limit, we are able
to construct pulses encompassing the transition from the single pulse to the double pulse up to a neighborhood of
the Belyakov transition, but not the entire banana. We will see that our construction indeed breaks down in this
region (see Remark /.13 for further details).

15



Figure 9: Illustrated is the construction of transition pulses consisting of the primary pulse (denoted by W*(0)),
which is matched in the transverse section ¥ near the origin with a secondary excursion v*¢(£) that crosses at a
given jump height. Also shown are the two-dimensional manifold Z (in purple) that contains the tail trajectory
¥*°(€), and the Airy point at which the dynamics transverse to the slow manifold changes from node to spiral.
Note that the lower Airy point is drawn much higher along the middle branch than it actually occurs; this is to

leave room for the complex dynamics happening below the Airy point, which are relevant to the current discussion.

2.3 Overview of the proof of Theorem 2.2

The remainder of this paper is devoted to the proof of Theorem 2.2. In this section, we provide a brief nontechnical
outline of this proof. Our strategy is illustrated in Figure 9, and we refer readers to this illustration for the
following description of the proof.

First, we follow the construction in [5] to track the unstable manifold WW*(0) of the equilibrium at the origin for
each (c,a,€) near (1/\/5, 0,0) as it jumps to the right slow manifold M", proceeds upwards along M", jumps
at the upper right fold back to M*, and then proceeds downwards along M’ until it reaches the boundary of
a small neighborhood of the origin. We will then use geometric blow-up techniques to prove that the unstable
manifold W*(0) can be tracked into this neighborhood until it hits the section ¥ shown in Figure 9. The end
point of the unstable manifold in the section ¥ will be O(e~%€) close to the point at which the left branch M®
intersects . This will complete the construction of the primary excursion of the homoclinic orbit, which, as

mentioned above, can be carried out for each (c, a, €) near (1/\/5, 0,0).

Next, we consider the secondary excursion of the homoclinic orbit. We will first consider secondary canard-like
solutions that will follow the middle branch M™ for some time before jumping at a specified height back to the
left branch M* and then spiral into the equilibrium at the origin as & — co. There are three tasks that we need
to carry out to complete this construction:

(i) show that canard-like solutions that jump off at a specified height exist;
(ii) match their start point in the section ¥ with the end point of the unstable manifold W*(0);

(iii) show that the canard-like solutions converge to the origin as & — co.

The technical tool that we shall employ to complete these tasks is the two-dimensional locally invariant manifold
Z shown in Figure 9, which can be thought of as an extension of the local center manifold of the origin. It
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extends up to the height of the Airy point on the middle branch M™ at which the dynamics transverse to the
middle branch changes from unstable node to unstable spiral: normal hyperbolicity is lost at the Airy point as
we can no longer distinguish the weak from the strong unstable direction transverse to the middle branch, and
we can therefore not continue this manifold beyond the Airy point. The manifold Z will be constructed using

the graph transform and will be of class C*.

We can use this manifold as follows to establish the existence of solutions that satisfy (i)-(iii) above for jump
heights that are lower than the Airy point; we refer to these solutions as type 1 pulses. First, pick the initial
condition v*°(0) € Z that has the specified jump height below the Airy point. We can trace the resulting solution
backwards in time until it hits the section ¥ at a point 7S¢, , that is O(e~9/€) close to the point at which the
middle branch M™ intersects this section: this will be shown using again the geometric blow-up mentioned
above (and, in fact, the entire analysis near the origin will be done in appropriate blow-up coordinates). For
each fixed € > 0, we can now vary (c,a) to match the end point of the unstable manifold W*(0) with the point
Vorart: these parameters will be exponentially close in € to parameter values (cg,ag) at which the system has a
maximal canard, that is, where the left and middle branches match, coinciding with an intersection of W*(0)
and stable manifold of M*. Thus, matching the first and secondary excursions will uniquely determine (c,a) for
each fixed 0 < € <« 1. This establishes (i) and (ii), and it remains to show that the solution v*°(£) converges
to the origin as & — oco. The key is now that this solution stays in Z as this manifold is locally invariant, and
the geometry requires that v°°(£) continues to spiral inwards around the origin as £ increases. The Poincaré-
Bendixson theorem applied inside Z then shows that v*°(£) converges either to the origin or else to a periodic
orbit that surrounds the origin. However, it was shown in [23] that any periodic orbit that lies in Z must be
repelling, and we can therefore exclude the second alternative. We will show in §3.2 that it is the existence of
the canard-like excursion that jumps off at positive height that precludes the simultaneous existence of periodic

canard orbits that could block solutions from reaching the origin.

The final step is to construct homoclinic orbits with secondary excursions that jump above the Airy point and
that may also contain intermediate jumps to the left and right branches as shown in Figures 4 and 8: we again
need to go through the three steps (i)-(iii) listed above as for type 1 pulses. The construction is illustrated in
Figure 10. Due to various interactions with the nonhyperbolic fold points and the Airy point, the remaining

solutions break down into 5 further types (types 2-6), which we describe in more detail in §4.

To address (i), we construct a secondary excursion v*° which begins in 3, and we track forward in time until it
intersects X again; the construction uses standard geometric perturbation theory combined with blow-up analyses
near the Airy point and the upper right fold for those excursions that pass through these points. Once such a
solution is constructed, we denote by Benq the unstable fiber of its end point in the section 3. We can now follow
the entire fiber backwards in time: this will result in a family of secondary excursions, which will intersect 3 in
an exponentially small curve Bgiari; see Figure 10. Similarly, we can take an entire vertical segment Venq of tail

solutions in the manifold Z and follow it backwards in time to get an exponentially small curve Vst in 2.

Step (ii) involves matching W"(0) with Bstart, and Benq with Vstars. The idea is to prove that the two curves
Benda with Vstart intersect transversely (and can therefore be matched) and that W*(0) can be matched with each
solution in Byt upon adjusting the parameters (c,a) appropriately. Implementing this idea is quite intricate
though as we need to make sure that the two intersection points lie on the same trajectory, and we therefore
provide more details of the actual matching process and refer again to Figure 10 for an illustration. First, we
parametrize Benq as bend(c,a, z) using the unstable-fiber direction z shown in Figure 10. The corresponding
points in Bgiart are denoted by bsart (¢, a, 2), and we will show that the latter points lie in a ball of size O(e*q/e)
uniformly in (¢, a, z). Similarly, following Yena backwards in time results in a curve Yiar(c,a,y) in ¥ that is
parametrized by y and also lies in a ball of size (’)(e_‘Z/E) uniformly in (¢,a,y). For each fixed z, we can then
proceed as before and match W*(0) with bgsgart(c, a, 2) by choosing (¢,a) = (¢,a)(z) appropriately: since Bgtart
lies in a ball of size O(e~7/¢), we will show that (¢,a)(z) will also lie in a ball of size O(e~%/€). It then remains
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Figure 10: Shown is a transitional pulse that consists of the primary pulse W*(0), a large secondary excursion
(&), and a tail solution "™ (€) that will converge to the origin as ¢ — co. To show the existence of these
solutions, we construct an entire one-parameter family of secondary excursions that end in the unstable fiber
Bena in the section X: following this line segment backwards in time yields the curve Bsiart tn X, which will form
an exponentially thin spiral due to the passage near the Airy point. Similarly, we construct a one-parameter
family of tail solutions that end in the vertical segment Vend, which, when continued backwards in time, yields an
exponentially small line segment Vstart n 3. We then match Wu(O) with Bstart, and Bena With Ystart, using the

parameters (c,a) and transversality of the intersection of Bena and Ystart-
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to find y and z so that
bena (¢, a)(2), 2) = Ystart (¢, @)(2), y),

which is the matching condition for Bengq and Ysgars. It turns out that we can always match the vertical direction
in the section ¥ by choosing y appropriately due to the transversality of these curves, and it remains to match
their z-components. Using the exponential closeness of (¢, a)(z), the resulting condition is of the form

z 4+ (9(6_’1/6) = (’)(e_q/e)

uniformly in z, and the implicit function theorem provides a unique solution z as desired. The proof that the

tail solutions converge to the origin follows as before, thus completing step (iii).

There are several technical challenges in this construction. First, the transitional pulses pass near the two fold
points where the exchange lemma fails: as in the proof of [5, Theorem 1.1], we will use blow-up techniques to
analyze the flow near these fold points. Secondly, many of the transitional pulses jump off near the Airy point
after their second excursion: understanding this phenomenon is crucial to the analysis, and we will use blow-up
techniques to analyze the passage near the Airy point. Thirdly, the transition from single to double pulses arises
in an exponentially small parameter region, and it is therefore essential that we identify the right variables to
parametrize the branch of pulses as we cannot use the (¢, a) variables: it turns out that the jump-off heights
provide a parametrization that allows us to use (¢, a) as unfolding parameters in implicit function theorems. We
remark that the first challenge mentioned above arose already in [5]; however, the remaining two challenges are
unique to the construction of transitional pulses and indeed constitute the main technical innovation compared

to the proofs in [5].

2.4 Results from standard geometric singular perturbation theory

We now fix some notation and collect a few results which follow from standard geometric singular perturbation
theory and the analysis in [5]. Define the closed intervals I, = [—ag,ag] for sufficiently small ag > 0 and
I. = {c¢*(a) : a € I,}; here ¢*(a) = 1/v2(1 — 2a) is the wavespeed for which the Nagumo front exists for this

choice of a. Then for sufficiently small €y, ag, we have the following:

1. The origin has a one-dimensional strong unstable manifold Wy (0; ¢, a) for ¢ € I., a € I,, and € = 0 which

persists for a, ¢ in the same range and € € [0, ).

2. Near the origin there is a local two-dimensional center manifold W{(0;¢) for ¢ € I.., and a = € = 0. This
manifold persists as a local invariant manifold WZ(0; ¢, a) for (c,a,€) € I. x I, x (0,€). The manifold
WE(0; ¢, a) can be taken to be C* for any k > 0.

3. We consider the critical manifold My(a) = {(u,v,w) : v = 0,w = f(u)}. For each a € I,, we consider
the right branch M{(a) of the critical manifold up to a neighborhood of the upper right fold point for
e = 0. This manifold persists as a one-dimensional slow manifold MZ(c,a) for € € [0,€p]. In addition,
M (a) possesses two-dimensional stable and unstable manifolds W?* (Mg, ¢,a) and W* (M, ¢, a) which

also persist for € € [0, 9] as invariant manifolds which we denote by W?" (¢, a) and W2 (¢, a).

4. In addition, we consider the left branch of the critical manifold M$(a) up to a neighborhood of the
origin for ¢ = 0. This manifold persists as a one-dimensional slow manifold M*(c,a) for € € [0,¢]. In
addition, M (a) possesses a two-dimensional stable manifold V\/S(/\/lé7 ¢, a) which also persists for € € [0, €]
as an invariant manifold which we denote by W*(c,a). By evolving trajectories on the local center
manifold W¢(0; ¢, a) backwards in time, it was shown in [5, §6] that the manifolds W¢(0; ¢, a) and W**(c, a)
can be chosen to overlap to form a larger center-like manifold which we call W¢(¢c,a). The manifold
W (e, a) = WE(0; ¢, a) UW?(c,a) can be thought of as an extension of the stable manifold W**(c, a) of
M¥(¢,a) into a neighborhood of the equilibrium.
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5. Finally, we consider the middle branch of the critical manifold M{*(a) away from neighborhoods of the
origin and the upper right fold point for e = 0. This manifold persists as a one-dimensional slow manifold
M7 (a) for € € [0, ¢0]. In addition, M{*(c, a) possesses a three-dimensional unstable manifold W* (Mg, ¢, a)
which also persists for € € [0, 9] as an invariant manifold which we denote by W™ (¢, a). Away from the
folds, the stable manifolds W* (M3, ¢, a) and W*(M§, ¢, a) form part of W* (M, ¢, a) for € = 0 and hence
for sufficiently small € > 0, we have that the foliations W*" (¢, a) and W**(c,a) along the slow manifolds
M (c,a), M¥(c,a) are contained in W™ (¢, a).

Within the two-dimensional manifold Wf’e(c, a), there exist canard trajectories near the attracting slow manifold
M¥(¢, a) which pass near the origin and then follow the repelling slow manifold M™ (¢, a) for some time. While
in general the repelling slow manifold M™ (¢, a) can not be chosen to lie inside the invariant manifold W(c, a),
in the region where W%*(c, a) is defined, M™(c, a) shadows a nearby orbit M™¢(¢, a) which does in fact lie on
WE*(c,a) and which is exponentially close to M™(c, a).

The results in [22] imply that there is a maximal canard solution which, by definition, occurs when M¥(¢, a) and
M™<(¢, a) coincide within W¥(c, a). We have the following theorem, which will be proved in §4.1.

Theorem 2.6. There exists ¢g > 0 and a smooth function a®(\/€,c) : (0,&) x I. — I, such that there is a

mazimal canard solution connecting the manifolds M’(c,a) and M™(c,a) when a = a®(V/e,c). We have that
aC (Ve ¢) = —m(c)e + O (63/2) (2.21)
where m(c) is positively bounded away from zero uniformly in ¢ € I..

We also have the following proposition, which follows from the analysis in [5, §5]. The result is also illustrated

in Figure 11.

Proposition 2.7. There exists ¢ > 0 and p > 0 such that for each a € I, and € € (0,¢p), the manifold
U WH(0; ¢, a) intersects U W2*(c,a) near the upper right fold point transversely in (u, v, w, c)-space with the
cel, cel.

intersection occurring at ¢ = ¢(a,€) for a smooth function ¢ : I, x (0,e9) — I. where é(a,e) = c*(a) — pe +

O(e(lal + €)).-

Note that the intersection of U WH(0;¢,a) and U W%(c,a) is at least one-dimensional as it consists of
cel, cel,
solutions, and transversality is equivalent to showing that this intersection is one-dimensional (and not higher-

dimensional). The assertions of Proposition 2.7 were shown in [5] by tracking W (0; ¢, a) along ¢y, then along
MZ(c,a) into a neighborhood of the upper right fold point using the exchange lemma. Since W (0; ¢, a) trans-
versely intersects W5¢(c,a) (and hence W¥(c,a)) at ¢ = &(a, €), we can then track W*(0; ¢, a) along ¢, whence
it is exponentially attracted towards M’(c,a) into a neighborhood of the equilibrium. Therefore, we deduce
that for a € I, and € € (0,¢y) and ¢ = &(a, €), W*(0; ¢, a) follows a primary excursion which is close to T'y; see
Figure 11.

3 The invariant manifold Z, and its dynamics

The goal of this section is to construct a large two-dimensional normally hyperbolic invariant manifold Z.(c, a)
which contains the equilibrium. The main result of this section, Proposition 3.10, provides conditions under
which solutions on this manifold also lie on the stable manifold W?(0;¢,a) of the equilibrium. Hence when
constructing pulse solutions in §4, the goal is to ensure that they eventually become trapped on Z.(c¢,a) in

forward time.
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Figure 11: Shown is the manifold Z¢(c,a) as well as the geometry of the primary pulse given by Proposition 2.7.
The splitting of the (nonunique) slow manifolds M:(c,a) and M (c,a) near the origin is due to the loss of

normal hyperoblicity at the fold in the critical manifold, which produces a canard point. Canard trajectories are

found by closing this splitting distance upon varying the parameter a; see Theorem 2.6. Note that Z.(c,a) cannot
be extended beyond the height of the Airy point along the middle branch due to loss of normal hyperbolicity: the

weak/strong expansion rates cannot be separated beyond this point.

3.1 Constructing the manifold Z.(c,a)

The idea behind the construction is to note that for any A,, > 0, the fronts ¢, for w € (0, ws —A,] fore =a=0
taken together form a two-dimensional invariant manifold which is normally hyperbolic in the sense that the rate
of expansion in the normal direction is greater than the rate of expansion on the manifold itself. This is due to
the separation of rates in the linearization of (1.2) for u < ua; see below. We aim to understand in what sense

this manifold perturbs when 0 < € < 1. See Figure 11 as a guide for the geometry of the construction.

For ¢ = 0, we define a singular invariant manifold as follows. For each A, > 0, suitable small intervals I, I,
can be chosen such that the following holds. The fronts ¢¢(w) for w € [A,,wa — Ay, persist for (¢,a) € I. X I,.
From Appendix A, these fronts connect the unstable middle equilibrium ps(w) to the saddle equilibrium p; (w),
leaving po(w) along a weak unstable direction, and they depend smoothly on w. This means that each ¢y(w)
lies on the stable manifold W?*(p;(w)) of p1(w) and a weak unstable manifold W**(p2(w)) of pa(w).

To determine expansion/contraction rates, we look at the linearization of (1.2) at (c,a,€) = (1/v/2,0,0) given
by

0 1 0
A= —f'(u) ¢ 1 |. (3.1)
0 0 0

There are three eigenvalues

M= 0, Ay = Ay (n) = SEVE A4S (3.2)

5 .

A quick computation shows that R(\y) > R(A_) provided ¢? > 4f'(u). In particular for (c,a) = (1/v/2,0), this
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1
holds for any u < uy = 3 (1 - g)

Since the eigenvalues A1 are consistently separated in this region (at least if sufficiently close to ps(w)), the weak
unstable manifold W*"(pa(w)) is at least C'' smooth and can be taken to depend smoothly on w. Hence in each
plane of fixed w € [A,, wa — A,] there exists a one-dimensional C* manifold Zy(c, a;w) which contains the
intersection of W?*(py(w)) and W**(p2(w)) with small neighborhoods of p;(w) and pa(w), respectively, as well
as the entirely of ¢ (w). We define Zy(c,a) to be the union of the manifolds Zy(c, a; w) for w € [Ay,wa — Ay

Further, for each (¢,a) € I. x I,, there is a local center manifold W (0; ¢, a) near the equilibrium [5, §6]. By
taking A, sufficiently small, it is clear that this manifold can be taken to overlap with 20(67 a) as defined above as
WE(0; ¢, a) contains the fronts ¢y (w) for small w. Hence we define Z(c,a) to be the union Zg(c, a) UWS(0; ¢, a).
With this definition, Zy(c, a) is a locally invariant, normally hyperbolic two-dimensional manifold which is at
least C'' smooth.

Hence for sufficiently small € > 0, Zy(c,a) perturbs to a C' normally hyperbolic invariant manifold Z(c, a)
with a C' unstable manifold W*(Z.(c,a)) formed by a C* invariant foliation W*“*(Z.(c,a)) of strong unstable
fibers [16, 9]. The perturbed manifold Z.(c,a) — Zo(c,a) in the C' sense as € — 0.

3.1.1 Extending the manifold Z.(c,a)

Note that in their common region of definition, in particular for w < wa — A,,, the two normally repelling
invariant manifolds Z(c,a) and W%¢(c, a) are the same up to exponentially small errors.

We now work to partially extend Z.(c,a) into the region w > w4 — A,, using the (backwards) flow of (1.2). We
define the section

yht =ty =0,A, <w <w' 4+ A,}. (3.3)

In the half space u < 0 (i.e. to the left of ), the manifold Z.(c,a) intersects the plane w = wy — A, in a
one-dimensional curve which is aligned exponentially close to the stable foliation W? * along Mf(c, a). We take
this curve and evolve backwards in time until solutions intersect the section "¢, In doing this, Z(c,a) can be
extended as a manifold which is also exponentially close to the stable foliation W#*(c, a) along M’(c,a) in the
region wa — Ay, < w < w' + A, and v < 0. We now fix this extended invariant manifold Z, (c,a) once and for

all; it is shown in Figure 11.
We sum up the results of this section in the following.

Proposition 3.1. Fiz A, > 0. For each (c,a) € I. x I, and each sufficiently small ¢ > 0, there exists a C"
normally repelling invariant manifold Z(c,a) with a C* unstable manifold W*(2.(c, a)) formed by an invariant
foliation of strong unstable fibers. In the region {w < wa — Ay}, Zc(c,a) is a C* perturbation of the manifold
Zo(c,a), while in the region {u < 0,wa — Ay < w < wh + Ay}, Ze(c,a) is C — O(e™V€) close to the stable
foliation W2*(c, a).

Remark 3.2. By construction the two normally repelling invariant manifolds Z.(c,a) and W*(c,a) have a
substantial overlapping region of definition; this region includes a neighborhood of the equilibrium and a neigh-
borhood of the slow manifold .Mf(c, a). Within this region, these two normally repelling manifolds coincide up to
exponentially small errors in the C' sense, but in general are not the same. This may appear redundant, but in

fact it is necessary to construct these two manifolds separately, as they serve different purposes.

The primary purpose of constructing the large normally repelling manifold Z.(c,a) is to be able to identify
solutions far from the equilibrium which lie on the stable manifold W?(0;¢,a). The problem is that a priori
the manifold Z.(c,a) is in general only C'-smooth, and hence when reducing the flow to this manifold or using

coordinates which depend on a parametrization of this manifold, there are technical issues that arise in the local

22



blow-up analysis mear the equilibrium due to the lack of smoothness. This is the reason we also identify the
center-like manifold VVS’Z(C7 a); this manifold is constructed via standard Fenichel theory and center manifold
theory and can be taken to be C* for any k. Therefore, the manifold l/\/f’z(c7 a) will serve as the basis for local
coordinates near the equilibrium in which we will set up our matching conditions.

Remark 3.3. The one-dimensional manifolds M*(c,a), M™(c,a) shadow basepoint solutions M“Z(c,a) and
M™Z(c,a) which lie on Z.(c,a) and which are exponentially close to — but in general do not coincide with
~ the manifolds M*(c,a), M™(c,a). Hence, when necessary we will distinguish the one-dimensional manifolds
ME(c,a), M™(¢c,a) from their counterparts M5 (c,a), M™% (c,a).

3.2 Characterizing the stable manifold W?(0; ¢, a)

In this section, we study the dynamics on the two-dimensional invariant manifold Z.(c,a). We aim to find
conditions which guarantee that certain solutions on Z.(c, a) in fact lie in the stable manifold W?(0; ¢, a) of the
equilibrium (u, v, w) = (0,0,0). In this sense we obtain an (incomplete) characterization of WZ(0; ¢, a), at least in
the case when sufficiently long canard solutions are present. This characterization will be sufficient to construct

the transitional pulses in the following sections.

The argument is broken down as follows: We first show in §3.2.1 that there are no nonrepelling periodic orbits
lying entirely within Z.(c,a). Then in §3.2.2, we define a way-in-way-out function R which we use in §3.2.3
to show that for sufficiently small € > 0, in the presence of a suitable canard trajectory, solutions which enter
Z.(c,a) via £ at certain heights w remain in Z(c,a) for all forward time, with the height on each return
to "% monotonically decreasing while approaching a small O(1) neighborhood of the equilibrium. The lack
of nonrepelling periodic orbits then guarantees that such solutions must converge to the equilibrium in forward

time and hence must lie on W?(0; ¢, a).

3.2.1 Small amplitude periodic orbits on Z.(c,a)

The strategy for characterizing solutions on the stable manifold W?(0; ¢, a) in the presence of canard solutions is
to exploit monotonicity properties of solutions on Z(c, a) determined by a way-in-way-out function R. In §3.2.3
we will show that under certain conditions, such solutions remain on Z,(c,a) with the height on each return to
the section ¢ decreasing monotonically until the solution eventually becomes trapped in a small neighborhood
of the equilibrium. Hence such a trajectory is approaching the equilibrium; the only way it can fail to lie in the
stable manifold W?(0; ¢, a) is if it is blocked by a periodic orbit (in this case W?(0; ¢, a) would topologically take
the form of a bounded disc). The aim of this section is to show that any such small amplitude periodic orbit
lying in Z.(c,a) must be repelling.

In [23], the authors constructed periodic canard orbits in a class of planar systems. Although the entire canard
explosion is not possible to construct in the same manner in our case (there is no such two-dimensional invariant
manifold which contains the entire S-shaped critical manifold My), the results remains valid on a local center
manifold in a small neighborhood of the equilibrium, and any such small amplitude periodic orbits must be
contained in the two-dimensional normally repelling manifold Z.(c,a). We quote the following result regarding

such periodic solutions.

Proposition 3.4 ([23, Proposition 4.3]). Fiz a sufficiently small neighborhood V of the equilibrium in R3. There

exists wg such that for each ¢ € 1. and aoll sufficiently small € > 0, there exists a family of periodic orbits
(w,€) = (a(w,e€),Tp(w,e)) (3.4)
parameterized by the height w € (0,wp) such that I'p(w, €) C Z(c, a(w,€)). Furthermore

(i) Any periodic orbit which is entirely contained in V N Z.(c,a) is part of this family.
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(i1) All of the periodic orbits T'p(w, €) are repelling.

In particular, the above implies that for any sufficiently small € > 0, there are no nonrepelling small amplitude
periodic orbits on Z.(c,a).

3.2.2 The way-in-way-out function R

We now define a way-in-way-out function as in [23] which essentially determines the difference in contrac-
tion/expansion rates along the critical manifold My. We consider the reduced flow restricted to the critical
manifold {v = 0,w = f(u)} for (a,e) = (0,0); the flow satisfies
u = u 7/'Yf(u>7
()
where f(u) = u*(1 —u). For w € (0,w"), recall the equation f(u) —w = 0 has three solutions u;(w),i = 1,2,3

which are indexed in increasing order. For u < 2/3, we have u’ > 0 under the flow of (3.5). Hence given
)

(3.5)

w™ € (0,w') and wt € (0,w,), there exists a solution u = u(r;w™,w") of (3.5) and time T = T(w ™, w") such

that u(0;w ™, wh) = uy(w™) and w(T;w™,w") = ug(w™).
To determine expansion/contraction rates, we recall the eigenvalues of the linearization of (1.2) at e = a =0

given by

Mo = 0, Mg = Ao (u) = SEVE 4 (3.6)

2
Recall from §3.1 that ®(A;) > R(\_) provided ¢* > 4f'(u). To measure the contraction/expansion along the

critical manifold M, occurring within Z(c, a), we choose the smaller rate A_.
So for (w™,w") € (0,w") x (0,w,4), we now define the way-in-way-out function
+
)

T(w ,w
Rw™,wt) = /0 A (u(r;w™,wh))dr. (3.7)

Hence for the solution v = u(7;w ™, w™) of (3.5), the quantity R(w™,w™) is a measure of the contraction along
the left branch /\/lg of the critical manifold from w = w™ to w = 0 and the expansion along the middle branch
My from w = 0 to w = w'. For R(w™,w") > 0, the interpretation is that the expansion along My" from
w=0tow = w" outweighs the contraction along ./\/lé from w = w™ to w = 0, yielding a net expansion, and
vice versa for R(w™,w") < 0.

Remark 3.5. Recall from §3.1, we used the separation of the rates Ay to construct Z.(c,a). In that context, the
function R provides an estimate for the relative contraction/expansion along My within the manifold Z.(c, a).
We also note that the restriction of wt € (0,w.) in the definition of R(w™,w™) is due to the fact that the rates
A+ cannot be separated near M for w € (wa, wh —wa) as 2 < Af'(u) in this region.

Using (3.6) and changing variables, we obtain the equivalent definition

Rw™,wt) = 1/1::11}4;) <c — /2 - 4f’(u)) %du, (3.8)

We have the following lemma, which is proved in Appendix B.
Lemma 3.6. When a = 0, the way-in-way-out function R satisfies
(1) R(w,w) >0 for allw e (0,wa);

(i) R(w',wa) < 0;

. dR drR , _ o +
(i11) dwif(w W )<0anddw—+(w ,wT) >0 for all (w™,w™) € (0,w") x (0,w,).
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S VN € - soh.

Figure 12: Behavior of trajectories near the manifolds MZ (c,a), MT"Z (¢, a) in the presence of buffer heights
(w, ,wy). (a) Tunnel behavior for trajectories (green) entering along M%Z(¢c,a) at height w™ < w, . The exit
height along M7 (c,a) is given by w' where R(w™,w") = 0; see Definition 3.7(i). (b) Funnel behavior for
trajectories (green) entering along Mﬁ’z(c, a) at height w~ > w, . The exit height along MZ"’Z(C, a) s given by
wy ; see Definition 3.7(ii).

3.2.3 Canard trajectories and the way-in-way-out function R

We aim to show that, in the presence of a canard trajectory, solutions which enter Z.(c,a) via 2 follow a
sequence of excursions with the height on each return to £"* monotonically decreasing until entering a small
neighborhood of the equilibrium. Each such excursion begins in "¢ then is attracted to M%Z(c,a), then
follows M™% (¢, a) for some time, before jumping off and returning to " (see Remark 3.3 for the definition
of M%Z(c,a) and M™% (c,a)). To construct this sequence of excursions, we need to determine the jump-off or
exit height w = w* along M™Z(c,a) given a starting height w = w™ in ¥"*. To accomplish this, we use the
way-in-way-out function R. The main idea is to show that the entry/exit heights are approximately related via

the equation R(w™,w") = 0. The sequence can then found by solving for successive zeros of R.

We begin by discussing the concept of ‘buffer heights’ [7] and the relation to canard trajectories on Z.(c, a), that
is, trajectories which first follow the attracting slow manifold M?Z (¢,a), and then the repelling slow manifold
M™Z(c,a) for some time. We will then use this notion of buffer heights in Proposition 3.10 to show that for

certain solutions, the function R can be used to determine the sequence of excursions followed on Z.(c, a).

Buffer heights essentially determine how the function R can be used to relate the entry/exit heights along
MEZ (¢, a), M™Z(c,a): for entry heights w™ below these buffer heights, the entry/exit heights are related by
zeros of R, while the behavior varies for entry heights above the buffer heights; see Figure 12. In fact, we define
buffer heights via these properties.

Definition 3.7. Suppose for each sufficiently small € > 0 there exists a canard trajectory ~y. at the parameter

values (c,a) = (c2,a?) where the triplet (ve,cS,al) depends continuously on €, and suppose 7y, intersects gt

€€

a point bﬁ satisfying lir% bf = bg e xhtn {w = w™} so that the limit bg lies on the intersection of ™ with
e—

the stable foliation of M§. A pair (wy, ,w;) satisfying R(w, ,w;) = 0 are called buffer heights if the following
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~A,

Figure 13: Shown is a schematic of the manifold Z.(c,a) and the section X" and the sequence wi(e) followed
by a solution under the assumptions of Proposition 3.10. The specific trajectory shown corresponds to case (B)
from the proof of Proposition 3.10: provided win < wr(Aw), the trajectory ~(e) returns to v at heights
w = w1, w2, ... determined by successive zeros of the way-in-way-out function R, before eventually converging to

the equilibrium.
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options hold for all such ..

(i) (Tunnel behavior): If w™ < w, , then the corresponding exit point b of ~. satisfies 21_1?(1) bt = by €

YN fw = wt} oor B € 9Z2.(c,al) N {w = wT}, where wt < w} is the unique value satisfying
R(w™,w") = 0; see Figure 12a.

11 unne enavior). w > w B en € corresponaing €exit potn O] Ye Satisfies 111m = S
i) (Funnel behavior): If w™ ., then th di it point b tisfies lim b = b’
€—

2O {w = w} or b € 0Z(c2,al) N {w = w;}; see Figure 12b.

€€

(i1i) (Comb behavior): If w™ = w, , then the corresponding exit point b]* of . satisfies lirr(l) bt = byt € »hfn
e—
{w=wt} or byt € 0Z(c,al) N {w = w} for some w™ > w;. (Comb behavior corresponds to funnel

behavior when considering the flow in reverse time.)

A pair (wy, ,w;") satisfying only the condition (i) will be referred to as weak buffer heights.

Remark 3.8. Note that the definition of buffer heights depends on the choice of parameters (c,a) = (c2,a’), but

€ e

not on the specific canard solution ~e.

The next result is analogous to [7, Theorems 6 & 7] and relates the location of such buffer heights to the existence
of a canard trajectory on Z(c, a) with specified entry/exit heights. Given entry/exit heights, one can find such
a canard solution by varying the parameter a = a®(v/€, ¢) + (’)(67"/ ) [22]. Hence the next proposition can be
thought of as relating the location of the buffer heights to different values of the parameter a; however given
that a varies on an exponentially small interval, it is more natural to relate the buffer heights to the entry/exit

heights of a given canard solution. A proof is given in Appendix C.

Proposition 3.9. Suppose for each sufficiently small € > 0 there exists a canard trajectory v at the parameter
values (c,a) = (2, al) where the triplet (¢, ¢, al) depends continuously on €, and suppose v° intersects X" at
the entry/exit points b, b™ where

: {3l h,l = . m o m h,l o+
g%be—ber N{w=w"}, 213(1)()6 =iy e N{w=w"}
Then exactly one of the following holds:

(i) Suppose R(w™,w") =0. Then w™ and w" are weak buffer heights.

(ii) Suppose R(w™,w") < 0. Define w, < w” to be the unique value satisfying R(w, , wt) =0. Then w, and
wm are buffer heights.
)

(iii) Suppose R(w™,w") > 0. Define wy” < w™ to be the unique value satisfying R(w™,w; ) = 0. Then w™ and

wg' are buffer heights.

3.2.4 Convergence of trajectories to the equilibrium

Using the above notion of buffer heights and Proposition 3.9, we obtain the following proposition, describing the
behavior of trajectories entering Z.(c, a) via the section % in the presence of a canard trajectory. See Figure 13
for a schematic depicting the results of Proposition 3.10.

Proposition 3.10. Fiz wy > 0 small. For each sufficiently small Ay, = Ay (wo) > 0, let wr(Ay) > wa+ A, be
defined by R(wr(Ayw), wa—3Ay) =0, and set wh = wr(0). Suppose for each sufficiently small € > 0 there exists

a canard trajectory v at the parameter values (c,a) = (c2,al) where the triplet (v, c2,al) depends continuously

€ e €r e

on €, and v satisfies one of the following:
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(A) 40 intersects X at the entry/exit points bf,b™ where

€) e
lig%bf =by e n{w=w"}, lim b = b € yhln{w=w'},
for some w™ > wOR and wT > 0.

(B) ~° intersects ¥ at the entry point b’ where
g — 1§ € 2 ).

for some w™ > w%, and 77 exits Z.(c2,al) via {w = wa — Ay}

Then at the same parameter values (c,a) = (¢, a?), the following hold.

(i) Let v = ~(€) be another trajectory depending continuously on € which intersects ¥ 0 Z.(c2,a®

€7 e

) at w =
Win(€), where w;,(0) = hII(l] Win(€) satisfies win(0) < wr(Ay).
e—

Then v remains in Z.(c, a?) for all forward time and lies on the stable manifold W?(0; ¢S, al). Furthermore,

there exists N € N such that v returns to S at a sequence of heights
wy(€) > wa(e) > ... > wny_2(€) > wny_1(€) > wy > wy(e). (3.9)

We have that w;(e) — w;(0) as € — 0 where w;(0) are successive zeros of the way-in-way-out function R,
that is,

R(wy (0), w3(0)) = R(ws(0), w3(0)) = ... = R(wy_1(0), wx(0)) = 0. (3.10)

(it) Any trajectory meeting the set Z.(c?,al) N{u=10,0 < w < Ay} lies on the stable manifold W2 (0;c?,a?).
Proof. We first consider (A). To prove (i), since the exit point b™ of the canard trajectory 7° lies on %™, we
have w™ < wy — A,,. By assumption, we have w™ > wOR, and hence R(w™,w") < 0 due to the definition of w%
and Lemma 3.6(iii). Proposition 3.9(ii) therefore implies the existence of w, such that that the pair (w, ,w™)
are buffer heights, where w, < w™ satisfies R(w, ,w") = 0. The solution y enters ©"* at w = w;,(e), where
w;in (0) < wr(Ay). Since v enters X" at a lower height than 42, we know that v must exit via "¢ at a height
w1 (€) < w™; this is merely due to the fact that on the two-dimensional manifold Z.(c?,a?), the trajectory ~°

blocks v from exiting higher than w™ or via the boundary of Z.(c?,a?

€€

). It remains to determine ws(€) via the
properties of the buffer heights (w, ,w™) from Definition 3.7.

There are two cases to consider: If w;,(0) > w, , then v subsequently exits via %" at wy (¢), where lin% wq(€) =
€E—

wy(0) = wh. If w;,(0) < wy,, then v subsequently exits via % at w; (€), where w;(0) = liH(l) w1 (€) satisfies
e—
R(wm (0), w1 (O)) =0.

Now since R(w,w) > 0 for 0 < w < w4 by Lemma 3.6, on each subsequent return to X"*, the solution ~ reaches

w = w;(€), where w;41(€) < w;(e) for each ¢ and liH(l) w;(€) = w;(0) where R(w;(0),w;+1(0)) = 0. Since we can
e—

bound the difference w;(e) — w;11(e) > 0 from below by a positive constant in the region w > wg, we conclude

that after finitely many, say N, such excursions, we have wy (0) < wyp.

It is now apparent that v is trapped in Z.(c¢,a?) for all forward time, returning to ¥ with the height w on
each return decreasing monotonically. As wg was fixed arbitrarily small, we may assume that in forward time
v is trapped in a small fixed neighborhood V of the equilibrium. By Proposition 3.4, for any sufficiently small
€ > 0 there can be no nonrepelling periodic orbits lying entirely in V. Hence the trajectory v must converge
to the equilibrium, and therefore «y lies in W?(0; ¢, al). Using the monotonicity of vy, we see that the region in

Z.(c2,a?) that is enclosed by v and the line segment wy_1 < w < wy is forward invariant and contains the
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equilibrium that is situated at the origin for all (¢, a, €). The non-existence of nonrepelling periodic orbits in this
region combined with Poincaré-Bendixson implies (ii).

We now consider case (B). In this case, since ¢ exits the manifold Z.(c?, a?) via the boundary {w = wa — Ay},
it is not guaranteed that ~ returns to 2 that is, it is possible that ~ follows 72 and exits via {w = wa — Ay},
so we must rule out this possibility. Hence, we first show that v must return to ¢ at a height w < wa — A,
We consider the trajectory which meets "¢ at w = wa — 2A,,. Evolving backwards in time, this trajectory

cannot cross 72 and therefore must intersect £ at some height w = we(e) < w%. Let wd = lin% we(e). We
€E—

claim that R(w2,wa —2A,,) = 0 and hence by Proposition 3.9, the pair (w2, w4 —2A,,) are weak buffer heights.
To show this, we assume for contradiction that R('wOC, wa —2A,,) < 0. By Proposition 3.9, we have that the pair
(wy, ,wa — 2A,,) are buffer heights, where w, < wg is the unique value satisfying R(w, ,w4 — 2A,,) = 0. Thus
any solution entering " above w = w, exits ¥ or the boundary of Z.(c8,a?) at height w = wy —2A,,. This
gives the desired contradiction: by assumption, we know that ¢ exits via w = wa — Ay > wa — 2A,,. The case
R(wd,wa — 2A,) > 0 can be treated similarly.

Hence the pair (w2, wa — 2A,,) are weak buffer heights. Since w;,(0) < wr(A,) < w2, v returns to £ at a
height w1 (¢) where w(0) = liH(l) wi (€) satisfies wq(0) < wa — 2A,, and R(w;,(0),w1(0)) = 0. The remainder of
e—

the argument follows as in case (A) above. O

Remark 3.11. The above proposition essentially characterizes certain solutions on W?(0;¢,a) in the presence
of a canard trajectory with suitable entry/exit points along the slow manifolds M%%(c,a) and M™=(c,a). In
our application below, the basepoint trajectory on Z.(c,a) shadowed by the primary excursion of the pulse will
serve as this canard trajectory. In the forthcoming analysis, this geometric criterion regarding the existence of a
suitable canard solution will suffice, though it is worth remarking that this condition can be translated into certain

restrictions on the parameters (c,a).

The entry/exit heights of a canard on Z.(c,a) are adjusted via exponentially small changes in the parameters
(c,a), and hence the structure of W?(0;¢,a) is very delicate and can change dramatically within very small
intervals in parameter space. However, Proposition 3.10 guarantees that certain solutions must always lie on
WE(0;¢,a), provided either:

(A) there is a canard trajectory with entry height suitably larger that the corresponding exit height

(B) there is a canard trajectory of sufficient length, i.e. we are sufficiently close to the maximal canard

It can be inferred from the proof of Theorem 2.6 in §4.1 that these conditions are roughly equivalent to the
following conditions on the parameters (c,a) for fized e: for a fived value of the wavespeed ¢, the parameter a
cannot be too much lower than the value at which the mazimal canard occurs (see Figure 3). While this statement
could be made rigorous and the lower bound could in theory be computed, we do not attempt to proceed in this

manner as the analysis is sensitive to exponentially small quantities and is unnecessary for our purposes.

4 Constructing transitional pulses

In this section, we construct the transitional pulses of Theorem 2.2 in pieces and obtain matching conditions
near the equilibrium which are solved using an implicit function theorem.

The general construction for pulses of all types involves three pieces: the primary pulse, a secondary excursion,
and a tail which is trapped in the manifold Z.(c, a) in forward time. Hence the procedure involves obtaining two
conditions: one which matches the primary pulse to the secondary excursion, and one matching the secondary
excursion to the tail. Once these matching conditions are obtained, from the analysis in §3 we deduce that any

such tail must lie in the stable manifold of the equilibrium, which completes the construction.

Due to various interactions of the pulses with the fold points and the Airy point, the construction of the
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transitional pulses breaks down into six types. All pulse types have the same primary excursion F(l), and hence
the pulse types are determined by properties of the secondary excursion I'Z(s). The different pulse types are as
labelled in Figure 4 and are parametrized by s as in the statement of Theorem 2.2.

e Type 1: {T'(s) : s € (0, wr(Ay)}

Type 1 pulses are left pulses with a secondary excursion of height w € (0,wgr(A)), where wr(A,) is
defined in terms of the way-in-way-out function R via R(wr(Ay), wa — 3A,) = 0, where w4 represents
the height of the Airy point and A, is sufficiently small. For these pulses, we show that this secondary
excursion meets Z.(c,a) in the section ™ and due to Proposition 3.10, lies on the stable manifold
W2(0;¢,a).

o Type 2: {T'(s): s € (wp(Ay),w' —A,)}

Type 2 pulses are left pulses with a secondary excursion of height w € (wgr(Ay),w’ — Ay), where wf
is the height of the upper right fold point. For these pulses, the secondary pulse cannot be taken to lie
on Z.(c,a) in the section ™ due to the fact that Proposition 3.10 can not be applied, and in general
such a trajectory can not be expected to lie on W?(0;¢,a). In this case we consider a one-dimensional
family of potential secondary pulse candidates and select one member of this family by imposing a second
matching condition which ensures that the solution meets Z.(c,a) on its next return to the section X"

under circumstances where the results of Proposition 3.10 hold.

e Type 3: {I'(s) : s € (w' — Ay, wl + Ay)}

Type 3 pulses pass near the upper right fold point and encompass the transition between left and right
pulses. These are constructed in much the same way as type 2 pulses, but there are additional difficulties
encountered in parameterizing these pulses (w is not a natural parameter in this regime), and in verifying

that the interaction with the upper right fold does not cause the argument to break down.

e Type 4: {T'(s):s € (wh + Ay, 20w —wa — A,)}

Type 4 pulses are right pulses with secondary excursion of height w € (wa + A, wh — Ay). An additional
technical difficulty arises in this regime: solving the first matching condition requires showing that there

is a net contraction in backwards time along the slow manifolds M*(c, a), M (c, a).

e Type 5: {I'(s) :s € 2w —wa — Ay, 20" — Ay)}

Type 5 pulses are right pulses with a secondary excursion of height w € (A, wa + A,,). For these pulses,
the secondary excursions have a more delicate interaction with the Airy point and therefore introduce

complications when trying to determine the final matching condition with the tail.

e Type 6: {I'(s) : s € 2w’ — Ay, 2w")}

Type 6 pulses consist of essentially two copies of the primary pulse. In this parameter regime, we are close
to the Belyakov transition at which the double pulses are expected to terminate for e sufficiently small [6].
While we are able to construct some type 6 pulses, our results do not cover all type 6 pulses up to the

Belyakov point. See §4.7 and Remark 4.13 for more details on where the construction breaks down.

At a technical level, the analysis in understanding the precise nature of the termination at the Belyakov
point likely requires additional blow-ups near the origin to account for the changing eigenvalue structure.
We believe that this regime is technically more challenging and therefore did not pursue a complete analysis

of the termination of the branch of double pulses.

We begin with setting up the blown-up coordinate system near the canard point at the origin in which the

matching will occur, followed by constructing pulses of type 1 and 2. We then outline the difficulties/differences
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in constructing pulses of type 3-6 and how to overcome these. The construction is then complete up to several
technical results involving transversality conditions which arise due to interaction with the Airy point; these are
proved in §5.

We note that we will use the parameters (c, a) as free bifurcation parameters in order to solve matching conditions
whose solutions correspond to the transitional pulse solutions. In describing certain solutions and invariant
manifolds, we will omit their dependence on € to avoid cumbersome notation and to emphasize their dependence
on the free variables (c, a).

4.1 Flow near the canard point

We collect some results from [22, 5] which will be useful in the forthcoming analysis for obtaining matching
conditions for the transitional pulses near the equilibrium. We will choose our coordinate system relative to
the invariant manifold W*(c, a) (see §2.4), which is C*-smooth, rather than the larger (but only C'-smooth)
manifold Z.(c,a) constructed in §3. However, we emphasize that in a neighborhood of the equilibrium, these

manifolds are C'! equivalent up to exponentially small errors; see Remark 3.2.

In [5], it was shown that in a neighborhood of the origin, after a change of coordinates, we obtain the system

&= —y 42>+ O(e, xy, y*, 2°)
y=elz(1+0(z,y,0,€)) + a (14 O0(z,y,a,€)) + O(y)]

=z (03/2 + O(x,y,z,e)) (4.1)
a=0
e=0,

where a = The manifold W(c,a) is given by z = 0, where the strong unstable fibers have been

2c1/2°
straightened; we recall that by construction W*(c, a) contains the one-dimensional slow manifolds M¢(c, a) and
M7¢(e,a). We note that the (z,y) coordinates are in the canonical form for a canard point (compare [22]),

that is,

&= —yhi(z,y,, € ¢) + 22ha(x,y, o, €, ¢) + ehz(x,y, a, €, )
y =€ (Ih4(.’[', Y, €, C) + O[h5(.’f, Y, €, C) + yhﬁ((E? Y, a, ¢, C))

=z <03/2 + O(z,y, 2, a, e)) (4.2)
a=0
=0,

where we have

hs(x,y,a,€,¢) = O(z,y, o, €) (4.3)

hj(xz,y,a,e,¢) =14+ 0(x,y,0€), j=1,2,4,5.
We have now separated the hyperbolic dynamics (given by the z-coordinate) from the nonhyperbolic dynamics
which are isolated on a four-dimensional center manifold parameterized by the variables (z,y, €, ) on which the
origin is a canard point in the sense of [22]. Such points are characterized by canard trajectories which follow
a strongly attracting manifold (in this case M*(c,a)), pass near the equilibrium and continue along a strongly
repelling manifold (in this case M["“(c,a)) for some time; see Figure 14 for an illustration. To understand the
flow near this point, we use blowup methods as in [22]. Restricting to the center manifold z = 0, the blow up
transformation is given by

T =TT, y=r%y, a=fa, =7, (4.4)

31



S m,e
M

/ Wc,f

€

AN

Zm

Figure 14: The local coordinates near the section ™. The manifold Wﬁ‘é(c, a) coincides with the subspace z = 0.

Within this subspace, the origin takes the form of a canard point [22].

defined on the manifold B. = S? x [0, 7] X [~aq, ag] for sufficiently small 7, &g with (z, 7, €) € S2. There is one
relevant coordinate chart which will be needed for the matching analysis. Keeping the same notation as in [22]
and [23], the chart Ko uses the coordinates

2 2
T =ToZa, Y=T5Y2, «Q=ToQa, €=T5. (4.5)

Using these blow-up charts, the authors of [22] studied the behavior of the manifolds M’(c, a) and M™(c, a)
near the equilibrium, and in particular determined conditions under which these manifolds coincide along a
canard trajectory. We place a section ¥™ = {x =0, |y| < Ay, |z| < A.} for small fixed A, and A, = 2A,, in
which most of our computations will take place (see Figure 14).

In the chart Ky, the section X is given by $5" = {22 =0, [r3ya| < Ay, |2| < A.}. It was shown in [22] that
for all sufficiently small 3, g, the manifolds M*(c,a) and M™(c,a) reach X' at y = yéw’e(c, i, 7o) and
y= sz (¢, g, 73), respectively. Furthermore, we have the following result which will be useful in the coming
analysis.

Proposition 4.1. [22, Proposition 3.5] The distance between the slow manifolds M*(c,a) and M™(c,a) in
™ is given by

Ml M.m
— Y2

Yo = Do(a2,72;¢) = dayaz + dp,r2 + O(r3 + a3) | (4.6)

where the coefficients da,, d,, are positive constants. Hence we can solve for when this distance vanishes which
occurs when

dr
(6%} :ag = —d 2T2+O(T§). (47)

oo
Theorem 2.6 then follows from the above proposition.

Remark 4.2. In the following, many computations will be performed in the Ko coordinates before transforming
back into the original coordinates/parameters as the results of Theorem 2.2 are stated in terms of the original

parameters (c,a, €), rather than (¢, as,r3). To obtain (a,€) from (aq,r2), we have

a = 2" aqrs
) (4.8)
€ = 7"2,
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Figure 15: Shown is the geometry for constructing a type 1 left transitional pulse.

which are smooth functions of (¢, aa,73) for (¢, as,73) near (1/3/2,0,0).

We remark that results involving transversality with respect to parameter variations due to the exchange lemma [26]
which are obtained for the original system (1.2) can likewise be shown to hold in the Ko coordinates by instead

considering the system
U =10
v=cv— f(u)+w (4.9)

W = r%(u — yw),

where f(u) = u(u — 2¢2aqyry)(1 — u) for (¢, a0, 72) near (1/v/2,0,0).

4.2 Type 1 pulses

Type 1 pulses are the simplest of the transitional pulses and are really just single pulses with ‘large’ oscillatory
tails. In this section, we deduce the existence of transitional left pulses with secondary excursion of height
w < wgr(A,) and show that these pulses are in fact a continuation of the family of pulses with oscillatory tails
constructed in [5]. To construct a type 1 pulse, we need a single matching condition which matches the primary
pulse with a secondary pulse of height w < wgr(A,); see Figure 15. The fact that this secondary excursion lies
in the stable manifold W?(0; ¢, a) of the equilibrium will follow from Proposition 3.10.

We break this into two parts. We first construct pulses of height w € (A, wr(A)) and then move onto pulses
with ‘small’ oscillatory tails, that is, pulses with tails of height w < A,, and show that this branch of pulses is a

continuation of the classical branch of pulses given by Theorem 1.1.

4.2.1 Matching condition for pulses I'(s,/€), s € (Ay,wr(Ay))

The desired transitional pulse solution consists of a primary excursion, followed by a secondary excursion

7%°(s;¢,a) intersecting the section X at height w = s (see Figure 15). We can ensure that the unstable
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Figure 16: Shown is the setup for the matching conditions (4.12) projected onto the (x2,y2)-plane.

manifold W (0; ¢, a) completes the primary excursion and returns to a neighborhood of the equilibrium by using
Proposition 2.7; see Figure 11. As W*(0; ¢, a) is exponentially close to M¥(c,a) upon enterting this neighbor-
hood, we can track W*(0; ¢, a) along M(c,a) to where it intersects the section ™ (see §4.1). The goal is then
to match W*(0; ¢, a) with v°°(s; ¢, a). The setup is shown in Figure 15. For s € (A, wr(Ay)), the fact that this

secondary excursion v*°(s; ¢, a) lies in the stable manifold W (0; ¢, a) of the equilibrium is due to Proposition 3.10.

We will match the various components of the solution in the section ¥™ in the Ky coordinates. Figure 16 shows

the setup for the matching conditions projected onto the (xs,y2)-plane.
First, in order to match W¥*(0;¢,a) with v°°(s;c,a), we have the following lemma describing the location of

WE(0;¢,a) in ™.

Lemma 4.3. For each sufficiently small A, > 0, there exists C,q,e0 > 0 and g1 > g2 > 0 such that the following
holds. For each 0 < € < e and each |z| < A., there exists ¢ = ¢(z) with |c(z) — &(a,€)| = O(e” V) such that
WE(0;¢(z), a) intersects ™ at the point (y5 (z;¢(2),a), z) where

e YO Sy (05¢(2), 0) -y < Ce e

4.10
Y5 (23 ¢(2), @) = y5(05¢(0), a)| = Oze~ ). )

Proof. We have that W¥(0; &(a, €),a) is O(e~%)-close to M¥(c,a) in ™. Since by Proposition 2.7, W*(0; ¢, )

transversely intersects W¥*(c, a) upon varying ¢ ~ &(a, €), the result follows from the exchange lemma [26]. [

We now construct the candidate ‘secondary pulse’ solution: Consider the solution v*°(s;¢,a) on Z.(¢,a) which

intersects £ at height w = s € (A, wr(Ay)); this intersection occurs at a point (u, v, w) = (0,v°°(s; ¢, a), 5).

Since v°(s; ¢, a) in exponentially contracted to M™(c,a) in backwards time from $* to ©™, we have that the

backwards evolution of v°°(s; ¢,a) meets ©™ at a point v, . (s;¢,a) := (0,45, 2°)(s; ¢, a) where

Y5 (s;c,a) —yo | = O(e79/) (4.11)
128 (s;¢,a)| = O(e™°), '

uniformly in (¢,a). Thus by Proposition 4.1 we can match WX(0; ¢, a) with v, (s;¢,a) in ¥™ by solving for

when z = 2°(s; ¢, a) and

0= 3 (zic.a) — yhlsicr)
= Dy(azraic) = (13" = v (=i c,0) + gh(sic.0) — 43"

= Dy(ag, 795 ¢) + O(e™).
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Therefore we must solve the system

Dy(az,r25¢) = (yé\M —y3(zc, a)) + (yé’(ssc, a) — yé“’m) =0(e ")

(4.12)
z=2"s;¢c,a).
See Figure 16 for the setup of the matching conditions (4.12) projected onto the (x3,y2)-plane.
Before tackling (4.12), we first consider solving the simpler equations
Do(ag,r2;¢) =0
ol 72¢) (4.13)
c=¢(a,€),
for which, by Proposition 4.1, there is a solution when
a = 201/261/2ag

(4.14)

c=¢(a,€),
which we can solve by the implicit function theorem at (¢, a) = (cg, ag)(v/€) for sufficiently small € > 0.

Remark 4.4. Geometrically, the parameter values (c,a) = (cg,ag) capture an intersection of the manifolds
W(0;¢,a) and W (c,a) (as in Proposition 2.7) coinciding with the existence of a mazimal canard in W*(c, a)
(as in Theorem 2.6).

The solution of (4.12) is then obtained by solving

a=2c22(af + O(e719))

4.15
c=¢(a,e)+ O(e” V) (4.15)

by the implicit function theorem to find (c,a) = (¢, a)(s, /€) where
(¢, a)(s,Ve) = (e, ap)(Ve) + O(e™/°). (4.16)

This fixes the parameters (c,a) = (c,a)(s,/€); we now argue that this solution lies on the stable manifold
W?(0; ¢, a) using Proposition 3.10. By construction, the unstable manifold W (¢, a) follows the slow manifold
M(c,a) where it meets v, . (s;¢,a) in ™, then follows M™(c,a) before jumping off to meet the section ¥/
at height w = s € (A, wr(Ay). This portion of the solution therefore shadows a canard ¢ which satisfies (A)
or (B) in Proposition 3.10 depending on whether s < waq — A, or s > wa — A, respectively. The forward
evolution of 4°°(s; ¢, a) then gives a solution ~y(e) satisfying the conditions of Proposition 3.10 and hence remains

in Z.(c,a), eventually converging to the equilibrium.

4.2.2 Continuation of the known branch of fast 1-pulses

We now counsider the case of pulses with tails of height w < A,,. In [5], it was shown that there exists K™, such
that for each K and each sufficiently small (a,€) satisfying ¢ < K a?, there exists a pulse solution with wave

speed ¢ = é(a,€). For e > K *a?, the tail of the pulse decays exponentially to zero in an oscillatory fashion.

We deduce that such pulses exist for (as,r2) for any ro > 0 sufficiently small and «y > , since

1 1
— > [
2cvK 2VK
c=1/V2+ O(agry,r3) < 1 (4.17)

for as bounded and 79 > 0 sufficiently small. In this section we show that these pulses overlap with the type 1
pulses constructed above, forming a continuous one-parameter family. It turns out that this family is naturally
parameterized by as.
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To see this, we proceed as follows. Setting s = A,,, for sufficiently small € > 0, we can follow the procedure above
in constructing a type 1 pulse with a tail of height s = A,,, though we now choose the solution v**(A,,; ¢, a) so that
it meets Wﬁ’e(c, a) in the section ¥, We note that in this case, the backwards evolution of v*¢(A,; ¢, a) remains
in W&%(c,a) until reaching the section ¥™ and therefore intersects this section at a point v . (Ay;c,a) ==
(0,95 (Aw; ¢, a),0) which satisfies

eT1/)C < yh(Ause,a) =yt < Cem /e (4.18)
for some g; > g2 > 0. Thus we can match W(0; ¢, a) with 3, (Aw; ¢, a) by solving
Do(az,ra;c) = (yzﬂ“ —45(0;¢, a)) + (yé’(Aw;c, a) — szm) (4.19)
We obtain a solution by solving

oy = ag + (’)(e_Q/E)

(4.20)
c=2¢ (201/2r2a2, r%) ,

by the implicit function theorem to find a solution at (c,as) = (c*,ad)(r2). We now consider the function

D(ag, T2, ¢) defined to be the difference
D(ag, 2, ¢) = y2(0;¢,a) — y5(Aw; ¢, a) (4.21)

in ¥". From the construction above for the pulse with tail of height w = A,,, we have that

D(ag,re,c*) =0 (4.22)
and

l[)(a% T2, C) = yg(07 ¢, a) - yg(va & (],)
g0 ()

= Do(ag,r95¢) + O (e_q/5> (423
= dy, 00 + dp, 1o + O3, aory, 73).
Hence we have that
if)(O@,TQ?C) =dqa, + O(ag,1m2) >0 (4.24)

3062

for any sufficiently small 75 > 0 and |as| < &, uniformly in ¢ ~ 1/v/2.

Hence for sufficiently small 7, > 0, for af < ag < K, we can ensure that W*(0; ¢, a) lands in W(c, a) by solving
c = &2¢ Y ?roaq,13), (4.25)

for ¢ = c(ag, r9) by the implicit function theorem. Furthermore, we have that the distance D(aq, 72, ¢) is positive,
and hence we obtain a pulse whose tail reaches a height lower than A,,, but remains in Wf’é(c, a) and converges

to the equilibrium. For fixed 79, such pulses are therefore parameterized by af < as < k.

1

By taking K > 2 in Theorem 1.1, we deduce that these pulses form a continuation of the classical branch of
K
1

pulses for as > ——.

2VK
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4.3 Pulses of type 2-6: a second matching condition

In §4.2, we proved the existence of type 1 pulses using a single matching condition. This condition ensured that
W(0; ¢,a) completes a second excursion % (s; ¢, a) which meets Z(c,a) in the section X, Proposition 3.10

then ensures that this solution also lies in W?(0; ¢, a).

This procedure breaks down when attempting to construct left pulses with secondary excursions of height w >
wr(Ay) (or any of the right pulses), due to the fact that trajectories which meet Z(c,a) in the section "¢ at
w > wr(A,) do not necessarily lie in W?(0; ¢, a). However, by adjusting the choice of the secondary excursion
slightly, we can ensure that this solution meets Z.(c,a) at a height w < wgr(A,) on its subsequent return to

»¢ and hence we may apply the results of Proposition 3.10.

Therefore, construction of pulses of type 2 —6 will involve two matching conditions: The first matches W (0; ¢, a)
in the section ¥ with a secondary excursion which follows M7 (¢, a) then jumps from M *(c,a) to either the
left or right at the appropriate height determined by s, then returns to the section ¥™. The second condition
matches this secondary excursion with Z.(c,a) on its next return to »ht

As was the case with type 1 pulses, it is natural to set up all matching conditions in the section %™, as this
avoids various issues arising from exponentially small errors in the estimates needed in employing the implicit
function theorem. Therefore, to ensure that the secondary excursion reaches Z.(c, a) in 2. we must understand
which solutions starting in ™ will meet Z(c,a) in £, Alternatively, to the same effect we may consider
the one-dimensional intersection Vena(c,a,€) of Zc(c,a) with ™ and evolve this backwards: this traces out
a two-dimensional invariant manifold Y(c, a,€) which intersects ¥™ in a one-dimensional curve Vstart(c, a,€),
determining precisely the initial conditions in ¥™ which will subsequently meet Z.(c,a) in ¢ Further, in
order to be able to match the secondary pulse in ¥™ with a point on this curve, we require certain transversality

conditions, namely that this curve should be transverse to the strong unstable fibers yo = const in X",

Hence we are concerned with the backwards evolution of the intersection Yena(c, a, €) = Zc(c, a) N X" from %M
to ¥™. Due to the invariance of Z(c,a), the backwards evolution of a trajectory on Y(c, a, €) meeting "¢ at a
height w < wy — A, in fact remains in the manifold Z(c, a) until reaching ~™. Hence we only need to take care
with understanding the behavior of trajectories on Y(c, a, €) which meet Yol at w > wa — A, evolved backwards
to X™.

Under this backwards evolution, the two-dimensional manifold Y(c, a, €) will intersect £ in a curve Vstart (¢, a, €).
The intersection Vstart(c, a, €) of Y(c, a, €) with the section ¥™ is shown in Figure 17. Except for an exponentially
thin region around M7"“(c, a), this curve coincides with Z,(c,a) due to the invariance of the manifold Z.(c,a).
However, due to the rotational behavior of M"(c,a) near and above the Airy point, this curve must at some
point deviate from z = 0 and “spiral” around M[*(c,a), eventually losing transversality with respect to the

strong unstable fibers yo = const.

The intersection Vena(c, a,€) of Z.(c,a) with ¢ can most naturally be parametrized by the height w. When
evolved backwards to ™, this height corresponds with the time spent near the manifold M*(c,a) and hence
also the corresponding amount of contraction in backwards time. Therefore, the expectation is that points on
YVend (¢, a, €) with larger w-values, when evolved backwards to £™, will land “deeper” in the spiral formed by the
curve Vsart (¢, a, €); from this, one expects that there is a maximum height w = w™ for which the trajectory in
¥t on YVend(c,a,€) at w < w™ lands on the part of the curve Vsart (c,a,€) which is transverse to the strong
unstable fibers yo=const.

In the following proposition, these ideas are made precise, and we identify a portion J)Cmnd(c, a, €) of the manifold
Yend(c, a, €) in Eh’é, which when evolved backwards to ¥, lands on the part of the curve Vstart(c, a, €) which is

transverse to the strong unstable fibers.

Proposition 4.5. For each sufficiently small A, > 0, there exists C, Kk, €9, q > 0 and sufficiently small intervals
I, I, such that for each (c,a,€) € I, x I, x (0, €), there exists w2 (c,a) € [wa — 3Ay, wa — Ay] and w(c,a) >
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w4+ Ke?3 such that the following holds. Let Y™ (¢, a,€) denote the portion of Vena(c, a, €) in 2 between w® <
w < wh and let Y™ (¢, a,¢) C Y(c,a,¢) denote the two-dimensional manifold traced out by the backward evolution
of Y (c,a,€). Evolved backwards to X™, YV (c,a,€) intersects ™ in a one-dimensional curve Y3, . (c,a,¢)
which can be represented as a graph z = z¥ (y2; ¢, a) for yJ (¢,a) < ya < y3(c,a) where

(i) The interval [y] (c,a), 5 (c,a)] satisfies 0 < y5 (¢, a) — yq (¢,a) < Ce~ V¢ uniformly in (c,a) € I. x I,.
(ii) There exists yZ (c,a) € [y] (c,a),y3 (¢, a)] such that Vsart (¢, a,€) C Zc(c,a)NE™ forys € [y3 (¢, a), y5 (¢, a)].
(iii) The function z¥ (yo; ¢, a) and its derivatives are O(e~V€) uniformly in ya € [y] (c,a),y5 (¢,a)] and (c,a) €
I.x1,.

M (¢, a,€) which can be

Hence we have that the two-dimensional manifold ym (c,a,€) intersects ¥™ in a curve
represented as a graph z = 2¥ (y2; ¢, a) for y3 > yJ (¢, a) where the function z¥ and its derivatives are O(e~%/¢).

The proof of this proposition will be given in §5.6.

We recall that Z(c,a) is C* exponentially close to W(c,a) and hence Z.(c, a) intersects ¥™ in the graph of a
C-function z = 2% (ya; ¢, a) = O(e~ V) for |r3ys| < A,. Hence by Proposition 4.5 and the invariance properties
of the manifold Z.(c,a),we may now determine all trajectories starting in ¥™ which meet Z(c,a) in "¢ with
w < w’. We define 7;(¢,a) to be the curve in ¥™ defined by the graph of the smooth function z = z7 (ya; ¢, a)
for y» > yJ (¢, a) where

S0 b

T 00 SR, Teeazoew
The curve T¢(c, a) in the section X" is shown in Figure 17. By Proposition 4.5 combined with the invariance of the
manifold Z(c, a), the forward evolution of trajectories on 7¢(c, a) will meet Z.(c, a) in either {u = 0,0 < w < Ay}
N — wa 4+ O(e¥3) < wr(Ay). Therefore in light of Proposition 3.10, in the
presence of a suitable canard trajectory v¢ on Z.(c,a), any trajectory which meets ¥ on the curve 7¢(c,a) in
fact lies on the stable manifold WZ(0; ¢, a) of the equilibrium (u,v,w) = (0,0, 0).

or in ¥ with w < wg‘ where w

Thus in order to construct pulses of type 2 — 6, we impose two matching conditions in %"": the first matches the
unstable manifold W(0; ¢,a) with a solution which completes a secondary excursion and returns to ¥™, and

the second matches this secondary excursion with the curve T:(c, a).

Remark 4.6. We recall from Proposition 3.10 that (under certain conditions) solutions which meet Z.(c,a) in
the set {u= 0,0 < w < Ay} or in the section SN {w < wr(Ay)} in fact lie on the stable manifold W2 (0; ¢, a).
With the definitions above, when evolved back to the section 3™, these trajectories will be contained in the union
of the curves Tc(c,a) and Vsart(c, a,€). Hence a portion of the spiraling curve in Figure 17 consists of solutions

on the stable manifold W (0; ¢, a), on which any homoclinic orbits must lie.

As stated above, the strategy for constructing pulses consists of two matching conditions. The first matches
W(0; ¢, a) in X with a secondary excursion; this secondary excursion will in fact meet 24 exponentially close
to the manifold Z.(c,a). The second condition then matches this secondary excursion with Tc(c,a), which we

noted in the previous paragraph consists of solutions on W?(0; ¢, a), due to Proposition 3.10.

Therefore, for the first matching condition, the first intersection of the manifold W (0; ¢, a) with ™ must occur
at some point near the spiral Tc(c,a) U Vstart(c, a, €) (see Figure 17), and the matching for pulses further along
in the 1-to-2-pulse transition (i.e. with larger s) occurs deeper in the spiral. We recall that W (0;¢,a) enters

12 determines the

™ exponentially close to ./\/lﬁ(c, a), and due to Proposition 4.1, the parameter as ~ afe
splitting of the manifolds ./\/lf(c, a), M7¢(c,a) to leading order. Thus, as the 1-to-2-pulse transition progresses,
the parameter a must wiggle back and forth near the mazimal canard value (see Theorem 2.6) to accommodate

the first matching condition. This explains the folds observed along the transition in Figure 2b. Further, since
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solutions are contracted exponentially in backwards time towards M7 (c,a), the spiral formed by Vsiart(c, a,€)
s exponentially small and hence the parameter a varies by (’)(e_(I/E) along the transition, which explains why the

folds are not visible in Figure 4a, which was obtained for a smaller value of €.

Therefore, the first fold, and hence the first turning point along the transition, occurs when the parameter a
approaches the value at which the strong unstable fiber of /\/lf(c, a) becomes tangent to the ‘bottom’ of the spiral
in ™, since beyond this point (up to some exponentially small quantities) it is no longer possible to match
WX(0; ¢, a) with a secondary excursion; thus the curve turns back, and we see the first fold. As stated above, this
portion of the spiral contains solutions on the stable manifold WZ(0;c¢,a). This explains why the authors of [15]
observe numerically that this first turning point occurs near a tangency of W2 (0; ¢, a) and the unstable manifold

W (e, a) of Me(e,a).

4.4 Type 2 pulses

To construct a left transitional pulse with secondary excursion of height s € (wr(Ay),w! — A,), we consider
a one-parameter family (to be chosen below) of candidate secondary pulses which start in X and return to
Y™ after completing an excursion of height (approximately) w = s; this family thus forms a two-dimensional
manifold B(s; ¢, a) which meets ™ in two curves, namely initially at Bgart (s; ¢, a) and then at Bena(s; ¢, a) after
the excursion. Further, the manifold B(s; ¢, a) can be chosen so that the curves Bena(s; ¢, a) and T¢(c, a) intersect

transversely in X,

The idea is now to show that W (0; ¢, a) can be matched in ¥ with any solution on the curve Bgiart(s; ¢, a) by
choosing (¢, a) appropriately, and consequently W (0; ¢, a) can be chosen to return to £ at any desired point on
the curve Bend(s;c, a). Since Bena(s; ¢, a) and Tc(c,a) intersect transversely in ¥, exactly one of these choices
is guaranteed to lie on the stable manifold WZ(0; ¢, a) due to Proposition 3.10. The setup is shown in Figure 18.

Therefore, to construct a transitional pulse we need two matching conditions near the equilibrium: the first
matches W¥(0; ¢,a) with Bgart(s;¢,a) to guarantee height s for the second excursion, and the second matches
Bend(s; ¢, a) with T¢(c,a). The local geometry for the matching conditions is shown in Figure 19. The setup for

the matching conditions in the section ¥™ is shown in Figure 17.

4.4.1 Matching conditions for pulses I'(s, /), s € (wr(Ay), w’ — Ay)

We match the various components of the solution in the section X™ in the Ky coordinates. From Lemma 4.3,
for each |z| < A., there exists ¢ with |c — &(a, €)] = O(e” %) such that W (0;¢,a) intersects =™ at the point
(y3(2;¢,a), z) where
eT1/CJC < Y2 (0 ¢,a) — yp 't < Cem /e .
ly4(z;c,a) — y2(0;¢,a)| = O(ze~ ), :
for some 1 > g2 > 0.

Consider the solution 7 (s; ¢, @) on the manifold W% (¢, a) which intersects the section £ at height w = s. This
intersection occurs at a point (u,v,w) = (0,v°(s;¢,a),s). This solution is exponentially attracted in forward

time to M¢(c,a) and hence intersects ™ at the point 2%, (s; ¢, a) = (0,45°(s; ¢, a), 0) where
1
56_(11/6 < ys(s;e,a) —yd(0;¢,a) < Ce 2/, (4.28)

The geometry of the setup for type 2 pulses and the solution v*°(s; ¢, a) is shown in Figure 18.

In ™, we now consider the one-dimensional fiber associated with the basepoint ;4 (s; ¢, a)

{(0,43°(s5¢,a), 2) 2] <A} CE™. (4.29)
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Figure 17: Shown is the setup for the matching conditions in the section X"

. The “first/second” labels for the
unstable manifold WZ(0; ¢, a) refer to the first and second intersections of W' (0;¢,a) with ¥™ after completing

the primary and secondary excursions, respectively. There are two matching conditions: (i) match W (0;c¢, a)
(first) with Bsart (S; ¢, a), and (it) match Bena(s;c, a) with Te(c, a).
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Figure 18: Shown is the geometry for constructing a type 2 left transitional pulse.
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Figure 19: Shown is the setup for the matching conditions in the section ™. The curves Bstart (8;¢,a) and

Bend(s; ¢, a) denote the first and second intersections, respectively, of the two-dimensional manifold B(s;c,a) with
the section ¥"™. Note that due to the exponential contraction in backwards time, the curve Bstart (s; ¢, a) consists
of points which are exponentially close together. In order to construct a pulse, there are two matching conditions
to be satisfied: (i) match W (0; ¢, a) with Bstart(s; ¢, a), and (ii) match Bena(s; ¢, a) with Te(c,a).
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which we denote by Bena(s;c,a). We then define the two-dimensional manifold B(s; ¢, a) to be the backwards
evolution of the one-dimensional curve Benq(s; ¢, a). We can parameterize trajectories on B(s; ¢, a) by |zend| < Ay,
where zeng denotes the eventual z-value along the fiber Benq(s; ¢, a). In backwards time, this fiber is exponentially
contracted to the solution 7°°(s; ¢, a) and hence the manifold B(s; ¢, a) intersects ™ in a one-dimensional curve
which is O(e~9/€)-close to (u,v,w) = (0,v°(s; ¢, a), s), uniformly in (c,a). A schematic of the manifold B(s; ¢, a)

and its relation to v*°(s; ¢, a) is shown in Figure 18.

The final matching conditions are obtained as follows: Starting in X*, we consider the backwards evolution of
B(s; c,a) back to the section ¥ where it intersects in a curve Bgtart(S; ¢, a) parameterized by |zend| < A,; we
then show that for each |zena| < A,, W(0; ¢, a) can be matched with the corresponding point on Bggart(s; ¢, a) by
adjusting (¢, a). We then recall that by construction, the forwards evolution of initial conditions on Bstart(s; ¢, @)
intersect X again, this time on the curve Benq(s;c,a). We then show that Benq(s;c, a) transversely intersects
Te(c,a) for each such (c,a) as zenq varies. This implies the existence of parameter values (¢,a) for which
W(0; ¢, a) completes one full pulse and a secondary pulse of height s before reaching 7c(c,a). We then verify
the conditions of Proposition 3.10 to ensure that this solution lies in the stable manifold W?(0; ¢,a). The setup

for the matching conditions is shown in Figures 17 and 19.

Starting with the fiber Bepnd(s; ¢, @) and evolving backwards, we have that the two-dimensional manifold B(s; ¢, a)
is exponentially contracted to M7"(c, a) by the time it reaches £ (and hence is exponentially close to M “(c, a)

also). Thus we have that in ©™, Byar(; ¢, a) is given by a curve (y2,2) = (45, 2°) (Zend, 5; ¢, a) which satisfies

‘yg(zEnd, s;c,a) — yé\/lm| = (’)(e—Q/e)

4.30
|zb(zen,;1,s;c7 a)| = (’)(e_Q/e), ( )

uniformly in |zend| < A, and (¢, a) € I. X I,. The derivatives of the above expressions with respect to (¢, a, Zend)
are also O(e~%/¢), by taking ¢ a bit smaller if necessary.

We showed in (4.26) that, in the section X™, the curve 7¢(c,a) is defined by the graph of a smooth function

z =27 (ya;¢,a) for ys > yJ (¢, a) which is O(e~%/€) along with its derivatives. We have the following.

Lemma 4.7. For each sufficiently small Ay, > 0 , there exists €y, A,,q > 0 and sufficiently small choice
of the intervals I., 1, such that for each s € (wR(Aw),wT — Ay) and each 0 < € < €, the following hold.
Firstly, the backwards evolution of the manifold B(s;c,a) intersects ¥™ in a curve Bgart(s;¢,a) = {(y2,2) =
(ygazb)(ztmd; 856, a); |ZCHd| < AZ} where

|45 (2ena, s3¢,0) — g5 ™" = O(e™°)

4.31
|zb(zend,s;c, a)| = O(efq/e), ( )

uniformly in |zena| < A, and (c,a) € I. x I,; the derivatives of the above expressions with respect to (¢, a, zZend)
are also O(e~v¢). Secondly,

vl (c,a) < inf  y8(zena, sic,a), (4.32)
‘Zend|§Az

for all (c,a) € I, x I,.

The first assertion of Lemma 4.7 follows from the analysis above; the proof of the second assertion will be given
in §5.6.

From Proposition 4.1, we have that the distance between the manifolds M(c, a) and M™(¢,a) in ¥™ is given
by

yQ'/Vl’e — y,2/\/l,m = Do(O{Q, T2 C) = da2a2 + dTQTQ + 0(2) . (433)
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Using Lemma 4.3 and Proposition 4.1, by varying ¢, as we can match W¥(0; ¢, @) with any solution in Bstart (8; ¢, @)

by solving
Do(az,r2i) = (3"~ yi(z50.0)) + (sh(zena, s30,0) = 37 = O(e™/") w0
z = 2" (%end; 81 ¢, @),
for each |zenq| < A,. For each such zenq, we obtain a solution by solving
a =226 20§ + O(e= ¢
(cg ( ) (4.35)

¢ =¢(a,e)+ O(e” V),
by the implicit function theorem to find (a,c) = (a*, c")(2end; 8, V€) where we have

(", a*) (zenas 8, VE) = (e, ap)(Ve) + Oe ), (4.36)

uniformly in (zenq, $), where (cg, ag) is the unique solution of (4.14) (see §4.2.1).

We now evolve W¥(0; ¢, a) forwards; for each zeng we can ensure that W (0; ¢, a) reaches the corresponding point
on the fiber Bend(s; ¢, a) on the subsequent return to ™ by adjusting (¢, a); hence W¥(0; ¢, a) intersects X™ at
the point (y5°(s; ¢, a), Zend) When (¢, a) = (c*,a")(%ena) defined above. We now match with the curve 7¢(c, a) by

solving
Zend = ZZ(y;e(s; & CL); Cu(zend)7 au(zend))a (437)

which, using (4.26) and Lemma 4.7, we can solve by the implicit function theorem for zenq = 25,4 = O(e~%/) to
find the desired solution at

a= a(S, \/E) = au(zgnd;sa\/g) (438)
¢ = c(5,V/e) 1= " (20a 5, V/O):

4.4.2 Convergence of tails

Finally, to ensure that this solution lies in W?(0; ¢, a), we verify the assumptions of Proposition 3.10. Every
solution which meets ™ on the curve Tc(c,a) lies on the stable manifold WZ(0; ¢, a) provided there exists a
canard trajectory ¢ satisfying the conditions of Proposition 3.10. By construction, the solution v*°(s;c,a)

shadows a canard trajectory lying on Z.(c,a) which satisfies these conditions.

4.5 Type 4 & 5 pulses

In this section we consider pulses of type 4 & 5; type 3 pulses will be considered in §4.6. Type 4 & 5 pulses
correspond to I'(s) for s € (wT + Ay, 20" — A,). Type 4 pulses are right transitional pulses with a secondary
pulse of heights w € (w4 + Ay, wh — A,), and type 5 pulses are right transitional pulses with a secondary pulse
of height w € (Ay,wa + Ay). For type 4 & 5 pulses, the secondary pulses pass close to the upper right fold
point. These pulses are constructed in much the same way as type 2 pulses, except with a different definition of
the solution v°°(s; ¢, a) and the associated manifold B(s;c,a). In terms of the actual construction of the pulses,
there is no distinction between pulses of type 4 and 5. We distinguish these pulses, however, due to the technical
difficulties associated with proving Lemma 4.9 below for the case of type 5 pulses, which is crucial to solving the

final matching conditions.

To construct a right transitional pulse with secondary height w = 2w’ — s, we first consider the plane w = 2w’ —s
which intersects the section X" := {u = 2/3,A,, <w < w! — A, } in a line {u = 2/3,w = 2w’ — s}. This line

transversely intersects the manifold W2 (¢, a) for all (¢, a) € I, x I,. Using arguments similar to those in [5, §5]
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Zm
Figure 20: Shown is the geometry for constructing a type 4 right transitional pulse.

in the proof of Proposition 2.7, it follows that the forward evolution of this line transversely intersects W**(¢, a)
for each (¢, a) € I. x I, and each sufficiently small ¢ > 0 along a trajectory v°°(s; ¢, a). Furthermore, the solution
7*¢(s; ¢, a) is exponentially close to W' (¢, a) in " and passes O(e?/% +|a|) close to the fold before intersecting
Wt (c, a).

The geometry of the setup for type 4 pulses and the solution v*°(s; ¢, a) is shown in Figure 20.

Proceeding as with type 2 pulses, we follow v*¢(s; ¢, a) along W*(¢,a) where it is exponentially contracted
to M¥(c,a) and intersects the section ©™ at a point 754(s;c,a) = (0,45°(s;¢,a),0). We again define the
two-dimensional manifold B(s;c,a) to be the backwards evolution of the one-dimensional fiber Bend(s;c,a) 1=
{(0,45°(s;¢,a),2) : |2] < A.} in the section ™. We parametrize the trajectories on B(s; ¢, a) by {Zend, |Zend| <
A} corresponding to the eventual z-value reached along the fiber Benq(s;c,a) in ¥™. Assuming this manifold
is well defined and exponentially close to 4°(s;¢,a) in £ (and the derivatives of the transition maps with
respect to (¢, a, zend) are also exponentially small), the remainder of the construction is similar to the case of
type 2 pulses. A schematic of the manifold B(s; ¢, a) and its relation to v°°(s; ¢, a) is shown in Figure 20.

The fact that B(s;c,a) is exponentially close to 4(s;¢,a) in ™" is due to the following lemma, proved in
Appendix D.

Lemma 4.8. For each sufficiently small A, there exists €g,q > 0 and sufficiently small choice of the intervals
I.,1,, such that for each 0 < € < €, each (c,a) € I. x I, and each s € (w' + Ay, 20" — A), the following
holds. The backwards evolution of the fiber Bena(s;c,a) traces out a two-dimensional manifold B(s;c,a) which
meets "7 in a curve defined by

(u,v,w) = (2/3,115"(5;(:, a),2w’ — s) + (0,v5(%end; S; ¢, @), WB(Zend, S; ¢, a)) , (4.39)
where
0B (Zends 5: ¢, a)| , [WB (Zend, 5; ¢, a)| = O(e~V¢), (4.40)

along with their derivatives with respect to (Zend, ¢, @) uniformly in |zend| < A, and (c,a) € I. X 1,.

44



4.5.1 Matching conditions for pulses I'(s,/€), s € (w! + A, 2wl — A,)

Evolving B(s; ¢, a) backwards and using Lemma 4.8, we have that the backwards evolution of B(s; ¢, a) intersects
Y™ in a curve Bgart(S; ¢, a) which is exponentially close to M*(c,a) (and hence also exponentially close to
M™<(¢,a)). Thus we have that in ™, Bygart (5;¢,a) = {(0, 92, 2) = (15, 2°) (2end, $; ¢, @); | Zena| < A.} where

‘yg(zemd, s;c,a) — yévtm| = (’)(e—q/s)

4.41
|zb(zend,s;c, a)| = O(e_Q/e), ( )

uniformly in |zend| < A,.

We had shown in (4.26) that the curve T¢(c,a) C X™ is defined by the graph of a smooth function given by
z = 2] (ya2;¢,a) for ya > yg (¢,a) which is O(e~9/¢) along with its derivatives. We have the following analogue
of Lemma 4.7 which will be proved in §5.

Lemma 4.9. For each sufficiently small A, > 0 , there exists €y, A,,q > 0 and sufficiently small choice of
the intervals I.,1, such that for each s € (wT + Ay, 2wt — Ay) and each 0 < € < €, the following hold.
Firstly, the backwards evolution of the manifold B(s;c,a) intersects ¥™ in a curve Bstart(s; ¢, a) = {(0,y2,2) =
(43, 2") (Zend; 3 ¢, @); | zena| < AL} where

‘yg(zcnd» s;c,a) — yé\/l,m| = O(eiq/e)

(4.42)
|Zb(Zend, s;c,a)| = O(G*q/e)’

uniformly in |zena| < A, and (c,a) € I. X I,; the derivatives of the above expressions with respect to (¢, a, Zend)
are also O(e~v¢). Secondly,

vl (c,a) < inf  y8(zena, sic,a), (4.43)
‘chdlgAz

for all (c,a) € I x I,.

The first assertion of Lemma 4.9 follows from the analysis above; the proof of the second assertion will be given
in §5.6.

From Proposition 4.1, we have that the distance between the manifolds M(c, a) and M™(¢,a) in ¥™ is given
by

yé\/{,é — yé\/t,m = DQ(O&Q, r2; C) =dp,a2 + dy,ro + 0(2) : (444)
Thus we can match W¥(0; ¢, a) with any solution in Bstart(S; ¢, a) by solving

Do(az, r25¢) = Y (zic,a) —yo ' — (yS(Zend, s;c,a) — yéwm)

(4.45)
z = 2"(Zend, 85 ¢, @),
for each |zena| < A,. For each such zend, we obtain a solution by solving
a =222 + O(e= ¢
(a5 ( ) (4.46)

¢ =¢(aye)+ O(e” V),
by the implicit function theorem to find (a,c) = (a*, c")(Zend; s, vV/€) where we have
(", a")(2end; 5, VE) = (cr, ap)(Ve) + O(e™ /), (4.47)

uniformly in (zend, s), where (¢g,ag) is the unique solution of (4.14).
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We now evolve W¥(0; ¢, a) forwards; for each zenq we can hit the corresponding point on Bena(s; ¢, a), hence
WX(0;¢,a) intersects X at the point (y5°(s;¢, a), zend) When (¢,a) = (%, a")(2ena) defined above. We now
match with 7¢(¢,a) by solving

Zend = ZZ(y;e(sa c, CL); Cu(zend>7 au(zend))a (448)

which, using (4.26) and Lemma 4.9, we can solve by the implicit function theorem when zeng = 25,4 = O(e~9°)

to find the desired pulse solution when

a = a(s,\/é) i= a" (=i 5, V/O)

(4.49)
¢ = e(5,7/&) 1= ¢ (2nai 5, V/E)-

The argument that the solution constructed above lies on the stable manifold W?(0; ¢, a) is the same as the case

of type 2 pulses.

4.6 Type 3 pulses

We now consider type 3 pulses. Type 3 pulses are those with secondary heights which are close to the upper
right fold point; these pulses encompass the transition from left pulses to right pulses and hence form a bridge
between type 2 and type 4 pulses. We construct these in a manner similar to type 2 pulses, but they are not
parametrized naturally by the height of the secondary pulse. To set up a parametrization of these pulses, we
change to local coordinates in a neighborhood of the upper right fold point [5, §4].

The fold point is given by the fixed point (u7 (a),0,w? (a)) of the layer problem (2.7) where

ui(a):%(a—i—l—}—\/cﬁ—a—i—l),

and w’} = f(u)). The linearization of (2.7) about this fixed point has one positive real eigenvalue ¢ > 0 and a
double zero eigenvalue, since f'(u) = 0. As in [5], there exists a neighborhood Up of the upper right fold point,
in which we can perform the following C*-change of coordinates ®.: Up — R? to (1.2), which is C*-smooth in
¢,a and € for (c,a,€)-values restricted to the set I, x I, x [0, €g], where ey > 0 is chosen sufficiently small. We
apply @, in the neighborhood Uy of the fold point and rescale time by a positive constant 6y given by

o= @ =0t ) — ) >0, (4.50)

uniformly in (c,a) € I, X I,, so that (1.2) becomes

I‘/ = (y+332 +h(x’ya€;caa)) ’

/

Yy = eg(x,y,e;c,a), (451)

where h, g are C*-functions satisfying
h(.’l?, ya € ¢, a) = 0(67 xy7 y2a $3),
9(z,y,6¢,a) =1+ O(z,y,¢),

uniformly in (¢,a) € I, x I,. In the transformed system (4.51), the x, y-dynamics is decoupled from the dynamics
in the z-direction along the straightened out strong unstable fibers. Thus, the flow is fully described by the
dynamics on the two-dimensional invariant manifold z = 0 and by the one-dimensional dynamics along the fibers
in the z-direction.
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Figure 21: Shown is the setup near the upper right fold point. Note that x increases to the left.

We consider the flow of (4.51) on the invariant manifold z = 0. We append an equation for €, arriving at the

system
o =y 42>+ hiz,y,ec a),

y' =eg(z,y.€c,a), (4.52)
¢ =0.

For ¢ = 0, this system possesses a critical manifold given by {(z,y) : y + * 4+ h(z,y,0,¢,a) = 0}, which in a
sufficiently small neighborhood of the origin is shaped as a parabola opening downwards. The branch of this
parabola for < 0 is attracting and corresponds to the manifold Mj. We define ./\/IS’Jr to be the singular
trajectory obtained by appending the fast trajectory given by the line {(z,0) : £ > 0} to the attracting branch

b of the critical manifold. In [5] it was shown that, for sufficiently small € > 0, My perturbs to a trajectory
MDT on z = 0, represented as a graph y = s.(z; ¢, a), which is a-uniformly c’ -0 <62/3>—close to ./\/lg’+ (see
Figure 21 — note that in this figure, x increases to the left). The branch of the critical manifold corresponding to
x > 0, which we denote by S; (¢, a), is repelling and corresponds to the manifold M{* and is normally hyperbolic
away from the fold point. Thus by Fenichel theory, this critical manifold persists as a slow manifold S (¢, a) for
sufficiently small € > 0 and consists of a single solution. This slow manifold is unique up to exponentially small
errors. We will be concerned with trajectories which are exponentially contracted to S7 (¢, a) in backwards time
(see Figure 21).

Remark 4.10. We use the notation S_ (c,a) rather than MI*(c,a) as in general these manifolds only coincide

up to exponentially small errors.

We determine the location of W#(c,a) in the neighborhood Ur. From [5, §5], we know that W*(M§(c*(0),0))
intersects W* (Mg (¢*(0),0)) transversely for € = 0 along the Nagumo back ¢y, and this intersection persists for
(¢,a,€) € I. x I, x (0,¢0). This means that W?(c, a) will transversely intersect the manifold W*" (¢, a) which
is composed of the union of the unstable fibers of the continuation of the slow manifold M (c,a) found in [5,
§4]. We define the exit section ¥°“* by

ot = {z = A'}. (4.53)
For (c,a,¢€) € I. x I, x (0, ), the intersection of W*(c, a) and W*" (¢, a) occurs at a point

(2,9,2) = (ze(c, a,€), sc(we(c,a,€);c,a), A') € B, (4.54)
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and thus we may expand W**(c,a) in X% as
(@,y) = (ze(c,a,€) + Oy — se(w;¢,a),€),y), ¥ € [y, Ay, (4.55)

for some small A, > 0. The goal is now to parametrize the construction of type 3 pulses by the coordinate y,
which parametrizes trajectories on the manifold W¢ ’é(c7 a). By taking A,, sufficiently small, it is clear that there
is overlap with the construction of type 2 pulses. We will argue that there is also overlap with the construction

of type 4 pulses by considering an appropriate range of y-values.

We now place a section X~ defined by
ST ={(2,y,2): 0 <@ < 2p,y = —p, 2| < A} (4.56)

and we note that the manifold S. (c,a) intersects ¥~ for all sufficiently small ¢ > 0. We define two other

sections

St ={(w,y,2): —2p < x <0,y = —p°, |2 < A"} (4.57)
B = {(2,y,2) rx = =2p, |y < p?, |2 < A" (4.58)

We now note that, provided A, is sufficiently small, any trajectory W; ’e(c, a) in X°"* leaves a neighborhood of
the fold point through one of the sections X%, X% ¥4 in backwards time. We construct type 3 pulses by
considering only heights y which correspond to trajectories on W? (e, a) which exit via ¥~ in backwards time.
The setup is shown in Figure 21.

Firstly, all solutions in ¥~ are exponentially contracted in backwards time to M™(c,a) upon arrival in the
section ¥ near the lower left fold point. We first consider the trajectory S (c,a). Tracking backwards down
the middle slow manifold, we have that S (c, a) is uniformly O(e~%/¢)-close to M™ (¢, a) in ©™ for (¢, a) € I, x I,.

Using similar arguments as in the construction of type 2 pulses, for each sufficiently small ¢ > 0 we can find
values of (¢,a) = (¢~,a” )(y/€) such that the backwards evolution of S_ (c,a) can be matched with W (0; ¢, a) in
the section ™. We now consider trajectories on W**(c,a) in £°% which pass through ¥~ in backwards time.
As stated above, trajectories on W(c, a) in $°" are parametrized by y € [~A,, A,]. For (¢,a) = (¢7,a™), for
each g sufficiently small, (for instance, —A, < y < —A,/2), for all € € (0,€), the trajectory which intersects
W2¥(¢,a) in £ at § contracts exponentially in backwards time to S (¢, a) and therefore passes through X%,
We can therefore define the supremum of all such values of 4§ to be y_. That is, y_ is defined as the supremum
of g-values such that the trajectory which intersects Wje(c_,a_) in X°U" at height ¢ passes through X%~ in
backwards time.

We now show that for each sufficiently small € > 0 and each § € [-A,,y. ], we can construct a transitional
pulse with secondary excursion which passes near the upper right fold and intersects the section 3°“! passing
exponentially close to the point (z,y) = (z¢(c,a, €) + O(F — sc(x;¢,a),€),§) on the manifold W¢(c,a). In this
sense, gy will serve as a parameterization of such transitional pulses passing near the fold. We then argue below

that there is overlap between these and the construction of pulses of type 2 and 4.

To proceed, we show that for each such g, a transitional pulse can be constructed following the same procedure
as with type 2 pulses, though extra care is needed to make sure that the passage near the fold does not cause
the argument to break down. We define the solution v*¢(7;¢~,a~) on the stable foliation W#*¢(¢~,a™) which
intersects the section 2°% at height y = . This solution is exponentially attracted in forward time to /\/lg(c_, a”)

and hence intersects ™ at the point (0,95°(c™,a™),0) where
e/ JC < y(e a7) —y3 (¢ a7) < Cem /e, (4.59)
Define the two-dimensional manifold B(g; ¢, a™) to be the backwards evolution of the fiber

Bena(g;c5a7) == {(0,45°(c,a7), 2) - [2] <A} € B™ (4.60)
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In backwards time, this B(g; ¢~,a™) is exponentially contracted to the solution v**(7; ¢~, a™) and hence intersects
3% in a one-dimensional curve which is O(e~%/¢)-close to v*(j;¢™,a”). Because § < y_, in backwards time
¥*(g;¢™,a™) hits the section X“~. The passage in backwards time from X°“ to ¥*~ defines a map which
at worst expands exponentially at a rate e ¢, where 1 can be made arbitrarily small by shrinking the fold
neighborhood. In particular, we can ensure that n < ¢. Hence we can ensure that this potential expansion is
always compensated by the contraction occurring along the fibers of Wf’é(c, a) in the passage in backwards time
from X™ to X°“. Hence the intersection of the backwards evolution of B(7;c¢™,a™) with %~ also defines a

one-dimensional manifold which is (9(6”1/ “)-close to v*°(g;¢~,a™ ), where ¢ may have to be slightly decreased.

We will now show that the results above hold for an interval of parameters (c, a) exponentially close to (¢™,a™),
that is, we write (¢,a) = (¢”,a”) + (¢,a) and consider values |¢|,|a] < Ce™2"/¢. For all sufficiently small
€ > 0, we claim that the above assertions continue to hold uniformly for all such (¢,a). We define the solution
Y*e(; ¢, a) on W¥(c, a) which intersects the section ¥°% at height y = 7. This solution intersects ¥™ at the
point (y5°(g; ¢, a),0) where

™M/ < Y3 (i ¢ a) — 5 (0;¢,a) < Cem /e, (4.61)

uniformly in (¢, a). Again we define the manifold B(g; ¢, a) to be the backwards evolution of the fiber Benq(g; ¢, a) :=
{0,43°(7;¢,a),2) : |2| < A,} C X™. In backwards time, this fiber is exponentially contracted to the solution
~*¢(iJ; ¢, a) and hence intersects ° in a one-dimensional curve which is O(e~%¢)-close to v*(¥; ¢, a). In back-
wards time, for any |¢|, |a| < Ce=21/¢, 7%¢(; ¢, @) hits the section £~ and the backwards evolution of B(7; ¢, a)
also meets X"~ in a curve which is O(e*Q/e)—close to v*°(7; ¢, a) uniformly in |¢],]a| < Ce™ "¢, where ¢ may
have to be slightly decreased. Similar estimates also hold for the derivatives of the transition maps from ™ to
$h.

Since B(7; ¢, a) intersects 3™ in a vertical fiber Bena(7;¢,a) = {(0,45°(g;¢,a),2) : |z| < A,}, we parameterize
the trajectories on B(g;c,a) by |zend| < A, where zeng denotes the eventual height along the fiber. We now
consider the backwards evolution of B(7; ¢,a) back to ¥, where it intersects in a curve Bstart(7; ¢, a). For any
2], |a] < Ce™21/¢, we have that B (7; ¢, a) is O(e”7)-close to M™(¢,a) in £™. Thus we have that in X,
Bstar (73 ¢, a) = {(0, 92, 2) = (yé’, Zb)(zende? ¢, a); |zena| < A.} where

|yg(zend; y;c, a/) - yz./\/(,m| = O(B_q/e)

(4.62)
12" (2end, 75 ¢, a)| = (’)(e—q/e),

uniformly in |zenq| < A, and |, a] < Ce™27/<.

We can now repeat argument in the construction of type 2 pulses, given the uniformity of the above estimates
in |, |a] < Ce™?"/¢ and the fact that we only need freedom in the variation in the bifurcation parameters (c, a)

of (’)(e_q/ €) for perhaps a slightly smaller value of g to solve the corresponding matching conditions.

4.6.1 Overlap with pulses of type 2,4

The pulses now form a one-parameter family parametrized by the height §. By taking A,, sufficiently small with
respect to Ay, it is clear that there is overlap in the construction of type 3 pulses above and the construction of
type 2 pulses. That is, type 3 pulses for § near A, are constructed in much the same manner as type 2 pulses
for s near w' — A,,. Furthermore, again with A, sufficiently small with respect to Ay, there is also overlap in
the construction of type 4 pulses. Type 4 pulses constructed for s near w' + A,, will pass through the section
%%~ before passing O(e?/3 + |a|)-close to the fold and leaving the section %°% exponentially close to W(c, a).
These pulses therefore overlap with the construction of type 3 pulses for § near y_ .

As all pulses of types 2, 3,4 were constructed using the implicit function theorem, by local uniqueness the one-
parameter families of pulses of types 2,3,4 in fact form one continuous family. Hence we reparameterize the
family of type 3 pulses by s € (w' — A, w’ + A,,) rather than the height 7.
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4.7 Type 6 pulses

Finally, we consider type 6 pulses, which are right transitional pulses corresponding to s € (2wT — Ay, 2wT).
To construct type 6 pulses, we proceed as in the case of type 4/5 pulses and analogously define the solution
7%°(s; ¢, a); this solution is well defined and exponentially close to W7 (c,a) in ™" (and the derivatives of the
transition maps with respect to (¢, a) are also exponentially small). However, the challenge comes from the fact
that the backwards evolution of 7°°(s; ¢, a) does not necessarily meet the section £ at a distance O(e~9/€)-close
to MI(¢c, a), and hence more care is required to obtain the corresponding matching conditions.

We begin by describing the manifold W2" (¢, a) in a neighborhood of the origin. We first write ¢ = ¢(a, €) + coe =
1/V2 + O(a, €), for |c| small and (a,€) € I, x (0, ¢€), that is, we only allow ¢ to vary from the value &(a, €) by
an O(e) amount. Since WY(0;¢,a) lies in W§(Mp; e, a) for (c,a) = (1/v/2,0), by standard geometric singular
perturbation theory, we have that for (a,€) € I, x (0, €p), in the section £* = {z = A, }, we can write W (¢, a)

as a graph
z=a"(y,a,6c)=0(y,ae), yE[-24,24, (4.63)

for sufficiently small A, > 0.

Since the coordinate transformation z — x + g(y, a, €) for a function g(y, a, €) = O(y) does not change the form

of the equations (4.2), we can assume without loss of generality that W:""(c,a) is given by the line
z=2a"(o,€,¢) = Oy e), y€[—24,,24,], (4.64)
or, equivalently, in the Iy coordinates

x9 = xh(a9, T2, c2) = Oz, T32). (4.65)

4.7.1 Dynamics in Ky
The desingularized flow in the Ko coordinates is given by

xh = —y2 + x5 + r2G1 (2, y2) + O(ra(az + 12))
Yy = To + ag + 12Ga (22, y2) + O(ra(az + 12))

(4.66)
ry =0
ay =0,
Where'—i ty = rot, and
- dt27 2 — I'2t,
G _ 3
Glaa,ys) = [ Grl@zv2) | _ [ a1r2 0222+ AsTy ) (4.67)
Ga(2,y2) ayr3 + asy?
where
_ Ohs _ Ohy O
a1 = o (0,0,0,0,¢), ag= o (0,0,0,0,¢), a3= pe (0,0,0,0,¢),
oh
as = ——(0,0,0,0,¢), a5 = hs(0,0,0,0,c)
ox
and the functions h; are as in (4.2). For ro = as = 0, the system is integrable with constant of motion
1 5 9 1
H(x2,y2) = 5¢ Yy — x5+ 5) (4.68)
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The function H has a continuous family of closed level curves
Th = {(v2,y2) : H(za,y2) = h}, he(0,1/4) (4.69)

contained in the interior of the parabola y, = 23—1/2, which is the level curve for h = 0. We define the trajectories
AR (t) = (2B (t),y2(t)) to be the closed orbits corresponding to I'}, satisfying x4 (0) = 0 and 3% (0) > 0, and we
let T" denote the half period of the orbit I‘g. For h = 0, we parametrize the parabola 73 (t) as

(w080 = (5.7 3)- (470

For (av, r5) sufficiently small and y%(0) > 0 bounded away from zero uniformly in (v, 72), define 7,12 Tz( ) %ﬁ;m (t)

to be the forward/backward solutions of (4. 66) satisfying fya2 r(0) = %ﬁz“ (O) = (x5(ag, 72, ¢2), y2(0)) so that
’Yo,o 7 (0) = 70,0(0) = 45(0). Denote by ya2 T2,ya2 r, < 0 the yo values at which ’yaz vy (), 307 (t) Teach o = 0.

,}/ag T2
For h € (0, hg), where hg is sufficiently small, we are interested in the distance function
Dh(O{g,’rg,h) = H(ané\/t, ) H(O yaz,’!‘g) (471)

A zero of this function corresponds to a connection between M(c, a) and a trajectory reaching (5 (ca, 72, ¢2), y2(0))
in the chart Ko. We have the following

Proposition 4.11. Fiz ho, Ay > 0 sufficiently small. There exists eg > 0 such that for each ro € (0,+/€o), there
exists hy, > 0 and a curve ag = ag(rg, o) satisfying

Dh(ag(TQ,CQ),TQ,h) =0, he (hL,ho). (472)
Furthermore, we have that r3yh=(0) = A, (1 + O(A,)).

Proof. The proof follows from similar arguments as in [22] and in the proof of [23, Theorem 4.2]; here we briefly
outline the differences.

Proceeding as in [22, §3.6], we compute that

0
0
HO.8 ) = [ THES0) Geg) oo VHm&m-<l>dvumwrwwD% (473
and following the proof of [23, Proposition 4.1], we have that
0 0
oy 0
H(0, Yoy ,,) =h—r12 - VH (3 (1) - G(rg (1) dt — az - VH (75 (t)) - ( ) ) dt + O((r2 + |az])?).  (4.74)

The main distinction between the argument in [23] and the derivation of the expression (4.74) above is that
there are errors incurred due to the choice 7%, . (0) = (25(a2,72,¢2),y5(0)) = (O(az,72),y5(0)) instead of
?ZQM (0) = (0,4%(0)); however, by tracking the argument in the proof of [23, Proposition 4.1], we see that these
errors can be absorbed into the quadratic terms, and we omit the details.

It follows that
Dr(aa,m9,h) = —h + dgzag + dﬁQTz + O((r2 + |042D2), (4.75)

where

0 0
S LCORC TR M SO RO

0 0 0 0
:[-Vmﬁ@y<l>ﬁ+_WVMﬁ@%<l>M

with dZQ > 0 uniformly in h € (0,hg). Though the difference function D;, differs from that in [23] due to the
presence of the —h term, we may carry though the argument as in the proof of [23, Theorem 4.1] and see that

(4.76)

analogous estimates hold for Dy, and its derivatives in order to obtain the function o (rq, c2) with the desired
properties. O
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4.7.2 Matching conditions for pulses I'(s,/e), s € (2w’ — A, 2w")

The backwards evolution of ¥*°(s;c,a) is exponentially close to W2 (¢,a) in ¥* := {z = A,}. Rather than
parameterizing v°°(s; ¢,a) by s, it is more natural to use h € (hr, hg) along W>"(c,a) from Lemma 4.11 as a
parameter (this is in one-to-one correspondence with the height y along W2 (¢, a) in the section ). Thus we

have that in $2, 75, (h; ¢, a) is given by a point (z,y) = (x°(h; ¢, a,€), eyy (0)) which satisfies
2% (g: e,a,€) — 2" (a, )] = O(e), (4.77)
uniformly in (¢,a). We have the following

Lemma 4.12. The backwards evolution of v*°(s; ¢, a) intersects ™ at a point Y., (8;¢,a) = (0,55° (g, r2), 2°¢ (a2, 72))

satisfying

. N _ 2
5 (a2, 72) = Uy, | = O(e™72)

(4.78)
2%(ag, r2)| = O(e™V/™2),

along with their derivatives uniformly in (a2, r2) sufficiently small.

Proof. To see this, we first recall that v°°(h;c,a) intersects ¥* at a point (z,y) = (2°(h; ¢, a,€), ey2(0)) which
is O(e™)-close to W*"(c,a) satisfying (4.77). Recalling in the Ky coordinates that to = rot, we obtain the
desired estimates by evolving backwards by time ty = T" + O(ag,72), noting from (4.2) that the z-coordinate

evolves according to

=z (03/2 + O(z,y, 2, a, e)) ) (4.79)

d
where - = T hence decaying exponentially in backwards time. O

The final matching conditions can then be obtained as follows. Starting in X*, we consider the backwards
evolution of v*°(s; ¢, a) back to the section 3™ where it intersects at a point Vi, (S; ¢, a); we then show that for
h € (hr,ho), W (0; ¢, a) can be matched with 5, (h; ¢, a) by adjusting (¢, a) using Lemma 4.9. We then evolve
¥*¢(h; ¢, a) forwards to its next return to X"*; by construction, v*°(h; ¢, a) meets £ at a point e (h; ¢, a) which
lies on the manifold Z(c, a) and in forward time will not reach a height higher than ey} (0). By Proposition 3.10,

this gives a tail which lies in WZ(0; ¢, a), completing the construction.

From Proposition 4.11, for h € (hr, hg) we can match W¥(0; ¢, a) with v, (h; ¢, a) by solving

Dz, 3, h) = (H(0,3") = H(0, 3 (2 ¢,0)) ) + (H (0,5 (a2,72)) — H(O, T,,))

(4.80)
z=2"%(ag,12),
Using Lemma 4.3, we obtain a solution by solving
a =222 (ol (rq, ¢q) + O(e™ 7)) (481)
c=¢&(a,€) + 0(e™1),
Recalling
¢ = ¢&(a, €) + cae, (4.82)
by the implicit function theorem we obtain a solution
a = alhve) (4.83)

c=c(h,Ve),



to (4.81) for each h € (hr, hg).

We can naturally reparameterize these solutions via the invertible map h — yQ(O) so that they are parameterized
by the height y = eyS(O) at which the secondary pulse leaves the neighborhood of the origin along W2 (¢, a).
This y-coordinate ranges from y € [y, 3] where " = ey°(0) = O(e) and y"t = ey (0) = A, (1 4+ O(A,)).
From this, we first deduce that for the solution in this family reaching X% at (x,y) = (z"(a,€),y"t) = O(V/e),
the secondary pulse leaves along W?"(c,a) at an O(v/e) distance from the primary pulse. Secondly, from the

endpoint at y"t = O(1), we see that there is overlap with the construction of type 5 pulses.

Hence we can reparameterize these pulses by s so that they form one continuous family with the previously
constructed type 5 pulses. For type 6 pulses, s ranges from s = 2w’ — A, to s = Send(V/€), the end of this family
marked by the solution described above with a secondary pulse which is O(+/€)-close to the primary pulse.

Remark 4.13. We have shown above that type 6 pulses form a bridge between type 5 pulses at h = hy, and double
pulses at h = hgy for some small fized hg. Beyond this, our construction procedure breaks down. Using (4.81)

and the fact that ago (r9,c2) solves
Dy (a3°, 72, ho) =0, (4.84)
where Dy, is defined by (4.75), we note that the corresponding a-value is given by
a(ho, ve) = 23/4hov/e + O(e). (4.85)
We note that this value is less than, but close to the value at which the Belyakov transition (1.3) occurs at
a=2%%/e+O(e). (4.86)

This corresponds with the split banana we see in Figure 5. It may be possible to fully understand the termination
of this branch of double pulses by unfolding the Belyakov point. We do not develop this further here, but we note

that the above construction indeed fails near this region.

4.8 Proof of Theorem 2.2

We briefly conclude the proof of Theorem 2.2. For each sufficiently small € > 0, the existence of the desired one
parameter family of pulse solutions I'(s, v/€) and their approximation by the singular pulses T'g(s) follows from
the constructions of pulses of type 1,2,3,4,5,6 in §4.2-4.7. As all of these were constructed using the implicit
function theorem, and the constructions can be taken to have overlapping regions of validity, we obtain a single
continuous family of solutions which satisfy the singular approximations (i). The overlap of the family I'(s, \/¢)

with the classical branch of 1-pulses from Theorem 1.1 for sufficiently small s was shown in §4.2.2, proving (iii).

The statement (ii) follows directly from Proposition 3.10 for the case of pulses of type 1—5. We now prove the final
statement, regarding the fact that the functions w;(s,0) are constant for s € [w%, 2w’ — w4]. As constructed
in §4.2-4.6, a transitional pulse T'(s,/e), s € [w%, 2w’ — w,], completes a primary excursion, followed by a
secondary excursion (determined by s), followed by a trajectory which meets Z.(c,a) in the section £ at some
height w1 (s, €) < w™ where w" = w4 + O(¢?/3) < wy + A, for all sufficiently small € > 0. We first claim that
!i_l}(l)wl(s,e) =w1(s,0) > wa — 3A,,.

To see this, we consider the backwards evolution of the trajectory starting in ¥ at height w = wy — 3A,,,
which ends up in "¢ at some height w = w¢ (€). Let wd = 11_% we(€). We claim that R(wd,wa —3A,) =0, i.e.
w§ = wr(A,). To show this, we assume for contradiction that R(w2,wa — 3A,,) < 0. By Proposition 3.9, we
have that the pair (wg(Ay), wa — 3A,,) are buffer heights. Thus any solution entering ©"* above w = wr(A,,)
exits ©"% at height wa — 3A,. This gives the desired contradiction: any transitional pulse I'(s,ve), s €
[wr(Ay), 2w —wa 4+ A,], must first complete a primary pulse which intersects ©* near w = w’. This primary
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excursion therefore subsequently shadows a canard solution on Z(c,a) which enters via %™ near w = wf;
however this solution does not exit at the buffer height ws — 3A,, but rather must exit Z.(c, a) through the
boundary w = w4 —A,, in order for I'(s, v/¢) to complete the secondary excursion. The case R(wd,wa—3A,) > 0

can be treated similarly.

Hence there is a canard trajectory on Z(c,a) which enters via ¥ at w = wc(e), then exits via L"¢ at

w = w4 — 37y, and we(e) satisfies llg(l) we(€) = wr(Ay). Since the secondary excursion of a transitional pulse

[(s,V/¢), s € [w%, 2w’ — wa] meets X" at a height w > w% > wr(A,), the subsequent return to L™ must
occur at a height wa — 3A, < w < wzﬁ as claimed, and subsequent returns to X"* are similarly determined
by successive zeros of the way-in-way-out function R. We note that the choice of A, in the above argument is
arbitrary. Hence the argument can be repeated for arbitrarily small A,, for pulses I'(s, /€),s € [wOR, 2wl —w n
without affecting the limits w; (s, 0), provided e is correspondingly taken sufficiently small. Hence wi(s,0) = wa

for s € [w%, 2w’ — w,4] and the sequence w;(s),i =2,..., N(s) follows.

Finally, the estimates (iv) follow directly from the final matching conditions (4.16), (4.36), (4.47) for each of the
pulse of type 1-5, where (cg,ag) are as defined in §4.2.1.

5 Flow near the Airy point

The goal of this section is to prove Proposition 4.5, as well as Lemma 4.7 and Lemma 4.9, regarding properties
of the backwards evolution of certain trajectories on the manifolds Y(c, a, €), W2 (¢, a) which pass near the Airy

point.

In particular, we need to track the manifold Y(c, a,€) in backwards time into a neighborhood of M!*(¢,a) and
determine its behavior near the canard point, in particular its transversality with respect to the strong unstable
fibers in the section ©™. We recall that the intersection YVena(c, a,€) of Y(c,a,€) with £™* coincides with the
intersection of Z.(c,a) with "¢, Hence for trajectories on Yenqd(c, a, €) in X" with w < w4 — A,,, this behavior
is clear: these trajectories are attracted exponentially close to M (¢, a) and remain in the invariant manifold
Z.(c,a) upon entering a neighborhood of the canard point. Hence there is transversality with respect to the

strong unstable fibers in X",

However, for w > wy — A,, the behavior is not so clear since near M (¢, a), the manifold Z.(c,a) is not
defined for w > wy — A, due to the lack of spectral gap in the linearization of the vector field. Therefore,
such trajectories on Y(c, a,¢€) are still exponentially attracted to M*(c,a) in backwards time, but in general
do not remain on Z.(c,a) upon reaching w = wy — A,, due to the interaction with the focus-like properties of
the manifold M”*(c,a) (see Figure 22 — note that the flow direction is reversed in this figure). To understand
the transition from node to focus, we must understand the flow near the Airy point. The goal is to show that
even though the backwards evolution of (¢, a, €) leaves the manifold Z,(c,a) on the journey from %™* to £™,
we retain the desired transversality properties for trajectories on )Y(c, a, €) which meet v a bit above the Airy

point, specifically for w < wa + Ce?/3 for some C > 0.

The Airy point (ua,w,) is defined by the conditions ¢ = 4f'(u4) and wa = f(u4). In a neighborhood of this
point, the manifold M7 (¢, a) can be written as a graph (u,v) = (ua + h(w,€), g(w, €)) where

! w—w e, (w—w 2
f’(uA)( A)+0 (e A7) (5.1)

g(w,e) = O (e, (w—wa)).

h(w,e) =
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We make the coordinate transformation

T = % (v—g(w,e€)) — (u—ua — h(w,e€))
N 4f”(uA) w—w 5.2
- CQf’(uA)( A) ( )

z=u—ug — h(w,e),
and rescale time by —(¢/2) to arrive at the system

t=—-x+yz+ H(y, z €z
Z=—x—2z+ O(ez) (5.3)
y=€(=k+0(y,z,¢),

where
H(y,z,€) = (9(y27 Z,€), (5.4)
and
21" (u
k= M(M —qwa) > 0. (5.5)

Note that the flow direction has been reversed. We make a final coordinate change y — y + O(y?, €) to simplify
the equation for & and arrive at the system
i=—x+yz+ 0
2=—x—2+4+0(e2) (5.6)
y =€ (_k + O(xvya 2, 6)) )

We consider solutions entering via the section
K =A@y, ze) e =pY Jyl <o 2] < p%n, 0 < e < pPo) (5.7)
Such solutions exit via the section
SU = {(x,y,2,6) s 2] < pty y=—p% |2 < pPp, 0 < e < PP} (5.8)

The goal of this section is to prove Proposition 4.5, that is, we track the backwards evolution of the manifolds
V(c,a,€), WS (c,a) near the Airy point until they exit via ¥%*, where we then use an exchange lemma type
argument to track the rest of the way to X". In the following, we use the labels £,r to refer to objects
associated with the manifolds Y(c,a, €), W2 (¢, a), respectively, due to the fact that in solutions on Y(c,a,€)

(resp. W2 (c,a)) originate from the left (resp. right) of the Airy point.

To start, we have the following regarding the entry of the manifolds Y(c, a, €), W*" (¢, a) in X'

Lemma 5.1. For each sufficiently small A, > 0 there exists g > 0 and sufficiently small choice of the intervals
I. x 1, such that for (c,a,e) € I. x I, x (0,€0), the manifolds YV(c,a,e), W*"(c,a) intersect '3 in curves
z = 25y ¢, a), 257 (y; ¢, a), respectively, for |y| < Ay. Furthermore, there exists a constant k = k(p) > 0 such
that

227 (yse,a) — 22 (ys ¢, a) > pPr(p) (5.9)

uniformly in |y| < A,.
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Proof. Using Proposition A.1, we find that for (c,a,€) = (1/v/2,0,0), the front ¢; is asymptotic (in forward time
according to 5.6) to the Airy point (z,y,z) = (0,0,0) and satisfies

x(s) = 2v2Bezvr + 0(326%)

. By (5.10)
2(s) = (Ag — Bys)eavz + O(s%ev2).
Therefore, ¢, intersects %' at the point (z,y,z) = (p*,0, 25) where
A 4
¢ 4 ‘ P 4
25=1p +1og( )>+o(p)
’ <2\/§Bz 2v/2B; (5.11)

— 4p*1 P ) o).
pog<2\/§B€ +O(p")

Therefore, by a regular perturbation argument, we have for sufficiently small A, and any (c,a) € I. x I, for

ly| < A,, the manifold Y(c, a,0) intersects ¥%" in a curve z = zS’K(y; ¢, a) given by
2" (yie,a) = 26+ O(y, (¢ — &), a). (5.12)

By using standard geometric singular perturbation theory, for sufficiently small € > 0, the perturbed manifold

V(c, a,€) intersects X in a smooth curve z = z5(y; ¢, a) given by

25 y;c,a) = 25+ Oy, (¢ — ¢*), a€), (5.13)
for |y| < A,. We similarly obtain that W5"(c,a) intersects X4 in a smooth curve z = 25" (y; ¢, a) given by

2" (yie,a) = 25+ O(y, (e = ), a,€), (5.14)

for |y| < A,. Using Proposition A.1, and taking A, < p* sufficiently small, we deduce that there exists
k = k(p) > 0 such that

22" (yse,a) — 22 (y; ¢,a) > pPr(p) (5.15)

uniformly in |y| < A,,. O

By taking A, := 2kA,, sufficiently small, we reduce the study of Proposition 4.5 to just understanding the
passage of trajectories on Y(c, a, €) which enter a neighborhood of the Airy point in backwards time in a manner
governed by Lemma 5.1; these solutions interact with the flow near the Airy point in a nontrivial manner (see
Figure 22). All solutions on )(c, a, €) entering a neighborhood of M*(¢,a) in backwards time at heights lower
than this remain in Z.(c, a) until arriving at the section ¥ due to the nature of the construction of this manifold
in §3.1.

To accomplish this, we need to understand detailed properties of the flow of (5.6). Ultimately, we will show that
the flow of (5.6) is qualitatively similar to the flow of the simpler system

T=—-T+yYz
i=-x—2 (5.16)
y:_ﬁ,

which are essentially the Airy equations on a slow timescale coupled with exponential decay. The solutions of

this system are given in terms of the Airy functions Ai, Bi, and their derivatives, which are shown in Figure 23.

We begin by solving the simpler system (5.16) to demonstrate why it is reasonable to expect that the transversality
properties of Proposition 4.5 should indeed hold. Then we will use blow up techniques to study (5.6) directly to
show that Proposition 4.5 continues to be valid when including the higher order terms.
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Figure 22: Shown is the schematic of the flow near the Airy point. Note that the flow direction corresponds to
that of (5.6), which is the reverse of (1.2).

10 -5 0 5 -10 -5 0 5

Yy Y
(a) The Airy functions Ai(y) (blue) and Bi(y) (b) The derivatives Ai'(y) (blue) and Bi'(y)
(dashed red). (dashed red) of the Airy functions Ai(y), Bi(y).

Figure 23: Shown are graphs of the Airy functions Ai, Bi and their derivatives.
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5.1 A simpler system

We are concerned with the passage of trajectories on Y(c, a, €) from X% to ¥9**. In this section, as motivation for
the full proof in the following sections for the system (5.6), we first consider the simpler system (5.16). The goal is
to show that )(c, a, €) intersects ¥4 in a curve transverse to the fibers of the manifold Z.(c,a). Then, using the
exchange lemma, we deduce that the transversality holds in the section X" as well. We note that for trajectories
entering Y%’ for y < —A,, this transversality is clear as due to the construction of the invariant manifold Z.(c, a)
in §3.1. Hence we are primarily concerned with the trajectories for yo > —A,, whose intersections with YU we
will explicitly compute below. This is precisely the regime in which the manifolds )Y(c, a,€) and Z(c,a) begin
to deviate.

The system (5.16) is essentially the Airy equation on a slow timescale coupled with exponential decay. To see

this, we rescale (z,2) = (e~'Z,e 'Z) and obtain the equations

8
Il

Yz
Z=-7 (5.17)
Y= —¢.

The solutions of this system can be given explicitly in terms of Airy functions Ai, Bi (see Figure 23)
_ Yo N Yo 1/3,\ i _ Yo g Yoo 1/3
z(t) = [(Al( 62/3)B1 (—62/3 +€ t) Bl( 62/3)A1 ( 2/3 +€ t))x

s (af (- ) () o (- 2) (- 2+ )

A(t) = % [(Bi (—6‘%) Ai (—6% +e/) - i (- 62/3) Bi (—2—/3 + ) ) o (5.18)
Fan ot () ()
y(t) = yo — et,
Yo +p°

where yo = y(0), o = Z(0) = z(0), and zp = 2(0) = 2(0). This solution reaches y = —p? at time T =
with

€

2

o1y == (o (- 2w () i (- ) (45) )
e (a () () - () (5)) o

)= e () () - g m(gs) ) O
- (B (- 35) i () - (- w> (%))

y(T) = —p.

Using asymptotic properties of Airy functions [1, §10.4], we have the following

Lemma 5.2. The Airy functions Ai(y), Bi(y) have the following asymptotics for all sufficiently large y > 1

A e 5" . 15 (3
i(y) = Qﬁyl/zl - 144y3/2 + (y ) )

gyl 3y? 21
All(y) = 2 1 -3
I'(y) NG < e TOWT) )
PR 5 . (5.20)
Bi(y) = NI (1—1— 144,72 + 0 (y )> ,

1/4,24%/2
gy Yy Tes 21 _3
Bi'(y) = NG (1+144y3/2+(’)(y ))
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Considering the linearization of (5.16) for e = 0 in the plane y = —p?, we see that there are two eigenvalues

A = —1 + p with corresponding eigenvectors (Fp,1). We now change coordinates & = x — pz,Z = x + pz and

using Lemma 5.2 under the assumption that 0 < % < Ay K p? < 1, we can expand the terms dependent on
2

the fixed argument £ to obtain

2/3

1) = LT (g i (- 200) 4 o0 Y (~ 205 ) o

/6

+ <$0 Bi (_.:;T) + €'/32y B’ (—%)) e’% (8/6)3 +0 (62)>:|
. 1/2\F _wote? —<$0 Al( Yo )+61/320 AY (_Gyio))egﬁ <246p3—|—0(62)) (5.21)

T/6 e2/3

; 1/3 Yo\ -
+ (m0B1 ( 2/3> + €'/ 2 BY’ <_e2/3)) e~ s (1 —I—C’)(e))}
y(T) = —p.
We now consider solutions on Y(c, a, €) which enter via ¥4, with (z,v, 2)(0) = (2o, %0, 20) = (p*, 0, 25 (y0; ¢, a)),

where 25 (yo; ¢, a) < 0, so that Y(c, a, €) is parameterlzed in X% by |yo| < Ay. Using the above analysis, J(c, a, €)

exits via X9 in a curve (Z, 2) = (&%, 2)(yo) given by

1/2\f vot+e? =~

#yo) = =5 X'(wo) 522
) 1/2\/> y0+P Z .
Z(yo) = —76— (%0)
where
S s . Y 2p%
X(yo) = (" i (- 2/3) 4 e3¢ (yo) AT (f@%))e £ (24 0(e))
: Yo s, . Yo —2t [ €
+ (p4 Bi ( 2/3) + €/3254 (yo) BY (762?)) e 3¢ (8/)3 +0 (62))
(5.23)

Z*(yo) = (p Al( 2/3) + /325 (yo) AY (—6‘%));&3 (246,03+O(62))
+ (01 Bi (20 ) + 2220 B (- 405) ) e (14 00).

We now want to understand the transversality of this curve with respect to the fibers of the manifold Z.(c,a) in
the section %**. Under the transformation to the ~ coordinates corresponding to the strong/weak eigenspaces
of the linearization of (5.16), the manifold Z.(c, a) will manifest as a curve in X%** aligned approximately with
the subspace Z = 0 and its fibers will manifest as curves aligned approximately with Z ~ const. It is clear from
the expressions above that the same does not hold for Y(c,a,€) when yo gets too large, as the Airy functions

transition to oscillatory behavior.

We compute the derivatives

1/2 yo+p ~
@) (o) = L e (X o) + (XY (40))

(5.24)
1/2
o, _ P \F vote?
(Z )/(yO) - 67/6 ( )/(yo)) ’
and hence in X%, Y(c, a, €) can be written as a graph Z = Z(¥) with
5 MAY: 70 A

dz (@) (yo) X (yo) + (X (yo)
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provided that the denominator does not vanish. Points at which the denominator vanishes are essentially those
at which this curve becomes tangent to the fibers & = const of Z.(c,a) . Hence we reduce our study to finding

zeros of this expression. This will be carried out in detail in the following sections, but we note that they occur

2/3

approximately at the zeros of X g(yo), which are approximately the zeros of Ai <fy0 a > for all sufficiently

small € > 0. Hence we are primarily concerned with studying the Airy function Ai. We have the following [1,
§10.4]

Lemma 5.3. There exists y* < 0 such that the Airy function Ai satisfies the following

(i) Ai(y*) =0
(ii) Ai'(y*) >0
(ii5) Ai(y) > 0 for all y > y*.

We can therefore find the first zero of the denominator or equivalently, the first turning point of Y(c, a, €), which

occurs when yo = yil ~ —y*€*/? > 0. Therefore Y(c, a,€) is transverse to the fibers of Z.(c,a) in £4* up to
the fiber passing through the point (2™, 2(z™)) = (#/(y1), 2°(yd)). A schematic of this result is depicting in
Figure 22.

Using an inclination lemma, we continue to track Y(c, a, €) backwards from $%* to the section ¥ and deduce

that this transversality holds there also.

In the coming sections, we consider the full system (5.6), and we make the above computations precise in this

context.

5.2 Blow up transformation

To study the flow of the full equations (5.6)

&= —z+yz+ 0%
Z2=—x—2z+ O(ez)
y:E(—k+O($,y,Z7€)),

we will use blow up techniques. The blow up is a rescaling which blows up the degenerate point (z,y,z,¢) =
(0,0,0,0) to a 3-sphere. The blow up transformation is given by

r=7%, y=77, z=7% €e=T7E. (5.26)

Defining B4 = S® x [0, 7] for some sufficiently small 7y, we consider the blow up as a mapping B4 — R* with
(Z,7,%,€) € §% and 7 € [0,7]. The point (z,y, z,€) = (0,0,0,0) is now represented as a copy of S* (i.e. 7 = 0) in
the blow up transformation. To study the flow on the manifold B4, there are three relevant coordinate charts.
The first is the chart K; which uses the coordinates

z=r1, y=riy, z=rizn, e=riea, (5.27)
the second chart Ky uses the coordinates

©=ryzy, y=r3ya, z=713z, e=1}, (5.28)
and the third chart K3 uses the coordinates

4 2 3 3
T =T3r3, Y=-—T3 Z=T32Z3 €=T3€3, (5.29)

With these three sets of coordinates, a short calculation gives the following.
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(i) | i) | () | Gv) | () | (i)
lCl lCl lCl ’C2 IC?) ’CS
§5.3 | §5.3 | §5.3 | §5.4 | §5.5.1 | §5.5.2

Figure 24: Shown is the sequence of sections through which the manifold Y(c,a,€) will be tracked. The table

displays the charts and sections in the text in which the various transitions will be studied.

Lemma 5.4. The transition map k12 : K1 — Ko between the coordinates in Ky and Ko is given by

1
1 29 = ﬂ, re = rle}/B, for e >0, (5.30)

4/37 2/37
61/ 61/ €1

the transition map k13 : K1 — K3 between the coordinates in K1 and K3 is given by

zZ1 €1
T Na/9) €3 = T N2/90
()2 7 ()

and the transition map ka3 : Ko — K3 between the coordinates in Ko and KCs is given by

1

T3 = i rs =ri(—y)?, 23 = for y1 <0, (5.31)
1

- - 1/2 o V) . 1
—, r3=ro(—y , 3= —m, €3=-—=, forys <O. 5.32
g IR s = = Ty e (532

Solutions on Y(c, a, €) will enter via the section ZT and exit via X9**. During this passage, it will be necessary
to track different parts of the manifold Y(c,a,€) in the different charts Ky, /o, 5. A diagram of the sequence
through which the solutions will be tracked is shown in Figure 24. We begin in §5.3 with a study of the chart
K1, where all solutions enter via the section ¥%".

5.3 Dynamics in K;

In the K; coordinates, the equations are given by

) 1 1
r=—--r1+ *Tfy121 +0 (T%Z%)

4 4

: 1 3 2 3 2.3

A=A T A + O (rfez1,1i2})

. Lo 2, .2 .5 3 4 4.2 (5.33)

Y1 = 5:[/1 — I€T1€1 — §T1y121 + O (T1y12177’161,7°161y1, 7"16121,7’161)

. 3 3

1= 61— s +0 (r%zfel) .
In these coordinates, the section ¥’ is given by

S ={(ry2ne) i =p, ] <1 |z <p, 0< e <6} (5.34)

Define the set

Dy ={(ri,y1,21,6) :0< 1 <p, [y <1, |z S, 0< e <6} (5.35)
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A

Figure 25: Shown is the setup in the chart K.

Under the flow of (5.33), any solution starting in X% exits D; via one of the sections

Yo ={(r1,y1,21,€1) : 11 < p, 1| <1, |z1| < p, € =6} (5.36)
Sz ={(ri,y12,61) i < p, y1 =1, |af < p, 0<e <6} (5.37)
Yu={0ry,z,ea):m<p, y1=1, |21 <p, 0<e <6} (5.38)

The setup in the chart Xy is shown in Figure 25. It turns out that we only need to consider those solutions
exiting via X159 and X3, which will be tracked in the charts o and K3, respectively (see Figure 24). Solutions

exiting via 14 will not be analyzed.

The following result gives estimates for solutions on the manifolds Y(c,a,€) and W' (c,a) which exit via the

sections 1o and Xq3.

Proposition 5.5. For each sufficiently small p,§ > 0, there exists ¢ > 0 and sufficiently small choice of
the intervals I.,1, such that the following holds. For each sufficiently small Ay, > 0 and each (c,a,€) €
I. x I, x (0,€), the manifolds Y(c,a,¢) and W"(c,a) intersect ¥4 in smooth curves z, = zfo(yl;c,a,e) and
z1 = 21 9(Y15¢,a,¢€) for |y1| < Ay, Furthermore, there exists C > 0 independent of c,a,e and 0 < k(p) <
Cop |log p| where Cy is independent of c,a, €, p,d such that for any (¢,a,¢€) € I. x I, x (0, ¢€p), the following hold

(i) The parts of the manifolds Y(c,a,€), W*" (c,a) which exit via S5 intersect Sy in curves z = zi" (r1)
Or
“1

which satisfy < C|loge| uniformly in y;.

(i) The parts of the manifolds Y(c,a,€), W' (c,a) which exit via Y12 intersect Y12 in curves z; = zf’r(yl)
which satisfy
’zf’r < Ce'/3|loge|
e (5.39)
a2l < Ce|loge|
dyx
and
0 < k(p)et/? < 20(y1) — 24 (y1) < Cer/3|logel. (5.40)

uniformly in y;.
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Proof. We focus on the manifold Y(c, a, €); the computations for W (c, a) are similar.

First we consider the function zf,o (y1;¢,a,€). By taking A, < p?, for any sufficiently small p we have that

sup |Zf,0(3/1§ ¢ya,€)| < Copllog pl

|y1|SAy1
dz! 1C,a, €
sup 1,0(y17 » Gy ) SC(P),
‘yl‘SAm dyl

for some Cy independent of (¢, a,¢€, p,d) and C(p) independent of (c,a,¢€,d), provided € and the intervals I.., I,

are sufficiently small. This follows from Lemma 5.1 by taking pszl =A< ot

To prove (i), for each sufficiently small |y; o| < A,,, we consider solutions starting in %{" with (rq, 21,91, €1)(0) =

(p, zf,o(ylyo),ylyo, ¢/p*) which exit via ¥13 at time T} (y1.0;¢,a,€). As the solution exits via ¥13, we must have

Y (T7) = —1 and €/p® < 1 (T}) = €} < 4.

We define @4 (¢, s) to be the linear evolution of the constant coefficient system

(- ()

We set

71,0
Uio = ’ ;
21,0(Y1,0)

and we rewrite (5.33) as the integral equation

Ui(t) (I)l(t70)U170+/0 Dy (¢, 8)gu, (r1(s), z1(8), y1(s), €1(s))ds

=: Fy,(U1,y1,€1,U10, 175 ¢,a)
yi(t) = —e2t=T0) 4 /t 8%(t75)9y1 (r1(s), z1(s), y1(s), e1(s))ds
T;
=: Fy, (U1, y1,€1,U1,0,T7;¢,a)
6= et [ A, 1400, x5 x5
= F,(U1,y1,61,U10,17;¢,a),

where

1 )
Zr%ylzl + O (T‘fzf)

gu, (11, 21,91, €1) = 3
_leyIZ% +0 (szfﬂ“:fqa)

=0 (|h])

1
2 2 2 .5 3 4 4.2
9y1 (7"1,2172/1761) = —krieg — 57“119121 +0 (T1y121aT1€1,7"1612/177"1612177“161)

= O ([h]le] + UL | ])
3
Ge, (71, 21, Y1, €1) = —ZT1y1Z161 + 0O (T%Z%Q)

=0 (|ULP|erl),
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< 2. We define the spaces

. € 3px
and we assume 77 > 0 is such that ‘3€4T1
P

1t
_ . _ el
Vi = U1:[0,T1]—>R2:||U1||l = sup ——|U1(¥)| <
i T ey L+t

e {91 0, TF] = Ry | = sup e Ty (1)) < OO} (5.46)
? te[0,1y]

Vi = { 0, TY] 5 R: et = sup T D)e (1) < O"}’
4 * telo,17]

and search for solutions (Uy,y1,€e1) € Vi x Vi© x Vi© to (5.44). We note that
4 2 4
1T lloe <N, Myilloe < llnllTs  llerlloo < flexll, (5.47)

where || X|lo = sup |X(t)| denotes the C°-norm.
t€[0,T;)

First we show that for each fixed (Uy 0,17 ), the mapping

(Ulay17€l) _>Fl(UlaylaelaU1707T1*;c7a)7 (548)

defined by

Fy, (Ui, y1,€1,U1,0, 175 ¢,a)
Fy(Uy,y1,€1,Ui0,175¢,a) = | Fy (U, y1,€1, U0, 175 ¢, a) (5.49)
Fel(Uluylvelle,OaTl*;ca a)

maps the space V; x V; x Vi into itself. We compute
4 2 4

1
_ e4

| Fu, (Ui, y1,€1,Ur,0,T75¢,a)||T = sup T

1 tefory 1+ |t]

(qn(t,owl,o = [ atsgan, <r1<s>,zl<s>,y1(s>,q(s))ds)
< Clvaol + ¢ (Inl7)
(5.50)

where we used (5.47) and the fact that |®4(t,s)| < [t — slem3(t9),

Similarly, we compute

|1 Fy, (Ur, 91, €1, Uro, I75 ¢, a) |

vl 4

t
= sup e3(TT 1) (e;(t_Tl*)—i—/ eé(t_s)gyl(rl(s),zl(s),yl(s),el(s))ds>
T

t€[0,77] T

Ty L
§1+C€§T1/O == (U1 ()llex ()] + [U1(s) [y ()]) ds

2
<vec(Jolylaly + (1005) Tl ).

(5.51)
and
t
* S(Ty— € 3 2(t—s
IOt Ui Tl = g 3070 (et [1eH 000 m(oh o))
1 tefo,17] P 0
Ty
<| Selti +06%TF/ =35 (JUL(5) 21 (5)]) ds (5:52)
0
€ 31y -\? +
< | Sed T+ o (Italy) el

64



Provided p, § are sufficiently small, for each sufficiently small U; o and for %e%Tl*

< 2§ sufficiently small, that

is T7 is not too large, we can solve (5.44) to find a unique solution satisfying

10y = O(|U1,0)
H%@ =140 (|U1,0/(0 + [Ur,0])) (5.53)
||€1||; = 0(9)

By our assumption that we consider only solutions exiting via ¥13, and so €; < J, the time 77 satisfies 0 < T} <
C(p, d)|loge| for all sufficiently small € > 0.

To obtain estimates on the derivatives of the solutions with respect to Ui g, c,a, we consider the variational

equation
dU —l4 0 dU; + dgu, ( )
= ,r 7Z ) 76
1 1 71/4 1 gu,\T1,21,Y1, €1
: 1 5.54
dy, = idyl +dgy, (r1,21,y1,€1) ( )
: 3
de; = Zdﬂ +dge, (11, 21,91, €1),
where
dgu, (r1,21,91,€1) = O (|U1|2dU13 |U1\3(|dyl| + |de1 ), |U1\3)
dgy, (r1, 21,91, €1) = 0<|U1Id61, (lex] + [UL)aUy, ([UL* + [Uhlex])|dya ], U212y, |U1||61|) (5.55)

dge, (11, 21,91, €1) = O (|Ur||e1|dUy, |Ur |*deq, |UL Pler|dyq, [UL P ler]) -

Proceeding as above, we can rewrite this as an integral equation; using the estimates obtained for the solutions
(U1, y1,€1) and noting that the derivatives of k with respect to (¢, a) are uniformly bounded, we can solve for
the derivatives of the solutions on the same spaces and obtain

1D Dl [ Dserllf < O (5.56)
v =Ui ,c¢,a, uniformly in (U; o, 17, ¢, a, €) for all sufficiently small p, d.

We also need estimates on the derivatives with respect to T}. First, we show that these derivatives exist; then
we show that they are in fact bounded uniformly in 77. To compute the derivative with respect to 77" at some

T{ =Ty, we rescale time by t = (1 + w)7, which results in the differential equation

X = (1+w)F(X), (5.57)

where X = (r1, 21,1, €1) and F(X) denotes the RHS of (5.33). Proceeding as above, we can now find solutions
to this new system, keeping Tj fixed and allowing w to vary as a small parameter, with |w| < wp, where wy is
sufficiently small. We obtain a new integral equation

Ul(t) = q)l,w(t>0)Ul,0 +/0 (bl,w(t> S)gUl (T1(3)7 21 (s)7y1(5>7 61(8))d8

t
yi(t) = —ez(HIETT0) 4 / eFIF)E=) g (1 (), 21(5), 1 (5), €2(s))ds (5.58)
To
t
€ 3 _s
e1<t>=;eg(l+w)t+/ A3 g (1 (5), z1(s), 1 (s), 2 (5))ds,
0

where the functions gy, , gy, , g, are defined as in (5.45), and ®1 ., denotes the evolution of the constant coefficient

) —(1+w)/4 0 r1
( 4 ) B ( —(1+w) —(1+w)/4 ) ( 2 ) (5.59)
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We now slightly decrease the exponential weights and solve (5.58) for (U1, y1,€1) € V7, )X Vf(l_w()) x Vit

(1= 3 (1-wo)’
where the spaces Vni are defined analogously to (5.46). Further, as above we can use the corresponding variational
equation to estimate the derivatives of the solution with respect to the parameters, including w, noting that they

are bounded uniformly in 7.

Let X(T; To,w,U1,0,¢,a) = (U1, 41, €1)(7; To,w, Uy 0, ¢, a) denote a solution to (5.58), and let X (¢; 17, U1,0,¢,a) =
(U1,11,€1)(t; 17, Ur,0,c,a) denote a solution to the original equation (5.44). By uniqueness, we have that
X(Tg,w, U1,0,¢,a) = X((1 4+ w)Tp, Ur,0,c,a). We now differentiate

DX (13 Ty, w, Ur o, ¢,a) = 7X ((1 4 w)7; (1 4 w)To, Ur o, ¢, a)

(5.60)
+ To D X ((1 +w)7; (1 + w)To, U0, ¢, a),
from which we deduce that the derivative DTI*X exists and is bounded in the norms
12 U5 1y 1P 01Ty ) 1Pz 0l g <€ (5.61)
uniformly in (Ur,0, 77, ¢, a,¢€) for all sufficiently small p, ¢.
We can now write the unique solution of (5.44) satisfying
r1(0) =
©)=r (5.62)
21(0) = 21 o(y1,0);

for sufficiently small 0 > y; o > —A,, so that z{(y1,0) = O(plogp). Recalling U; = (r1,2), we have that this
solution is given by

(Tl(t§>:<zfo< L 1t>+ | #0060 ma@is (656)

where

Y1,0 = —e3TY +/ 67%89% (r1(8), 21(5), y1(8), €1(5))ds. (5.64)
17

We consider only 77 large enough so that y; o > —A,,. This gives

0
_Ayl < _eiiTl +/ eiésgyl (7’1(8),21(8),y1(8),61(8))d8

5

_ipx _1ipx - _ 5.65
=~ ¥4 0 (T, (el + 1T (5.65)
= ¢ 3T T (14 0(p pd)),
so that
e 2T <A, (140 (p p9)), (5.66)
and
d 1 . \ . . ]
dyjlﬂ;o b T e gy (r(T)), 21(T)), 91 (T, e (T7))
1
0 d
+ et a1 (a). 25w o). ea ()
: (5.67)

1 * 1
=e 2 (2 +0 (plogp,é))

= Ay, (1+ 0O (plogp,9))
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where we used (5.45), (5.61), and (5.66).

We have
1x *
r1(17) pe il /T1 .
= . < |+ d4(T7, , , , ds, 5.68
( 21(T7) Zf,o(yl,o)efiTl +PT1*67%T1 0 (T, o)gu, (ru(s), anle), ), erle))de (568)
and we now compute
P i1
d [ m(I7) , A
dT* - 21,0(Y1,0) dy, Prs | 17
ATy 21 (1Y) <_104 + (Zf,o)/(yl,O) d%*o +p- ZTl emihi
L (5.69)
+ g9u, (r(T7), 21 (T7), 11 (T7), &1 (T7))
T d
[ e @ 90, (1 (5), 2 (s) ) r () s,
0 1
where
21 o(y1,0) = O(plog p)
¢ N/ dyl,O _1lpx
(2£.0) (11.0) 2 = 0 (Clp)e™4T5 (1+ O(plog p,8)) ) = Olp),
dT}
for A, sufficiently small by (5.67), and
* * * * _ 3
g0, (1 (T3), 21T, 1 (T, 1 (T7)) = O ((plog p)e 377 )
. 2 —iry
Tod O ((plogp) e s
| i B0 900, (35 5190 (5) 2 (9)) s = ( 1 ) ,
0T O (Tf‘(plog p)Qe‘ZTl)
by (5.45), (5.53), and (5.61).
Therefore we have that
dri(T7) _ P 2 _1px
= (50 s
do (T7) (5.70)
z « _ 1
= = (O (plog p, (14 T7)p)) e~ 3T
a1}
so that in X3, for each fixed p, § sufficiently small, we obtain a curve z; = z1(r1) satisfying
le %
——| < C(P, 5)(1+T1)7 (571)
d’l“l
uniformly in |y1 o| < A,,, provided A, is sufficiently small. Using the fact that |17'| < C(p, 6)|log €|, we therefore
obtain
le
dr1

uniformly in (¢, a, €), which completes the proof of (i).

The proof of (ii) is similar and we omit the details. O
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Figure 26: Shown is the setup in the chart Ks.

5.4 Dynamics in K,

In the Ko coordinates, the equations are given by

To = —Tg + roysze + O (r%z%)
2:’2 = —Z29 — T2 + (@) (TSZQ)
U = —kra + O (r3ya,73)

79 = 0.

Solutions enter via 315 which is given in the ICy coordinates by

1 1
g = {(3327242,22,7’2) 1 X = FIVER lya] < SYER |z2| <

and exit via

1 1
223 = {(1‘2,2/2,22,7"2) . |$2| S 54/3, Y2 = 7462/3, |22| S

The setup in the chart Ky is shown in Figure 26.

(5.73)
It 1/3
5 0<ry<pd , (5.74)
H 1/3
5 0<ra<ps'/t . (5.75)

In this chart we can determine formulae for the solutions as follows. First, we consider solutions starting in 1o

as time t = 0. We set o = e 'Z9, 20 = ¢~ %, and obtain the system

z = —t,.2:2
To = ToysZs + O (e rzzz)

ZLQ = 77"22;32 + O (T%)
:l'/2 =—kro+0O (’/‘g)

o = 0.
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We now rescale time by ¢ = t5/75 to desingularize the system

5]/2 = y222 + O<e—t2/r2r2)

Zhy=—Fy+ O (r3)

(5.77)
yh = —k+0O(r3)
=0,
d . . . .
where / denotes pT Setting ro = 0 we obtain the Airy equations
2
~! ~
Ty = Y222
Zh = —ay (5.78)
yé = _ka
which have the following explicit solutions in terms of Airy functions Ai, Bi
o . Y2,0 . Y2,0 1/3 . Y2,0 - Y2,0 1/3 1
- <Al (20 ) by (~228 o) — i (~ 220 a7 (—28 - i) ) L
1/3 1 Y2,0 ./ Y2,0 1/3 1 Y2,0 y Y2,0 1/3
Y <A1 (20 by (~228 4 o) — pi (122 ay (— 220 4 oo, )]
. (Y20 (Y20 13, N a: Y20\ (Y20 1/3 B (5.79)
ST KBI (=) A (s k700) = i (=435 ) Bi (=75 + 1/°0) > 5473
1/3 -1 Y2,0 . Y2,0 1/3 N Y2,0 . Y2,0 1/3
Y ( B (120 A (— 120 4 pt,) - av (22 i (- 228 4 oo, )]
Y2 = y2,0 — kta,

where y2,0 = y2(0) and 2,9 = 22(0) = 22(0).

Lemma 5.6. For each fized §, n > 0, there exists ra 9 > 0 such that for any 0 < ro < reg, any solution of (5.76)
with initial condition in 31 given by (x2,ya, 22)(0) = (1/(54/3, Y2.0, 22,0) Teaches a3 with

1
_s2/31v20 Y20\ o 1 Y20 pu 1 1
To =Tme 2 {(Al (‘ k2/3) Bi %2/382/3 ) Bi (_ k2/3> Al %2/352/3 ) ) 5473

1/3 [ s Y2,0 \ s/ 1 . Y2,0\ 4 1 )
+ kY <A1/ (7W) Bi <k2/352/3> ~ B (7 kz/s) Al (k2/352/3)> Z2,0 T O(TQ)}

1
W_HQ’D

_ome” Rz Y20 4. 1 i (—220) i . 1 o
RETTRAR KBI (—gem) A <k2/362/3> “ N () B <k2/352/3>) nn
1/3 [ R: Y2,0 \ 4- 1 i Y2.0 ) p; . ;
w1 (1 (- 55) 4 (s )~ (355 (g ) ) o+ 00
1
Ya2 = *m'

Proof. Considering the equations (5.78), solutions given by (5.79) with initial conditions (z2, y2, 22)(0) = (1/6%3, 4.0, 22.0)

in 212 exit 223 in time

1 1
Tg = E (yg,o + 52/3> . (581)

For each fixed 6 > 0, T5 is bounded uniformly in |ys o] < 1/ 62/3. Hence by a regular perturbation argument, and

returning to the original coordinates xo, zo, we obtain the result. O
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Figure 27: Shown is the setup in the chart K3, including a schematic of the results of Lemma 5.10, Lemma 5.11,

and Lemma 5.12.

5.5 Dynamics in Kj

In the K3 coordinates, the equations are given by

T3 = —x3 — r3zz — 2krzxzez + O (T%Z%,Tg€3$3)
. 3
Z3 = —2z3 —T3T3 — §k5T3€323 +0 (rgzgeg)
. 1, ) (5.82)
T3 = 5T3€3 (k: + O (7"3))
) 3
€3 = —57“36% (k‘ +0 (r%))
Solutions enter via 13 or o3 which are given in the K3 coordinates by
213 = {(.%'3,23,73763) X3 = 17 ‘23| S My 0< T3 S P, 0< €3 S 6} (583)
Yoz = {(x3,23,73,€3) : |w3] < 1, [23] <, 0 <73 < p, €3 =0}, (5.84)
respectively, and exit via
B = {(x3, 23, 7,€3) * 1] <1, [zl S rs=p, 0 < ey <6} (5.85)

We need to determine the behavior of solutions which enter via ¥;3 or a3 upon exit in $9**. The setup is
shown in Figure 27. Between these sections, due to the relation r§e3 = ¢, such solutions are restricted to the
region (e/6)'/3 < r3 < p in which r3 is strictly increasing. The linearization of (5.82) in the (23, z3)-plane has
approximate eigenvalues (—1 £ r3). Hence, informally one expects that the flow should separate into strong and
weak stable directions with an exponential separation that is initially O(el/ 3) and grows to O(1) at X3*“*. We
begin by deriving a change of coordinates (z3,23) — (Z3,23) which more clearly separates these strong/weak

directions.
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To see this, we add an equation for the ratio 03 := z3/x3

Oy =2 9,72
I3 I3
3
= —r3+ 7“3932, — 5]67“36393 + 2kraesfs + O (rg’egeg, r§9§) (5.86)

1
=73 (0% -1+ 2k6303> + o (T%) s

and we consider the extended system

iy = —x3 — r3zs — 2krswses + O (r3(|ws| + |23]))

5= 25 — 7375 — Shrseszs + O (r7scs)

03 =173 (eg —1+ ;k@,ag) + 0 (r3) (5.87)
is = gries (5 +0 (13))

5= —arséi (k40 (1))

Solutions are exponentially attracted to the subspace 3 = z3 = 0 on which the flow is given by

: 1
93 =T3 (9?2) -1+ 2]66393) + @ (’I‘g)

is = 5ries (k40 (13)) (5.88)
é3 = 7%7’36% (:ZC+O (T%)) .

Rescaling time by t3 = rst, we obtain
1
95 = Hg) -1+ 51{76393 + O (7“3)

1
= raes (k4 0 (1)) (5.59)

€l —geg (k +0 (r%)) )

Firstly, there are two invariant subspaces for the dynamics of (5.89): the plane r3 = 0 and the plane e5 = 0.
Their intersection is the invariant line I35 = {(65,0,0) : 03 € R}, and the dynamics on I3 evolve according to
0% = —1+62. There are two equilibria p~ = (—1,0,0) and p™ = (1,0, 0), with eigenvalues —2 and 2, respectively,

for the flow along l3. In the plane e3 = 0, the dynamics are given by

0y =02 — 14 O(r3) (5.90)

This system has normally hyperbolic curves 5’0%3(0, a) of equilibria emanating from p* (see Figure 28). Along

S§3(c, a) the linearization has one zero eigenvalue and one eigenvalue close to £2 for small r3.

In the invariant plane r3 = 0, the dynamics are given by
1
0 =05 — 1+ 5 kesbs (5.91)
/22
€3 =—5€ -

Here we still have the equilibria p™ which now have an additional zero eigenvalue due to the second equation.
The corresponding eigenvector is (—k,4) and hence there exist one-dimensional center manifolds N3 (c,a) at p*
along which €3 decreases. Note that the branch of N3 (c,a) in the half space ¢; > 0 is unique.

71



T3 Z’ﬁ

Figure 28: Shown are the invariant manifolds Mg,i (c,a) corresponding to the dynamics of (5.89).

Restricting attention to the set
D3 ={(0s,73,€3) : 03 € R,0 <13 < p,0 < €1 <0}, (5.92)

we have the following (see Figure 28).

Proposition 5.7. For any (c,a) € I. X I, and any sufficiently small p,d > 0, the following assertions hold for
the dynamics of (5.89):

1. There exists a repelling two-dimensional center manifold M;(c, a) at p* which contains the line of equilibria
Sar)?)(c, a) and the center manifold Ny (c,a). In Dz, M (c,a) is given as a graph 05 = ht(rs,e3,c,a) =
1+ O(r3,€3). The branch of N5 (c,a) in r3 = 0,€3 > 0 is unique.

2. There exists an attracting two-dimensional center manifold My (c,a) at p~ which contains the line of equi-
libria Sy 5(c,a) and the center manifold N3 (c,a). In D3, My (c,a) is given as a graph 03 = h™ (13, €3,¢,a) =
-1+ O(T‘g, 63).

We now return to the full system (5.87), in which the flow on the subspace x3 = z3 = 0 is foliated by flow along
strong stable fibers. Hence in the full five-dimensional space, there exist four-dimensional invariant manifolds
M (c,a) (see Figure 29) given by the strong stable foliations of the two-dimensional manifolds M3 (c,a). The
manifolds ]\7[3?(0, a) can be written as graphs 03 = H¥ (3, 23,73, €3, ¢, a) = £1 4+ O(r3, €3).

Now using the relation 03 = z3/x3, we see that the dynamics are in fact restricted to three-dimensional invariant
submanifolds Mg)i(c, a) of Z\th(c7 a). The manifolds ]\ng)i(c, a) are given by z3 = x3H* (3, 23,73, €3, ¢,a). By the
implicit function theorem, for any sufficiently small p,d > 0, we can now solve to find M3 (c, a) as graphs

zZ3 = F_ (1'3,7"3,63, C, a) = .’Eg(—l + O(Tg, 63))

(5.93)
w3 = F'(23,73,€3,¢,a) = z3(1 + O(r3, €3)).
We now change coordinates by

23 = 23 — F7(33377”37 €3,Cs a) =23+ 333(1 + 0(7‘3, 63)) (594)

T3 =23 — F1(23,73,€3,¢,0) = 23 — 23(1 + O(r3,€3))

72



T

v

Figure 29: Shown are the invariant manifolds Mg,i (c,a) corresponding to the dynamics of (5.87).

In these coordinates, (5.82) becomes

T3 =

(=14 75 + r3hy (&3, 23,73, €3)) &3
gg = (—1—rg+rsh_(Ts,23,73,€3)) Z3
. 1 o 5.95
r3 = 57‘?2)63 (k’ + 01 (1‘3, 23,73, 63)) ( )
é3 = —57"36% (k + 92(j3a 237 T3, 63)) ?
where
h+(§737 237 3, E3) =0 (T37 63)
h_(:fg,%s,rg,eg) =0 (re; €3) (5.96)
91(Z3, Z3,73,€3) = O (7"3)
92(%3, 23,73, €3) = O (r3) .

In (5.95), it is clear that the strong attraction in the variables (x3, z3) splits into strong/weak directions where

the exponential splitting increases as rs increases. By changing coordinates to (Zs, Z3), we straighten out the

invariant manifolds M3 (¢, a) (see Figure 30).

5.5.1

We first consider solutions entering K3 via Yo3.
(¢/8)}3 in Xg3. We have the following.

Lemma 5.8. For all sufficiently small p,§ > 0,

Solutions with initial conditions in Y3

Using 7"§’63 = ¢, we have that such solutions satisfy €3 = §,73

any solution to (5.95) with initial condition (T3, Z3, 13, €3)(0)
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Figure 30: Shown are the invariant manifolds M3 (c,a) transformed to the (i3, Z3)-coordinates.

(Z3,0, 23,0, (6/5)1/3, §) € a3 which reaches the section 3" at time t = T* = T*(p, 8, &30, 23,0, €) satisfies

j3(T*) = j3,0 exp (Bi(pa 6, 6) + ’I’]i (p, 67 '%3707 23707 6))
ZS(T*) = 23,0 exXp (ﬁ% (P7 57 6) + 77% (/07 (Su i.3,07 23,07 6))
« 5.97
r3(T*) =p (5.97)
" €
63(T ) = E,
where
2
Bz(pa 6) 6) = % (_1 - l + O(pz,pd))
2 P2 2p 2
Bi(p.d,€) = — (—1 +5 +00 705)) (5.98)
~ - e\1/3
ﬁi(ﬂ d,%3,0,%3,0,€) = O ((5> (|Zs,0l + 1230 )) .

Proof. Tt is clear from (5.95) that the (Z3, Z3)-coordinates decay exponentially for all sufficiently small p,d > 0.
By directly integrating (5.95), we obtain the following expressions

-
T3(T") = &30 exp (T* + /0 73(t) (1 + hy (Z3(t), 23(t),73(t), €3(t))) dt)

-
Z3(T*) = 23,0 exp (T* - /0 r3(t) (14 h-(Z3(t), 23(t), 73(t), e3(1))) dt) (5.99)
r3(T™) = p

Q@ﬂ:%.

We determine the functions Bi, 173_. The computation of 82,72 is similar. We now write

P 1
T :/ ,*d?”g
(e/8)1/3 T3

o o (5.100)
_ 7/ rs (140 (12)) drs,
€ J(e/8)1/?
using riez = e. We also have
T B B 2 14 9
/ Tg(t) (1+h+(13(t),Zg(t),?"g(t),ﬁg(t))) dt = 61/ /s T3 (1+O(7’3,€3)) d’l’g, (5101)
0 €/8)1/¢
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and hence

T
2 P
_w+/ m@ﬂ+0%@ﬁﬁmﬁ=—*/ rs =15+ O (15, ries) dr
0 € Jie/ayss (5.102)
2 (7 U
= —7/ 73 —r§+h1(r3’63)+h2(’l”3,€3,173,2’3)d7'3,
€ Jessyiss

where we have separated out the s, Z3 dependence through the functions hq, he. That is, we have 0z, h1 =
aighl =0 and

hi(rs,e3) =0 (rg’,r%eg)

I 9 N N (5.103)
ha(rs, €3, 33, 23) = O (r3(|rs| + les|)(|Za] + |Z3])) -
We now define
2 2 (° 2
Bi(p,d,e) = —— r3 — 13 + hi(rs, €3)drs
€ (e/8)1/3
2(p> 4 3
N s 5.104
- ( 5 — 3 +O(" %) (5.104)
2 S s 2 [* < s
0y (p, 6,830, 23,0,€) = —*/ ha(rs, €3, T3, Z3)drs.
€ (6/5)1/3
To estimate ni, we first note that for any sufficiently small p,d, we can bound
z3(t)| < Tz oexp(—t/2
|~3( )| < ~3,0 p(—t/2) (5.105)
|Z5(t)] < Z30exp (—t/2),
for any 0 < ¢ < T™. Furthermore, we have
Tg(t) 1
t :/ .fdrg
(e/8)1/3 13
2 [m® 5.106
:f/ r3(1+0(r§))dr3 (5.106)
€ Jie/o)1/s
1
> o (ra(0)? = (¢/9)7?)
2e
for each sufficiently small fixed p,d > 0. Hence we have
2 s = 2 [° =
03 (p, 6, &3,0, 23,0, €) = —*/ ha(rs, €3, &3, Z3)drs
€ (6/5)1/3
2 [P ) .
=—- O (r3(|ral + lea|)(|Z3] + |23])) drs
€ J(e/5)1/e
) (5.107)

K 1
=2 [0 0 (sl +leaol + Faolexp (5 (12 - @97) ) ) s
€ J(e/8)1/3 e

=0 ((;)1/3 (|Z3,0] + |53,0|))

that is, the dependence on the initial (Z30,23,0) of the exponential contraction between a3 and Eg“t is very
small. O

We now consider solutions on Y(c, a, €), W"(c, a) passing through X' = ¥i" — %1, — ¥p3. We obtain estimates
for these solutions upon entry in the chart Kz in Y93 and exit via %§*'.
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Lemma 5.9. Solutions on the manifolds Y(c,a,€), W>"(c, a), which have initial conditions in Yoz define curves

(5330(3/2,0),25)0(3;270)) and (73 0(Y2,0), Z3.0(y2,0)), respectively, in Yoz parametrized by |ya,0| < 1/(52/3 with

_ ﬁﬂz,o
~j - e kel/3 >
5”3,0(112,0) = — s X3(Y2,0)
k1/861/6 (5.108)
W‘F!Q‘O
o Vre R
#0(y2,0) = WZ:%(ZM,O),
where
. Y ; 21
K (y0) = (Al( 25 ) R AL (<58 ) ] (a0)) €35 (240 (6))
Y2,0 2,0 j _2.1
0 ) (Bt (—575) + K5 BY (=155 ) o(a0) e T +O(E)
1/354/3 Y2,0 21 (5.109)
3(20) ( 1( ) + & ( k2/3> (yQ’O))e F(1+09))
0 (6) (Ai (1555 ) + K202 AL (=52 ) 0 (a0)) €355 + O
for 5 =€, r,where
|24 0(020)| < e/ loge]
dsd (5.110)
2,0 < Ce'/3|loge|
dy2,0
and
ret/? < 23.0(Y2,0) — zéjo(ygp) < Ce/3loge|. (5.111)

uniformly in yo0 for some C,k > 0 independent of c,a,e.

Proof. Using the analysis in §5.4, Lemma 5.6 and the estimates in Proposition 5.5 (ii), we deduce that solutions
on the manifolds Y(c, a,€), W*" (¢, a) define curves in g3 parametrized by |ya,0| < 1/6%/2 as

w3 = 2% o(y2,0)
1
L mEe 0 1 (Y20 1
= Te Try <A1(—k2/3>B1 1273533 —Bl( k2/3)A T2/35273

1/354/3 ( A- Y2,0 1 . Y2,0 1 , )
+ k0 <A1/ ( k2/3) B <k2/352/3> - B ( k2/3) Al (k2/352/3)> #0(y2,0) + (9(7"2)>

) (5.112)

521/3 +y2.0

e kra . Y2,0 1 . Y2,0 . 1
= T g1/351/3 (Bl ( k2/3> Al <k2/362/3> — Al (_ k:2/3) Bi <k2/3§2/3>

1/3¢4/3 . Y2.0 1 . Y2.,0 . 1 i 2
+ K1/35% <B1’ ( k:2/3) Ai (k2/352/3> — Af (7?2/3) Bi <k2/352/3)> 23 0(y2,0) + O(r2)>

6325,

for j = £, r, where

z;o(yzg)’ < Cel/?’\ log €|
o (5.113)
< Célloge|

dy2
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and
ret/3 < 23.0(y2,0) — Zg’o(yz()) < Ce*?|loge|. (5.114)

uniformly in ys ¢ for some C,x > 0 independent of ¢, a,e. Using asymptotic properties of Airy functions (5.20),

we have
B 52%4““’2*0
j _ e kry j
230(Y2,0) = 1755176 X5 (¥2,0)
; L1/651/6
o (5.115)
_ 52/ tu20
. me krg .
Zé,O(yZO) = k1/651/6 Z%(yQ,O)a
where
Y2, j 2.1
I (y2.0) (Al ( - 3) L R348 A ( k;/%) Z%,o(yzo)) i1 (14 0(9))
21
e~ 5%
(Bl ( 22%) + kY3543 BY ( ;—%) 2 O(ygg)) 5 1+0(0)+0 (7’%) ( |
5.116
2,0 2,0 2.1
Z3 (y2.0) ( ( 12 3) + k13543 AV <— 12 3) Z%)O(yl())) e3% (1+0(9))
21
. Y2.,0 Y2,0 e 3%k
+ (Bl (— k2/3) + E1/354/3 By (7/’@273) 2 0(y270)) 5 (1+0(8)+0(r3)
Using (5.94), in the ‘~’ coordinates we have
5%,()(92,0) = Zg,o(yZO) - F (5’7?’;,0(92,0)7 (6/5)1/3, d, ¢, a) (5.117)
#0(v20) = 40(20) = F* (2h0(20), (¢/6)/%,6..0) |
from which the result follows, noting ro = €'/2. O

We now obtain estimates for solutions on )(c, a, €) with initial conditions in Yoz upon exit in £3**. We have the

following lemma regarding Y(c, a,€) (an analogous result holds for W2 (¢, a)).

Lemma 5.10. Consider solutions on the manifold Y(c,a,€), with initial conditions as in Lemma 5.9 parame-
terized by |ya.0| < 1/6%/3. Such solutions exit X3¢ in time T* = T*(ya.0) in a curve (F5(T* (y2.0)), 25(T* (y2.0)))-
For each sujﬁciently small 0, p > 0, there exists C > 0 independent of (¢, a, €) and y;ﬁo > 0 such that the following
holds. Let & = &5(T*(=1/6%*3)), and let &8 = ig(T*(yQO)). Then

1/3

N € C
x?’: < —TGXP (ﬂi(pa 67 6) - 61/3> ) (5118)

and forya o € (—=1/6%3, 48 0) the curve (Z5(T* (y2.0)), 25(T* (y2.0))) can be expressed as a graph 23 = 23(Z3; ¢, a, €)
for &3 € (&9, 7%) which satisfies
2

2
23(3; ¢, a,¢€)| < Cexp (—i (1 + gp + O(pz,pé)»

dzs
dCCg

; (5.119)

C 4p
2 (F31¢,a,€) < =3 OXP (—36

(1+ O, 6)))

uniformly in &3 € (Z9(c, a,€), Z(c, a,€)) and (c,a,e€).

Proof. Using Lemma 5.8, we have that solutions with initial conditions given by Lemma 5.9 for |y2 9| < 1/ 623

reach ¥3" at time T = T*(ya,0) in curves

fg(T*('yQ,o)) = jg,o(yzo) exp (ﬂi(/% d,€) + Tﬁr(Pa g, fg,o(yzo), 5§,O(y2,o), 6))

o ) i i (5.120)
2T (y2,0)) = 25 .0(y2.0) exp (B2 (p, 8, €) + 12 (p, 6, 75 (¥2,0), Z5.0(y2,0), €))
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where ﬁi, ni are given by the integrals (5.104) (and analogously for 62, 77%) It remains to estimate the derivatives
dz4(1") dZ5(T")

dy20 ~ dy2o
To obtain estimates on the derivatives of the solutions with respect to y2,c,a, we consider the variational
equation of (5.95). Using the estimates (5.120), for K = 1/2 and each small x > 0, there exists C such that for
all sufficiently small p,d, we can estimate

dis(t) s . -
p 2L <O ([(@5,0) (y20)| + [ (F50) (92.0)]) e
Y20
dz(t) s . -
S <O (|(@5,0) (y20)| + [(25,0) (w20)]) =
dy2,0
; f(}) (5.121)
T =, z K
2 < O ([(#5.0) (y2.0)| + [(25.0) (y2,0)|) €
dya2,0
deb(t) . -
28 <O (|(#5,0) (y20)| + [ (25,0 (92,0)]) e
dya2,0
for solutions on Y(c, a, €) with initial conditions
(%3, 23,73, €3)(0) = (5 (y2.0), Z5.0(y2.0), (€/6)'/%,6) € Sas. (5.122)
Differentiating (5.120), we have that
dzs(T™) VRY] ¢ d 2 /p 30150 2 ¢ ¢
Y ) o +it o2 [ OE3(FY + |, r2es (17| + |ZL)) dr
oy =\ @50 020+ Fog (2 [ O 30541+ 1) r5ea175) + 24D) s 5139
X exXp (ﬂi(pa 57 6) + 77—2‘,-(pa 57 ig,m 25,07 6)) )
where 73,9 = (¢/8)*/3. Tt remains to prove the following estimate for the second term
d 2 [P _ ~ - -
Q2o <€/ @ (r§(|x§| + |Z§|)a7"?%€3(|x§| + |Z§|)) d7"3> <Co (|(303 0) (2,0 | + | 230 "(y2, 0)’) (5.124)
) 73,0
where C' > 0 is independent of §, p,e. We begin with estimating a term of the form
d 2 /” 3
- ryxsdrs |, 5.125
dy270 <€ rao 3+43Ur3 ( )
as the others will be similar. As the endpoints of the integral are fixed, we obtain
d 2/” 3¢ 2/” 5 d74 /p 5 drs %
- r3dsdrs | = — drs + — 3r2 sdr 5.126
dy2,0 (6 ra.0 ST € Sdyro s 3d Y2,0 & ( )

1
Using the estimates (5.121) and noting that t > — (r3(t)? — Tg,o) (as in the proof of Lemma 5.8), we see that we
can bound the above integrals by an integral of the form

2 a0y PTAY. /,)2 IERAC R
c (|(I3,0) (192,0)| + |(Z3,0) (y270)|) - T3 €Xp e (7"3 Tg,o) drs (5.127)
< O (|(#5,0) (y2,0)] + [(25,0) (42,0)]) (r3,0 + O3 ) ,
where C is independent of p, d, €. Proceeding similarly, we estimate
d 2 [F w
*\/ 7"363273(17"3 < O5(|(SE3O) Y2,0 | + ’ 230 (yg 0)|) (1+0(7’3,0)), (5128)
dy270 € 73,0
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1/3
where C' is independent of p,§,e. Using the fact that 739 = (g) , we obtain

di§(T* 5 3
D) (8500 (20) + 0 (035 o) (185, (20| + (3E0) (20)]))
X exp (ﬁi(pa 6a 6) + 77-25-(% 53 jg,O(yQ,O)’ 2§,O(y2,0)7 6)) (5 129)
dz(T* s } '
S (3500 (20 + O (6250 (v20) (35,0 vm0) + (5.0 (20)])
X exp (53 (pv 5a 6) + 772— (pa 6a ‘%g,o(yQ,O)v 25,0 (yQ,O)’ 6)) ’
for j = ¢, r, where ﬂi,ni are given by Lemma 5.8.
We now can compute the slope of the intersection of )(c, a, €) with the section %.5*!
dz (10) = ((25,0)' (y2.0) + O (6750 (|(#5,0)"(y2.0)| + [(Z50)' (W20 |))) 2 (14+0(p.)) )
dag " ((@5,0) (920)+O(5$30(|($§0) y2.0)| + [(Z5,0) (y2,0 D))
(5.130)

(25— ke3( 25y +0 (835 (1X4] + 125 + O(e1%)))

) 4” (1+0( pé)))
(X5 — ker/a(Xg)y +0(5fcgo(|X€I+IZ€|+<9 (/%) )))

where we used that ro = el/3

. For each fixed small 4, p > 0, the numerator in the above fraction is a bounded
function for sufficiently small € > 0. Hence it is clear that the tangent space to Y(c, a, €) has exponentially small
slope except near points where the denominator is also exponentially small. Hence we proceed by obtaining a

lower bound for the denominator for an appropriate range of ys o.

From properties of Airy functions in Lemma 5.3 and the bounds in Lemma 5.9, we know that the function
f(?(f(ygo) is smooth and is positive for y2 9 < 0. For y29 > 0, Xﬁ(ygo) transitions to oscillatory behavior: the
first zero occurs at ya2 0 = ygo > 0 and here (f(g)’(ygo) < 0. Hence by the implicit function theorem we can
solve for the first zero of the denominator

(Xf— ke 3(XEY + 0 (60 (1XE] + 128 + O(%) ) ) = 0. (5.131)

We first argue that the O-term does not contribute to finding zeros in this expression. To see this, we note that

for ¢ fixed sufficiently small, we can bound
| X351 + 1 Z5] + O('/?) < 4|X{] (5.132)

uniformly in yz9 € (71/62/37 71/52/3 + ), provided € is taken sufficiently small. Hence there are no zeros
of (5.131) for yo0 € (—1/6%/3,-1/6%/3 + §) and € sufficiently small. For ys o > —1/6%/% + §, we have that

ﬁ%—yz,o
R NZ I E RS
J?g 0 — k1/6(51/6 Xg(y270)7 (5133)

1/3

where we used the fact that ro = €' /°. Hence by taking e sufficiently small, we can bound ig,o = 0(62/ 3). Hence

the first zero of (5.131) occurs when
y2,0 = yg)o + k€1/3 + 0(62/3). (5'134)
Hence there exists C' such that for all

Y2,0 < ?J;h,o = Z/é,o + k'3 — Ce3, (5.135)

d
the slope i(yg,o) of the manifold Y(c, a, €) in X3"* is exponentially small. We now define

dz

‘%g(ca a, 6) = ‘%S,O(ygn,o) €xp (ﬁi (p7 57 6) + 773 (pv 57 ‘%B,O(ygio)v 23,0(2/9,0); 6))
l/3 ) c (5.136)
< o oXP <ﬁ+(ﬂ’ d,€) — 61/3>

for some C' > 0 independent of (¢, a,€). The result follows. O
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5.5.2 Solutions with initial conditions in Y3

The above takes care of the solutions on Y(c, a, €) entering via ¥o3, but we still have those which enter via 313
directly from chart K;. We have the following.

Lemma 5.11. For each sufficiently small p,§ > 0, there exists C,n, ey > 0 and sufficiently small choice of the
intervals Iy, I. such that for each (c,a,€) € I, x I, x (0,€p), there exists x5 (c,a,€) > 0 such that the following
holds. Consider solutions on the manifold Y(c,a,€), with initial conditions in X13. All such solutions exit E"“t

in a curve which can be represented as a graph Z3 = 23(i3;c,a,€) for T3 € (¥5(c, a,e),x?(c,a, €)) which satisfies
Z5(Zs; ¢, a,€)| < Ce /e

ng
dZs

5.137
—(Z3;¢,a,€) < Ce ", ( )

uniformly in &3 € (E5(c, a,€), 75 (c,a,€)) and (c,a,¢€) € I, x I, x (0, €p).

Proof. From Proposition 5.5 (i), we have that such solutions enter ¥13 in a curve z3 = z30(r3,0), for rso €
((6/5)1/3 A,,) which satisfies |23 o(73,0)| < C|log €| uniformly in 73, where we may assume A,, < p by taking
Ay, smaller in Proposition 5.5 if necessary. In the ~ coordinates, we have that this curve can be parameterized

by 7‘3,0 as (533,23) = (iB,O(TB,O);Z&O(T&O)) where

T3,0(r3,0) =1—FT (230(rs,0), 73,0, €3,0(73,0), ¢, a)
Z30(r3,0) = (7“3 0) — F~ (1,730,€3,0(13,0),¢,a) (5.138)
€3 0(7”3 0)

3,0

Similarly to the proof of Lemma 5.8 we track these solutions through to ¥5"*, where they intersect in a curve

Z5(rs0) = Z3,0(rs,0) exp (BL(p, 6,730, €))

) ) A (5.139)
23(?”3,0) = 23,0(7”3,0) exp (5_ (p, 9, 73,05 6)) )
where
1 2 [*
BZ(p,d,73,0,€) = E/ ( rs — 13+ O(T37T3€3)) drs
73,0
_ 1 2 3_ .3 O 4 36 4
= —p? +T30 3(P m30) +O(p", 070,73 0)
o 10 (5.140)
Bi(p,8,r30,€) = - / (—=r3 413 + O(r3,ries)) drs
73,0
1 2
= (—P2 + T%,o + 5(03 - Tg,o) + O(p*, p%3, T§,0)> -
Using similar arguments as in the proof of Lemma 5.10, we estimate
di‘g, d.f?g, 0 2 2 ~ 1 d533 0 d§3 0
= 042 o o /34| =2 ’
drs (drs,o + 63:3,0 (7"370 + (T?”O)) + A * drs,o drs o
X exp (/8-1|- (p7 57 73,0, 6))
dz dz 2 di dZ (5.141)
Zz3 ([ dZzp . 2 - ~1/3 Z3,0 %3,0
= - @ @ —
drs o (drg,o et (ra0+O(rs0)) + (x?”o (6 " drs,o drs,o >>)
x exp (BL(p,0,73,0,€)) ,
and we define
#(era,€) 1= Fa0((¢/0)'/) exp (BL(p. 0, (/)% )
(5.142)

j?(c7 (1, E) = 5:3,0(A7'3) eXp (/8-11- (p7 67 A’!‘s ’ 6)) 9
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noting that the definition of #5(c, a, €) coincides with that in Lemma 5.10. We therefore can estimate

dzs Z50+ O (/% loge) 4 3 3 4 35 4
5 (1) = - . —r3.)+ O (p*, p6,r , 5.143
diI?g( 3,0) 3.0 + O (61/3 IOg 6) p 3¢ (p 3,0) (p P 3,0) ( )
from which we obtain the required estimates, recalling the choice of 0 < A,, < p. O

5.5.3 Estimates for )(c,a,¢) in X3*

We now fix p, § sufficiently small and combine the results of Lemma 5.9 and Lemma 5.11 into the following.

Lemma 5.12. For each sufficiently small Ay > 0, there exists C,n,eq > 0 and sufficiently small choice of the
intervals I, I such that for each (c,a,€) € I, x I, x (0, €), there exists y'(c,a) > €2/3/C such that the following
holds. Define ym(c, a,€) to be the backwards evolution of initial conditions {(p*,y,z,€) : z = zes’f(y; c,a),—A, <

y < yi(c,a)} on V(c,a,¢€) in BT, The intersection of Y"(c,a,€) with Y3 = 2§ is given by a curve Z3 =

23(&3; ¢, a,€) in the Ky coordinates for iz € (29(c,a,€), 75 (¢, a,€)) which satisfies

|Z5(Z3; ¢, a,€)] < Ce /¢

dzz ,
~3 (x3; C’ a‘) 6) S Ce_n/E’
d(Eg

(5.144)

uniformly in T3 € (i?(c,a,e),i?(c,a,e)) and (c,a,€). Here i?(c,a,e),f:?(c,a,e) are defined as in Lemma 5.9
and Lemma 5.11 and
(/3

- C
x?(a a, 6) < _7 €xXp (ﬂi(pv 57 6) - 61/3> . (5145)

5.6 Proofs of transversality results

To measure the transversality properties of ym(c, a,€) with respect to the strong unstable fibers of Z.(c,a) in
the section X™, we use the transversality results for the backwards evolution of fibers on Y(c, a,€) with height
y > —A, obtained above in the section ¥§** combined with the fact that trajectories on Y(c,a,¢€) for y < —A,,

remain on the invariant manifold Z.(c,a) when evolved backwards to X™.

Remark 5.13. We note a subtle distinction: the transversality we actually require is with respect to the fibers
of Wf’z(c, a) in the section ©™. However by evolving these forward to X3, they also provide a foliation over the
manifold Z.(c,a) in which the fibers are C* exponentially close to those of Z.(c,a). The arguments in this section
carry through with respect to any such foliation. Hence without loss of generality we work with the (nonunique)

strong unstable fibers of Z(c,a).

Proof of Proposition 4.5. We note that the manifold Y"(c, a, ) is defined in terms of the (u,v,w)-coordinates
in ©"¢ in Proposition 4.5, but defined in terms of the (z,y, z)-coordinates in Eff in Lemma 5.12. In the
analysis below, it is more natural to determine transversality properties in the section ¥3“*, and hence also more
natural to represent this manifold in the (x,y, z)-coordinates near the Airy point. To obtain the corresponding

definition in $"¢, we evolve Y"(c, a,€) forwards from X to * to obtain the w-coordinate endpoints w” and
h

€

respectively.

w™ corresponding to the solutions on Y™ (¢, a, €) with initial conditions in ¥ at y = —A, and y = y(c,a),
Using Lemma 5.12, we are able to track trajectories on Y(c, a, €) with initial conditions in %" with y € (=A,, y7)
down to the section ¥§**. In the chart K3, the intersection of this manifold with 3$“* is given by a curve
Z3 = 23(@3; ¢, a,€) for &3 € (£ (c, a,€), 75 (¢, a, €)) which satisfies

&
|Z3(i3; ¢, a,€)| < Ce™ ¢, %(ig;c,a,e) < Ce e, (5.146)
3
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uniformly in &3 € (29(c, a, ), #5 (¢, a,€)) and (c, a, €).

We now investigate the intersection of Z(c, a) with the section $$**. This manifold will intersect 3" in a curve

Z3 = Z3(Z3; ¢, a, €) which satisfies
25(0;¢,a,€) = O(e”V/¢), (5.147)

and

dzs
%(az«g; ca€) =0 as |(e,73)| = 0, (5.148)

z
uniformly in (¢, a). This follows from the fact that Z.(c,a) contains a (non-unique) choice of the slow manifold
M™ (¢, a) which will be exponentially close to the point (Z3, 23) = (0,0), and that Z.(c,a) is a C' perturbation

of Zy(e,a) which at e = 0 is tangent to the weak unstable subspace Z3 = 0 at the origin (Z3, Z3) = (0,0).

The strong unstable fibers W*“(Z.(c,a)) of Z.(c,a) are also a C' perturbation of W*““(2(c,a)) which at € = 0
is tangent to the strong unstable subspace Z3 = 0 at the origin (Z3, Z3) = (0,0). Therefore, the strong unstable

fiber of a passing through a point (a?g7 23) is given by a graph &3 = f3(Zs; ig, Zg, ¢, a,€), where

f5(23;5, 2, ¢,a,¢) = i (5.149)

and

d S

di%(ég;ig,ig,c,a,e) —0 as |(e,d5,25,2) =0 (5.150)
Finally, since the manifold Z.(c,a) is invariant and well defined for y < —A,, we have that 23 (i?;c,a,e) =
Eg(i?;c,a,e) and trajectories on Y(c,a,¢€) evolved backwards from X' for y < —A, in fact again remain in
Z.(c,a). Since Z.(c,a) is certainly transverse to its own strong unstable fibers, we are only concerned for values
out

is € (il (c,a,€), 75 (¢, a,€)) as here the intersection of the manifolds (¢, a, €) and Z.(c, a) with the section %3

separate into curves given by the two functions described above.

From the estimates above, we can deduce that the backwards evolution of Y™ (¢c,a,¢€) given by the curve zZ3 =
23(Z3;¢,a,€) in the section X3 remains transverse to the strong unstable fibers of Z.(c,a) at least up to the

fiber which passes through the point (21, Z5(Z5)).

We now evolve the manifold Y™ (¢, a, €) backwards from %$% to ™. Using an inclination lemma, we deduce
that the above transversality also holds in the section X" and all trajectories are exponentially contracted to
MT(¢,a). We denote by y3 (¢, a) the ya coordinate in ©™ of the backwards evolution of the solution Y™ (¢, a, €)
passing through (5 (c, a, €), 23(Z5' (¢, a, €)) in £3**, and we denote by yJ (c,a) the y, coordinate in £™ of the
backwards evolution of the basepoint on Z.(c, a) corresponding to the fiber containing the solution on ym(c, a,e)
passing through (57?, 23 (i?)) in %", With these definitions, we see that the assertions of the proposition hold
in the section X™. O

Proof of Lemma 4.7. The estimates (4.31) are shown in §4.4.1. Hence it remains to show that the transversality
of y“‘(c, a, €) with respect to the fibers of Z.(c,a) in ™ includes the fibers through all points on the backwards
evolution of B(s;¢,a). By Proposition 4.5, this amounts to proving (4.32). As in the proof of Proposition 4.5,
we work in a neighborhood of the Airy point and determine transversality conditions in the section ¥5*" and use

this information to deduce what happens in X",

Here we consider pulses of Type 2,3 50 s € (wp(Ay),w' + A,,). Evolving B(s; ¢, a) backwards from %" these
solutions are already exponentially contracted to M (¢, a) above the Airy point, and we see that they eventually

enter the chart K3 via the section X3 where their (Z, Z)-coordinates are already O(e~9/€) uniformly in (¢, a).
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Suppose we take any such solution which enters g3 at a point (503072;0) = O(e~7¢) where we drop the

dependence on (c,a). This solution reaches £§" at (%3, %3) = (&4 ;, 73 ;) where

~b ~b =b b

x3,1 = x3,0 exXp (542»0)7 6’ 6) + 773 (pv 57 xS,Ov 23707 6)) (5 151)
gg,l = 5370 exp (ﬂz (p7 57 6) + 772— (pv 63 jg,Oa ’gg,Oa 6)) )

We then need to show that Y™ (c, a, €) is transverse to the fiber in $3* passing through the point (mg 15 23 1)- One

way to do this is to find the intersection of this fiber with Y™ (c, a, €) and show that it occurs for some #3 > Z1,

where we know this transversality holds.

The fiber through (3, 23) = (fgyl, Egl) is given by the graph 3 = f35(Zs; :Z"g,l,ég,l, ¢, a,€), where

F5(25 03851, 23 1, ¢,0,€) = 35 (5.152)

and

d
dJi‘S (zg,c%g 1,zg 1,6 a,€) =0 as \(e,i"g’hég’l,ég)\ -0 (5.153)

We can solve for when this intersects Y™ (c, a, €) by substituting the expressions (&3, 23) = (Z3, 23(&3; ¢, a, €)) to
obtain

i3 = f5(23(23); 751, 25 1. ¢, €), (5.154)

which we can solve by the implicit function theorem to find an intersection at

=0 (exp (63(@ d,€) — 77/6)) , (5.155)

which indeed satisfies 5 > Z5. As the chosen solution on B(s;c,a) was arbitrary, this shows that Y"(c, a, €) is

transverse to the fibers passing through each solution on B(s;c, a) in the section %5** for all (c,a) € I. x I,.

As in the proof of Proposition 4.5, we track these solutions in backwards time from ¥5“* to ™ to deduce that
the transversality holds there also. We recall that yg (¢, a) denotes the gy, coordinate in ™ of the backwards
evolution of the basepoint on Z(¢,a) in §* corresponding to the fiber containing the solution on Y™ (¢, a, )
passing through (£, Z3(Z8). Hence following the solutions on B(s; ¢, a) from %3¢ to £™ in backwards time gives
the result (4.32). O

Proof of Lemma 4.9. For the case of type 4 pulses, the argument proceeds as in the proof of Lemma 4.7. To
treat the case of type 5 pulses, more care is needed. Using Proposition A.1 and the fact that Y(c, a, €) coincides
with Z.(c,a) for w < wy — A, the transversality result (4.43) hold easily for type 5 pulses with s € (2w’ —
wa + Ay, 2w’ — A,), that is, with secondary right pulses of height w € (A, wa — A,). For type 5 pulses with
s e (2wT —wa — Ay, 2w —wy + Ay), that is, with secondary height w € (wa — Ay, wa + A,) the backwards
evolution of B(s; ¢, a) interacts with the Airy point before reaching the section ¥, and hence the result (4.43)

is not clear.

For type 5 pulses with secondary height w € (wa — Ay, wa + Ay), the manifolds B(s; ¢, a) in fact approach the
Airy point exponentially close to W?" (¢, a) in backwards time. Hence these trajectories reach Y.3“* after passing
through different charts, as with Y(c, a,€). We need to ensure that Y™ (c, a, €) is transverse to the fibers in ngut
passing through each point on the intersection of W7 (¢, a) with $$*. Similar to the above analysis for tracking
V™(c,a,€), the manifold W™ (c, a) intersects 3 curve defined in terms of Airy functions which winds around

the origin in an exponentially decaying manner.

We focus on the part of W (¢, a) which reaches $:$*" after passing through the charts K1 — Ko — K3 (see §5.5.1)

as solutions entering K3 via different charts do not cause issues. From Lemma 5.9, we have that W' (c,a)
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intersects %$“" in a curve parameterized by ys ¢ as

% 1 (y2,0) = 5.0 (y2,0) exp (B3 (p, 6, €) + 17 (p, 6,750, 75 0, €))

T T 2 2 ~T T <5156)
Z3,1(y2,0) = 2370(3}2,0) €Xp (ﬁ— (pv 53 6) +1Z (p7 67 L3 05 23,00 6)) 5
where
ﬁﬂg,o ﬁ+y2,o
. Vre T » Vre T (5.157)
T3 0(y2,0) = WX3 (42,0),  Z30(y20) = Wzg (Y2,0)s
and
X5 (ya0) = (A (— 555 ) +K/%0"2 AT (- ,f;;;) ZTo(Zbo)) i (24 0(9))
+0() (Bi( yj/‘;) + k3543 BY ( )zg’o ¥2.0 ) 35 4 O(e23)
> Y2,0 ’ 3 ¢4/ Y2,0 2.1 (5.158)
Zi(y20) = (Bi (W#T) + KB (- k2}3) o)) e ER5 (140(9))
. Y2,0 . Y2,0 2.1
+0(0) (i (- k2/3) + K3 AT (- k2/3) 20(y20)) €37 + O(e/%).

The fiber through (Z3,23) = (T3 1(y2,0), 251(y2,0)) is given by the graph Z3 = f5(Z3; 25 1(y2,0), 231 (42,0), ¢, a, €),
where

I3 (2’3 1(¥2,0); $3 1(¥2,0)s 2'3,1(2/2,0), ¢ a,€) = 535,1(3/2,0) (5.159)

and
df§ 0 75 7y zZ 0 5.160
dzs (237553 1(y2,0), 23,1@2,0),(37@’5) - as ‘(67IS,l(y2,0)723,1(y2,0)7Z3)| — (5.160)

We can solve for when this intersects Y™ (c, a, €) by plugging in (s, Z3) = (&3, 23(#3)) to obtain

T3 = f3(23(%3); 751 (Y2,0), 25 1 (y2,0), ¢ @, €) (5.161)

which we can solve by the implicit function theorem to find an intersection at

#5(y2,0) = 5.1 (y2,0) + O (exp (B3 (p, 6,€) —n/e)) (5.162)

provided &% > & (i.e. we need to be careful not to leave the domain on which 23(i3; ¢, a, €) is both well-defined
and transverse to the fibers of Z.(c,a)). To determine this, we note that the minimum possible Z3(y2 o)-value
achieved is at a value of y; o which is exponentially close to that which gives the minimum value of 3 ;(y2,0)-
We hence proceed as above by computing the first ‘turning point’ on this curve, that is, the minimum (or largest

negative) ¥3-value achieved by 3 ;(y2,0)-

Similar to the proof of Lemma 5.10, we search for the first zero of (&3 ;)’(y2,0), which amounts to solving for the
first zero of

(Xé"(yz,o) — ke'/3(X5) (y2,0) + O (5:?:5,0(1/2,0) (|f(§| 25+ 0(61/3)))) —0, (5.163)
which occurs when
Y2.0 = Y50+ ke'/? + O(?), (5.164)
where ys3  is the first zero of X3 (y2,0). Hence the minimum of #%(ys,0) occurs at some

Yso = s+ ke'/P+O(?). (5.165)
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We now note that for ys o near y; g, for all sufficiently small €, we have that

X3 (ya0) = Xg(y2,0)+<k1/354/3 Ai ( ]Zz/?J i (240 (6))

+0 (6 i (}2:1/354/3 B’ ( ki/(;))) ) (25,0(92,0) - Zﬁ,o(yz,o)) + (9(62/3),

and hence

0= X5(u50) = (X9 (45.0) Who — v o) + O ((who — vh)% /%)

+ <k1/364/3 AY ( i’j}‘;) 575 (24 0(0))

+0 (5e§;isk1/354/3 Bi (— :gg)) > (25.0(¥5.0) — zé,o(ygo)) ,

from which we deduce that

Yo — ho = 1 (#.0Who) — o(h0) + O (#50(Wh0) — Zolo))® ),
for some constant p > 0 bounded away from zero uniformly in €. Hence we have

u5h —v8o = i (3ho(Who) — #0Wh0)) + O ((olho) — #0Wha))* €/?) .
Finally, using (5.131), (5.163), (5.169), Lemma 5.9, and the definitions of y;,’g,ygo, we have that

Xi(wsh) - Xi(wh) = ke (X5) (w3h) — (X8)' () + O (/?)
= 0 (M (43— vho) )
We now estimate
B = 3 = 34 (u35) — 3 + 0 (P9
= 5 0(y270) exp (83 (p, 6.€) + 03 (p, 6,75 0 (4270), 25 0 (430 ©)
— F3,0(y50) exp (5+(Pa5 €) + 77+(Pa5 x3 0(30), 23,0(31 0),€) + 0 (eﬂi(p’é’e)ﬂ’/é)

) )

= (xg,o ysd)(1+ O(E) = &0 (ufo) (1 + O(H%) + 0 (e71/<) ) )

.
52/3 +u3l0

52/3+‘J20
75 X (y50) (14 O(E/%)) — e w7 Xi(y80) (14 O(e7?)) +O( JI/E))

(5.166)

(5.167)

(5.168)

(5.169)

(5.170)

ﬁeﬁi(Pv&E)

L1/651/6

1 o
52/3 T¥200

Uzo

52/3 +2.0

kel/3
Ve B (p.8.6)

X /65176

¥5'h — e Te  kel/3
( (a3)(1+ O(E%) = e w7 Kh(ydy)(1 4+ O(e*)) + 0 (e />>fk/5/

B (p.6,)

(X880) +0 (2 (v — o) .2%) ) (L O(E/2)) = e 27 i () (1 4 O 2/3»)

1 7
5273 T¥2)0

- y;,’g*y?,o o ﬁe_ kel/3
= <X§(y3~“,o) (1 —e x I (1 0(62/3))> +0 (% (y5 — o) ’62/3)> o ajege

1 T
52/3 TY2.0

P (p.5e)

13 50y ( M pr(p) k(p)\ 2/3 Ve R g s
> € (Xg) (y270) — 5 + O T -+ O (6 IOgG) W@ + AT
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for all sufficiently small € > 0. From this we deduce that 35 > :E@ as required. The remainder of the proof follows

as in the proof of Lemma 4.7.

O

6 Discussion

In this paper, we described a phenomenon, previously observed numerically in [6, 12, 13], in which the branch of
fast pulse solutions to (1.2) described in [5] turns sharply when continued numerically in the parameters (c, a)
for fixed € > 0. This sharp turn is associated with a transition in the pulse solutions as the oscillations in the
tails of the pulses grows into a secondary excursion, culminating in a double pulse solution which resembles two

copies of the primary pulse.

Using geometric singular perturbation theory and blow-up techniques, we constructed this transition analytically.
For each sufficiently small € > 0, we proved the existence of a continuous one-parameter family of homoclinic
solutions to (1.2) forming a bridge between the pulses with oscillatory tails constructed in [5] and double pulses
which are O(y/€)-close to two copies of the primary singular pulse. Our construction of the double pulses was
shown to break down near a Belyakov transition (1.3), which corresponds to numerical observations in which the

branch of double pulses terminates near this Belyakov transition (see Figure 5 and [6]).

We showed that the sharp single-to-double-pulse transition is due to a canard-explosion-type mechanism orga-
nized by the equilibrium at the origin, which in a local center manifold takes the form of a canard point in the
terminology of [22]. The homoclinic solutions were then constructed in a similar manner as in the case of a

canard explosion of periodic orbits as in [23], using blow-up techniques and geometric matching.

The main complications which arise are twofold. Firstly, the problem is inherently three-dimensional: the
setup requires three dimensions in order to construct homoclinic orbits with oscillatory tails. This complicates
the matching procedure and also necessitates a framework in which both the hyperbolic and nonhyperbolic
components of the flow can be tracked and matched accordingly in local neighborhoods of the nonhyperbolic fold
points. To accomplish this, we capitalized on the exchange lemma and the techniques used in [5] to construct

single pulses with oscillatory tails.

Secondly, constructing the tails of the solutions proved to be a significant technical challenge. We showed that
the behavior of the tails was heavily influenced by the structure of the middle branch of the critical manifold,
specifically the existence of what we refer to as an Airy point, encompassing the transition from node to focus
behavior. We studied the flow near this point in great detail, utilizing blow-up techniques and invariant manifold
theory, and we used this analysis to show that each transitional pulse can be matched with a tail lying in the
stable manifold of the equilibrium. This analysis also explained the phenomenon previously observed numerically

in which many of the transitional pulses appear to have nearly identical tails (see Figure 4).

While much of the construction is tailored to this particular problem, the techniques used are quite general and
can be used to construct many different homoclinic or periodic solutions, both within the FitzHugh—-Nagumo
system and otherwise. A direct application within the FitzHugh—Nagumo system would be to construct N-pulses
with oscillatory tails. On each successive excursion, exponentially small variations in the parameters (¢, a) allow

the associated matching conditions to be solved, ending with a solution in the tail manifold.

Beyond the FitzHugh—Nagumo system, this geometric matching procedure can be used to construct a wide
variety of solutions in different systems. Of particular interest is the notion of a canard explosion as being a
mechanism for spike-adding [11, 27, 28, 25, 24, 8]. In this sense, one can think of the canard mechanism in the
FitzHugh-Nagumo system as allowing for the addition of a second pulse or spike to the primary pulse [8]. An
interesting extension would be to determine if these techniques could be transferred to the case of a slow passage

through such a transition, to obtain a full analytical construction of a dynamic spike-adding mechanism.
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Finally, we comment on the PDE stability of the transitional pulses. While the pulses with small oscillatory
tails (corresponding to those constructed in [5]) were shown to be stable in [4], our expectation is that the pulses
lose stability as the oscillations in the tail grow sufficiently large, as the bifurcation curve resembles a “global”
saddle-node bifurcation. A full study of the (loss of) PDE stability of these solutions is an interesting direction
for future work.
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PC would like to thank Martin Wechselberger for helpful discussions during an initial stage of this project. PC
was supported by the NSF under grant DMS-1148284. BS was partially supported by the NSF through grant
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A Layer analysis of fronts

In this section we prove the following proposition regarding heteroclinic connections between the equilibria p;

for values of w € [0,w'] in the system (2.10). The results of Proposition A.1 are shown in Figure 7.

Proposition A.1. Consider the system (2.10) for (¢,a) = (1/v/2,0). For each w € (0,w"), there exists a front
¢e(w) connecting the equilibria pa and p1, and a front ¢,.(w), connecting the equilibria pa and ps. Furthermore,

(i) For w € (0,wy), the front ¢¢ leaves p2 along a weak unstable direction and remains in {(u,v) : uq1(w) <
u < ug(w),v < 0}. The front ¢, leaves pa along ¢y, then crosses into the half space v > 0, where it remains
until arriving at ps.

u — ug(w)
2v2

(1) When w = wa, the fronts ¢g, ¢, leave pa along the line v =
Ay, Ay and By, B, > 0 such that ¢y, ¢, satisfy

in the half space v < 0. There exist

u(t) = us(w) + (4; + Bjt)e?s + O(e7)

o(t) = %

j =L,r, asymptotically as t — —oo. There exists A > 0 such that these solutions can be written as graphs

v=u;(u),j=L,r foruc [us(w) — A, uz(w)] with v,.(u) > ve(u) for all u € [ug(w) — A, us(w)].

u — ug(w)
22

(iv) For w € (w' — wa,w'), the front ¢, leaves py along a weak unstable direction and remains in {(u,v) :

_t_ i - (A.1)
(A; + Bjt)ez® + Bje2vz + O(t%eV?),

(i) When w = wh —wa, the fronts ¢¢, ¢, leave pa along the line v = in the half space v > 0.

us(w) < u < ug(w),v > 0}. The front ¢y leaves py along ¢,., then crosses into the half space v < 0, where
it remains until arriving at p;.

Proof. We prove (i) and (ii); the remaining two assertions follow from the symmetry of the cubic nonlinearity.

The claims regarding the front ¢, follow from analysis of traveling fronts [2, 14, 10].

It remains to show the properties of the front ¢,. We first consider the case of small w. When w = 0, the
equilibria p; and ps collide, and p; and p3 are connected by the Nagumo front ¢y. Hence for small w > 0
property (i) follows from the fact that ¢ breaks regularly as w increases; this can be shown in a manner similar
to the proof of [5, Proposition 5.2]. Hence the result holds for w € (0, A,,) sufficiently small.

We next examine the linearization of (2.10) at the equilibria ps, p3. At p;, the linearization of (2.10) is given by

0 1
b‘(—ﬂwm>c>’ (8.2
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which has eigenvalues

\E c+ /2 — 41 (u;(w))

Z > (A.3)

For all w € (0,wa) and all ¢ > 1/v/2, py is an unstable node (which is degenerate in the critical case of

w=wy,c=1/ \/5) with corresponding eigenvectors

1
¢ % /&~ A (uz(w))
2

(A.4)

For w € (0, w4), the equilibrium py has a well defined strong unstable eigenspace with nonzero (u, v)-components.
Hence the front ¢, leaves the equilibrium along a trajectory tangent to this subspace with wu initially either

increasing or decreasing. Proving (i) amounts to showing that the former is always the case.

For all w € (0,w,4) and all ¢ > 1/ V2, ps is a saddle with corresponding eigenvectors

1
¢ % /&~ A (us(w))
2

ef = (A.5)

Hence for each w € (A, w4) and each ¢ > 1/ V2, the equilibrium p, has a well defined strong unstable manifold
W' (py), and the equilibrium ps has a well defined stable manifold W*(p3). If a front were to exist as an
intersection of W% (py) and W#(ps) lying in the half space v > 0 for some ¢,, > /2, then by monotonicity of
the flow with respect to ¢, this connection will break upon varying c: for ¢ < ¢, we must have that W*"(p2)
lies below W?*(p3) and vice-versa for ¢ > ¢, and hence this value of ¢,, for which a connection exists is unique
among ¢ > 1/v/2. We show that for each w € (0,wy), such a value ¢, > 1/v/2 exists by explicitly constructing
the associated front.

Using the ansatz v = b(u — uz(w))(u — uz(w)), we deduce that there is a front connecting p» and ps given by
uft) = ) rwlw) | u) —ulw) o, (Us<w>UZ<w>t>

o(t) = ad 2sech <u3(w)2\_/§u2(w) t> ,

(A.6)

with wave speed
(u2(w) + uz(w) — 2us (w))
(w1 (w) + uz(w) + uz(w) — 3us(w))

(1 = 3uy(w))

|
-l 5l )
S
-

> 7
for all w € (Ay,wa). Hence for each w € (Ay,wa), for ¢ = 1/v/2, we must have that W"%(py) lies below
W?(ps).
Finally, we can apply the same argument as above to the case of w = wys. For ¢ = 1/ V2, there is a unique

trajectory decaying exponentially in backwards time along the eigenvector



_t_ _t_
with exponential rate e2vz, whereas all other trajectories decay with algebro-exponential rate te2vz. We abuse
notation and refer to this trajectory as W*¥(py). For ¢ > 1/v/2, py is an unstable node, and as above we can

find a front solution connecting W*“*(p2) and W?*(p3) at with wave speed

c= (1 —3ui(wa))
(A.9)

>

)

Sl =Sl

and hence, by the above monotonicity argument, we deduce that W*“(py) lies below W*(p3) for ¢ = 1/v/2,
w = wy, which completes the proof of (ii). O

B Way-in-way-out function estimates

2
Proof of Lemma 3.6. For (i), we note that 0 < —u;(w) < uz(w) < 3 for all w € (0,w"); hence for v > 0 and
w € (0,w4), we have that

—uq (w)
R(w,w) > %/ - (c— 2 — 4f’(u)) (2 — 3u)du
uy (w (Bl)

—uq (w)
S5 2 (B2 E A — (14 Su2) A )

For a = 0, we have f(u) = 2u — 3u?. Letting I(u) denote the integrand in the above expression, we compute

3 _
I'(u) = = (02—8u+12u2)1/2 12

2
— g (02 + 8u + 12u2)

+ (4 — 18u + 18u?) (¢ — 8u + 12u?)

1/2 —1/2

— (4+ 18u + 18u?) (¢® + 8u + 12u?)

I"(u) = (2 = 8u+ 12u?) % (54u — 24) + (16 — 120u + 288u2 — 216u°) (¢ — Su + 12u2) >/

— (4 8u+12u2) % (24 + 5au) + (16 + 120u + 2882 + 216u°) (¢ + Su + 12u2) >/

= (02 —8u+ 12u2)_3/2

(16 — 24¢? + 54uc? + T2u — 432u® + 432u?)
+ (2 + 8u+12u2) % (16 — 242 — 5duc? — T2u — 432u? — 432u%)

> 8(c® + 8u+ 12u2) * (4 — 662 — 108u?)

4 _ 62
We have that 1(0) = I'(0) = 0 and we have that I”(u) > 0 for any u < 1020 . We recall that w4 is defined by
1 1
w = f(us) where uy4 is the smaller root of the equation ¢® = 4f'(u). We can solve to find us = 3~ 6\/4 — 3¢2,
4 — 6¢?
and hence for ¢ € I, we have ug < 1OSC . Therefore R(w,w) > 0 for any w € (0,w4).

For (ii), for a = 0 and v < 4, we compute

uz(wa) ,

=3 [, (o VETITE)

1 2—3uy A ! 1B 2+ 3u
_ _ — 471 d _ _ 2 _Af(— - -
<21—7uA(1—uA)/0 (C ¢ f(u)) u+2/0 (C ¢ I u))1+’yu(1—|—u) Y

3/2 2—3UA 1 1 1/2 2+3UA
a7 mA -z _4 _aroraA
SUA T g —wa) 2 (3 wa ) (e = ) T i )

< 0.
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For (iii), we note that

dR

el +
dw— )

(o™ w) = 5 (VE= T — ) LS =) <o

uy — 7y f(ur) dw=

N | =

d dR
and we see that f/(u1) <0, u; —vf(u1) <0, and delf < 0, which implies that p; < 0 as claimed. Similarly,

f(u2)  dug
uy — v f(u2) dwt’

we have
dR

dw—_s_(w*,uﬁ) = % (cf c — 4f’(uQ)>

ug = us(wt) > 0,

dUQ

e > 0. O

d
> 0, which implies R

d we h ! >0, ug — > 0, and
and we have f’(us) us — v f(u2) an e

C Balance of exponential contraction/expansion in Z,

In this section, we provide a proof of Proposition 3.9.

Proof of Proposition 3.9. We begin with the proof of (i). We wish to determine the fate of another family of

canard solutions 7. at the same parameter values (c,a) = (c¢,a’), also continuous in €, which enters at height

€)e
w™, where lim w’™ = wi® < w™. In particular, we must show property (i) of Definition 3.7. Since R(w™,w™") > 0
€ ) e—0 € 0 )
and wi" < w™, we have that w™ > w’, where w® is the value of w > 0 which satisfies R(w", w) = 0. We now fix

any sufficiently small § > 0 with § < min{|w’ —w®|, |w™ — w{"|}. We claim that for all sufficiently small € > 0,

corresponding exit height w®"* of 7, satisfies |w?"" — wb| < 4. Equivalently, we have wi"! = liH(l) wl't = w.
€E—

We first consider the flow in a neighborhood of M%Z(c2,af) for A, < w < w™ — § for A, sufficiently small;

essentially we perform coordinate transformations to explicitly determine the contraction along ¢ away from

the fold at the origin. Away from the origin, 7° is O(e~%)-close to M5Z(c®,a?); hence we can parametrize 7°

by w, that is, in a neighborhood of M%Z(c?, a?) the solution 7 is given as a graph

(C.1)
v=G(w,e) = eg(w,e),
where we take the negative root u;(w) for f~!(w), and the functions H, G satisfy
eD,H(w, e)(H(w,€) — yw) = G(w,€) (2)
EDwG(wa 6)(H(U}, 6) - ")/U)) - CEG(’LU, 6) - f(H('LU, 6)) +w, .
and the flow along 7¢ is given by
w = e(H(w,€) — yw). (C.3)
We now write
u=1u+ H(w,e
(w,€) (C.4)
v="0+G(w,e),
and compute the flow nearby for small 4, v as
i =17 — €Dy H(w, €)
v = — af (H(w,e)) — eiDy,G(w, €) + O(u?) (C.5)
w=e(t+ H(w,€) — yw).
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We consider the linearization of the two-dimensional (&, ) system about (@, 0, €) = (0,0,0) for each w. There is

one stable and one unstable eigenvalue

)\i — ¢o £ \/0(2) _;fl(f_l(w))7 (06)

where ¢ := lirr(l) ¢, with corresponding eigenvectors
€E—r

\/'Ve Nnow ln(rOduce the COOI“dlnaleS

which, using the identities
AT = (7 (w)
AE =y — AT,

results in the system

AU+ F (U V,w,e)
NV 4 FH(U,V,w,6) (C.10)
= e(f 7 (w) = yw + F*(U,V,w,e)),

& < <
I

where
FEU,V,w,e) = O (U, eV, U, UV, V?)

(C.11)
F(U,V,w,e) = O(U, V,e),

and 7?2 is given by U =V = 0.
We now identify the part of the manifold Z.(c¢,al) which intersects this neighborhood as a graph of a function
V = V*(U,w,¢) which is C* in (U,w) and continuous in € and is tangent to the plane V =0 at U = € = 0, so

that Vi (0,w,0) = 0. Since by assumption +¢ is a solution on this manifold, we have also have V(0,w,¢e) = 0.
Thus we can write V (U, w, €) = V(U,w, e)U where lim V(U,w,e) = 0.

(U,e)—0

Setting V =V — V*(U, w, €) and restricting to the flow on Z.(c?,a?), i.e. V =0, we arrive at the system
U=\ +F (Uw,e)U

- (C.12)
W= e(fHw) —yw + F*(U,w,¢)),
where F~, F* are continuous with
Ulim OF_(U,w,e) =0
o (C.13)
lim F*(U,w,e) = 0.
(U,e)—0

Fix 0 < A < A,, sufficiently small; by assumption, the solution . starts in vl at w = wi” and thus reaches

U = A at some height w™ + O(e) provided e < A We can now estimate the contraction rate A‘(w'", A,,) of
the trajectory 7. on Z.(c?,al) between heights w "™ and A,. We compute
A ~ e
i w AT+ F~(U,w,
in €(f~ — yw S(U,w, e
e i (C.14)

v Co — \/CO 4f'(f~1(w))
7/wzn 2e(f~1(w) — wa) 1+ (U, w,€)) dw,
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where (Ulir)n h(U,w,e) = 0. Therefore, by changing variables we have
,e)—0

¢/ in 1 wBe) eg — /R —A4f (u) , ¢
A", Ay) = - (/MW) Sy S o H ) 7 (C.15)

where |H!| — 0 as (A,€) — 0. Hence, by fixing A,, > 0 small, and then taking A, e > 0 sufficiently small, we
obtain an estimate on the contraction along v° near the left slow manifold M%Z(c2, a?).

We can repeat this procedure along the middle slow manifold M™Z (%, a?) to show that the expansion along
72 between w = A,, and some yet to be determined exit height w = w?"* is given by

m out\ __ 1 ua(wg™) Co — C% — 4f/(u) i m
Wl = ¢ </u2mw> Mu—flu) DR (C.16)

where |H™| — 0 as (A,€) — 0.

The final piece to estimate is the passage near the canard point. However, we can bound the expansion/contraction
in this region by taking A,, sufficiently small. Hence the total expansion/contraction experienced by the solution

v along ¢ is given by

A(w™ w) = A (Wi, Ay) + A™(Ay, w) + O(n]e)

1 w2(w§™) oo — /2 — 4f'(u
= - /ul(wén) - 2 _va(ujg)( )/ (wydu +’H> (C.17)
= 1 (RO, ™) +7)
where |H| — 0 as (A, Ay, €) = 0 and R is the way-in-way-out function.
This now allows us to determine the height wJ“'. By assumption the solution ~. reaches the section it

in
o
A(wi™, w?"), we can ensure that for all sufficiently small € > 0, 7, must return to "% at w = w°"
w®| < §. BEquivalently, we must have that lir% w = w®.
€E—

at w = w By the above analysis, by balancing the exponential contraction/expansion via the function

t where

out __

|we

We now consider the statement (ii). We set w, < w™ to be the unique value satisfying R(w, ,w") = 0 and again
consider another family of canard solutions 7. at the same parameter values (¢, a) = (¢2,al), also continuous in
¢, which enters at height w®". Demonstrating property (i) of Definition 3.7 follows exactly as in the proof of (iii)
above. It only remains to show Definition 3.7 (ii) (the remaining property Definition 3.7 (iii) follows similarly

by considering the flow in reverse time).

Hence we assume that the entry heights w'" satisfy liH(l) w = wy" > w, . Fix § > 0 sufficiently small with
€E—

d < min{|wy" —w, |,|w™ — w, |}. Using similar arguments as above, by balancing the exponential contrac-

tion/expansion along the manifolds M2 (¢ a?), for all sufficiently small ¢ > 0, it is possible to obtain a

€

bound A(w!™, w?"') < ~ 7 tor any w’" < wt — § and some 1 > 0. Hence we must have w?" > w™ — 4.
€

out
€

To show that w®* also satisfies w?** < w™ + §, we argue by contradiction. Suppose w?* > w' + 4. By
considering the flow in reverse time, we can measure the expansion/contraction experience by the trajectory 2
along . (that is, we reverse the flow direction and interchange the roles of 77,7, in the argument used in the
proof of (iii)). In reverse time, 7 “enters” at height w™ < w?** — §. By balancing the exponential/contraction
as in the proof of (iii), in reverse time the trajectory should “exit” at a height wec satisfying 213(13 wEC = w, . This
c

€

gives the desired contradiction as by assumption w, = w™ > w, + 9.

out
€

Therefore, we must have |w w’| < 8, and the proof of (ii) is complete.

Finally, the proof of (iii) is similar to that of (ii) by considering the flow in reverse time.
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. . ¢
D Contraction/expansion rates along M., M/

To construct pulses of type 4,5, we need more explicit bounds on the rates of contraction and expansion along
solutions near the slow manifolds M*(c,a), M"(c,a). We consider the flow in neighborhoods of each of these
slow manifolds in which they are normally hyperbolic, and we make coordinate transformations to put the
equations in a preliminary Fenichel normal form which identifies the stable/unstable subspaces and corresponding

contraction/expansion rates.

The ultimate goal is to show that the manifold B(s; ¢, a) is well defined and exponentially close to v°°(s;¢,a) in
" for each (¢, a) € I, x I,. The existence of the solution v*(s; ¢, a) for (¢, a) € I, x I, is clear; however, it is not
immediately obvious that the fiber of this solution in the section X" is exponentially contracted to v*°(s;c,a)
in backwards time to ¥£". Along the manifold W#*(c,a), this is clear as this fiber is defined by the fact that
it contracts exponentially to v%°(s; ¢, a) in backwards time. However, after passing near the fold, in backwards
time, 7°°(s; ¢, a) is near the slow manifold M (¢, a) and solutions near 7°°(s; ¢, a) undergo exponential expansion.

We claim that the contraction along sz(c, a) compensates for this expansion.

We proceed by determining the balance of contraction/expansion along the slow manifolds MZ/ Z(C, a) in back-
wards time from ™ to ©". We break this into three pieces: first the transition from ™ to 2°%, where
~v%°(s; ¢, a) exits a neighborhood Up of the upper right fold point along the fast jump ¢y, second the transition
from X°"* to %~ encompassing the passage near the fold point, and finally the transition from %~ to ©"

describing the passage near the right slow manifold M (c,a).

We first follow 4°°(s; ¢, a) backwards from ¥™ into a neighborhood of M(¢, a) at a height w = A,,, so that we are
away from the lower fold point. By construction v*¢(s; ¢, a) lies in W**(¢, a) and remains in this neighborhood of
M¥(c,a) until some height w = w' + 0(62/37 a) corresponding to the fast jump to X°“* in the neighborhood Up
of the upper right fold point. During this entire passage, solutions corresponding to the fiber {(0,45°(s; ¢, a), z) :
|z| < A.} in the section ™ are contracted exponentially to v°°(s; ¢, a) in backwards time, and hence we have
the following.

Lemma D.1. For each sufficiently small A, there exists A > 0,e9 > 0 and sufficiently small choice of the
intervals I.,I,, such that for each 0 < € < €y, each (c,a) € I. x I, and each s € (wT + Ay, 20T — Ay), the
following holds. The backwards evolution B(s;c,a) of the fiber {(0,y5°(s;¢,a),2) : |z| < A} in ™ reaches the

AZ(AUH"UT_A'MJ

section X°“' near the upper right fold point in a curve which is O (e )) close to ~v*¢(s; ¢, a) uniformly

in (¢,a, zend) € Ic X Iy X [-A,, A,] where

ul(wT—Aw) 2 _Af/
AZ Aw T—Aw — C+ c f(u) !/ d
@uu’ =20 = [ oy o)

<0.

Furthermore the derivatives of the transition map from Y™ to X" for solutions on B(s;c,a) with respect to

¢ P
(¢, a, Zena) are also O (eA (Aw,w A“’)).

Proof. To see this, we consider the flow in a neighborhood of Mﬁ(c, a); essentially we perform coordinate trans-
formations to explicitly determine the expansion along W? ’e(c, a) away from the fold at the origin. Away from
the origin, we can parametrize ./\/lﬁ(c, a) by w, and using arguments as in the proof of Proposition 3.9, the flow
near M*(c,a) can be reduced to the system

U=\"U+F (U, V,w,e)
V=XV 4+ FHU,V,w,e) (D.2)
W= e(f_l(w) —yw + F*(U,V,w,e€)),
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where

FE(U,V,w,e) = O (U, eV, U, UV, V?)

D.3
F(U,V,w,e) = O(U,V,e), (D3)
and M¥(c,a) is given by U = V = 0.

We now identify the part of W**(c,a) which intersects this neighborhood as a graph V = V*(U,w,¢). This
manifold is foliated by strong unstable fibers tangent to lines (U, w) =const for e = 0. Setting V =V —V*(U, w, ¢)
and performing a coordinate change

()= ()= () oo o

to straighten out the unstable fibers, we arrive at the system
S = NV 4+ RO,V W, o)V (D.5)
Jr
where

FHO,V,W,¢) =0 (U, Vv, e) (D.6)
F3(U,W,e) = O(U,e).

We can now estimate the contraction rate AZ(Wl, Wg) in backwards time along the fiber of a given trajectory
lying on W#*(c,a) between heights W1 and Ws, under the assumption that this trajectory remains in a small
neighborhood of M¢(c,a), say |U|,|V| < A < 1, for W € [W;, Wa]. We compute

dw

AL, Vw):/m A4+ FHU,V, W, )
’ Wy €(fTYW) =AW + Fs(U, W, €))

(14 O(e, A)) dW

Wo )\Jr
- /v”v e(f~HW) —W)

Wa o \fe — 4f/(F1 (W) 7
2 ¢ c? — - .
_ / - — (14 O(e, A)) dW

W 2e(fTHW) = W)

(W) ¢4\ /2 4" (u)

= f(w) (14 O(e, A)) du.
Loy iy 0 0+ 0 )

Hence, by fixing A,, > 0 small, and taking A, e > 0 sufficiently small, we obtain the result. O

We proceed by considering the flow near the upper right fold point. Using the analysis in [22, 5], it is clear that
the transition in backwards time from 3°% to £~ in the neighborhood Ug of the upper right fold point can be
bounded by "€ for each n > 0 by taking the neighborhood Up sufficiently small, that is, by shrinking A,,. The
derivatives of the transition map also satisfy the same bounds.

Finally, we consider the transition from X%~ to X", We first prove the following technical lemma.

Lemma D.2. For each sufficiently small A,, and (¢c,a) € I. X I, we have that

ug(wh) _ _ /
Plada+ [ EEVE AR

u1(Aw) c++/c2 — 4]“(11,) |
A u3(—Ayw) u — ’Yf(u) f (U)du > 0. (DS)

Lwi-Ay)  u—7f(u)
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Proof. We first write

w2 A (u) us(w'=Aw) o 2 LT ()
'(w)du = ’ O(Aw). D.9
/us(—Aw) u—f(u) f(u)du /u3(Aw) u—yf(u) F(w)du+ O (Aw) (D-9)

Hence it suffices to show that there exists C' > 0 such that

uz(wf—Ay) _ 2 _4f/
f/(u)du+/ c c f (’LL)

! C .

/ul(Aw) ¢+ /32 —4f(u)

up (wh—Ay,) u— 'Yf(u>

for (¢,a) = (1/v/2,0) uniformly in A,, > 0 sufficiently small; the result then follows by continuity provided A,
4

and the intervals I, I, are sufficiently small. For (c,a) = (1/v/2,0), we have that w' = 77 and the following

identities hold for each w € (0,w') and u < 0.

uz(w) = ; —up (wh — w)
4 2
f(U)=27—f<3—U) (D.11)

Hence

ug(waAw) _ 2 7 %7u1(Aw) _ 2 7
/ VI i~ | © VAP )

3(Aw) U — ’Yf<u) 2y (wt—Ay) U — ,Yf(u)

3

/ul(Aw) c— 02—4f’(§—;c)f/ <2u>du

Jwi-a,) Fou—vf(3-u 3

(D.12)
-/ M VA,
up(wh—A,) U — ’Yf(u) + % - %
ui(Aw) o 2 Af () |,
> f(u)du,
ur (wh—Ay) 2 Vf(u)
since 0 < v < 4. We therefore have that
wde) oy S Af () us(w! =Aw) oS24 ()
f(u)du + f(w)du
wwi—Ay)  w—7f(w) s (Aw) u— v f(u)
1
u1 (Aw) 2 _Af u1(Aw) _ 2 _Af/
> / T VE AW g1y +/ VAT gy
w(wi-a,)  w—7f(u) wwi-a,)  w—7f(w) (D.13)
/Ul(Aw) IS /( )
= —— f(w)du
u(wt—=A,) ¥ — P)/f(u)
> C,
uniformly in A,, > 0 sufficiently small, which completes the proof. O

In combination with the above results, we can now prove Lemma 4.8.

Proof of Lemma 4.8. In a neighborhood of M7 (c, a), we can put the flow into the Fenichel normal form

U=-\N"U+F (UV,b,eU
V=XV 4+ FH UV, 0,6V (D.14)
W= e(—fH@) + i + F U, V,,€)),
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where

@
FHU, Viid,e) = O (U, V) (D.15)

(D.16)

and f~1() refers to the largest root uz(w) of f(u) = w. We note that the flow is now in backwards time.
By construction, up to a reparameterization of v*°(s; ¢, a) according to the smooth coordinate transformation
(u,v,w) — (U, V, ), in backwards time v**(s; ¢, a) exits at height @ = 2w’ — s. Between @ = 2w’ — s and

w=uw—A,, ¥*¢(s;¢,a) is given as a solution
U
V =V®*(t;¢,a,€) (D.17)

where |U*¢|,|V*| < A for @ € (2w’ —s,w" — A,,). We now obtain estimates on this solution and its derivatives.

We first recall/comment on how the solution v*°(s; ¢, a) is constructed.

For a given value of (s, ¢, a), v°°(s; ¢, a) is defined as the unique transverse intersection of the forward evolution
of the line {u = 2/3,w = 2w’ — s} with the manifold W*(c,a). Equivalently, for the same effect we could
have worked in this Fenichel neighborhood of M (c,a) and considered constructing v°°(s; ¢, a) as the unique
transverse intersection of the forward evolution of the line {U = A, |V| < A, = 2w’ — s} with the manifold
W?2*(c,a). Using arguments similar to those in [5, §5] in the proof of Proposition 2.7, we obtain the solution
Y*(s;¢,a) = (U, V°, @) which satisfies (U, V) = (O(e~7¢), O(e~")) at © = w! — A,, and (U, V*°) =
(A, O(e”%9)) at w = 2w’ — s, where ¢ > n > 0. Furthermore, the derivatives with respect to (c,a) of these

boundary values satisfy similar bounds, where ¢, may need to be taken slightly smaller.
We now obtain more precise bounds for this solution and its derivatives. We write w = w* + W where w*(t) is
the solution to

W = e(—fH (W) + v + F*(0,0,10,€)), (D.18)

satisfying @(0) = wl — A, (T) = 2w’ — s, where we note that ¢/C < T < C/e for some C' > 0. This results
in the equations

U =AU+ G (U, V,W,e)U
V =—A@)V +GHU,V,W,e)V (D.19)
W = e(—=(f7Y) (W + AW + F3H0,w*, e )W + GH(U, V, W, e)),

where
A% (t) = =27 (w*(t)) + O(e)
A% (t) = AT (w™(t) + O(e)
G~ (U,W,e) = O (U, V,W) (D.20)
GHU,V,W,e) = O (U, V,W)
GH U, V,W,e) = O(UV,W?)



We now define for each sufficiently small § > 0 the functions
t
By (t,s) = / A*(r) — bdr
ot
Bi(t,s) = / —A°(7) + ddr (D.21)
t
Bel(t, s) = e/ —(fY (w* (1)) + v + FH0,w* (1), €)dr.
Hence the solution v*°(s; ¢, a) given by (U, V¢, W), W™ = &*® — w*, solves

U(t) = e CTIA 4 /Tt ePo )G (U(s), V(s), W(s), e)U(s)ds

=F (U, V,W,A, Vy;c,a)(t)

V(t) = P L0V, + /0 LA EIGH U (s), V(5), W(s), )V ()ds (D.22)

= FH(U,V,W,A, Vy; c,a)(t)

t
W(t) = / ee® DG (U (s), V (5), W (s), €)ds
T

= FUU,V,W, A, Vi ¢, a)(t).
We define the spaces

vy = {U [0,7] 5 R U|l; = sup €% TO|U®)] < oo}
te[0,T]

Vit = {V: 0, 7] = R: |[V|§ = sup eB;(O’t)|V(t)| < oo} (D.23)
t€[0,T)

Vslz{W;[o,T]—>Rz||W||sl= sup |W(t)|<oo},
]

tel0,T"
and for each fixed small 6 > 0 we have that
[F (U, V, W, A, Vose,a)|l5 = A+ O ([U]5 (U5 +IVIIF + [IW]*))
|FHU, VW, A, Vs, a)lf = Ve + O (IVIE (IUN; + IVIF + W) (D.24)
|FH UV, WA, Vo e, a) I = O (WD U5 IV S
and hence v*°(s; ¢, a) satisfies
[U*][5 = O(A)
Ve[ = O(Ve) = O(e~/<) (D.25)
HWseHsl -0 (e—n/s) ]

Taking derivatives of (D.22) with respect to the parameters (c,a) and taking ¢ slightly larger and 7 slightly
smaller if necessary, we can bound the derivatives

DU 5 = O(A)
D, V|| = O(e™°) (D.26)
|D,w |t = 0 (/)

for v = (¢, a).
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To determine the contraction/expansion of solutions along v*°(s; ¢, a), we write

U=U*(t;c,a,e) + U
V =V*(t;c,a,e) + V (D.27)
W =W*(t;c,a,e) + W

and obtain the equations

U =AU+ Gy (U, V,W,)U + G5 (U,V,W,e) U
V= AV 4+ GO,V W, )V GHU,V, W, eV (D.28)
W = e(~(f71) ()W + AW + F0,w", )W + GUT, VW, ¢)),
where
Gr(U,V,W,e) =0 (USe Ve W .V, W)
Gy (U, V,W,e)=0 (U,IZW)
GHU,V,W,e)=0 (USe Ve W ULV, W) (D.29)
G (U, V,W,e)=0 (ﬁ,V,W)

We can write this as the integral equation

U(t) = e DU, +/T ePo CIGT(U(s), V(s), W(s),e)U(s) + Gy (U(s), V(s), W(s), e)U(s)ds

V() = % COV + / A3 (G (T (5), T (5), W(s), )V (5) + G (T(s), V(s), W(s), )V (s)ds  (D.30)

t
W(t) = " COTF, + / e UG (s), V(5), W (s), €)ds.
0

Provided |Ur|, |Vy|, and |Wy| are sufficiently small, we can solve this by the implicit function theorem and obtain

a solution satisfying
1015 = 0 (I0r]+ Aol + [Wa)
171 =0 (1Yol + e~/ (10r| + [Wa))) (D:31)
W1 = © (Wol +e=/*[0r] + AlTa)

Taking derivatives of (D.30) with respect to the parameters (c,a) and taking § slightly larger if necessary, we
can bound the derivatives
12,015 = 0 (10r] + 1D, Tr| + Aol + 1D, Vol + [Wol + 1D, Wo)))
IDLVI5 = O(Vo| + D Vol + e "<(|Uz| + [D,Ur| + [Wol + | D, Wa) (D.32)
IDW | = O (|Wol + D, Wol + (|| +D,Url) + A(Vol + D, Vo) )
for v = (2zend, ¢, @).

By Lemma D.1, at ¢ = 0 the manifold B(s;c,a) is O(eAE(Aw’wLA“’))—close to v*°(s; ¢,a). That is, the solutions
on B(s;c,a) can be represented in the above coordinates by solutions (U, V, W) satisfying

(T, 7, W)(0) = (O, VE, WE) = 0N (Buw’ =80

98



uniformly along with their derivatives with respect to (zend, ¢, @). We now solve for the solution to (D.30) which
satisfies (Vo, Wo) = (VZ, WE) and

0
UF =P OD, —I—/ P OGT(U(s), V(s), W(s),e)U(s) + Gy (U(s), V(s), W(s), e)U**(s)ds. (D.33)
T

Provided e (TOUF is sufficiently small, we can find a solution Uz satisfying (D.33). Performing a similar
computation as in the proof of Lemma D.1 shows that the expansion B, (7,0) in backwards time from w =

w! — A, to w = 2w’ — s can be estimated by

us( wT—s) o — 7
AT (wh = Ay, 20T — 5) :/ T em Ve -4 (14 O(e, A)) f'(u)du. (D.34)

uz(wt—Ay,) 26(” - ’Yf(u))

Using this in combination with the O(eAZ(A“”“’T_A”)) bounds on ﬁ()B,VOB,W()B for the contraction/expansion
from ™ to £°% and X% to %~ and Lemma D.2, we deduce that B(s;c,a) is O(e~%¢)-close to 7*(s; ¢, a) in

yhor, O
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