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Abstract of “ Fast Pulses with Oscillatory Tails in the FitzHugh-Nagumo System ”
by Paul Carter, Ph.D., Brown University, May 2016

The FitzHugh-Nagumo equations are known to admit fast traveling pulses that
have monotone tails and arise as the concatenation of Nagumo fronts and backs
in an appropriate singular limit, where a parameter ¢ goes to zero. These pulses
are known to be nonlinearly stable with respect to the underlying PDE. Numerical
studies indicate that the FitzHugh—Nagumo system exhibits stable traveling pulses
with oscillatory tails. In this work, the existence and stability of such pulses is
proved analytically in the singular perturbation limit near parameter values where
the FitzHugh—Nagumo system exhibits folds. The existence proof utilizes geometric
blow-up techniques combined with the exchange lemma: the main challenge is to
understand the passage near two fold points on the slow manifold where normal
hyperbolicity fails. For the stability result, similar to the case of monotone tails,
stability is decided by the location of a nontrivial eigenvalue near the origin of the
PDE linearization about the traveling pulse. We prove that this real eigenvalue is
always negative. However, the expression that governs the sign of this eigenvalue for
oscillatory pulses differs from that for monotone pulses, and we show indeed that the
nontrivial eigenvalue in the monotone case scales with ¢, while the relevant scaling

in the oscillatory case is £2/5.

Finally a mechanism is proposed that explains the
transition from single to double pulses that was observed in earlier numerical studies,
and this transition is constructed analytically using geometric singular perturbation

theory and blow-up techniques.
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CHAPTER ONE

Introduction



1.1 The FitzHugh—Nagumo equation

The FitzHugh-Nagumo equation is a system of differential equations which arose
as a simplification of the Hodgkin-Huxley model [28] for the propagation of nerve

impulses in axons. The model FitzHugh [19] originally considered is given by

du

— =ulu—a)(l —u) —w

= u(u—a)(1—u) -
d—wzé(u— w)

dt ’Y b

where 0 < a < %, 0 <0 <1, and v > 0. Here u represents the electrical potential
across the axonal membrane, and w is an aggregate recovery variable. This system
was introduced as a means of capturing the essentials of excitability and generation of
action potentials in a system more amenable to mathematical analysis than the more
realistic, but complex Hodgkin-Huxley equations describing spatially homogeneous
excitations in the case of a “space-clamped” axon. See [36] for an introduction

to (1.1) and the relation to properties of the Hodgkin-Huxley equations.

Nagumo, Arimoto, and Yoshizawa [43] later introduced another version based on
FitzHugh’s model, a reaction-diffusion partial differential equation (PDE) given by

Up = Ugy + fu) —w, 12)

w; = §(u— ),

where f(u) = uw(u —a)(1 —u), 0 < a < 3, 0<6 <1, and v > 0. With the
diffusion term added, the system admits propagating solutions, dependent on time

t and distance z along the axon.

The system (1.2) has since become a paradigm for singularly perturbed PDEs:



many of its features and solutions have been studied in great detail over the past
decades (see [25] for an overview). Nerve impulses correspond to traveling waves that
propagate with constant speed without changing their profile, and the FitzHugh-
Nagumo system (1.2) indeed supports many different localized traveling waves, or
pulses. It is this version of the FitzHugh-Nagumo equations that we consider in this

work.

To find traveling waves, we search for solutions of the form (u, w)(z,t) = (u, w)(x+
ct) for wavespeed ¢ > 0. Finding such solutions to (1.2) is equivalent to finding

bounded solutions of the following system of ODEs

du

g "

dv 13
d—g—cv—f(u)+w (1.3)
d

% -

where £ = = + ct is the traveling wave variable, and 0 < ¢ = §/c. We assume ¢ < 1
so that we may view (1.3) as a singular perturbation problem in the parameter e.
In addition, we take v > 0 sufficiently small so that (u,v,w) = (0,0,0) is the only

equilibrium of the system.

It is well known that for each 0 < a < 1/2 and each sufficiently small ¢ > 0, (1.2)
admits both slow and fast traveling pulse solutions. Equivalently, in (1.3) this cor-
responds to the existence of orbits homoclinic to the only equilibrium (u,v,w) =
(0,0,0) with constant wave speeds c. Slow pulses have wave speeds close to zero and
arise as regular perturbations from the limit ¢ — 0. Fast pulses, on the other hand,
have speeds that are bounded away from zero as € — 0: their profiles do not arise as
a regular perturbation from the € = 0 limit. The existence result for fast pulses has

been obtained using a number of different techniques: classical singular perturba-



a

€ 1/2

Figure 1.1: Shown is the bifurcation diagram indicating the known regions of existence for pulses
n (1.2). Pulses on the upper branch are referred to as “fast” pulses, while those along the lower
branch are called “slow” pulses. These two branches coalesce near the point (c,a,e) = (0,1/2,0).
tion theory [26], Conley index [6], and geometric singular perturbation theory [34].
This last viewpoint is the one we shall adopt. The main idea of geometric singular
perturbation theory [18] is to use the small parameter £ to separate the analysis
of the system (1.3) into slow and fast components. These components are studied

separately and pieced together to construct solutions to the full system. An outline

of this construction for fast pulses is revisited in greater detail in §2.

A schematic bifurcation diagram depicting the existence results for pulses is
shown in Figure 1.1. The existence region is composed of two branches: the upper
branch represents the fast pulses, and the lower branch represents the slow pulses.
It has been shown [37] that near the point (¢, a,e) = (0,1/2,0), these two branches

coalesce and form a surface as shown.

While the slow pulses are known to be unstable in the PDE (1.2), it was proved

independently by Jones [32] and Yanagida [54] that the fast pulses (with monotone

tails) are stable for each fixed 0 < a < § provided ¢ > 0 is sufficiently small.
The idea behind the stability proofs published in [32, 54] is as follows: first, (1.2)
is linearized about a fast pulse, and the eigenvalue problem associated with the

resulting linear operator is then analysed to see whether it has any eigenvalues with



> >

T T

Figure 1.2: Shown are profiles of a fast pulse with monotone tail and fast pulse with oscillatory
tail obtained numerically for the parameter values (¢, a,e) = (0.593,0.069,0.0036) and (¢, a,e) =
(0.689,0.002,0.0036), respectively.

positive real part. Using an Evans-function analysis, it was shown in [32, 54] that
there are at most two eigenvalues near or to the right of the imaginary axis: one of
these eigenvalues stays at the origin due to translational invariance of the family of
pulses (obtained by shifting the profile in space). The key was then to show that
the second critical eigenvalue has a negative sign. In [32, 54], this was established
using a parity argument by proving that the derivative of the Evans function at 0
is strictly positive, which, in turn, follows from geometric properties of the pulse
profile in the limit ¢ — 0. We mention that these results were extended in [14] to
the long-wavelength spatially-periodic wave trains that accompany the fast pulses in

the FitzHugh-Nagumo equation.

Both slow and fast pulses as described above have monotone tails as x — +o0.
However, numerical simulations of (1.2) reveal that it also admits fast traveling pulses
with small amplitude, exponentially decaying oscillatory tails: this observation is
interesting as it opens up the possibility of constructing multi-pulses, which consist
of several well-separated copies of the original pulses that are glued together and
propagate without changes of speed and profile [30, §5.1.2]. The region in which the
oscillatory tails is observed is in the upper left corner of the bifurcation diagram in
Figure 1.1, near the point (c,a,e) = (1/4/2,0,0). Figure 1.2 shows profiles a fast

monotone and fast oscillatory pulse obtained numerically.
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Figure 1.3: Plotted are the homoclinic C-curve and banana obtained by continuing the pulse
solution in the parameters (a,c) for ¢ = 0.021. The red square and green circle refer to the
locations of the oscillatory pulse and double pulse of Figure 1.4, respectively.

Further to this, when continuing a traveling pulse numerically in the parameters
(¢,a) for fixed e, the continuation traces out a C-shaped (or rather, backwards C-
shaped) curve. This is to be expected when considering an € = const slice of the
bifurcation diagram in Figure 1.1. When approaching the upper left corner of this
bifurcation diagram, the pulses develop oscillations in the tails as described above,
but the curve does not terminate; rather the curve turns back sharply, and the
oscillations in the tails of the pulses grow into a secondary pulse resembling the
primary pulse. The curve then retraces itself, and the secondary pulse transitions
back into a single pulse near the lower left corner of the bifurcation diagram. Plotting
the parameter a versus the L2-norm of the solution shows that this C-curve is indeed
composed of two curves forming a so-called homoclinic banana. This homoclinic
C-curve and banana are shown in Figure 1.3, and a single and double pulse on either

side of this sharp transition are shown in Figure 1.4.

The ultimate goal of this thesis is to explore these phenomena analytically. We
first prove extensions of the above existence and stability results for fast pulses
which also encompass the onset of oscillations in the tails of the pulses. We then

consider the homoclinic banana, and analytically construct a one-parameter family
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Figure 1.4: Plotted are examples of an oscillatory pulse and a double pulse along the homoclinic
C-curve. The colored shapes refer to their location along the homoclinic C-curve and banana of
Figure 1.3.

of solutions describing the transition from the single to double pulse.

1.2 Outline and overview of results

We begin in §2 with an overview of the classical construction of fast pulses using
geometric singular perturbation theory. We also outline how and where this approach

breaks down when moving into the regime in which oscillatory tails are expected.

Existence. In §3, we prove the existence of traveling pulses with oscillatory tails.
The general strategy behind the proof is similar to that of the classical existence
result for fast pulses using geometric singular perturbation theory and the exchange
lemma, albeit with a number of additional technical challenges due to the nature of
the (c,a,e) =~ (1/4/2,0,0) limit in which normal hyperbolicity is lost at two points
on the critical manifold: these challenges will be described more precisely in §2.
Related difficulties have also been encountered in other constructions of traveling

wave solutions, e.g. in [5, 17], and we will discuss in §2.2 below how these results



differ from ours.

The results of §3 were published as joint work with B. Sandstede in [§].

Stability. In §4, we turn to investigating the stability of the traveling pulses with
oscillatory tails, and we prove that the pulses with oscillatory tails are stable. In
particular, we will show that, as in the monotone tail case, their stability is again
determined by the location of two eigenvalues near the origin, and we will show that
the nonzero critical eigenvalue has always negative real part. While the result is the
expected one, the stability criterion that ensures negativity of the critical eigenvalue
is actually very different from the criterion for monotone pulses. Furthermore, the
nonzero eigenvalue scales differently in the monotone and oscillatory regimes: we
show that the critical eigenvalue is of order £ for monotone pulses, while there are

oscillatory pulses for which the eigenvalue scales with £2/3 as e — 0.

In contrast to [32, 54], our proof is not based on Evans functions but relies instead
on Lin’s method [31, 41, 48] to construct potential eigenfunctions of the linearization
for each potential eigenvalue A near and to the right of the imaginary axis. We show
that we can construct a piecewise continuous eigenfunction with exactly two jumps
for each choice of \: finding proper eigenvalues then reduces to finding values of
A for which the two jumps vanish. While we restrict ourselves to the FitzHugh-
Nagumo system, the approach applies more generally to stability problems of pulses

in singularly perturbed reaction-diffusion systems.

We also comment on the presence of the second critical eigenvalue that determines
stability. The fast traveling pulses are constructed by gluing pieces of the nullcline

w = u(u — a)(l — u) together with traveling fronts and backs of the FitzHugh-



Nagumo system with € = 0. These pulses will develop oscillatory tails when a =~ 0:
this coincides with the region where the traveling fronts and backs jump off from the
maxima and minima of the nullcline w = u(u—a)(1—u) (we refer to Figure 2.7 below
for an illustration). Depending on exactly how the back jumps off the maximum of
the nullcline, the nontrivial second eigenvalue is either present or not: in previous
work [5, 29] the stability of similar types of traveling pulses is considered, but the
critical eigenvalue is not present and the pulses are therefore automatically stable.
We comment in more detail in §6 on the differences between [5, 29] and the present

work.

The results of §4 were submitted for publication as joint work with B. de Rijk
and B. Sandstede in [7].

Transition. The geometric framework of the existence proof for pulses with os-
cillatory tails in §3 also provides insight into the mechanism responsible for the
continuation of the branch of fast pulses with oscillatory tails via the homoclinic
banana described above. In §5 we propose a geometric explanation and give an ana-
lytical construction describing the transition of a single fast pulse into a double pulse

resembling two copies of the primary pulse.

At the present time, the results of §5 appear only in this thesis.

Finally, in §6, we give a brief discussion of the results and some directions for

future work.
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2.1 Previously known existence results for pulses

It is known that for each 0 < a < 1/2 and each sufficiently small € > 0, there exists

¢ > 0 such that the ODE

du

d—é—v

dv

€€ cv— flu)+w (1.1)
Cfi—? =e(u — yw)

admits an orbit homoclinic to (u,v,w) = (0,0,0), the only equilibrium of the full
system. In this section, we describe a proof of this result using geometric singular
perturbation theory [18] and the exchange lemma [33], in the spirit of [34]. Many of
the arguments carry over to the case of oscillatory tails, and we indicate where these

arguments fail and more work is needed to establish this extension.

To keep similar notation to the relevant literature for geometric singular pertur-
bation theory results, we abuse notation and denote the independent variable in (1.1)

by t and write the system as

v=cv— f(u)+w (1.2)

i = e(u — yw),

d

where " = £. We separately consider (1.2) above, which we call the fast system,

and the system below obtained by rescaling time as 7 = et, which we call the slow
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system:
eu' =wv
ev' =cv— flu) +w (1.3)
w' = (u—yw),

where ’ denotes . The two systems (1.2) and (1.3) are equivalent for any & > 0.

The idea of geometric singular perturbation theory is to determine properties of the
e > 0 system by piecing together information from the simpler equations obtained

by separately considering the fast and slow systems in the singular limit ¢ = 0.

We first set ¢ = 0 in (1.2), and we obtain the layer problem

U=
0=cv— f(u)+w (1.4)
W =0,

so that w becomes a parameter for the flow and My(c,a) = {(u,v,w) :v =0, w =
f(u)} is a set of equilibria (though the critical manifold does not depend on ¢, we
keep track of this anyways for convenience later). Considering this system in the

plane w = 0, we obtain the Nagumo system

(1.5)

It can be shown that for each 0 < a < 1/2, for ¢ = ¢*(a) = v/2(1/2 — a), this system
possesses a heteroclinic connection ¢ (the Nagumo front) between the critical points
(u,v) = (0,0) and (u,v) = (1,0). In (1.4), this manifests as a connection between

the left and right branches of Mg(c,a) in the plane w = 0. By symmetry, there
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Figure 2.1: Shown is the fast subsystem for e =0 and 0 < a < 1/2.

exists w*(a) such that there is a connection ¢, (which we call the Nagumo back) in
the plane w = w*(a) between the right and left branches of My(c, a) traveling with
the same speed ¢ = ¢*(a). The layer problem is shown in Figure 2.1. We will use the
notation Mj(c,a) and M§(c,a) to denote the right and left branches of My(c,a),

respectively.

Similarly, by setting ¢ = 0 in (1.3), we obtain the reduced problem

0=wv
O0=cv— f(u)+w (1.6)

w' = (u—w),

where the flow is now restricted to the set My(c,a) with flow determined by the

equation for w. This is shown in Figure 2.2.

Combining elements of both the fast and slow subsystems, we see that there is a
singular € = 0 “pulse” obtained by following ¢, then up Mj(c,a), back across ¢y,
then down M{(c,a). This exists purely as a formal object as the two subsystems

are not equivalent to (1.2) for ¢ = 0. This singular structure is shown in Figure 2.3.



u
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w= f(u) =ulu—a)(l—u)

Figure 2.2: Shown is the slow subsystem for e =0 and 0 < a < 1/2.

Figure 2.3: Shown is the singular pulse for € = 0.
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We now use Fenichel theory and the exchange lemma to construct a pulse for
€ > 0 as a perturbation of this singular structure. The first thing to note is that for
any 0 < a < 1/2 the Nagumo front ¢ and Nagumo back ¢, leave and arrive at points
on segments of MG (c, a) and M§(c, a) which are normally hyperbolic. Therefore such
segments persist for € > 0 as locally invariant manifolds M (¢, a) and M¥(c, a). Also,
the stable manifold W*(M§(c, a)), consisting of the union of the stable fibers of the
equilibria lying on M{(c,a), also persists for & > 0 as a two-dimensional manifold
W2¥(c,a). By Fenichel fibering, we in fact have that W**(c,a) = W2(0; ¢, a), the

stable manifold of the origin.

In addition, the origin has a one-dimensional unstable manifold W{(0; ¢, a) which
persists for £ > 0 as W¥(0; ¢, a). The idea is to track W¥(0; ¢,a) forwards and track
W?(0; ¢,a) backwards and show that there is an intersection provided we adjust
¢ =~ c*(a) appropriately. The difficulty in this procedure comes from trying to track
these manifolds in a neighborhood of the right branch MZ(c,a), where the flow
spends time of order e7!. The exchange lemma is used to describe the flow in this

region.

Since we are only concerned with a normally hyperbolic segment of Mj(c,a), as
stated before it perturbs to a manifold MZ(c,a). In addition its stable and unstable
manifolds, W*(M((c,a)) and W*(Mj(c,a)) also perturb to locally invariant mani-
folds W2"(¢,a) and W*"(c,a). Also, in a neighborhood of MZ(c,a), there exists a

smooth change of coordinates in which the flow takes a very simple form, the Fenichel
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Figure 2.4: Shown is the setup for the exchange lemma.

normal form [18, 33]:

X'=-AX,Y, Z,c,a,e)X

(0) %\s\

Y

Y'=B(X,Y,Z,c,a,e)Y

We(0)

7' =e(14+ E(X,Y, Z,¢c,a,e)XY),

16

where MZ(c,a) is given by X =Y = 0, and W*"(¢,a) and W?"(c,a) are given by

X =0 and Y = 0, respectively, and the functions A and B are bounded below by

some constant 7 > 0. The exchange lemma [33] then states that for sufficiently small

A > 0 and ¢ > 0, any sufficiently large T', and any Zj, there exists a solution to (1.7)

satisfying X (0) = A, Z(0) = Zy, and Y(T') = A and the norms | X (7|, |Y(0)],and

|Z(T) — Zy — €T are of order e The setup is shown in Figure 2.4.

The idea is now to follow W*(0; ¢,a) and W?(0; ¢, a) up to this neighborhood of

M (c,a) and determine how they behave at X = A and Y = A. This gives a system

of equations in ¢, T', ¢ which we can now solve to connect W*(0; ¢, a) and W?(0; ¢, a)

using the solution given by the exchange lemma, completing the construction of the

pulse which is shown in Figure 2.5.
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€ 1/2

Figure 2.6: Shown is the bifurcation diagram indicating the known regions of existence for pulses
in (1.2). Pulses on the upper branch are referred to as “fast” pulses, while those along the lower
branch are called “slow” pulses. These two branches coalesce near the point (¢, a,e) = (0,1/2,0).
The existence results for pulses in the FitzHugh—Nagumo system are collected in
the bifurcation diagram in Figure 2.6 where the green surface denotes the existence
region for pulses. The pulses constructed above for ¢ ~ ¢*(a) > 0 are called “fast”
pulses and the region of existence is given by the upper branch. For each 0 < a < 1/2,
there are also “slow” pulses which bifurcate for small ¢, > 0, and the region of
existence of such pulses is given by the lower branch. It is also known [37] that near

the point (c,a,e) = (0,1/2,0), these two branches coalesce and form a surface as

shown.
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2.2 Motivation and complications for a ~ 0

Numerical evidence suggests that when one of the fast pulses constructed above is
continued in (¢, a) for fixed €, the tail of the pulse becomes oscillatory as a — 0, i.e.
as one moves towards the upper left corner of the bifurcation diagram of Figure 2.6.
Pulses with oscillatory tails correspond to homoclinic orbits of the travelling wave
ODE (1.2) for which the origin is a saddle-focus with one strongly unstable eigen-
value and two weakly stable complex conjugate (non-real) eigenvalues: such homo-
clinic orbits are often referred to as Shilnikov saddle-focus homoclinic orbits. The
numerical observation that pulses with oscillatory tails exist is of interest, because
such pulses are typically accompanied by infinitely many distinct N-pulses for each
given N > 2 [30, §5.1.2]: here, an N-pulse is a travelling pulse that resembles N well

separated copies of the original pulse.

The goal of this current work is to prove the existence of pulses with oscillatory
tails analytically by studying the branch of fast pulses in the regime near the sin-
gular point (c,a,e) = (1/v/2,0,0) in the bifurcation diagram. We will accomplish
this by looking for pulses which arise as perturbations from the singular ¢ = 0 struc-
ture for the case of (c,a) = (1/+/2,0), which is shown in Figure 2.7. We note that
the existence of pulses with oscillatory tails has been shown [27] previously for the
FitzZHugh—Nagumo system, but the manner of proof does not allow for the construc-
tion of multipulses due to the difficulty in obtaining a transversality condition with
respect to the wave speed c. Our existence proof guarantees this transversality and

also provides sufficiently information to determine the stability of the pulses (see §4).

Proceeding as in the case of fast waves, we wish to find an intersection between

the stable and unstable manifolds of the origin. Let I, = [—aq, ao] for some small
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Figure 2.7: Shown is the singular pulse for ¢ = 0 in the case of (c,a) = (1/v/2,0).

ap > 0. In the plane w = 0, the fast system for a € I, reduces to

hev (2.1)
0=cv—u(u—a)(l—u).

As stated previously, for a > 0 this system possesses Nagumo front type solutions
connecting © = 0 to u = 1 for any ¢ = ¢*(a). For —ag < a < 0 with aq sufficiently
small, this system possesses front type solutions for any ¢ > 1/4/2(1 +a) connecting
u =0 tou = 1. For the critical value ¢ = ¢*(a) = v/2(1/2 — a) the front leaves the
origin along the strong unstable manifold of the origin, and for all other values of ¢,
the front leaves the origin along a weak unstable direction. Our primary concern is
the case of @ = 0, in which (2.1) reduces to a Fisher—KPP type equation
U=0v

(2.2)
b =cv—u*(1 —u).

Again, it is known that this system possesses front type solutions connecting u = 0
to u = 1 for any ¢ > 1/y/2. For the critical value ¢ = 1/4/2 the front leaves
the origin along the strong unstable manifold of the origin, and for ¢ > 1/v/2, the

front leaves the origin along a center manifold. We are concerned with the case of
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(c,a) = (1/4/2,0) in which, as is the case with the Nagumo front, the singular fast
front solution leaves the origin along the strong unstable manifold; here the solution

is given explicitly by

wup(t) = % <tanh (%t) - 1) 23)

Note that by symmetry, for (c,a) = (1/4/2,0), the fast singular back solution also

leaves the upper right fold point along the strong unstable direction.

Thus from Fenichel theory, the origin has a strong unstable manifold W{(0; ¢, a)
for ¢ € I., a € I,, and € = 0 which persists as an invariant manifold W*(0; ¢, a) for
a, ¢ in the same range and ¢ € [0, g9], some g9. Here I, is a fixed closed interval which
contains the set {¢*(a) : a € [,} in its interior. Recall ¢*(a) is the wavespeed for
which the front solution in the strong unstable manifold exists for this choice of a,
and ¢*(0) = 1/v/2. We note that for —ay < a < 0 with aq sufficiently small, though
the origin sits on the unstable middle branch of the critical manifold, it still has a

well defined strong unstable manifold.

Taking any piece of M (¢, a) which is normally hyperbolic, i.e. away from the fold
point, Fenichel theory again ensures that this persists a locally invariant manifold
MZ(c,a) for € € (0,ep]. Similarly outside of a small fixed neighborhood of the fold,
M (¢, a) has stable and unstable manifolds W*(Mj(c,a)) and W*(Mj(c,a)) which

persist as locally invariant manifolds W#" (¢, a) and W' (c, a).

We follow W*(0; ¢, a) along the front into a neighborhood of the right branch
MZ(c,a), and using the exchange lemma, we can follow W¥(0; ¢, a) along MZ(c, a),

but only up to a fixed neighborhood of the fold point. Here the exchange lemma
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breaks down.

Another issue is that the origin does not have a well defined stable manifold as in
the case of 0 < a < 1/2. For a = 0, the origin sits on the fold of the critical manifold
My(c,a) and thus does not lie in the region where the branch Mg(c, a) is normally
hyperbolic. Therefore, we cannot use the results of Fenichel as before to deduce that
any section of M{(c,a) containing the origin persists as an invariant manifold for

e > 0. In the same vein, we cannot deduce that W*(c,a) = W2(0; ¢, a).

However, outside any small fixed neighborhood of the origin, Fenichel theory
applies, and we know that M (c, a) and its stable manifold W?*(M}(c, a)) perturb to
invariant manifolds M%(c, a) and W#*(c, a) which enter this small fixed neighborhood
of the origin. In addition, the origin remains an equilibrium for € > 0, so it remains to
find conditions which ensure that M(c, a) and nearby trajectories on W*(M§(c, a))
in fact converge to zero. This is discussed in §3.5. It is important to note in this case
that the manifolds M%(c,a) and W*(M¢§(c,a)) are not unique and are only defined
up to errors exponentially small in 1/e. The forthcoming analysis is valid for any such
choice of these manifolds and, in §3.5, we show that under certain conditions it is

possible to choose M¥(c, a) and W*(M(c,a)) so that they in fact lie on W2(0; ¢, a).

We now follow the manifold W5(c, a) backwards along the back up to a small
neighborhood of the fold point, where again the theory breaks down. Thus we may
be able to find a connection between W*(0; ¢, a) and W2*(c,a) up to understanding
the flow near the fold point. The flow in this region and the interaction with the

exchange lemma is discussed in §3.3 and §3.4.

Figure 2.8 summarizes what is given by the usual Fenichel theory arguments,

which apply outside of small neighborhoods of the two fold points at which the
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critical manifold is not normally hyperbolic.

We note that there have been other studies of constructing singular solutions
passing near non-hyperbolic fold points. In [5], for instance, a pulse solution was
constructed in a model of cardiac tissue: in this model, the fast ‘back’ portion of the
pulse also originated from a non-hyperbolic fold point as in the case for FitzHugh—
Nagumo above. Both models exhibit a Fisher—-KPP type equation as described above
when viewing the layer problem in the plane containing the singular fast ‘back’
solution. One difference between these two cases is that, in [5], only wavespeeds ¢ >
1/4/2 are considered, which means that the back solution leaves the fold point along
the center manifold: in particular, the desired pulse solution can be constructed by
following a continuation of the slow manifold in the center manifold of the fold point.
A second difference is that the origin of the model considered in [5] is hyperbolic,
instead of being a second fold point as in the situation discussed in this work. The
setup discussed in [17] is similar to the one studied in [5] in that a condition is
imposed on the wavespeed that ensures that the singular back solution leaves the

fold along a center manifold rather than a strong unstable fiber.

In our case, we consider the critical wavespeed ¢ = 1/ v/2 in which the back leaves
along a strong unstable fiber. As in [5], we will use the blow up techniques of [38]
to construct the desired pulse solution. However, a number of refinements of the
results of [38] are needed to track the solution in a neighborhood of the fold point
as the solution exits this neighborhood along a strong unstable fiber as opposed to
remaining on the center manifold. This will be described in more detail in §3.3

and §3.4.



Figure 2.8: Shown are the regions of difficulty for the case of a ~ 0.
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CHAPTER THREE

Existence of fast pulses with

oscillatory tails
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3.1 Introduction

In this chapter, we prove the existence of traveling pulse solutions to the PDE

Up = Ugy + fu) —w,
(1.1)
wy = §(u — yw),

which exhibit oscillatory tails. Equivalently we search for homoclinic solutions of

v=cv— f(u)+w (1.2)

w = 6(“ - ryw)7

with wave speed ¢ > 0. Recall that we take f(u) = u(u —a)(1 —u), 0 < a < 3,
0 <e=4d/c< 1, and v > 0 sufficiently small so that (u,v,w) = (0,0,0) is the only

equilibrium of (1.2).

The main result of this chapter, Theorem 3.1, guarantees the existence of a surface
of solutions near (c,a,c) = (1/v/2,0,0) containing pulses with both monotone and
oscillatory tails. The chapter is structured as follows. In §3.2, we state Theorem 3.1
and briefly outline its proof and the relation to oscillations in the tails of the pulses.

The remainder of the chapter (§3.3-3.5) is then devoted to the proof of Theorem 3.1.

3.2 Statement of main result

We start by collecting a few results which follow from Fenichel theory. Define the

closed intervals I, = [—ay, ag| for some small ay > 0 and 1. = {c*(a) : a € I,}; recall
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c*(a) is the wavespeed for which the Nagumo front exists for this choice of a. Then

for sufficiently small ¢y, standard geometric singular perturbation theory gives the

following:

(i)

(i)

(i)

The origin has a strong unstable manifold W{(0; ¢, a) for ¢ € 1., a € I,, and

e = 0 which persists for a, ¢ in the same range and ¢ € [0, o).

We consider the critical manifold defined by {(u,v,w): v =0,w = f(u)}. For
each a € I,, we consider the right branch of the critical manifold M{(c, a) up to
a neighborhood of the knee for ¢ = 0. This manifold persists as a slow manifold
MZ(c,a) for € € [0,e0]. In addition, M{(c,a) possesses stable and unstable
manifolds W?*(M((c,a)) and W*(M((c,a)) which also persist for € € [0, g¢] as

invariant manifolds which we denote by W?"(¢,a) and W*" (¢, a).

In addition, we consider the left branch of the critical manifold M(c, a) up to a
neighborhood of the origin for ¢ = 0. This manifold persists as a slow manifold
M(c,a) for ¢ € [0,50). In addition, M(c,a) possesses a stable manifold
W2 (M¢§(c,a)) which also persists for € € [0, &) as an invariant manifold which

we denote by W#¥(c, a).

The goal of this chapter is to prove the following theorem.

Theorem 3.1. There exists K*,u > 0 such that the following holds. For each

K > K*, there exists ag,eq > 0 such that for each (a,e) € (0,a9) x (0,g0) satisfying

e < Ka?, there erists c = c(a, &) given by

c(a.c) = V3 (% _ ) e+ O(e(lal + 2)).

such that (1.1) admits a traveling pulse solution. Furthermore, for e > K*a?, the

tail of the pulse is oscillatory.
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u(z,t) = u(z + ct)
4—
$=
h u(z,t) = u(z + ct)
a <
v

Figure 3.1: Shown is a schematic bifurcation diagram depicting the branch of pulses guaranteed by
Theorem 3.1. The monotone pulse and oscillatory pulse shown were computed numerically for the
parameter values (c,a,e) = (0.593,0.069,0.0036) and (c, a,e) = (0.689,0.002,0.0036), respectively.

We note here that this result extends the classical existence result by guaran-
teeing, at least near the point (c,a,e) ~ (1/v/2,0,0), a surface of solutions which

contains both pulses with monotone tails and pulses with oscillatory tails (see Fig-

ure 3.1).

In §3.4.5, the wave speed of the pulse is computed as
c(a,€) = ¢*(a) — pe + O(e(lal + €)), (2.1)

where p > 0. Figure 3.2 shows another schematic view of the surface of solutions
guaranteed by the theorem in the bifurcation diagram for the parameters (c,a,¢).
We emphasize that this theorem does indeed guarantee the existence of the desired
branch of pulses with oscillatory tails. The onset of the oscillations in the tail of the
pulse is due to a transition occurring in the linearization of (1.2) about the origin in
which the two stable real eigenvalues collide and emerge as a complex conjugate pair
as a decreases for fixed . If a pulse/homoclinic orbit is present when eigenvalues
changes in this fashion, then this situation is referred to as a Belyakov transition [30,

§5.1.4]: all N-pulses that accompany a Shilnikov homoclinic orbit terminate near
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the Belyakov transition point. The linearization of (1.2) about the origin is given by

0 1 0
J = a ¢ 1 (2 2)
e 0 —evy

We can compute the location of the Belyakov transition for small (a,¢) by finding
real eigenvalues which are double roots of the characteristic polynomial of J. Thus,
we determine for which (g, a) both the characteristic polynomial and its derivative

vanish, and find that this holds when

a2

e= T O(a?) . (2.3)

This gives the location of the transition and allows us to choose the quantity K* >
4C+(0) for which the statement in Theorem 3.1 holds for all sufficiently small (a,¢).
Then by taking K sufficiently large in Theorem 3.1, we see that the surface of
pulses in cae-space which are given by the theorem encompasses both sides of this

Belyakov transition and therefore captures both the monotone and oscillatory tails

(see Figure 3.2).

The proof of Theorem 3.1 is presented in three parts:

(i) In §3.3, we present an analysis of the flow in a small neighborhood of the upper

right fold point.

(ii) In §3.4, using the exchange lemma together with the analysis of §3.3, we show
that for each a € I, and € € (0, gg), there exists ¢ = ¢(a, €) such that W*(0; ¢, a)

connects to W5*(c, a) after passing near the upper right fold point.
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Figure 3.2: Schematic bifurcation diagram for the parameters (c,a, ). Here the green surface is
the region of existence of pulses as in Theorem 3.1; in the grey region, Theorem 3.1 does not apply.
The red curve denotes the location of the Belyakov transition which occurs at the origin.

(iii) In §3.5, we show that for each (a,¢) satisfying the relation in the statement of
Theorem 3.1, the manifold M(c, a) and nearby solutions on W24(c, a) in fact

converge to the equilibrium, completing the construction of the pulse.

3.3 Tracking around the fold

3.3.1 Preparation of equations

We append an equation for the parameter £ to (1.2) and arrive at the system

(3.1)
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For (¢,a) € I.x I,, the fold point is given by the fixed point (u,v,w,e) = (u*, 0, w*,0)
of (3.1) where

ut =

(a+ 1+ Va?=a+1), (3.2)

Wl =

and w* = f(u*). The linearization of (3.1) about this point is

This matrix has one positive eigenvalue A = ¢ with eigenvector (1,¢,0,0) as well as
an eigenvalue A = 0 with algebraic multiplicity three and geometric multiplicity one.
The associated eigenvector is (1,0,0,0) and generalized eigenvectors are (0,1, —c, 0)

and (0,0, u* —yw*, —c). By making the coordinate transformation

L, U w—w
Zi=u—u ——— 5
c c
w — w*
c
voow—w*
23 = —
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we arrive at the system

. —1 1
A=zt — <\/a2—a—|—1> (z1+z3)2—g(21+z3)3

£ * *
_§(21+Z3+0722+U —qw")

£ * *

(21 + 23 + cyzo + U — yw")

e (3.5)
1 1
23 = c23 + - <\/a2 —a+ 1) (21 + 23)2 + E(ZI + z3)°

%

5
+ 0—2(,21 + 23+ vz + ut — yw")

e =0,

which, for e = 0, is in Jordan normal form for the three dynamic variables (21, 29, 23).
To understand the dynamics near the fold point, we separate the nonhyperbolic dy-
namics which occur on a three-dimensional center manifold. In a small neighborhood

of the fold point, this manifold can be represented as a graph

23 = F(21,22’5)

= Boz1 + Brza + Bzt + Ole, 2129, 23, 23).

We can directly compute the coefficients (;, and we find that
-1
5025120, ﬁgzc—2<va2—a+1> . (37)

We now make the following change of coordinates

8
Il
||
[
7 N
Q
[\o}
|
Q
_|_
—_
N——
N
i

(3.8)
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which gives the flow on the center manifold in the coordinates (z,y, ) as

& =y+ 22+ O, 2y,9°, 2°)

y=c¢ {i (M) (u* —yw*) + O(z,y,¢) (3.9)

c2

e=0.

Making one further coordinate transformation in the variable z3 to straighten out
the unstable fibers and one further rescaling of (x,y,t) to rectify the flow in the

y-direction, we arrive at the full system

i =y+a*+ O(e,zy, y°, 2°)
y=¢c(1+0(x,y,¢))

(3.10)
2 = 2(90 + O(x7y7278))

=0,
where 6y > 0 uniformly in (c,a) € 1. X I,.

Let V; C R? be a small fixed neighborhood of (z,y, z) = (0,0,0) where the above

computations are valid. Define the neighborhood Uy by
Uf = {(x,y, Z, C, (I) € Vf X Ic X Ia} ) (311)

and denote the change of coordinates from (z,v, 2, ¢,a) to the original (u,v,w, ¢, a)
coordinates by ®; : Uy — Oy where Oy is the corresponding neighborhood of the
fold in (u,v,w)-coordinates for (c¢,a) € I. x I,. We note that in the neighborhood

Uy the equations for the variables (z,y) are in the canonical form for a fold point as
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in [38], that is, we have

ab:y+x2+h(:v,y,5,c,a)

y‘ = gg($7y7 87 C7 a’)

(3.12)
z=2z ((90 + O(xa Y, 2, 8))
e =0,
where
h(x,y,¢e,¢,a) = O(e, vy, y*, °)
(3.13)

g(m,y,s,c, a) =1+ O(m,y,s).

We assume that the neighborhood V; has been chosen small enough so that the
function g(x,y, ¢, ¢, a) is bounded away from zero, say g, < g(x,y,¢€,¢,a) < gy with
gm > 0. We have thus factored out the one hyperbolic direction (given by z) and
the flow consists of the flow on a three-dimensional center manifold, parametrized by

(x,y,¢) and the one-dimensional flow along the fast unstable fibers (the z-direction).

3.3.2 Tracking solutions around the fold point: existing the-

ory

Here we describe the existing theory for extending geometric singular perturbation
theory to a fold point. Consider the two-dimensional system

T = y+x2 + h(z,y,e,c,a)
(3.14)

y = Sg(l’, y7 87 c’ a)?
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Figure 3.3: Shown is the setup of (3.14) for the passage near the fold point as in [38]: note that
the positive z-axis points to the left, so that the attracting branch S{)" (¢, a) corresponding to x < 0
is on the right.

with parameters (e, ¢,a). We collect a few relevant results from [38]. For € = 0, this
system possesses a critical manifold given by {(x,y) : y + 2% + h(z,y,0,c,a) = 0},
which in a sufficiently small neighborhood of the origin is shaped as a parabola
opening downwards. The branch of this parabola corresponding to x < 0, which
we denote by S (c,a), is attracting and normally hyperbolic away from the fold
point. Thus by Fenichel theory, this critical manifold persists as an attracting slow
manifold St (¢, a) for sufficiently small ¢ > 0 and consists of a single solution. This
slow manifold is unique up to exponentially small errors. In [38], this slow manifold
is tracked around the knee where normal hyperbolicity is lost. The set up is shown
in Figure 3.3; note that the orientation is chosen so that the positive x-axis points

to the left.

For sufficiently small p > 0 (to be chosen) and an appropriate interval J, define
the following sections A™(p) = {(z, —p?) : x € J} and A% (p) = {(p,y) : y € R}.

Then we have the following

Theorem 3.2 ([38, Theorem 2.1]). For each sufficiently small p > 0, there exists
g0 > 0 such that for each (c,a) € I.x 1, and e € (0,¢¢), the manifold ST (c,a) passes

through A°“(p) at a point (p,§.(c,a)) where j.(c,a) = O(e¥?).
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This theorem describes how the slow manifold exits a neighborhood of the fold
point but not the nature of the passage near the fold point. Since the solution we
are trying to construct will leave the neighborhood U; along a strong unstable fiber
before reaching A we need to extend the results of [38] to derive estimates which

hold throughout this neighborhood, not just at the entry/exit sections.

3.3.3 Tracking solutions in a neighborhood of the fold point

For our purposes, we actually need to be able to say a bit more about the nature
of ST (c,a) as well as nearby solutions between the two sections A™(p) and A (p).
We can think of the slow manifold SX(c,a) as being a one-dimensional slice of a

two-dimensional critical manifold M7 (¢, a) = U., ST (¢, a) of the three-dimensional

S
(x,y,e) subsystem of (3.12). It will sometimes be useful to consider the manifold
M™ (e, a) instead as we utilize a number of different coordinate systems in the analysis

below.

Let Z.(c,a) denote the z-value at which the manifold S (c,a) intersects the

section A™(p) and define the following set for small o, p,d to be chosen later:

Y5 ={(z-(c,a) + w0, —p. e, ¢, a):

(3.15)
0 < |mo| < ope, € €(0,p%), (c,a) € I, x I}
We also define the exit set
Y ={(p,y,6,¢c,a) :y €R, € €(0,0%),(c,a) € I. x I} (3.16)

Between the two sections ¥ and X7, the slow manifold SX (¢, a) consists of a single
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solution 7. (t; ¢, a) which can be written as

ny (t; C7 CL) = (x€<t; c? a)7 yt‘(t; C? a)’ 87 C7 a)’ (3.17>
with 7.(0; ¢, a) € X and ~.(7.; ¢, a) € X} for some time 7. = 7.(c, a).

We define the C! function sy(z;c,a) so that between A™(p) and A% (p), y =
so(z;c,a) is the graph of the singular solution obtained by following Sy (c,a) to

(xz,y) = (0,0) then continuing on the fast fiber defined by y = 0.

The following Proposition 3.3.1 and Corollary 3.3.3, which will be proved in §3.3.7
and §3.3.8 below, are the main results of this section. Proposition 3.3.1 gives esti-
mates on the flow of (3.12) in the center manifold z = 0 between the sections ¥}
and X7, Corollary 3.3.3 then describes the implications for the full four dimensional
flow of (3.12) where the dynamics of the basepoints of the unstable fibers are given

by the flow on the center manifold.

Proposition 3.3.1. Consider the flow of (3.12) in the three dimensional center
manifold z = 0. There exists 6 > 0 such that for all sufficiently small choices of
o, p, all solutions starting in ¥} cross 7. Furthermore, there exists k> 0 such that
the following holds. Given a solution y(t) = (z(t),y(t), e, c,a) with v(0) € 31, let T

denote the first time at which (1) € ¥F. Then
(i) &(t) > ke fort € [0,7]
In addition (see Remark 3.3.2 below), for each (c,a) € 1. X I, we can represent the

manifold ST (c,a) as a graph (z,s.(z;¢c,a),e) for x € [x.(0;¢,a), p| where s.(z;c,a)

s an invertible function of x and
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(i1) |s.(z;¢,a) — so(x;c,a)| = O(e¥?)

(iti) |G (w;c.a) — G2(25¢,0)] = O(E?)

on the interval [x.(0; ¢, a), p].

Remark 3.3.2. The above result shows that there exists k > 0 such that for each
(c,a) € I. x 1,, we have i.(t;c,a) > ke for t e [0,7-(c,a)]. Note that due to
the bounds on the function g(x,y,e,c,a) in system (3.12), there is a similar lower
bound y.(t;c,a) > gme. Thus we can represent the manifold ST (c,a) as a graph
(x,8:(x;¢,a),¢€) for x € [x.(0;¢,a), p| where s.(x;c,a) is an invertible function of x
on the interval [x.(0;c,a), p|. Since this trajectory is contained in the neighborhood

Vy, there exists an upper bound for the derivative

&=y + 2>+ h(z,y,eca) <K. (3.18)

dse
dx

We therefore have the following bounds on the derivatives <= (x; ¢, a) and d(‘;—il)(y; c,a)

m ds.
gm& < > (z;¢,a) < M
K dr k (3.19)
ko od(s7h) K '
— < (y;¢,a) < —.
9m dy Gm€

We now fix p, o small enough to satisfy Proposition 3.3.1. We have the following

Corollary 3.3.3. There exists Ty,e9 > 0 such that for each sufficiently small A,

each

(E,C,a,l'f) c (0,80) X I, x I, % [—ff,ff] (320)

and each 0 < |x;| < ope there exists z; = z;(A,, €, 2,25, ¢,a), yr = yr(e,x;, x5, ¢, a),

time T =T(e,x;,xf,¢,a), and a solution o(t;e,z;,x¢, c,a) to (3.12) satisfying
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(7’) @(O;E,%i,l'f,c, a) = ('%E(Ca a) + Ty, _027 Ziag)

(1) o(T;e,xi, x5, c,a) = (x4, se(xg;¢,a) — yr, Ay, €)

where |yr| = O(z;), |Dxyr| = O(zi/e), |Da.nT| = O(e_(”“)) and z; = O(e™),

some n >0, for \; = {x;,xy,c,a},j=0,...,n.

Remark 3.3.4. Corollary 3.5.3 solves a boundary value problem for (3.12) in the
following sense. For each sufficiently small x;, A, xy, the result guarantees the exis-
tence of a solution to (3.12) whose basepoint in the center manifold is distance x; in
the x-direction from S¥(c,a) in X} and whose strong unstable z component reaches
A, at x = xy. Also, the result gives estimates on the derivatives of the initial unsta-
ble component z; in X, the time T spent until z = A,, and the distance y = y; in

the y-direction from ST (c,a) when (x,z) = (zs, A,).

To prove these results we will use blow up techniques as in [38], and the proofs
are given in §3.3.7 and §3.3.8, respectively. The blow up is essentially a rescaling
which “blows up” the degenerate point (z,y,e) = (0,0,0) to a 2-sphere. The blow

up transformation is given by

T =TFE, y=—T7, €=7i%¢. (3.21)

Defining By = S? x [0, 7] for some sufficiently small 7y, we consider the blow up as
a mapping B — R? with (7,7,2) € §% and 7 € [0,70]. The point (z,y,¢) = (0,0,0)
is now represented as a copy of S? (i.e. 7 = 0) in the blow up transformation. To
study the flow on the manifold By and track solutions near ST (c, a) around the fold,

there are three relevant coordinate charts. Keeping the same notation as in [38], the
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Figure 3.4: Shown is the set up for the coordinate charts &C;, i = 1,2, 3.

first is the chart IC; which uses the coordinates
_ .2 _.3
r =T, Yy = —T, € =T€n, (322)
the second chart /s uses the coordinates
_ 2 _.3
T =Toly, Y= —T3Y2, E =T, (3.23)
and the third chart I3 uses the coordinates
_ .2 _.3
T =173, Y= -—T3Y3, E=Tics. (3.24)

The setup for the coordinate charts is shown in Figure 3.4. With these three sets of

coordinates, a short calculation gives the following

Lemma 3.3.5. The transition map k12 : K1 — Ky between the coordinates in Ky

and Ko is given by

T 1

ek - /3
i3 Y27 o
€1 €1

Ty = ro =mey>,  fore; >0, (3.25)

and the transition map ko3 : Ko — K3 between the coordinates in Ko and KCs is given
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by
Y2 1
r3 =Tol2, Y3 = 5, E3= 3, fO’f’ r9 > 0. (326)
) b

3.3.4 Dynamics in K,

The desingularized equations in the new variables are given by

1
€Ty = -1+ 37% + —€1x1 + O(Tl)

2
1
ry = 5Me (=14 0(r)) (3.27)
3
=214 0m),
where ' = % = %% denotes differentiation with respect to a rescaled time variable

t1. Here we collect a few results from [38]. Firstly, there are two invariant subspaces
for the dynamics of (3.27): the plane r; = 0 and the plane €; = 0. Their intersection
is the invariant line [ = {(z1,0,0) : x; € R}, and the dynamics on [; evolve according
to 2} = —1 + 2. There are two equilibria p, = (=1,0,0) and p, = (1,0,0). The
equilibrium we are interested in, p, has eigenvalue —2 for the flow along [;. In the
plane ¢; = 0, the dynamics are given by

=142+ O(r)

(3.28)

ri=0.
This system has a normally hyperbolic curve of equilibria Saf 1(c, a) emanating from
p, which exactly corresponds to the branch Sg (c,a) of the critical manifold S in

the original coordinates. Along Sg,(c,a) the linearization of (3.28) has one zero

eigenvalue and one eigenvalue close to —2 for small ry.
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In the invariant plane r; = 0, the dynamics are given by

1
l'll =—-1+ l’% + 581%1
(3.29)
/ 3 2

Here we still have the equilibrium p, which now has an additional zero eigenvalue due
to the second equation. The corresponding eigenvector is (—1,4) and hence there
exists a one-dimensional center manifold N (c,a) at p, along which e; increases.

Note that the branch of N (c,a) in the half space £; > 0 is unique.

Restricting attention to the set

Dy = {(x1,r,61) 21 € R,0 <1 < p,0 < g <Y, (3.30)

we have the following result from [38]

Proposition 3.3.6 ([38, Proposition 2.6]). For any (c,a) € I. x I, and any suffi-

ciently small p,d > 0, the following assertions hold for the dynamics of (3.27):

(i) There exists an attracting center manifold M (c,a) at p, which contains the
line of equilibria Sy, (c,a) and the center manifold Ni(c,a). In Dy, M (c,a)

is given as a graph x1 = hy(r1,e1,¢,a) = —1+ O(ry,e1) with

—3/2 < hy(r1,e1,¢,a) < —=1/2  on Dy. (3.31)

The branch of Ny (c,a) in ry = 0, > 0 is unique. (Note that the manifold

M (¢, a) is precisely the manifold M™(c,a) in the Ky coordinates.)

(ii) There ezists a stable invariant foliation F*(c,a) with base M (c,a) and one-

dimensional fibers. For any n > —2, for any sufficiently small p,d, the con-



42

Figure 3.5: Shown is the set up in the chart ;.

traction along F*(c,a) during a time interval [0, T] is stronger than e .

Making the change of variables &, = z1 — hy (11, €1, ¢,a), we arrive at the system

{ill = {il (—2 + {%1 + O(T’l,El))

1
T‘ll = 57”151 (—1 —+ O(Tl)) (332)
, 3
g = 55% (14 O(r)) .

In the chart Ky, the section X is given by

Y = {(x1,7r1,61): 0 < &1 < 6,0 <|T1| < op’er,r = p}. (3.33)

We define the exit section

E(lmt = {(1'1,7“1,81) &1 = 5,0 < |j1| < O-T:f&O <r < p} (334)

The set up is shown in Figure 3.5. We have the following

Lemma 3.3.7. Consider the system (3.32). There ezists ky > 0 such that for
all (¢,a) € 1. x I, and all sufficiently small p,0,0 > 0, the following holds. Let

Y (t) = (z1(t),m1(t),e1(t)) denote a solution with v1(0) € . Then ; reaches X%,
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In addition, letting 71 denote the first time at which v1(m1) € 39", we have

dz dxq n drq
dt, ‘dt, ' tat

=n (jl + h+(7’1, €1, ¢, a))/ + 7,/1 (il + h+(’f’1, €1, C, CL)) (335)

> kyprier, fort €0, 7).

Proof. Consider a solution v, (t) = (z1(t),r1(t),e1(t)) with v,(0) € 2. We note that
for sufficiently small p,d, since rie; is a constant of the motion, || is decreasing,

and 7, does indeed exit 9%
To prove (3.35), we compute

1 (T1 + hy(r1, €1, ¢, a))’ + 71 (&1 + hy(r1,€1,¢,a))
(3.36)

o1 .
=@ + 57’151(1 — 71) + O(riei, me}).

Since r¢; is a constant of the motion and |Z;| is decreasing, |Z;| < orje;. Also,

from (3.32), we have ¥} = Z; (=2 + &1 + O(r1,e1)) so that

™ (:i.l + h’—i—(rlagla ¢, a))/ + rll (i'l + h’-i-(rlvgla ¢, Cl))
1
= 7"1.%1(-2 + i’l) + 57"181(1 — 571) + O(?"%El, 7“15%) (337)

1
= 57”12’:‘1(1 + O(Tl, 81)).

Thus there exists k; > 0 such that for all sufficiently small p,d, the relation (3.35)
holds. ]
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3.3.5 Dynamics in 3

In the chart K3, the equations in the new variables are given by

7;'3 == TgF(rl’n Y3, €3, C, Cl)
Y3 =13 [e3(—1 4 O(r3)) — 2y3F(r3,y3, €3, ¢, a)] (3.38)

€3 = _3T3€3F<T37 Y3, €3, C, CL),

where F(r3,ys, e3,¢,a) =1 —y3 + O(rz). For small 5 > 0, consider the set

S5 = {(rs,ys.e3) : 0 <13 < p,ys € [, 8], €5 = 6}, (3-39)

The analysis in [38] shows that X5 is carried by the flow of (3.38) to the set

ng ={(r3,y3,€3) : 13 = p,ys € [-5, B],€3 € (0,0) } (3.40)

What we take from this is that for some fixed k3 < 1, for all sufficiently small
B, p, 0, between the sections X5 and ¥¢“ we have F(rs,ys,e3) > k36*? and thus
3 > 1r2k36%3. So for a trajectory starting at t = 0 in ¥ with initial r3(0) = ro, we
have 73 > r2k36%/3. Since e3 = § in X% and ¢ = riez is a constant of the flow, this

implies 5 > 2/3k;.

We can also compute an upper bound for the time spent between X% and %§*.

By integrating the estimate 13 > r2k36%® from 0 to ¢ and using the relation ¢ = 739,

. 1/3 . . ;
we obtain that rs(t) > WM. Thus any trajectory crossing ¥4 reaches X5*

in time ¢ < é (W — %) We sum this up in the following

Lemma 3.3.8. For any (c,a) € I.x1, and all sufficiently small p,d, B, any trajectory

entering X5 exits X5 in time t < k—13 <m — %), and between these two sections,
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r3 > 82/3k3.

We now fix  small enough so as to satisfy Lemma 3.3.8.

3.3.6 Dynamics in £,

In the chart Ky, the desingularized equations in the new variables are given by

zh = —ys + x5 + O(r2)

rh, =0,
where ' = d% = %% denotes differentiation with respect to a rescaled time variable

t1 = rot. For ro = 0, this reduces to the Riccati equation

%=t (3.42)

/

Yy = _]-7

whose solutions can be expressed in terms of special functions. We quote the relevant

results:

Proposition 3.3.9 ([42, §11.9]). The system (3.42) has the following properties:

(1) There exists a special solution vo0(t) = (22.0(t), y2,0(t)) which can be represented
as a graph yao(t) = sao(x20(t)) for an invertible function sso which satisfies

s20(x) > (2% + 55) for x <0 and sso(z) < 2? for all x. In addition,

soo(z) = —Q + 1)z + O(1/2%) as 1 — oo,
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where Qg is the smallest positive zero of
J_1/3<223/2/3) -+ J1/3<223/2/3),

where J_y3, J1/3 are Bessel functions of the first kind.

(1) The special solution y2,0(t) = (w2,0(t), y2,0(t)) satisfies x4 (), x54(t) > 0 for all

t and x90(t) — £oo as t — £oo.

We now fix § small enough to satisfy the results of §3.3.4 and §3.3.5 as well as
taking 200023 < S, where j is the small constant fixed at the end of §3.3.5. The

lemma below follows from a regular perturbation argument.

Lemma 3.3.10. The special solution 2o has the following properties:

(i) Let 71,72 be the times at which yoo(T) = 0723 and wop(r) = 67 Y/3. Then

there exists ky such that x o(t) > 3ky for t € [11, 7).

(11) There exists r5 > 0 such that for any (c,a) € I. x I, and any 0 < ry < 1}, the

spectal solution vy persists as a solution
V2,0 (tv C, a) = (.1'2’7"2 (ta c, a)7 Y2,ry (t, C, a)a 7“2)

of (3.41), and solution similarly can be represented as a graph y = sa.,(x; ¢, a)
for an invertible function sg..,(z;c,a) which is C*-O(ry) close to sao(x) on the
interval © € [s5,, (073 ¢,a),07/3]. Furthermore, we have ), (t;c,a) > 2k,

for @ € [s5), (672 c,a),67/3].
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in
22

Y2

Figure 3.6: Shown is the set up in the chart ICo.

Remark 3.3.11. We note that the set

MQJF(Q a) ::{(xlm? 52,ro (x2,r2; c, G), 712) :

(3.43)
Loy € [sii2(5’2/3; c, a),5’1/3], 0<ry<rs}
is in fact a piece of the manifold M (c,a) in the Ky coordinates.
In the Ky coordinates, we have that sy (X9%) is contained in the set
Eén ={(z2,y2,72) :
(3.44)
0<|zy — 52_;2(5_2/3;0, a)| < op®6?3,y, = 6722,0 < ry < o3},
We also define the exit set
25 = {(w, Yo, 72) 1 2 = 57120 <1y < P51/3}- (3.45)

The set up is shown in Figure 3.6. We have the following

Lemma 3.3.12. For any (¢,a) € I.x 1, and any sufficiently small o, p, any solution
Yo (t) = (z2(t), ya(t), m2) satisfying v(0) € X5 will reach 35** and between these two

sections, this solution satisfies x45(t) > ko and |ya(t) — so., (x2(t); ¢, a)| < Q.
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/31% we can appeal to Lemma 3.3.10 (ii), so that

Proof. For sufficiently small p < 6~
for any ry < p6'/3, the special solution 7, ., does in fact reach X" with Ty, (1) > 2ky

between ©5* and ¥9“. We can also ensure that vy > —1/2.

Now consider any solution s (t) = (z2(t), y2(t), 72) with v(0) € Xi". By taking o
small, we can control how close 79 and 7y, are in 35". Thus we can ensure that v,

reaches 33 and x4 () > ko between L and 294t

By shrinking o if necessary, it is also possible to control the difference |ys(t) —

89,y (T2(t); ¢, a)]. u

3.3.7 Proof of Proposition 3.3.1

The following argument holds for any p,o small enough to satisfy the analysis
in §3.3.4, §3.3.5, and §3.3.6 (the parameters § and 0 were already fixed in §3.3.5

and §3.3.6, respectively).

To prove (i), we follow the section ¥}, utilizing the results of the analysis in the
previous sections. We consider a solution (t) = (z(t),y(t), e, ¢, a) which starts in
¥F. As outlined in §3.3.4, in the K; coordinates, 3} is given by the section X{". The

section X% is carried to 39* by the flow and between these two sections, using (3.35)
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we can also compute

der  drq dzq

at @t T
dTl i d(L’l
=ri| 0z +r——
PNt (3.46)
> klprfel

> k’1€.

As noted in §3.3.6, k1o (X9%) C X%. Between the two sections X5 and 35“,
Lemma 3.3.12 gives
dz dxs

dat Yt
2d!L’2

= ’]"2—
dt (3.47)
> ]{327“%

2
> koe /3,

and in addition, by the choice of 2040%* < 8 in §3.3.6, we have that oz (35)
is contained in the set ¥§". In chart K3, Lemma 3.3.8 implies that @(t) > kse?/3
between L% and X¢*. Taking k < min{k; : i = 1,2,3} gives @(t) > ke between %"

and X which completes the proof of (i).

It remains to prove the estimates (ii) and (iii) for the function s.(z;¢,a). In the
chart Ky, S; (c,a) is given by the graph x; = h(r1,0,c,a) = —1 + O(ry), and for
small positive e, between the sections X9 and 39, SF(c,a) lies on the manifold

defined by the graph

x1 = hy(ri,e1,¢,a) = hi(r1,0,c,a) + O(ey). (3.48)
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We now compute %’(m; ¢,a) and 525; (x;¢,a) as

dsg dy/dry 2r,
—(z;¢,a) = =
dx dx/dry  hi(r1,0,¢,a) 4+ 10, hi(r1,0,¢,a)

=r (=24 0(r))
dsa( ) dy/dry 2r; (3.49)
—(z;¢,a) = =
de 7 dx/dry  hy(r1,0,¢,a) + 110, hi(r1,0,c,a) + O(e)

ds
= o (wc.a) + O(ne).

Between Y% and Y9, we have that r; > (¢/8)"/3. This implies that between Y%

and X9 we have
—2(z;¢,a) = O). (3.50)

To estimate |s.(z;¢,a) — so(x; ¢, a)|, we write

1
d
so(x;c,a) = se(x;¢,a) + / % (x +t(z —2);¢,a) - (v — T) dt, (3.51)
0

where T = 55 (s.(;¢c,a); c,a). By (3.49), we have
ds
d—;(x; c,a) =r1(—=2+ O(ry))
_ 7“1.T1(—2 + O(Tl))

hy(ry,e1,c,a)

= O(x),

(3.52)

by (3.31). Therefore

so(7;¢,a) = s.(x;¢,a) + O(z(z — 7), (z — 7)?). (3.53)



o1
By (3.48), we have that (z — z) = O(rie1) which gives

|sc(w;¢,a) — so(x;¢,a)| = O(rie;)
(3.54)
- 0,

where again we used the fact that between Y2 and X¢“, we have that r, > (g/0)Y/?.

In the chart K, the function s.(z;c,a) is given by —r3sy,,(zry';c,a). By

Lemma 3.3.10 (ii), we have that

Se(x;c,a) = —r%sm (xrg_l; c,a) = 0(52/3). (3.55)
and
ds, dso B
djv (x;c,a) = —rg 212 (zry Y e a) = O@EY?), (3.56)

between 3" and ¥9*. Since sqo(x;c,a) = O(x?) near x = 0, we have that in this

region in the chart Ky, so(w;c,a) satisfies so(z;c,a) = O(e%3) and “2(z;c,a) =

dx
O(s'/?).

Once the trajectory exits the chart Ky via X3“ we are in a region of positive x

where so(x;c,a) = %(x; ¢,a) = 0, and we can determine the dynamics in the chart

ICs. From above, we know that in the chart I3, the y-coordinate changes by no

more than O(¢?/?) so that s.(z;c,a) = O(c?/?). Also, in the chart K3, we have that



52

i > kse?/? which gives

ds (x;¢,a) y
de "7 T
gme
= O(e'/?)

This completes the proof of (ii) and (iii).

3.3.8 Proof of Corollary 3.3.3

Except for the estimates on T, yy, the result follows directly from the statement of
Proposition 3.3.1 and the implicit function theorem. To obtain the estimates on the

time of flight T', we write

T(e,xi,xp,c,a) = / —dzx. (3.58)
ie(c,a)ta; T

By Proposition 3.3.1 (i), we have that T'= O(e™!). Since the vector field is smooth,
we can differentiate (3.58) and using Proposition 3.3.1 (i), we obtain the required

bounds on the derivatives of T" with respect to z;, ¢, c, a.

To obtain yy = O(x;), we look at the evolution of § = y — s.(z;¢,a). We first
note that since the graph y = s.(; ¢, a) defines a solution to (3.14), we can plug in

this solution to get

d
Ese(a:; c,a) =eg(z, sc(x;c,a),e,c,a). (3.59)
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Plugging y = § + s.(x; ¢,a) into (3.14) and using (3.59) gives

§= ¢ (g(x,§ + s.(w:¢,), 2, ¢, 0) — g(a, .(w: ¢, @), £, , @)

—s(z;c,a)y (14 O(e, x, se(x; ¢,a), 7))
(3.60)

1
—/ egy(x, sy + s.(z;¢,a),¢,¢,a)yds
0

—si(z;c,a)§ (14 O(e, 2, se(5¢,a), 7)) ,

and hence 3 solves a differential equation of the form

§ = H(z,7,¢; ¢ a)f, (3.61)

where

H(z,9,6;¢,a) < Hye, (3.62)

for some constant H;. Therefore § can grow with rate at most O(¢g), and we can

deduce that

lysl = 19(D)] < [(0)] ™=, (3.63)

which, by using the bound on 7" above, we can reduce to

lyrl < Ha [5(0)], (3.64)



for some constant Hs. To determine (0), we write

9(0)] = |se(ze(c, a) + wi; ¢, a) = se(we(c, a); ¢, a))

dx

where we used (3.19).

To obtain the bound on Dy, we integrate (3.60) to obtain

1
dse
/ i (ze(c,a) + sxi;c,a) - x;ds
0
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(3.65)

T(e,x;,2f,c,a) 1
w1 = [ [ ot sitcay e caidsan (360
0 0

Using the fact that the function g is smooth and the estimates on 7" and DT above,

we obtain the desired estimate for the first derivative of y; with respect to z;, zy, ¢, a.

The bound on z; comes directly from the equations, but to ensure that z; and its

derivatives are exponentially small in 1/¢, it is necessary to find a lower bound for

the time of flight 7. We now write

(3.67)

We note that by Proposition 3.3.1 (ii) and the analysis above using the fact that

lzi| < oe, we have y; = so(xs;¢,a) + O(¥?). Since z; € [Ty, 7], we have

so(xg;c,a) > so(—Zf;c,a). So we can deduce the existence of 75 such that for all

sufficiently small Z; and for all sufficiently small ¢,

70
T(Ea Zi, Xy, C, (l) Z

3

(3.68)
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3.4 Tying together the exchange lemma and fold

analysis

3.4.1 Setup and transversality

To find connections between the strong unstable manifold W*(0; ¢, a) of the origin
and the stable manifold W%(c, a) of the left segment of the slow manifold, we will
need two transversality results. The first describes transversality of the manifolds

W{(0; ¢, a) and W?(M(c,a)) with respect to varying the wave speed parameter c.

Proposition 3.4.1. There exists ¢g > 0 and p > 0 such that for each a € I,

and € € [0,¢eo], the manifold | ., W¥(0;c,a) intersects | J .., W2" (¢, a) transversely

Celc Celc

in uvwe-space with the intersection occurring at ¢ = ¢(a,e) for a smooth function

¢: 1, x [0,e0] = I. where ¢(a,e) = c*(a) — pe + O(e(|al + ¢€)).

Proof. We aim to show that the manifold defined by (J,.; Wy (0;c,a) intersects
Ueer, W2 (MG(e, a)) transversely in uvwe-space at ¢ = ¢*(a) and that this transverse
intersection persists for € € [0, e0]. To do this, we note that for each a € I, there is an
intersection of these manifolds occurring along the Nagumo front ¢ for ¢ = ¢*(a), e =
0 in the plane w = 0. It suffices to show that the intersection at (¢, a,e) = (¢*(0), 0, 0)
is transverse with respect to varying the wave speed ¢, so that for all sufficiently small
a € I, and £ > 0, we can solve for an intersection at ¢ = ¢(a, ). This amounts to a

Melnikov computation along the Nagumo front ;.
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For each a € I,, we consider the planar system
(4.1)

obtained by considering (1.2) with w = ¢ = 0. As stated above, for (¢,a) = (¢*(0),0),
this system possesses a heteroclinic connection ¢s(t) = (ug(t),vs(t)) (the Nagumo
front) between the critical points (u,v) = (0,0) = pp and (u,v) = (1,0) = p; that lies
in the intersection of W"(py) and W?*(p;). We now compute the distance between
W(po) and W?*(p) to first order in ¢ — ¢*(0). We consider the adjoint equation of

the linearization of (4.1) about the Nagumo front ¢, given by

0 T (ustr)

) = V. (4.2)
-1 —c*0)

Let 1 be a nonzero bounded solution of (4.2), and let F;, denote the right hand side
of (4.1). Then

Aﬁz[:m%wm»WNMt (43)

measures the distance between W (po) and W#(p;) to first order in ¢ — ¢*(0). Thus
it remains to show that M7 is nonzero. Up to multiplication by a constant, we have

that 1 (t) = e~ O (4 (t),us(t)) = e~ (=04 (t), vs(t)) which gives
M§ = / e <" Oty ()% dt > 0, (4.4)
as required.

Similarly, we may also compute the distance between W¥(pg) and W?#(p;) to first
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order in a as

My = [ DaFest0) st a -
oo 4.5

_ /_Oo e Oty (s (£)(1 = uy (1)) dt.

o0

Using the explicit expressions

for the Nagumo front for a = 0 from §2.2, we see that the Nagumo front satisfies the

relation v (t) = \/Lﬁuf(t)(l —uy(t)). Hence

M = V2M;. (4.6)

To understand how the intersection of W{(0;c¢*(0),0) and W?*(M(c*(0),0))

breaks as we vary ¢, we now consider the full three-dimensional system (1.2)

Note that the function (us(t),vs(t),0) obtained by appending w = 0 to the Nagumo

front () is a solution to this system for ¢ = a = 0 and ¢ = ¢*(0). We consider the
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adjoint equation of the linearization of (1.2) about this solution given by

0 L) 0
b=l e o |® (4.7)
0 —1 0

The space of solutions to (4.7) that grow at most algebraically is two-dimensional

and spanned by

t

U, = <—€_C*(O)t@f(t),6_0*(0)tﬂf(t), /

—e sy (s) ds) (4.8)
0

and ¥y = (0,0,1). The function

U= (—e_c*(o)ti}f(t),e_c*(o)tuf(t),/ e < Oy, (s) ds) (4.9)
¢

is the unique such solution to (4.7) (up to multiplication by a constant) satisfying
U(t) — 0 as t — oo. Let F; denote the right hand side of (1.2); then by Melnikov
theory, we can describe the distance between W (¢, a) and W' (¢, a) to first order

in € by the integral:

M = /oo DL Fy (g (8), v5(£), 0) - W(¢) dt
~oo (4.10)

_ /Z (/:O e 05y (5) ds) wp(t)dt > 0.

The distance function d(c, a, ) which defines the separation between W*(0; ¢, a) and

W27 (¢, a) can now be expanded as
d(c,a,e) = M§(c —c*(0) + V2a) + Mse+ O ((Jle — ¢*(0)] + a + 5)2) . (4.11)

To find an intersection between W(0; ¢, a) and W™ (¢, a), we now solve the equation
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d(c,a,e) = 0 for ¢ and obtain ¢ = é(a,e) = c¢*(a) — pe + O(e(|al + €)) where p =
M5/M$ > 0 due to (4.4) and (4.10), and we used the fact that V2a = c¢*(0) — c*(a).
The lack of O(a?) terms in the expression for é(a, €) is due to the fact that for e =0

the intersection occurs at ¢ = c¢*(a). O

The second result needed is transversality of W?*(M§g(c,a)) and W*(M(c,a))
along the back for @ = 0. The problem here is that M{(c, a) is not actually nor-
mally hyperbolic at the fold and therefore Fenichel theory does not ensure smooth
persistence of the manifold W*(Mj(c, a)) in this region for ¢ > 0: we will have to

appeal to results from §3.3 to obtain the necessary transversality.

To start with, in the neighborhood Oy, in the center manifold near the fold
point, we extend the right branch Mj(c, a) of the critical manifold by concatenat-
ing it with the fast unstable fiber leaving the fold point (see the description of the
function so(z;c,a) in §3.3.3) and call this new manifold M{™(c,a). It now makes
sense to define W*(My ™" (c,a)) as the union of the strong unstable fibers of this sin-
gular trajectory. The advantage is now that Proposition 3.3.1 shows that M ™ (c, a)
persists as a trajectory M"*(c,a) which is C*-O(¢'/?) close to M{™(c,a). We can
then define W*" (¢, a) to be the union of the strong unstable fibers of this perturbed

solution. We are ready to state the following result.

Proposition 3.4.2. For each (c,a) € I. x I,, the manifolds W*(M}(c,a)) and
WM™ (c,a)) intersect transversely in uvwe-space along the Nagumo back oy, and
this transverse intersection persists for e € [0,e0]. Furthermore, for each (c,a,¢) €

I. x I, x [0,&0], the manifold W2*(c,a) intersects W*"(c,a) transversely.

Proof. We note that past the fold point, My (c, a) lies in a plane of constant w since

in this region M6’+(c, a) is described by the fast € = 0 flow. Thus we proceed as in



60

the proof of Proposition 3.4.1, though now we show transversality of the manifolds
W3(M(c,a)) and W*(MG(c,a)) with respect to w, which is a parameter for the

fast e = 0 flow.

It suffices to prove transversality at (g,a) = (0,0). By the C' dependence of the
manifolds with respect to a, this transversality persists for a € I,. The fact that
this transversality persists for small € > 0 follows from the C*-O(¢'/?) closeness of
M*(c,a) and M{™(c,a). This implies that W*(M[™ (¢, a)) and W™ (c, a) are also
C'-O(e'/3) close.

To continue, we consider the planar system

(4.12)

obtained by considering (1.2) with a = ¢ = 0. For ¢ = ¢*(0) and w = w*(0), this
system possesses a heteroclinic connection ¢y (t) = (up(t), vp(t)) (the Nagumo back)
between the critical points (u,v) = (u1,0) = ¢; and (u,v) = (up,0) = go where ug
and wu; are the smallest and largest zeros of w*(0) — f(u), respectively. That is, there

exists an intersection of W"(q1) and W?*(qo) defined by the connection .

Thus the manifolds W?*(M§(c*(0),0)) and W¥*(Mj(c*(0),0)) intersect in the full
system along the Nagumo back ;. Since M7 (¢*(0),0) lies in the plane w = w*(0)
past the fold point (and thus so do its fast fibers since the fast flow is confined to
w = const planes), we have that W*(M{(c*(0),0)) is tangent to the plane w = w*(0)
along ¢p. In (4.12), from regular perturbation theory, the stable manifold of the
leftmost equilibrium (given by the trajectory ¢, at w = w*(0)) breaks smoothly in
w and thus W¥(M§(c*(0),0)) is transverse to planes w = const; in particular this

gives the necessary transversality of W*(M§(c*(0),0)) and W*(M3(c*(0),0)).
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We therefore obtain the desired transversality of W5¢(c, a) and W*"(c, a) for all

(c,a,e) € 1. x I, x [0,e0]. O

3.4.2 Exchange lemma

In this section we use the exchange lemma of [51] to track the manifold W*(0; ¢, a)
near the right branch M!Z(c,a) of the slow manifold up to a fixed neighborhood of
the fold point. The analysis of §3.3 defines a fixed neighborhood Oy of the fold point
in uvw-coordinates for (c,a) € I. x I, in which the flow is well understood. The
neighborhood Oy corresponds to the neighborhood Uy in xyzca-coordinates in which

the section X} defines points along trajectories satisfying the desired estimates.

We may assume that the manifold MZ(c, a) extends into this neighborhood past
the section ;" but ends before the fold (in U note that MZ(c, a), where defined, coin-
cides with ST (¢, a) up to errors exponentially small in 1/e due to the non-uniqueness
of the center manifold in §3.3). Here MZ(c, a) is normally hyperbolic, and thus there

exists a C™™! Fenichel normal form for the equations in a neighborhood of MZ(c, a):

X' '=—-AX,Y,Z c,a,e)X

Y'=B(X,Y,Z,c,a,e)Y

Z'=e(1+ E(X,Y,Z,c,a,6)XY) (4.13)
d=0
a =0,

where the functions A and B are positive and bounded away from 0 uniformly in all
variables. These equations are valid in a neighborhood U, of MZ(c,a),c € I.,a €

I, which we assume to be given by X,Y € (—A,A) for some small A > 0 and
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(Z,c,a) €V =(=A,Zy+A) x I. x I, for appropriate Zy > A. In U,, for each ¢, a, ¢,
the manifold MZ(c,a) is given by X =Y = 0. Similarly the manifolds W*" (¢, a)
and W2"(c,a) are given by X = 0 and Y = 0 respectively. We denote the change
of coordinates from (X,Y, Z, ¢,a) to the (u,v,w,c,a) coordinates by ®. : U, — O,
where O, is the corresponding neighborhood of MZ(c,a) in (u, v, w)-coordinates for
(c,a) € I, x I,. Since O, is by construction a neighborhood of a normally hyperbolic
segment of MZ(c, a) which extends into Oy, there is an overlap of the neighborhoods
O, and Oy where the fold analysis is valid. We now comment on the constants A, Zj:
since M”(c, a) extends past the section X; in the neighborhood Uy, for A sufficiently
small, we can think of Z; as being the height in the U, coordinates at which MZ(c, a)
hits X for (¢, a,e) = (¢*(0),0,0); see §3.4.3 for details.

We note that due to the non-uniqueness of the center manifold in §3.3, the
coordinate descriptions of the manifolds MZ(c,a), W*"(c,a), and W2 (c,a) in the
two neighborhoods O, and Oy are only equal up to errors exponentially small in 1/e.
Since these errors are taken into account in the analysis below, for simplicity we will

use the same notation for these manifolds in the different coordinate systems.

For each € € [0,¢0] we define the two-dimensional incoming manifold

N = ( U WH(0; ¢, a)> N{X = A}, (4.14)

CGIC,(ZGIa

which, under the flow of (4.13) becomes a manifold N of dimension three. Define
A={(Y,Z,a):Y € (A, AN),Z € (Zy— A, Zy+A),a € 1,}. (4.15)

The necessary transversality of the incoming manifold N with {Y = 0} is given by

Proposition 3.4.1. The generalized exchange lemma now gives the following
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Theorem 3.3 ([51, Theorem 3.1]). There ezist functions X, W : A x [0,0] — R

which satisfy

(i) Fore >0, the set

{(X,Y,Z,a,c): (Y, Z,a) e A, X =X(Y,Z,a,¢), c=a,e)+W(Y,Z,a,¢)}

is contained in N}.
(ii) X(Y,Z,a,0) =0, W(Y, Z,a,0) =0, W(0,Z,a,e) =0

(iii) There exists ¢ > 0 such that |D;X|,|D;W| = O(e~%) for any 0 < j < r.

We comment on the interpretation of Theorem 3.3. For each choice of a, height
Z and unstable component Y lying in A, provided the offset ¢ — ¢(a, €) is adjusted
by the quantity W(Y, Z,a,¢), the theorem guarantees a solution which starts in N
which hits the point (X,Y,Z, a,c) where X = X(Y,Z,a,c). In (ii), the property
W(O, Z,a,e) = 0 refers to the fact that for ¢ = é(a,¢), the manifold W*(0; ¢, a) in
fact lies in the stable foliation Y = 0, which was proved in Proposition 3.4.1. The
final properties X (Y, Z,a,0) = 0, W(Y, Z,a,0) = 0, and property (iii) state that the
functions X, W — 0 uniformly in the limit £¢ — 0, and that this convergence is in

fact exponential in derivatives up to order r.

3.4.3 Setup in U,

We will use Theorem 3.3 to describe the flow up to a neighborhood of the fold point,

then we will use the results of §3.3. We first place a section ¥ in the neighborhood
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Uy of the fold point which we define by

Y ={(2,y,2,c,a,e) € Uy : (416

y=—p* v —3o(c*(0),0)| <A,z € [-A,A),(c,a,¢) € T},

for some small choice of A" where I = I, x I, x [0,&0]. As described above, there
is an of overlap of the regions described by Uy and the neighborhood U, where the
Fenichel normal form is valid. We denote the change of coordinates between these
neighborhoods by @ : .1(0. N Oy) C U, — Uy where O = <I>]71 o ®,.. From the
construction the section (I>e_f1 (X)) will be given by a section in XY Z-space transverse
to the sets X = const and Y = const. We can therefore represent ®_'(3™) in
XY Z-space as ;' (X") = {(X,Y, Z,c,a,¢) : Z = (X, Y, ¢, a,¢)} for some smooth

function
U [—AA] X [-AA] X T = [-A+ Zo, A+ Zy), (4.17)

where we assume that Z; has been chosen so that 1(0,0,c¢*(0),0,0) = Zy. It is
important to note that since MZ(c,a) and SX(c,a) are equal up to exponentially
small errors in the Uy coordinates, @.¢(0,0, Z, ¢, a, ) maps onto SX (¢, a) up to errors
exponentially small in 1/¢. Figure 3.7 shows the setup as well as the passage of a
trajectory according to the exchange lemma. Figure 3.8 shows the continuation of
this trajectory past the fold. The idea is to show that for each a € I, and each
e € (0,g0), we can find ¢ such that this solution connects W¥(0; ¢, a) to W¥(c,a) as

shown.
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Figure 3.7: Shown is the set up of the exchange lemma (Theorem 3.3).

M|

Figure 3.8: Shown is the flow near the fold point.
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3.4.4 Entering Uy via the Exchange lemma

We now use the exchange lemma to solve for solutions which cross ®_'(¥™). For
each Y € [-A A], a € I, and ¢ € (0, &), we can find a solution which reaches the

point
(X, Y, ¥(X,Y,c,a,¢),¢,a) € D (Z™) (4.18)

provided we can solve

X = X(Y,0(X,Y,c,a,¢),a,¢) (4.19)

c=éa,e) + WY, 0(X,Y, ¢ a,¢),a,¢)

in terms of (Y, a,¢) where X, W are the functions from Theorem 3.3. Using the fact
that v is smooth and that X, W and their derivatives are O(e~%/¢), we can solve by
the implicit function theorem for (X, ¢ — é(a,€)) near (0,0) in terms of the variables

(Y, a,¢€) to obtain

X =X"(Y,a,¢) (4.20)

c=¢(a,e) + W*(Y,a,¢),

where the smooth functions X* W* and their derivatives are O(e~%¢), where we

may need to take ¢ smaller. To sum up, we have just shown the following:

Proposition 3.4.3. For each Y € [-A,Al], a € 1, and ¢ € (0,e0], we can find a

solution which reaches the point
(X7 Y72/)(X7 Y? C7 a/7 8)767 a’) e ®;f:‘l(22n)7 (4.21>

where X = X*(Y,a,¢) and ¢ = é(a,e) + W*(Y,a,¢). The functions X* and W* and
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their derivatives are O(e~v/¢).

3.4.5 Connecting to W5(c,a): analysis in Uy

What we conclude from Proposition 3.4.3 is that for any sufficiently small choice of
(Y, a, ) we can find a solution which enters a neighborhood of the fold at a distance
Y from W27 (c,a) along the unstable fibers provided ¢ is adjusted from é(a, ) by
O(e9/%). In addition the distance from W% (c,a) is O(e~%%). By applying the
smooth transition map ®, it is convenient to rewrite Proposition 3.4.3 in the Uy

coordinates as shown in the following.

Proposition 3.4.4. For each z € [-A',A'], a € I, and € € (0,&0], we can find a

solution which reaches the point

(x,—p? z,¢c,a) € 2™, (4.22)

*

where © = T.(c,a) + x*(z,a,¢) and ¢ = &(a,e) + w*(z,a,¢). The functions z*, w

and their derivatives are O(e™9/%).

Remark 3.4.5. Though the manifolds W2"(c,a) and W*"(c,a) are not unique, the
errors we incur by transforming to the Uy coordinates are exponentially small in 1/

and can be absorbed in the functions x*, w* without changing the result.

We will use this result along with the center manifold analysis of §3.3 to find
such a solution for each (a, &) which connects to W%(c,a). We first determine the
location of W¥(c,a) in the neighborhood U;. From Proposition 3.4.2, we know
that W?*(MY(c*(0),0)) intersects W*(My™(c*(0),0)) transversely for ¢ = 0 along

the Nagumo back ¢y, and this intersection persists for (c,a,e) € I. x I, x (0,¢&0).
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This means that W2¢(c, a) will transversely intersect the manifold W*"(c, a) which is
composed of the union of the unstable fibers of the continuation of the slow manifold

MZ*(c,a) found in §3.3. We therefore place an exit section X defined by

Yo = {(z,y,2,¢c,a,e) €Uy : 2 = A'}. (4.23)

For (c,a,¢) € I. x I, x (0, &), the intersection of W¥¢(c,a) and W™ (c,a) occurs at

a point

(2,y,2,¢,a,¢) = (x4(c,a,e), s.(x4(c,a,€);¢,a), A, c,a,e) € L (4.24)

and thus we may expand W2%(c,a) in 3°“ as

(2,4 = s:(x;¢,0)) = (we(e, a,6) + O(g,€),9), 7 € [=8y, Ay, (4.25)

for some small A,. Now using Corollary 3.3.3, we aim to find a solution to match
with W5¢(c,a) at z = A’. From Corollary 3.3.3 for each (g, c,a,z;,7;), we get a

solution ¢(t;e, 24, x¢, ¢, a) and time of flight T'(e, z;, z¢, ¢, a) satisfying

‘P(Oy €, T4, .Tf, C, a) = (ja(Q a) + Xi, _an Ziy 5)
(4.26)

o(T;e, x5, x5, ¢,a) = (xy, s-(x5;¢,a) —yyp, Al €).

Thus finding a connection between W*(0; ¢, a) and W**(c, a) for a given (a, ¢) amounts
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to solving the following system of equations

x; =2"(z,a,¢)
c=cla,e) +w(z,a,¢)
zry = x(c,a,e) + O(7,€) (4.27)

yf('rza Xy, g, a, C) = g

/
Zi(A zy,xp,6,a,¢) = 2,

for all variables in terms of (a, ¢).

We start by substituting x; = 2*(z, a,¢) into the equation for §. Using the fact
that 2*(2,a,2) = O(e™%¢) and the estimates y; = O(x;) and Dy; = O(x,/e) from
Corollary 3.3.3, we can solve for § = ¢(z,a,e) by the implicit function theorem
where ¢, Dj = O(e~%¢), where ¢ may need to be taken smaller. We now substitute
everything into the equation for z. Using the estimates on z; from Corollary 3.3.3
and the estimates on § above, we can then solve for z = z(a, ) (and subsequently

all other variables) by the implicit function theorem.

In particular, we note that the wave speed c is given by

cla,e) = é(a,e) + (’)(6"1/5)
(4.28)

= *(a) — pe + O(e(lal + €)),

where p > 0 is the constant from Proposition 3.4.1, and we have absorbed the

exponentially small terms in the O(g?) term.
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3.5 Convergence of M!(c,a) to the equilibrium

The analysis of §3.3 and §3.4 shows that for each a € I, and for any sufficiently small
g, there exists a wave speed ¢ such that the manifold W*(0; ¢, a) intersects W2¢(c, a).
Upon entering a neighborhood of the origin, this trajectory will be exponentially close
to the perturbed slow manifold M%(c,a). It remains to show that M(c,a) and as
well as nearby trajectories on W2¢(c, a) in fact converge to the equilibrium at the
origin. This result is not immediate, as for a = 0, the origin is on the lower left
knee where M§(c,a) is not normally hyperbolic. In this section, a center manifold

analysis of the origin produces conditions on (a, ) which ensure this result.

3.5.1 Preparation of equations

To study the stability properties of the equilibrium at (u,v,w) = (0,0,0) of (1.2) for

small ¢, a, we append equations for a and ¢ to (1.2) and obtain

W= e(u —yw) (5.1)
a=0
e =0.

For a = ¢ = 0, the origin coincides with the lower left knee on the critical manifold.
System (5.1) has the family of equilibria (u,0, f(u),a,0) where u varies near 0. We

are interested in the lower left knee of w = f(u) as a function of a. For (¢,a) € I.x I,
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the knee is given by the family (u'(a),0,w'(a),a,0) where

u'(a) = % (& +1-— \/m> 52)

There is one positive eigenvalue A = ¢ with eigenvector (1, ¢,0,0,0) and a quadruple

zero eigenvalue. By making the coordinate transformation

v w—w*




we arrive at the system

A=nts (VE—at]) (ot ) - <(a+ )
— %(zl + 23+ cyze +ul — ')

2o = —2(21 + 25+ vz + ul — qw')

2y = 2y — % <\/m> (21 + 23)* + %(21 + 23)°

¢ i i
—i—g(zl—l—zg—l—c*yzriru —yw')
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(5.5)

which, for e = 0, is in Jordan normal form for the three dynamic variables (21, 29, 23).

To understand the dynamics near the fold point, we separate the nonhyperbolic dy-

namics which occur on a four-dimensional center manifold. In a small neighborhood

of the fold point, this manifold can be represented as a graph

23 = F(21,2275)

= Boz1 + Prza + fozi + Ole, 2129, 23, 27
We can directly compute the coefficients (;, and we find that

1

fo=p1 =0, 52=%<Va2—a+1>:g+(’)(a).

We now make the following change of coordinates

1
17:1—/2(\/@2—(1—’—1)21
c
y:—(\/aQ—a+1)zg
a

201/2’

(5.6)

(5.7)

(5.8)
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1

and rescale time by ¢~/? which gives the flow on the center manifold in the coordi-

nates (z,y, o, ¢) as

i=-y(1+0(y oc)+2>(1+ 0y a¢)+e0(z,y,oc)

y=clz(1+0(x,y,a,¢)) + a(l+0(x,y,a,e)) + O(y)]
(5.9)

Making one further coordinate transformation in the variable z3 to straighten out

the unstable fibers, we arrive at the full system

i =—y+2°+ O(e,zy,y*, 1%)

y=clz(1+0(x,y,a,¢)) +a(l+0(x,y,a,¢e)) + O(y)]

i=2(P 4 0(,y,2,¢)) (5.10)
a=20
e=0.

We note that the (z,y) coordinates are in the canonical form for a canard point

(compare [38]), that is,

T = —yh1<$,y, Q, g, C) + thQ(x7ya Q, g, C) + 5h3($7 Y, a, g, C)
y =€ ($h4($, Yy, o, g, C) + Ckhg,(il?, Yy, a, g, C) + th(l', Yy, o, g, C))

=z (03/2 + O(x,y, 2,8)) (5.11)
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where we have

hs(z,y,a,e,¢) = O(x,y, a, €) (5.12)

hj(%yyaﬁac):1"‘0(%97@75), j:172a475'

We have now separated the hyperbolic dynamics (given by the z-coordinate) from
the nonhyperbolic dynamics which are isolated on a four-dimensional center manifold
parameterized by the variables (x,y,e, ) on which the origin is a canard point in
the sense of [38]. Geometrically, in a singularly perturbed system a canard point
is characterized by a folded critical manifold with one attracting and one repelling
branch and a singular “canard” trajectory traveling down the attracting branch and
continuing up the repelling branch (see Figure 3.9). Such points are associated with
“canard explosion” phenomena in which small scale oscillations near the equilibrium
undergo a rapid transformation in an exponentially small region in parameter space
and emerge as large relaxation cycles [39]. We note that Figure 5.4 in §5.2 provides
a visualization of what such a canard explosion looks like, though in this case the
solutions depicted are homoclinic pulse solutions rather than periodic orbits; we refer

to §5.2 for a more detailed discussion.

3.5.2 Tracking M!(c,a) close to the canard point - blowup

and rescaling

From Fenichel theory, we know that away from the canard point, the left branch
M(c,a) of the critical manifold perturbs to a slow manifold M!(c, a) for small € > 0
(see Figure 3.9). This slow manifold is unique up to errors exponentially small in
1/e; as the preceding analysis is valid for any such choice of M!(c,a), we may now

fix a choice of M!(c,a) which lies in the center manifold z = 0. In addition, there
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xT

Figure 3.9: Shown is the flow near the canard point for e = a = 0. Away from the canard point,
the left branch M{(c, a) of the critical manifold perturbs smoothly to a slow manifold M!(c, a) for
small € > 0.

is a stable equilibrium py = po(a) for the slow flow on M!(c,a) for a > 0. The goal
of this section is to show that under suitable conditions on € and «, py persists as

a stable equilibrium p.(«), and the perturbed slow manifold M!(c,a) and nearby

trajectories converge to p..

To do this, the idea will be to track a section Ay, (p,0) = {(z,y) : |z + p| <
op, y = p*} (see Figure 3.9) for some small p,o > 0 and show that all trajectories

crossing this section converge to the equilibrium. We have the following

Proposition 3.5.1. Consider the section Ay, (p, o) for the system (5.11) in the cen-
ter manifold z = 0. For each K > 0, there exists p,,&, & such that for (p,o,e,a) €

D and c € 1., there is a stable equilibrium for (5.11), where D is given by

D ={(p,0,¢,q) : (5.13)

p€(0,p), 0€(0,6), 0<e<p’ 0<a<pa 0<e< Ko’}

Furthermore, under these conditions, all trajectories passing through N, (p, o) con-

verge to the equilibrium.

From this we have the following
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Corollary 3.5.2. For each K > 0, there exists a choice of the parameters p, o, ag, €g
such that for all (c,a,e) € I. x (0,a0) X (0,&9) satisfying e < Ka?, the manifold

ME(c,a) crosses the section A™(p, ) and thus converges to the equilibrium.

Remark 3.5.3. The aim of Corollary 3.5.2 is to prove convergence of the tails of
the pulses constructed in §3.3 and §3.4. Thus far, we have found an intersection of
W(0; ¢, a) with W¥(c, a); this trajectory will therefore be exponentially attracted to
the perturbed slow manifold MX(c, a) upon entering a neighborhood of the origin. The
manifold W*(c, a), however, is only unique up to errors exponentially small in 1/¢,
though the justification for the intersection holds for any such choice of W%(c, a).
Therefore, we may now fix W*(c, a) to be the manifold formed by evolving the section

A™(p, o) in backwards time in the center manifold z = 0.

We now fix an arbitrary K > 0. The section Ay,(p, o) will be tracked using
blowup methods as in [38]. Restricting to the center manifold z = 0, we proceed as

in §3.3, though now the blow up transformation is given by

T =TT, y=T77, o=Fa, €=7T%¢, (5.14)

defined on the manifold B, = S? x [0, 7] x [—ay, @] for sufficiently small 7, @y with
(Z,9,€) € S? There are three relevant coordinate charts which will be needed for
the analysis of the flow on the manifold B.. Keeping the same notation as in [38]

and [39], the first is the chart I’y which uses the coordinates
T=rT, Yy=ri, Qa=ro, &=ri, (5.15)

the second chart Ky uses the coordinates

2 2
T =Toly, Y =T3Ys, «=ToQa, E=T5, (5.16)
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and the third chart Iy uses the coordinates

2 2
T =142y, Y =TiY1, =Ty, € =T4e,. (5.17)

With these three sets of coordinates, a short calculation gives the following

Lemma 3.5.4. The transition map k12 : K1 — Ky between the coordinates in Ky

and ICy is given by

T 1 (05)

1/2
To = 1/2° Yo = , Qg = 1/2° ro = 7’151/ ) fOT’ €1 > 07 (518)
g
€] 1 €]

and the transition map k14 : K1 — Ky between the coordinates in Ky and K4 is given

T 1 €
1'4:_1, y4:_2’ 54:—12’ Ty =T100, fOT' aq >0 <519)

3.5.3 Dynamics in £

Here we outline the relevant dynamics in Ky as described in [38]. After desingular-

izing the equations in the new variables, we arrive at the following system

1
o = —1+2%— 551:(:1F(x1,r1,81,a170) +O(r1)

7"/1 = ErlElF(ﬂfl,"“l,Elaalac)

(5.20)
5/1 = —é‘%F(Zﬁl,Tl,gl;al?C)
0/1 = ——OélglF(x17T17€17Oé17c)’

2
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where

F($17T17€17a170) :£C1—|—a1+(9(7“1). (521)

Here we collect a few results from [38]. The hyperplanes r; = 0,61 = 0,4 = 0 are
all invariant. Their intersection is the invariant line [ = {(x1,0,0,0) : z; € R},
and the dynamics on l; evolve according to #j; = —1 + z3. There are two equilibria
pa = (—1,0,0,0) and p, = (1,0,0,0). The equilibrium we are interested in, p, has
eigenvalue —2 for the flow along ;. There is a normally hyperbolic curve of equilibria
Sg1(c) emanating from p, which exactly corresponds to the manifold M{(c, 0) in the

original coordinates. Restricting attention to the set

D, = {(1'1,7’1,51) 2 < < 2, 0<r < P, 0<eg < 5, —a<a < d}, (522)
we have the following result which will be useful in obtaining an expression for
M(c,a):

Proposition 3.5.5 ([38, Proposition 3.4]). Consider the system (5.20). For any
c € 1. and all sufficiently small p, &, > 0, there exists a three-dimensional attracting
center manifold M (c) at p, which contains the line of equilibria Safl(c). In Dy,

M (c) is given as a graph x1 = hy(r1,&1,01,¢) = =1+ O(ry,e1,a1).

We now consider the following section
N = {(:Ul,rl,sl,al) 4w <o, 0<e,<Ka? 0<a; <@, r = p},

where o, &, p will be chosen appropriately. It is clear that in the chart Ky, Ay, (p, o)
is contained in the section ¥ for ¢ and « in the desired range, hence the goal will

be to track the evolution of ¥i". To accomplish this, we consider two subsets of 3"
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defined by

PSS {(xl,rl,gl,al) M+x| <0, 0<e <2003, 0<ay <@, r = p}

1= {(z1,r,e1,00) |1+ 21| <0, daf <&y < Kaj, 0<e <& ri=p},

where ¢ and ¢ < § will be chosen appropriately small. The evolution of ¥ and X

will be governed by the dynamics of the charts Iy and Ko, respectively.

We now consider the two exit sections defined by

nht = {(%,7”1751,041) 4 a| <o, 0<e <206% 0<r <p, a; =

, 0 <p, e =¢

TR

—

€
ch)gt = {(xbrlagl,al) : |1 +$1‘ <o, % < O(% S

The following lemma describes the flow in the chart Ky for (5.20).

Lemma 3.5.6. There exists & > 0 and ki > 0 such that the following hold for all
c€el,.:

out

(i) For any p,0,0 < ki, the flow maps L7} into L3¢

(i) Fix § < ki. There exists € < § such that for any € < & and any p,o < kF,

the flow maps L1 into L4,

Thus once & > 0 and ki > 0 are fixed as in the above lemma, it is possible to
define the transition map Ilj4 : X — X949 for any p,0,6 < ki. Once § < k7 is
fixed, we may then also define the transition map IIj, : X% — 394t Hence we first
determine the evolution of Il4 (Eﬁ) C Y90 in the chart K4 in order to choose &
appropriately. Then it will be possible to consider the evolution of II;5 (lenz) C 3ou

in the chart /Co.
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3.5.4 Dynamics in 4

Fix a as in Lemma 3.5.6. We desingularize the equations in the new variables and

arrive at the following system

v = —ys + 27+ O(ry)

Yy = €4 (1 + 24+ O(r4))
(5.23)

We think of this system as a singularly perturbed system with two slow variables v,

and r4, one fast variable x4, and singular perturbation parameter 4.

It is possible to define a critical manifold Sy(r4) in each fixed ry slice for r4 € [0, r}]
for some small 7. At r, = 0 this critical manifold can be taken as any segment of
the curve y, = 22 for x4 in any negative compact interval bounded away from 0,
say for x4 € [—zf, —2%] where we can take r§ > 2/a and 0 < z, < 1/2. For each
fixed 4 € [0,77], there is a similar critical manifold for the same range of 4. Define
My to be the union of the curves Sy(ry) over r4 € [0,r;]. Then M is a compact
two-dimensional critical manifold for e, = 0 for the full three-dimensional system.
In addition, provided 7} is sufficiently small, for each fixed 74 the slow flow on Sy(r4)
has a stable equilibrium py(r4) with po(0) = (=1, 1). Figure 3.10 shows the setup for

64:0.

In addition M, has a stable manifold W*(M,) consisting of the planes y, = const.
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T4

Figure 3.10: Shown is the critical manifold My in chart K4 for £4 = 0. Also shown is the ¢4 =0
curve of equilibria pg(r4) for the slow flow on My. The section X} as in the proof of Proposition 3.5.1
is also shown.

In particular, we consider the subset of W*(M,) defined by

Wo :{<x47 Y4, €4, 7’4) : (5 24)

Ty € [—.%i, _x£]7y4 € [(':C£>27 (xi>2]7€4 = 07T4 S [O7TZ]}

It follows from Fenichel theory that the critical manifold M, and its stable man-
ifold W*(My) perturb smoothly for small €4 > 0 to invariant manifolds M., and
W?(M.,). Further, the equilibria py(r4) persist as stable equilibria p,(r4), and in
each fixed ry slice, all orbits lying on W*(M.,) converge to p.,(r4). The dynamics
for ¢4 > 0 are shown in Figure 3.11. In particular, there exists €5 > 0 such that

for 0 < g4 < €}, the set W, perturbs to a set W.,, all points of which converge to

Pe, <T4>'

Using the transition map 14 (5.19), we have in chart K4 that sy (395") is con-
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A y4

S
\

Ty

T4

Figure 3.11: Shown is the perturbed slow manifold M., in chart K4 for 4 > 0. All trajectories
on W#(M,,) converge to pe,(r4).

tained in the set

<

Y

) 1
¥y = {($4,y4,54,7"4) : ’5 + 24

O Q

' (5.25)

0<e4 <29, 0<ry <pa, y4=~—2}a
a

which is shown in Figure 3.10 for ¢4 = 0.

We can now prove the following

Lemma 3.5.7. There exists k such that for any p,d < k} and any o < 1/2, there
exists a curve of equilibria p.,(r4) such that all trajectories crossing the section L2

converge to pe,(r4).

Proof. For any p < r}/& and any o < 1/2, the set X" N {e4 = 0} lies in W,. Thus
by taking § < &}/2, we have that all trajectories passing through X' converge to the
unique equilibrium on the slow manifold M., (r4) for each r4 € (0, p&). Thus taking

kj < min <%, %) proves the result. ]
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3.5.5 Dynamics in

We now fix § < min(kj, kj) and desingularize the equations in the Ky coordinates to

arrive at the following system

th = —ys + x5 + O(r2)

yé =Ty + g + O(r9)
(5.26)

Making the change of variables Ty = zy + a3 and o = yo — a3, we arrive at the

system

T = —y + 5 — 2T900 + O(r2)

gé = JNIQ + O(T’Q)

(5.27)
rh =0
ay =0
For ry = ag = 0, the system is integrable with constant of motion
-~ Lo o (-~ -2, 1
H(Zs,72) = 5¢ g — a5+ 5 ) (5.28)
The function H has a continuous family of closed level curves
" = {(%2, %) : H(&9,72) = h}, he€(0,1/4) (5.29)

contained in the interior of the parabola g = 3 — 1/2, which is the level curve for

h =0 (see Figure 3.12).
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A g, L 0P
\sr T
)/ (@)
L/ T2 s
(a) az =0 (b) aa >0

Figure 3.12: Shown are the dynamics in the chart Ko as well as the section X! for the cases
of ap = 0 and oz > 0. For ap = 0, the orbits are given by the level curves I'" for the function

H(Z2,72)-
For ro = 0, we have that

dH

= 2e 22,72, (5.30)

so that for positive ap, all trajectories in the interior of the parabola g, = 73 — 1/2
converge to the unique equilibrium (%9, 72) = (0,0) corresponding to the maximum

value h = 1/4. For sufficiently small 75, this equilibrium persists, and we denote it

by pa(r2) with p2(0) = (0,0).

Using the transition map 12 (5.18), we have in chart Ky that k19 (395°) is con-

tained in the set

E;n _ {(x2,y2’a2,r2) : —51/2 + 29| < g1/27
1 : 1 (5.31)
2~ _
FiE <02 S i 0 <2 <P yQ_E}’
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which in the coordinates (Z, ¥2) is the set

Ei2n = {(i‘z, gg, g, TQ) .

gl/2

L <ap < L <y < p2E L 2
K1/2_0é2_W,0_7’2_P57 Ya=z a5

We assume that £ < 1/K so that ¥ lies in a region of positive 7. We also define

the set

S5 =25 N {rs =0} (5.33)

We can now prove the following

Lemma 3.5.8. There exists €5 > 0 such that the following holds. For each € < &5,
there exists ki > 0 such that for p < k3 and o < 1/2, all trajectories crossing the

section 5" converge to the equilibrium py(rs) of (5.26).

Proof. 1t suffices to show that for o small enough, all trajectories crossing Eg}o
eventually enter the interior of the parabola g, = 73 — 1/2 when r, = 0 for any
oy € [1/K'?1/6'?]. By a regular perturbation argument, this also holds for small

ro > 0. Thus by taking p sufficiently small we can ensure all points in X' converge

to D2 (7”2) .

For ry = 0 and ay € [1/K'/2 1/6'/?], we consider the flow for points in the set
%5 N{Z3 > g2+ 1/2} (as the other points already lie in the interior of the parabola
i, = ¥2 —1/2). Note that all such points satisfy Zo < —1/4/2. In this region for any

oy € [1/KY21/6'?], we have

1 1 1/2
IZ’IQ > B + (ﬁ) , (534)
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so that any orbit starting in X either reaches #, = —1/+/2 in finite time or enters
the interior of the parabola §j; = 73 — 1/2. The idea will be to show that all orbits
starting in 35 enter the interior of the parabola before reaching zo = —1/ V2. For
an orbit starting in ¥ N {72 > 7, + 1/2} at ¢t = 0 with 75(0) = g, which reaches
Ty = —1//2 at time t = t,, the condition that this orbit has crossed g, = &% — 1/2

is satisfied if g2(t9) > 0. We have

(5.35)

1
—(xo—l——)+g—a§>0 (5.36)

for any initial condition zy of a trajectory in ¥ N {73 > g + 1/2} and any ay €
[1/K*2,1/6Y2]. In particular, this holds for any o < 1/2 and any & < min (63, ﬁ)

oo (531
Therefore we set €5 = min ((5 '3 ﬁ)

Now fix any € < 5. Then all points in EE‘}O converge to the equilibrium for
ro = 0, and there exists rj such that this continues to be true for 0 < ry < 73
and any ¢ < 1/2. Thus for any p < (r3/€)"/2, all points in L converge to the

equilibrium. So we set ki = (1} /&)'/2. O
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Proof of Proposition 3.5.1. To prove the main result, we just need to choose con-
stants appropriately and identify Ay, (p, o) in the chart K. We fix @ and k] as in
Lemma 3.5.6. Then for p,0,6 < ki we have that IIj, (31) C 294, and thus we
may apply Lemma 3.5.7 from §3.5.4. Therefore for any p,d < min(k}, k) and any

o < min(k;, 1/2), all points in X converge to the equilibrium.

We now fix § < min(kj, kj). By Lemma 3.5.6 (ii) for any € < £} and any p, o < k7,
we have that Il (Z‘fg) C X9 and we may apply Lemma 3.5.8 of §3.5.5. We fix
€ < min(é},€5). Then Lemma 3.5.8 gives kj such that for any p < min(k}, k3) and

any o < min(k},1/2), all points in X converge to the equilibrium.

Taking p < min(k}, k3, kf) and & < min(k},1/2), we have the following. For
each p < p and ¢ < &, the union of Ay, (p,0) over a € (0,pa), € € (0, p%€) and
0 < e < Ka? is contained in the union of the sections X% U X and we can apply

Lemmas 3.5.7 and 3.5.8 as just described.

With these choices of &, &, p, &, the result holds on all of D. O]

Proof of Corollary 3.5.2. Fix K > 0. Proposition 3.5.1 then gives p, 7, €, & such that
for all (p,0,e,a) € D, any trajectory crossing A™(p, o) converges to the equilibrium.
We therefore need to show that the parameters can be chosen in such a way as
to continue to satisfy Proposition 3.5.1 with MZ(c,a) crossing A™(p,o). Using

Proposition 3.5.5, we can obtain an expression for M!(c,a) at y = r? = p*:

x = pry = —p+ O(pau, pey, p°)

. (5.37)
= —p + O «, ;7 1Y .

For M!(c,a) to hit A™(p, ), we need |z + p| < op. Provided o < p? and € < p?,
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we have that M(c, a) reaches y = p? at

z=—p+0O(p°). (5.38)

So fix any o < &. Then for any sufficiently small p, we can ensure that M*(c, a) hits

A™(p,0). Fix such a value of p. Now take ey = min(p3, p?€) and choose ag so that

1/2

apc™? < min(p?, p@) for all ¢ € I.. Then the result follows from Proposition 3.5.1.

]



CHAPTER FOUR

Stability of traveling pulses
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4.1 Introduction

The goal of this chapter is to prove the stability of the pulses with oscillatory tails

of Theorem 3.1 which were constructed in §3.

This chapter is organized as follows. The next section is devoted to an overview
of our main results, including their precise statements which are contained in Theo-
rems 4.2 and 4.4. In §4.3, we collect and prove pointwise estimates of the pulses in
the limit € — 0 that will be crucial in our stability analysis, which will be carried out
in §4.4 for the essential spectrum and in §4.5 for the point spectrum of the lineariza-
tion about the pulses: these results are then collected in §4.6 to prove Theorems 4.2

and 4.4 and conclude stability. We illustrate our results with numerical simulations

in §4.7.

4.2 Overview of main results

We consider the FitzHugh-Nagumo system

Up = Ugy + fu) —w, 21)

w = (u — yw),

where f(u) = f(u;a) = u(u—a)(1 —u), 0 <a < 3 and 0 < ¢ < 1. Moreover, we
take 0 < v < 4 such that (2.1) has a single equilibrium rest state (u,w) = (0,0).
Using geometric singular perturbation theory [18] and the exchange lemma [33] one

can construct traveling-pulse solutions to (2.1):

Theorem 4.1 ([8, 34]). There exists K* > 0 such that for each k > 0 and K > K*
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the following holds. There exists g9 > 0 such that for each (a,€) € [0, 5 — K] x (0, &)
satisfying e < Ka? system (2.1) admits a traveling-pulse solution q@a,a(x, t) = ngavg(aﬂr

¢t) with wave speed ¢ = ¢(a, €) approzimated (a-uniformly) by
é:\/i(%—a) + O(e).

Furthermore, if we have in addition e > K*a?, then the tail of the pulse is oscillatory.

This theorem encompasses two different existence results: the well known classical

1

5, and the extension [8] to

existence result [34] in the region where 0 < ¢ < a <
the regime 0 < a,e < 1, where the onset of oscillations in the tails of the pulses
is observed. In the following, we refer to these two regimes as the hyperbolic and

nonhyperbolic regimes, respectively, due to the use of (non)-hyperbolic geometric

singular perturbation theory in the respective existence proofs.

Remark 4.2.1. The singular perturbation parameter € from §3 has been rescaled by
€ — ce. For the purposes of the forthcoming stability analysis, it is more convenient
to work with this rescaled parameter, though we emphasize that the results do not
depend on this distinction due to the fact that ¢ can be bounded below by a positive

constant uniformly in (a,¢).

In the co-moving frame & = x + ¢, the solution ¢a.(€) = (Uge(€), wae(€)) is a
stationary solution to

Uy = uge — Cug + f(u) —w,
(2.2)

wy = —¢we + e(u —yw).

We are interested in the stability of the traveling pulse an,a@, t) as solution to (2.1)

or equivalently the stability of ¢,.(¢) as solution to (2.2). Linearizing (2.2) about
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éa,g(f) yields a linear differential operator £, . on C,,(R, R?) given by

r wo| | uge = Cue+ fuae(€))u —w

w —Cwe + e(u — yw)
The stability of the pulse is determined by the spectrum of £, , i.e. the values A € C

for which the operator £,. — A is not invertible. The associated eigenvalue problem

L, = A\ can be written as the ODE

e = Ao(§, N,
0 1 0 2.3)
Ao(&A) = Ag(§ Xsa,e) = | N — fluac(€) ¢ 1
< 0 —2t=

Invertibility of £,. — A can fail in two ways [49]: either the asymptotic matrix

0 1 0
Ao()\) = Ao(A;a,E) = Aa ¢ 1 ,
e 0 M=

of system (2.3) is nonhyperbolic (A is in the essential spectrum), or there exists a
nontrivial exponentially localized solution to (2.3) (A is in the point spectrum). In
the latter case we call A an eigenvalue of £, . or of (2.3). The spaces of exponentially
localized solutions to (L, — A)1p = 0 or to (2.3) are referred to as eigenspaces and

its nontrivial elements are called eigenfunctions. This brings us to our main result.

Theorem 4.2. There exists by, g9 > 0 such that the following holds. In the setting

of Theorem 4.1, let ¢o-(€) denote a traveling-pulse solution to (2.2) for 0 < & < g
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with associated linear operator L, .. The spectrum of L, . is contained in

{0} U{X € C: Re(\) < —eby}.

More precisely, the essential spectrum of L, . is contained in the half plane Re(\) <
—ev. The point spectrum of L,. to the right hand side of the essential spectrum
consists of the simple translational eigenvalue A\g = 0 and at most one other real

eigenvalue Ay = Ai(a,e) < 0.

Theorem 4.2 will be proved in §4.6. Combining Theorem 4.2 with [15] and [16,

Theorem 2] yields nonlinear stability of the traveling pulse &aﬁ(ﬁ’ ).

Theorem 4.3. In the setting of Theorem 4.2, the traveling pulse g{aa,s(g) s non-
linearly stable in the following sense. There exists d > 0 such that, if ¢(&,t) is a

solution to (2.2) satisfying ||¢(€,0) — ac(€)|| < d, then there exists & € R such that

[6(E 4 €0, 1) — dac(E)]| = 0 as t — oo.

In specific cases we have more information about the critical eigenvalue A of £, ..
In the hyperbolic regime, where a is bounded below by an e-independent constant
ag > 0, the nontrivial eigenvalue \; can be approximated explicitly to leading order
O(g). In the nonhyperbolic regime we have 0 < a,e < 1; if we restrict ourselves to
a wedge Kopa® < € < Ka?, then the second eigenvalue \; can be approximated to
leading order O(¢?/?) by an a-independent expression in terms of Bessel functions.

Thus, regarding the potential other eigenvalue \; we have the following result.

Theorem 4.4. In the setting of Theorem 4.2, we have the following:

(i) (Hyperbolic regime) For each ay > 0 there exists €9 > 0 such that for each

(a,e) € |aop, %—FJ] x (0, g9) the potential eigenvalue Ay < 0 of L, is approximated
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(a-uniformly) by
A = —Me+ O (Jelogel?),

where My = My(a) > 0 can be determined explicitly; see (6.1). If the condition
My < v+ a™! is satisfied, then N\ is contained in the point spectrum of L,

and lies to the right hand side of the essential spectrum.

(11) (Non-hyperbolic regime) There exists £g > 0 and Ko, ko > 1 such that, if (a,€) €
(0,3 — K] x (0,0) satisfies Koa® < e, then the eigenvalue Ay < 0 of Lo lies to

the right hand side of the essential spectrum and satisfies

€23 [ky < M\ < koe?/3.
In particular, if (a,€) € (0,5 —k| x (0,e0) satisfies Koa® < e'** for some o > 0,
then A1 is approzimated (a- and a-uniformly) by

18 — 4 2/3
SR 37) 02/ 4 O (s (24)

where (y € R is the smallest positive solution to the equation

Toaps (3C72) = Js (5¢°7%)

where J,. denote Bessel functions of the first kind.

The regions in (¢, a, e)-parameter space considered in Theorems 4.1 and 4.4 are
shown in Figure 4.1. We emphasize that Theorem 4.4 (ii) covers the regime ¢ > K*a?

of oscillatory tails. Theorem 4.4 will be proved in §4.6.



95

v

1/2

Figure 4.1: Shown is a schematic bifurcation diagram of the regions in (c, a, £)-parameter space
considered in Theorems 4.1 and 4.4. The green surface denotes the region of existence of pulses
in the nonhyperbolic regime, and the blue surface represents the hyperbolic regime. The solid red
curve ¢ = K*a? represents the transition from monotone to oscillatory behavior in the tails of the
pulses. The dashed red curve denotes € = Kpa®; the region above this curve gives the parameter
values for which the results of Theorem 4.4 (ii) are valid.

4.3 Pointwise approximation of pulse solutions

The traveling-pulse solutions in Theorem 4.1 arise from a concatenation of solutions
to a series of reduced systems in the singular limit ¢ — 0. It is essential for the
forthcoming stability analysis to determine in what sense the pulse solutions are
approximated by the singular limit structure. This can be understood best in the

setting of the traveling-wave ODE

Ug = 0,
ve = cv — f(u) +w, (3.1)

g

which is obtained from (2.1) by substituting the Ansatz (u,w)(z,t) = (u, w)(z + ct)
for wave speed ¢ > 0 and putting £ = x + ct. We consider a pulse solution gga@ (&) =

(ta,e(§), war:(§)) as in Theorem 4.1. Equivalently, ¢, .(§) = (ua,a(g),u;75(§),wa75(§))

is a solution to (3.1) homoclinic to (u,v,w) = (0,0,0) with wave speed ¢ = ¢(a, €).
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The singular limit ¢, o of ¢, can be understood via the fast/slow decomposition
of the traveling-wave ODE (3.1). Our main result of this section, Theorem 4.5,
provides pointwise estimates describing the closeness of ¢, and ¢,. in R3. We
begin by defining the singular limit ¢, and stating Theorem 4.5, followed by an
overview of the existence analysis in both the hyperbolic and nonhyperbolic regimes,

and finally the proof of Theorem 4.5.

4.3.1 Singular limit

We separately consider (3.1), which we call the fast system, and the system below

obtained by rescaling é = &€&, which we call the slow system

Eug =,

Note that (3.1) and (3.2) are equivalent for any £ > 0. Taking the singular limit
e — 0 in each of (3.1) and (3.2) results in simpler lower dimensional systems from
which enough information can be obtained to determine the behavior in the full

system for 0 < ¢ < 1. We first set € = 0 in (3.1) and obtain the layer problem

Ug =0,
ve = cv — f(u) +w, (3.3)

w5:0,



97

so that w becomes a parameter for the flow, and the manifold

Moy = {(u,v,w) €ER®: v =0, w= f(u)},

defines a set of equilibria. Considering this layer problem in the plane w = 0 and for
c = ¢(a) = V2(L — a), we obtain the Nagumo system

Ug =,

(3.4)
ve = Cov — f(u).

For each 0 < a < 1/2, this system possesses a heteroclinic front solution ¢¢(§) =
(ug(€),v¢(€)) which connects the equilibria p? = (0,0) and p{ = (1,0). In (3.3) this
manifests as a connection in the plane w = 0 between the left and right branches
of My, when the wave speed ¢ equals ¢y. In addition, there exists a heteroclinic
solution ¢y, (&) = (up(§), vp(€)) (the Nagumo back) to the system

Us =V,

(3.5)
ve = Gov — f(u) +wy,

which connects the equilibria pj, = (uf,0) and p) = (uf,0), where uf = 3(2a — 1)
and ul = 2(1+a) satisfy f(uf) = f(uf) = wi. Thus, for the same wave speed ¢ = &
there exists a connection between the left and right branches of M in system (3.3)

in the plane w = wy.

Remark 4.3.1. The front ¢:(§) can be determined explicitly by substituting the
Ansatz v = bu(u — 1), b € R in the Nagumo equations (3.4). Subsequently, the

back ¢n (&) is established by using the symmetry of f(u) about its inflection point.
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We obtain
ol +
ol - [ T
uy (€4 &)
(3.6)
on(E) = 2(1+a) — uo(& + &np) |
—uy (& + &no)
with
0s(€) = ——— (3.7)
T 67%\/55 + 1’ .

where &0, &0 € R depends on the initial translation. We emphasize that we do not
use the explicit expressions in (3.6) to prove our main stability result Theorem 4.2.
However, they are useful to evaluate the leading order expressions for the second
eigenvalue close to 0; see Theorem 4.4. Here we make use of the explicit formulas

above with & ,&0 = 0, but we could have made any choice of initial translate.

We note that for any 0 < a < 1/2 the heteroclitic orbits ¢; and ¢, connect
equilibria which lie on normally hyperbolic segments of the right and left branches
of M given by

Mp = {(u,0, f(u)) - u € [uy, 1]},
(3.8)

Mb = (0, f(w)) : w € [, 0]},
respectively. However, for a = 0, ¢¢ and ¢y, leave precisely at the fold points on the
critical manifold where normal hyperbolicity is lost (see Figure 4.2). This determines
the distinction in the singular structure between the hyperbolic and nonhyperbolic
cases. Furthermore, we note that for a = 1/2, ¢ and ¢y, form a heteroclinic loop,

but we do not consider this case in this work; see [37].
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Figure 4.2: Shown is the singular pulse for € = 0 in the nonhyperbolic regime (left), the hyperbolic
regime (center), and the heteroclinic loop case [37] (right).

We now set ¢ = 0 in (3.2) and obtain the reduced problem

where the flow is now restricted to the set Mg and the dynamics are determined by
the equation for w. Putting together the information from the layer problem and
reduced problem, there is for ¢ = ¢y a singular homoclinic orbit ¢, obtained by
following ¢, then up My, back across ¢y, then down M3; see Figure 4.2. Thus, we

define ¢, as the singular concatenation

Pa0 = {(05(€),0) : £ € R} U {(d6(€), wy,) : € € R} U MG UM, (3.9)

where Mj and M} are defined in (3.8). Note that ¢, exists purely as a formal

object as the two subsystems are not equivalent to (3.1) for ¢ = 0.
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4.3.2 Main approximation result

In the stability analysis we need to approximate the pulse ¢,. pointwise by its
singular limit ¢,o. More specifically, we will cover the real line by four intervals
Jt, Jpy Jp and Jp. For -values in J, or J, the pulse ¢, .(§) is close to the right or
left branches M} and M§ of the slow manifold My, respectively. For ¢-values in J;
or J,, the pulse ¢, .(§) is approximated by (some translate of) the front (¢¢(),0) or

back (¢, (€),wi), respectively.

To determine suitable endpoints of the intervals J; and J;, we need to find £ € R
such that ¢,.(§) can be approximated by one of the four non-smooth corners of
the concatenation ¢,; see Figure 4.3. By translational invariance, we can define
the ¢ — 0 limit of ¢,.(0) to be (¢¢(0),0). Intuitively, one expects that, since the
dynamics on the slow manifold is of the order O(e), a point ¢, .(Z(¢)) converges to
the lower-right corner of ¢, as long as =(¢) — oo and €Z(¢) — 0 as € — 0; see also
Theorem 4.8. This motivates to choose the upper endpoint of J; to be an a- and
e-independent multiple of —loge. In a similar fashion one can determine endpoints

for Jy,.

We establish the following pointwise estimates for the traveling pulse ¢, .(£) along

the front and back and along the right and left branches of the slow manifold.

Theorem 4.5. For each sufficiently small ag, 090 > 0 and each T > 0, there exists
g0 > 0 and C > 1 such that the following holds. Let ¢,.(§) be a traveling-pulse
solution as in Theorem 4.1 for 0 < & < e, and define =,(¢) := —7loge. There exist

€0y Zae > 0 with & independent of a and ¢ and 1/C < eZ,. < C such that:
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(i) For & € Jp = (—00,2.:(¢)], ¢ar(§) is approzimated by the front with

G (€) — ¢f(()£) < Ce=,(e).

(it) For & € Jy = [Zye — Z:(€), Zae + Z:(2)], ¢ac(§) is approzimated by the back
with

Cba,g(g) - ¢b(£ - Za,a) S C 6:7—(8)’ Zfa Z ao,

wh e2PZ. (), ifa < ay.

(111) For & € Jp = [€0, Zae — &), Pac(§) is approzimated by the right slow manifold
MG with

d(¢a,z—:(£)? MG) S 09-

(iv) For & € Jp = [Zae + &, 00), ¢ac(€) is approzimated by the left slow manifold
M with

d(¢a,a(§)v M(l;) < 0y.

As an immediate corollary, we obtain

Corollary 4.3.2. For each sufficiently small g > 0, there exists eqg > 0 such that the
following holds. Let ¢, . denote a pulse solution to (3.1) in the setting of Theorem 4.1
with 0 < € < g¢. The Hausdorff distance between ¢, and ¢q0 as geometric objects

in R? is smaller than oy.
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Figure 4.3: Shown is the pulse solution ¢, () along with the singular Nagumo front ¢; and back
¢n. The points ¢, (2-(¢)) and ¢q(Z,,. £ E-(¢)) approximate the intersection points of ¢¢ and
ép, with M§ and M§.

4.3.3 Overview of existence results

In this section, we give an overview of the existence results for the pulses considered

in this chapter which are necessary in proving Theorem 4.5.

Theorem 4.1 combines the classical existence result for fast pulses as well as an
extension to the regime of pulses with oscillatory tails proved in [8]. We begin by
introducing the classical existence result and its proof in the context of geometric
singular perturbation theory and then proceed by describing how to overcome the
difficulties encountered in the case 0 < a,e < 1. We refer to these cases as the

hyperbolic and nonhyperbolic regimes, respectively.

Hyperbolic regime

The classical result is stated as follows
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Theorem 4.6. For each 0 < a < 1/2, there exists g9 = go(a) > 0 such that for
0 < e <egg system (2.1) admits a traveling-pulse solution with wave speed ¢ = ¢(a, €)

satisfying

da,e) = V2 (L —a) + O(e).

The above result is well known and has been obtained using a variety of meth-
ods including classical singular perturbation theory [26] and the Conley index [6].
We describe a proof of this result similar to that in [34], using geometric singular

perturbation theory [18] and the exchange lemma [33].

It is possible to construct a pulse for € > 0 as a perturbation of the singular struc-
ture ¢, given by (3.9) as follows. By Fenichel theory the segments M} and M}
persist for € > 0 as locally invariant manifolds M” and MZ. In addition, the mani-
folds W* (M) and W* (M) defined as the union of the stable and unstable fibers,
respectively, of M{ persist as locally invariant manifolds W>" and W". Similarly
the stable and unstable foliations of M} persist as locally invariant manifolds Ws*
and W*f. By Fenichel fibering the manifold W** coincides with W?(0), the stable
manifold of the origin. The origin also has a one-dimensional unstable manifold
W{(0) which persists for e > 0 as W¥(0). By tracking W*(0) forwards and W?(0)
backwards, it is possible to find an intersection provided that ¢ & ¢; is chosen appro-
priately. The exchange lemma is needed to track these manifolds in a neighborhood
of the right branch M7, where the flow spends time of order e~!. There exists for
any r € Zs( an e-independent open neighborhood Ug of ML and a C"-change of

coordinates V. : Uy — R3, depending C"-smoothly on ¢, in which the flow is given
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by the Fenichel normal form [18, 33]

U =—-ANU,V,W;c¢,a,e)U,
V' =T(U,V,W:c,a,e)V, (3.10)

W'=e(l1+ H(U,V,W;c,a,e)UV),

where the functions A, I' and H are C", and A and I' are bounded below away from
zero. In the local coordinates M7 is given by U = V = 0, and WX*" and W™ are
given by U = 0 and V' = 0, respectively. We assume that the Fenichel neighborhood

contains a box

U.(Up) D {(U,V,W): U,V € [-A,Al,W € [-A, W* + A}, (3.11)

for W* > 0 and some small 0 < A < W*, both independent of €. The exchange
lemma [33] then states that for sufficiently small A > 0 and ¢ > 0, any sufficiently
large T, and any |Wy| < A, there exists a solution (U (&), V(€), W()) to (3.10) that
lies in V. (Ug) for € € [0,T] and satisfies U(0) = A, W(0) = Wy, and V(T') = A and
the norms |U(T)|, |V (0)],and |W (T) — Wy — eW*| are of order e~47 for some g > 0,

independent of €.

We now track W¥(0) and W?(0) up to the neighborhood Ug of M! and determine
how they behave at U = A and V' = A. This gives a system of equations in ¢, T, ¢
which can solved for ¢ = ¢(a,e) = éy(a) + O(e) to connect W¥(0) and W2(0) via a
solution given by the Exchange lemma, completing the construction of the pulse of

Theorem 4.6. The full pulse solution ¢, . is shown in Figure 4.3.
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Nonhyperbolic regime

We now move on to the case 0 < a,¢ < 1. For certain values of the parameters
a, e, the tails of the pulses develop small oscillations near the equilibrium. These
oscillatory tails are due to a Belyakov transition occurring in the linearization of (3.1)
about the origin where the two stable real eigenvalues collide and split as a complex
conjugate pair. In [8], it was shown that for sufficiently small a,e > 0 this transition

occurs when
a? 3
5:Z—|—(’)(a), (3.12)

and the following result capturing the existence of pulses on either side of this tran-

sition was proved.

Theorem 4.7. [8, Theorem 1.1] There ezists K*, i1 > 0 such that the following holds.
For each K > K*, there exists ag,e9 > 0 such that for each (a,e) € (0,aq) x (0,&p)
satisfying € < Ka?, system (2.1) admits a traveling-pulse solution with wave speed

¢ = ¢(a,e) given by
Ha,e) = V3 (5 —a) - is + Ofe(a + <)),

Furthermore, for ¢ > K*a?, the tail of the pulse is oscillatory.

Remark 4.3.3. In fact, by the identity (3.12), the constant K* > 0 in Theorem 4.7

can be any value larger than 1/4.

The difficulties in the proof of Theorem 4.7 arise from the fact that the pulses
are constructed as perturbations from the highly singular limit in which a = ¢ =0

(see Figure 4.2). In this limit, the origin sits at the lower left fold on the critical
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manifold My, and the Nagumo front and back solutions ¢¢), leave M§ and M;,
precisely at the folds where these manifolds are no longer normally hyperbolic. Near
such points, standard Fenichel theory and the exchange lemma break down, and

geometric blow-up techniques are used to track the flow in these regions.

However, away from the folds, standard geometric singular perturbation theory
applies, and many of the arguments from the classical case carry over. Outside
of neighborhoods of the two fold points, the manifolds M} and M persist for
e > 0 as locally invariant manifolds M” and M’ as do their (un)stable foliations
WSE WL W YW The origin has a strong unstable manifold WW*(0) which per-
sists for € > 0 and can be tracked along M through the neighborhood Uy given
in (3.11) via the exchange lemma into a neighborhood Ur of the upper right fold
point. The stable foliation W2¢ of the left branch can be tracked backwards from
a neighborhood of the equilibrium to a neighborhood of the upper right fold point.
Constructing the pulse solution then amounts to the following two technical difficul-
ties. First, one must find an intersection of W*(0) and W#* near the upper right fold
point. Second, since the exponentially attracting properties of the manifold W3¢ are
only defined along a normally hyperbolic segment of M, the flow can only be tracked
up to a neighborhood of the equilibrium at the origin. Hence additional arguments
are required to justify that the tails of the pulses in fact converge to the equilibrium
upon entering this neighborhood. Overcoming these difficulties is therefore reduced
to local analyses near the two fold points. We provide a few details regarding the

flow in these regions which will be useful in the forthcoming stability analysis.

We begin with the upper right fold point; by the exchange lemma the manifold
W(0) is exponentially close to ML upon entering an a- and e-independent neighbor-
hood Uy of the fold point. The goal is therefore to track M? and nearby trajectories

in this neighborhood. The fold point is given by the fixed point (u*,0,w*) of the
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layer problem (3.3) where
u*:%(a—i—l—i—\/az—a—i—l),

and w* = f(u*). The linearization of (3.3) about this fixed point has one positive
real eigenvalue ¢ > 0 and a double zero eigenvalue, since f/'(u*) = 0. As in [8] we can
perform for any r € Z-y a C"-change of coordinates ®.: Ur — R3 to (3.1), which
is C"-smooth in ¢, a and ¢ for (¢, a, e)-values restricted to the set [¢y(ag), ¢o(—ag)] X
[—ao, ao] X [—€o, €0}, where ag, g9 > 0 are chosen sufficiently small and &y(a) = v2(3 —

a). Applying ®. to the flow of (3.1) in the neighborhood U of the fold point yields

' =0 (y+ 2* + hz,y,6¢,a)),
y/ = 9059<x7 Y,&e5¢, a)a (313)

7 =z(c+0(x,y,2¢)),

where

o =—(a°—a+ 1)1/6 (u* — mu*)l/3 > 0, (3.14)

1
c

uniformly in |a| < ag and ¢ € [¢y(ap), ¢o(—ap)], and h, g are C"-functions satisfying

h(:l:, y? 8; C7 a) = 0(67 :Cya y27 x?’)?

g(x7y7 8;07 a) = 1 + O('T7y7 8)7

uniformly in |a| < ag and ¢ € [¢o(ap), ¢o(—ap)]. The coordinate transform ®. can be
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decomposed in a linear and nonlinear part

U U U U
.| v =N v — 0 +o. | v |,
w w w* W

where the nonlinearity ®, satisfies ®.(u*, 0, w*) = 0®.(u*,0,w*) = 0 and the linear

part NV is given by

-5 8 4
u*
N:a(pg O = O O B_C2 ?
w*
0 ¢ =

where

Br=(a®>—a+ 1)1/3 (u* —yw*) ™% >0,

Bo=c(a®>—a+ 1)1/6 (u* —qw*) " > 0,

uniformly in |a| < ag and ¢ € [¢y(ag), ¢o(—ap)]. Finally, there exists a neighborhood

Uy C R3? of 0, which is independent of ¢, a and &, such that U} C O.(Ur).

In the transformed system (3.13), the x,y-dynamics is decoupled from the dy-
namics in the z-direction along the straightened out strong unstable fibers. Thus, the
flow is fully described by the dynamics on the two-dimensional invariant manifold
z = 0 and by the one-dimensional dynamics along the fibers in the z-direction. On
the invariant manifold z = 0, for € = 0 we see that the critical manifold is given by
{(x,y) : y+2*+ h(z,y,0;c,a) = 0}, which is a approximately a downwards-opening
parabola. The branch of this parabola for x < 0 is attracting and corresponds to the

manifold Mj. We define M6’+ to be the singular trajectory obtained by append-
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Figure 4.4: Shown is the flow on the invariant manifold z = 0 in the fold neighborhood Ur. Note
that z increases to the left.

ing the fast trajectory given by the line {(z,0) : x > 0} to the attracting branch
MG of the critical manifold. We note that M6’+ can be represented as a graph
y = so(x). In [8] it was shown that, for sufficiently small ¢ > 0, My™ perturbs to
a trajectory M2t on z = 0, represented as a graph y = s.(z), which is a-uniformly

C% — O (e%/3)-close to Mg™ (see Figure 4.4).

In addition, we have the following estimates on the flow in the invariant manifold
z = 0. For each sufficiently small p, o0 > 0, we define the following sections on z = 0.

Let Z.(c,a) denote the z-value at which the manifold M7 intersects y = —p?, and

define

Y =% (p,0) = {(i.(c,a) + o, —p?) : 0 < |xo| < ope},

2 =%%p) ={(p,y) : y € R}.

Proposition 4.3.4. For each sufficiently small p,o > 0, there exists ag,e9 > 0
such that for (a,e) € (0,a0) x (0,e9) the following holds. The flow of (3.13) on
the invariant manifold z = 0 maps XL(p, ) into X°(p). In addition, a trajectory T

starting at © = T.(c,a) + xo in XL satisfies

(i) Between Xt and 3° we have that T is O(zg)-close to the manifold MZF. In

particular, we have, along T between 3¢ and 3°, the bound |y — s.(x)| < C|zo|
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for some constant C > 0 independent of a and €.

(i) There exist constants k;,l;; > 0, independent of p,o,a and €, such that, along
[ between i and X°, we have z’ > (l;:/p)s Furthermore, define the function

©: (—Qp,00) = R by

( 172/3(§C3/2)—12/3(§C3/2>

Vs Bem TG
0(¢) = h

\/_—<J2/3 (%(*4)3/2)*J72/3 (%(*4)3/2>

Tys(5022)+T1 5 (5(-0%2)

if ¢ >0

[\

if <0

\

where J, and I, denote Bessel functions and modified Bessel functions of the
first kind, respectively, and €y denotes the first positive zero of Ji3 (§C3/2) +
J_1/3 (%C?)/Q). Then, © is smooth, strictly decreasing and invertible and along

[' we approximate a-uniformly
7 =0y (22 — 07" (ze ) %) + O(e), for 0 < |z| < ke'/?,

where 6y is defined in (3.14).

Proof. In [8], using geometric blow-up techniques it was shown that between the sec-
tions $¢ and ¥°, the manifold M2 is O (e%/3)-close to Mg™ and can be represented

as the graph of an invertible function y = s.(x).

We consider the flow of (3.13) on the invariant manifold z = 0. We rescale t = 6y
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and append an equation for e, arriving at the system

d

o=yttt hlzy.sca)

% =eg(z,y,¢;¢,a), (3.16)
de

dt

The blow up analysis in [8] makes use of three different rescalings in blow up charts
K1, Ko, K3 to track solutions between 3¢ and Y°. The chart K is described by the

coordinates

T =rr, Y= —r%, €= 7’?81, (3.17)

the second chart Ky uses the coordinates
_ _ 2 _ .3
T =Toly, Y= —TyYs, E=T5, (3.18)
and the third chart K3 uses the coordinates
_ 2 _ .3
T =Ty, Y=-Tiys, E=T;cs. (3.19)
In each of the charts Ky, Ky, and K3, we define entry/exit sections

PILLEES {(a:l,rl,sl) 0<e1<0,0< {xl — p_lsa_l(—pgﬂ < opler,r = p} ,
S0 = {(z1,m,61) 161 =6,0 < |z — vyt sT (=) < 0r$6,0 <y < p},
25t = {(w, 42, 72) :

0< |zy— 7“2_13;1(—5_2/37’3)‘ <opP0?B =072 0<r, < p51/3} ,
yout = {(arg,yg,rg) e =03 0<ry < p51/3},
S5 = {(rs, ys3.€3) 1 0 <713 < p,ys € [0, B],e3 = 0},

Zgut = {(7"3,2/3,53) T3 =p,Ys € [_ﬁaﬁ]vg?) € (075)}7
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for sufficiently small 3,8, 0, p > 0 satisfying 2Q40%/3 < /3, where € is the smallest

positive zero of
Toays (32%7%) + s (32°%)

with J, Bessel functions of the first kind. The set {(x,y,¢) € R3: (x,y) € Xi(p,0),c €
(0, p30)} equals X7 in the K coordinates (3.17). Moreover, 3" is contained in the
set {(z,y,¢) € R : (z,y) € X°}, when converting to the K3 coordinates (3.19). In [8,

§4], it was shown that the flow of (3.16) maps X/ into 3$“* via the sequence
57— NP = B — B3 = B — 557,

taking into account the different coordinate systems to represent % and X¢“* for
i = 1,2,3. The estimates on the flow between the various sections obtained in [8]

enable us to prove (i) and (ii):
The proof of (i) follows from the proof of the estimates in [8, Corollary 4.1].

For (i), we begin with the lower bound 2’ > (k/p)e. Between the sections X"
and X9, the existence of such a k > 0 follows from the proof of [8, Lemma 4.2]. In

addition by [8, Lemmata 4.3, 4.4], by possibly taking k smaller, the flow satisfies
d . ~
2 = eod—”ti > ke3> (k/p)e,

between the sections 25" and 23*.

1/3

Finally, for any sufficiently small k, for 0 < |z| < ke'/? we are concerned with the

flow in the chart Ky between the sections 35" and 3%, In the ICy coordinates (3.18),
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the flow takes the form

dxs B
dty

dys
dty
drs
dty

= -1+ O(TQ), (320)

where t, = rot. We quote a few facts from [8, §4.6]. Between the sections Y4
and 9" the manifold MZ" can be represented as the graph (xq, sa(x2;72)) of a
smooth invertible function ys = s9(x2;72) smoothly parameterized by ry = el/3 with
So(xe;re) = S9(22;0) + O(rg). Furthermore, using results from [42, § I1.9], we have
that sy(r2;0) = ©7!(zs), where the function © is defined in (3.15). The function
© is smooth, strictly decreasing and maps (—€), 00) bijectively onto R. By part (i)
above, we deduce that along I between 25" and 29| we have |ya—so(wa;12)| = O(rs).

Hence we compute

g
dt
- 03
= o (x2 yg) +0 (r;”)
= forj (w3 — O (22)) + O (13)
=0y (22 — 2207 (ze7%)) + O(e),
which concludes the proof of assertion (ii). 0

By tracking solutions close to M2 it is possible to find a solution which connects
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WH(0) and W3¢ near the fold. For small 25 > 0, we define the sections

S = S0(p, 00 20) = {(2,9,2)  (2,9) € ZL(p,0), 2 € [0, 0]},
(3.21)

YO =3 (20) == Up N {z = 2}
We remark that for each sufficiently small p, g, zp > 0, it is always possible to choose
the fold neighborhood Up and the Fenichel neighborhood Ug so that they intersect

in a region containing the section ¥™. We have the following by [8, Proposition 4.1,

Corollary 4.1 and §5.5].

Proposition 4.3.5. There exists u > 0 such that for each sufficiently small o, p, zg >
0 there exists ag,e0 > 0 such that the following holds. For each (a,e) € (0,a) X

(0,e0), there exists ¢ = ¢(a,e) satisfying
da,e) = V2 (3 —a) — pe+ O(e(a+¢)),

such that in system (3.1) the manifolds W*(0) and W2* intersect. Denote by do.c(€)
the solution to (3.1) lying in W*(0)NW2E. The solution ®.(¢pa.(€)) to system (3.13)
enters the fold neighborhood Uy via the section X7 (p, 0, 29) and exits via 3°"(z).
The intersection point of ®.(¢a-(€)) with X% is a-uniformly O(c?/?)-close to the
intersection point between 3°“ and the back solution ®o(pn(€), wi) to system (3.13)

at e = 0.

We note that by taking p,o, 2y > 0 smaller, it is possible to ensure that the
solutions considered in Proposition 4.3.5 pass as close to the fold as desired, at the

expense of possibly taking ag, ey smaller.

After finding an intersection between W*(0) and W2*, it remains to show that

solutions on the manifold W** converge to the equilibrium. As previously stated,
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using standard geometric singular perturbation theory arguments, it is possible to
track W% into a neighborhood of the origin, but more work is required to show
that the tail of the pulse in fact converges to the equilibrium after entering this

neighborhood. We have the following result which follows from the analysis in [8,

§6).

Proposition 4.3.6. For each K > 0 and each sufficiently small oy > 0, there
exists ag, €9, dg > 0 such that the following holds. For each (a,e) € (0,a9) x (0,0)
satisfying € < Ka?, the equilibrium (u,v,w) = (0,0,0) in system (3.1) is stable with
two-dimensional stable manifold W2(0). Furthermore, any solution on W' which
enters the ball B(0,00) at a distance dy from M. lies in the stable manifold W2 (0)

and remains in B(0, 0q) until converging to the equilibrium.

Theorem 4.7 then follows from Propositions 4.3.5 and 4.3.6.

Main existence result

Combining Theorems 4.6 and 4.7, we obtain Theorem 4.1, repeated here for conve-

nience, which encompasses both the hyperbolic and nonhyperbolic regimes.

Theorem 4.1. There exists K* > 0 such that for each kK > 0 and K > K* the
following holds. There exists €0 > 0 such that for each (a,e) € [0,3 — &] x (0,&0)

satisfying e < Ka® system (2.1) admits a traveling-pulse solution o -(2,t) == (g (z-+

¢t) with wave speed ¢ = ¢(a, ) a-uniformly approximated by
¢=V2(}—a)+0().

Furthermore, if we have in addition ¢ > K*a?, then the tail of the pulse is oscillatory.
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Proof. We take K* > i and fix K, k satisfying K > K* and k > 0. From Theorem 4.7
we obtain constants ag,cg and a traveling pulse for each (a,e) € (0,a9) x (0,e)
satisfying ¢ < Ka?, where the pulses for K*a? < ¢ < Ka? have oscillatory tails.
By shrinking ¢y > 0 further if necessary, Theorem 4.6 yields the existence of pulse
solutions for each (a,¢) € [ag, 3 — K] % (0, 20), where we use that [ag, 2 — ] is compact

to ensure g9 > 0 is independent of a. O]

4.3.4 Proof of Theorem 4.5

In this section, we provide a proof of Theorem 4.5; we take care to separate the cases
corresponding to Theorem 4.6 and that of Theorem 4.7 in which the pulse passes by

upper fold.

The estimates in Theorem 4.5 follow from standard Fenichel theory and the fold
estimates along with the following argument from [14, 29]. Recall from §4.3.3 that in
the e-independent neighborhood Uk of ML, there exists a C"-change of coordinates
U, : Up — R? in which the flow is given by the Fenichel normal form (3.10). Here
we have that M! is given by U = V = 0, W*" and W?" are given by U = 0
and V' = 0, respectively, and the open Fenichel neighborhood W.(Ug) contains a
box {(U,V,W) : U,V € [-A,Al,W € [-A, W* + A]} for W* > 0 and some small
0 < A < W* both independent of . We define the following entry and exit

manifolds

Ny ={(U,V,W):U=AVe[-AA,W e [-A,A]},

No = {(U,V,W) UV € [-A, A, W = Wy},

for the flow around the corner where 0 < W, < W*. We make use of the following
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theorem, based on a result in [14].

Theorem 4.8 ([14, Theorem 4.1]). Assume that Z(¢) is a continuous function of e
into the reals satisfying

imZ=(e) = ime=(e) = 0. 22
lim ZE(e) = oo, ll_r}(l]e (e)=0 (3.22)

e—0

Moreover, assume that there is a one-parameter family of solutions (U,V,W)(&, ")
to (3.10) with (U, V,W)(&1,¢) € Ny, (U, V,W)(&(e),e) € Ny and lim,_,o W (&1, ¢) =

0 for some &1,&(e) € R. Let Uy(§) denote the solution to
U' = —-A(U,0,0;¢,a,0)U, (3.23)

satisfying Ug(€1) = A + Uy where |Uy| < A. Then, for e > 0 sufficiently small, we

have that

[(U.V.W)(E.8) = (Us(€), 0,0 < C (2(e) + 1Tl + W (1. 2)l) , for € € [61,E(e)),

where C' > 0 is independent of a and ¢.

Proof. This proof is based on an argument in [14]. In the box
Us = (U V,W): UV € [-A, AL W € [-A, W* + A},
for sufficiently small ¢ > 0, there exist constants a/* > 0 such that

0<ao® <AWUV,W;c,a,e) <o,

0<o” <I(UV,W;c,a,¢) < al,
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We first consider the V-coordinate. For any & > &, we have
V(€] = [V (&) e 4,
Since V(&) € Ny, we also have

V()] < Ae— % (&=&)

We note that since the solution enters U}, via Ny and reaches Ny at & (¢), using the
equation for W in (3.10), we have that & () satisfies &(e) > (Ce)~t. Therefore,

using the upper bound on I' we have that
, , , 1
V()] < Ae—0t&etaii—(af—a)a < Ce Cs,
for £ € [£1,Z(e)].
The solution in the slow W-component may be written as
3
W(§) =W(&,e) +/ e(1+ H(U(s),V(s),W(s),c,a,e)U(s)V (s))ds,

&1

from which we infer that

(W (&) —W(&,e)| < Ce(§ — &) < CeE(e), for € € [61,=(e)],
and hence

(W()] < CeE(e) + [W(&,e)], for § € [6,E(e)].

Finally we consider the U-component. We have that the difference (U (&) —Uy(§))
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satisfies

U —Uy=—(ANU,V,W,c,a,e)U — AUy, 0,0, ¢,a,0)Up)

=—A(U0o,0,0,¢,a,0)(U —Up) + O (e +|U —=Up| +|V|+ W] U.

with U(&) — Up(&) = Uy where |Up| < A. By possibly taking A smaller if necessary
and using the fact that the rate of contraction in the U-component is stronger than

a®, we deduce that (U(&) — Uy(§)) satisfies a differential equation
X'=bi(O)X +bs(8), X(&) = U,
where b (§) < —a® /2 < 0 and
[b2(6)] < O (E(e) + [W (&1 €)]) e,
for £ € [£1,Z(¢)]. Hence, it holds

U(€) = Uo(&)] < C (c2(e) + 106l + W (&,9)])

for £ € [£1,E(¢)], which completes the proof. O]

Remark 4.3.7. We note that Theorem 4.8 extends the result [14, Theorem 4.1] to
account for the following minor technicalities. Firstly, the estimates obtained along
the singular ¢ = 0 solution are shown to hold along the entire interval [{1,Z(€)]
rather than just at the endpoint & = Z(g). Second, we allow for an error Uy in the
case that the solution in question does not arrive in Ny at the same time & as the
singular solution Uy. Finally, no assumptions are made on the entry height W (&y,¢€)
other than continuity in € with lim._,o W (&1,€) = 0. This is necessary to deal with the

@ (82/3) estimates along the back arising from Proposition 4.5.5 in the nonhyperbolic
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regime.

Proof of Theorem 4.5. We note that =,(¢) := —7loge satisfies condition (3.22) in

Theorem 4.8 for every 7 > 0.

We begin by showing (i). By standard geometric perturbation theory and the
stable manifold theorem, the solution ¢, () is a-uniformly O(e)-close to (¢¢(£),0)
upon entry in N; at & = O(1). We apply the coordinate transform W, in the
neighborhood Ug of MZ, which brings system (3.1) into Fenichel normal form (3.10).
For ¢ = 0, the orbit (¢¢(£),0) converges exponentially to the equilibrium (pf,0)
and hence lies in W?*(MyJ). Therefore, we have that Wy(¢¢(€),0) = (Up(€),0,0),
where Up(€) solves (3.23). We denote (Upe(€), Vae(€). War(€)) = Ua(60e(€)). By
Theorem 4.8 we have || (Un(€), Vae(€), Wan (E)) — (Un(€). 0.0)]| < CeZ,(2) for €
&, Z2-(€)]. Since the transform W, to the Fenichel normal form is C"-smooth in ¢,
we incur at most O(e) errors when transforming back to the (u,v,w)-coordinates.
Therefore, ¢, (§) is a-uniformly O (¢2,(¢))-close to (¢¢(£),0) for € € [&, Z,(¢)] and

we obtain the estimate (i).

We now prove (ii). From Proposition 4.3.5, for each sufficiently small ay > 0
we have that for 0 < a < ag the solution ¢, . leaves the neighborhood Ug of the
slow manifold M" after passing the section ¥, defined in (3.21), where the flow
enters the neighborhood Ur governed by the fold dynamics. With appropriate choice
of the neighborhood Ug, the case a > ag bounded away from zero is covered by
standard geometric singular perturbation theory and the exchange lemma. Hence

the estimate (ii) is split into two cases.

We first consider the case a > ag in which the classical arguments apply. In

this case, the pulse leaves M via the Fenichel neighborhood U, where the flow is
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governed by the Fenichel normal form (3.10). By taking Z,. = O4(e™!) to be at
leading order the time at which the pulse solution exits the Fenichel neighborhood
Ug of M along the back and treating the flow in a neighborhood of the left slow

manifold M? in a similar manner, the estimate (ii) follows from a similar argument

as (i).

We now consider the case a < ag in which ¢, . leaves Ug via the fold neighborhood
Ur. We apply the coordinate transform ®.: Uy — R? in the neighborhood Up
bringing system (3.1) into the canonical form (3.13); see §4.3.3. Take Z,. = O,(¢™ 1)
to be at leading order the time at which the pulse solution exits the a- and e-
independent fold neighborhood U} C ®.(Ur) via the section X%, defined in (3.21);
that is, we assume ®P.(¢,c(Zoe — &)) € L, where &, = O(1). We begin with

establishing (ii) on the interval Jy, _ = [Z,. — Z,(€), Zae — &b)-

The back solution (¢y(£),w) to system (3.3) converges exponentially in back-
wards time to the equilibrium (pi,wi) € Mj lying O(a)-close to the fold point
(u*,0,w*). Therefore, the equilibrium (p{,w{) is contained in Up, for a > 0 suffi-
ciently small. Thus, transforming to system (3.13) for ¢ = 0 yields ®o(p}, wi) =
(b, Y, 0), where x, < 0 and the equilibrium (xp,yp) lies on the critical manifold

r={(z,y):x <0,y+2*+h(z,y,0,¢a) =0} of the invariant subspace z = 0. In
addition, ®y(¢n(£),w) equals the solution (z, yp, 21,(€)) to (3.13) for € = 0, where

we gauge 2,,(€) so that (zy, yp, 2p(—&p)) € L.

Recall that by Proposition 4.3.5 ®.(¢,.(£)) enters the fold neighborhood Uy
via the section X and leaves via the section X% at & = Z,. — &,. Since the
y-dynamics in (3.13) is O(e), one readily observes that ¢,.(§) lies in Up for & €
Jo— = [Zoe — Z:(€), Zae — &)]. We claim that the pulse solution ®.(¢,.(§)) =
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(xa,e (6)7 Ya,e (5), Zae (f)) satisfies
Hq)E(Qba,e(f)) - ®0(¢b(€ - Za,z—:)’wtl))” S 052/357-(8), for f € Jb’,. (324)

By Proposition 4.3.5, ®(¢gc(Zoe — &) € X lies a-uniformly O (82/3)—close to
Do (o (—&p), wi) € Lo, Hence, it holds

®E (¢a,&(Za,£ - gb)) = (.Tb + O (52/3> , Ub + O (52/3) ,Zo> s (325)

a-uniformly, for some zy > 0. First, since (1, y) lies on the critical manifold Mg,
we have z;, < 0. So, by (3.25) it holds z,.(Z,. — &) < Ce?3. Second, Proposi-
tion 4.3.4 (ii) yields 7, (§) > 0 for £ € J,, _. Combining these two observations, we
establish @, (&) < Ce?3 for € € J;, . Hence, by Proposition 4.3.4 (i) (24.:(€), Yac(€))
is O(e%/3)-close to {(z,y) : y + 2% + h(x,y,¢,¢,a) = 0} for £ € J,_. Thus, one ob-
serves directly from equation (3.13) that |z} (€)] < Ce*? and |y, .(§)| < Ce for

§ € Jy,—. Therefore, starting at { = Z,. — &, and integrating backwards, we have

Za,s_gb
%a,e(§) = Tae(Zae — &)l < / Ce*Pdt < Ce*P2,(¢)
P (3.26)
|ya,e(§) - ya,s(Za,a - éb)| S / Cedt S C8ET(€),
§

for £ € Jy—.

Define 2,(§) := 2p(§ — Zae). In backwards time, trajectories in (3.13) are expo-
nentially attracted to the invariant manifold z = 0 with rate greater than ¢/2 by
taking Up smaller if necessary. Note that ¢(a,e) is bounded from below away from

0 by an a-independent constant. Since (xp,yp, 2p(§)) solves (3.13) for € = 0 the



123
difference z,.(§) — 2, (&) satisfies on J, —

Z;,E - ZII) = (é + O<xa,€7 Ya,er Zaer Thy Yb, Zbu 8)) (Za,s - gb)

+ O ((’xa,s — x| + |ya,s —Yp| +€) <|Za,s| +[2v]))

suppressing the {-dependence of terms. Hence, using (3.25), (3.26) and the fact that
in backwards time Z,(§) and z,.(§) are exponentially decaying with rate ¢/2, we

deduce that z, . — 2,(§) satisfies a differential equation of the form
X' =01(X +b2(8), X(Zae—&) =0,
where by (§) > ¢/2 > 0 and
bo(6)] < Oz, (e)e P02
for £ € J,—. Hence, we estimate

|20, (€) = 2(&)] < CE*PE,(e).

for £ € J,_. Combining this with (3.25) and (3.26), we have that (3.24) holds.
Hence, since the transform ®. is C"-smooth in a and ¢, the pulse solution ¢, () is
a-uniformly O (¢2/°Z,(¢))-close to the back (¢,(€),wi) and the estimate (i) holds

for £ € Jy— =[Zoe — E:(€), Zae — &b)-

We now follow ¢, . along the back into a (Fenichel) neighborhood of M‘. Upon
entry, @q.(€) is a-uniformly O (£%/%)-close to (¢, (£), w)). Combining this with an-
other application of Theorem 4.8, the estimate (ii) follows for & € J, . = [Z,. —

§b7 Za,s + ET(€>]
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By taking the a- and e-independent neighborhoods Ur and Uy smaller if necessary
(and thus taking ag,eq > 0 smaller if necessary) and setting &, sufficiently large
independent of a and e, we have that ¢,.(£) lies in the union Ur U Up for £ €
0, Za- —&o]. Hence we obtain (iii) along the right branch Mj. Along the left branch

M, a similar argument combined with Proposition 4.3.6 gives the estimate (iv). O

4.4 Essential spectrum

In this section we prove that the essential spectrum of £, . is contained in the left half
plane and that it is bounded away from the imaginary axis. Moreover, we compute
the intersection points of the essential spectrum with the real axis. Explicit expres-
sions of these points are useful to determine whether there is a second eigenvalue of

L, to the right of the essential spectrum.

Proposition 4.4.1. In the setting of Theorem 4.1, let qgaa(f) denote a traveling-
pulse solution to (2.2) with associated linear operator L, .. The essential spectrum
of L, is contained in the half plane Re(\) < —min{ey, a}. Moreover, for all A € C
to the right of the essential spectrum the asymptotic matriz Ay(\) = Ag(X;a,e) of
system (2.3) has precisely one (spatial) eigenvalue of positive real part. Finally, the

essential spectrum intersects with the real axis at points

—ta— ey 1/(e7 —a)? — 4, for a > ey +24/e, 1)
A= 4.1

—ey+ & — 3 /(22 —ey+a)> — (ey —a)® +4e, fora <ey+2yE

Proof. The essential spectrum is given by the A-values for which the asymptotic

matrix Ag(\) of system (2.3) is nonhyperbolic. Thus we are looking for solutions
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AeCto
0 = det(Ag(\) — i7) = A (—iT — 2E2) 4 £, (4.2)
with 7 € R and A := —7%2 — &7 —a — \. For all 7 € R and Re()\) > —a we have

that Re(A) < 0. For Re(\) > —a we rewrite (4.2) as

A= —ve+eA™l —icér.

Taking real parts in the latter equation yields Re(\) < —~ve. This proves the first

assertion.

One readily observes that for sufficiently large A\ > 0, the asymptotic matrix
flo()\) has precisely one unstable eigenvalue. By continuity this holds for all A € C

to the right of the essential spectrum. This proves the second assertion.

For the third assertion we are interested in real solutions A to the characteristic

equation (4.2). Solving (4.2) yields

2\ = —ey — 2i¢T — 7> —a %+ /(67 — a)? — 4e + 74 — 2(ey — a)72. (4.3)

Note that the square root in (4.3) is either real or purely imaginary. If the square
root in (4.3) is real, it holds 0 = Im(\) = ¢ yielding 7 = 0. We obtain two real
solutions given by (4.1) if and only if (ey — a)? — 4e > 0. If the square root in (4.3)

is purely imaginary it holds

0=2Im(\) = =267 £ \/—(ey — a)? + 4 — 74 + 2(ey — a)72,

2\ = 2Re(\) = —ey — 7% — a,
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yielding

= 2P+ ey —at /(22 —ey+a)? — (ey — a)? + 4e.

2

Since we have 7% > 0, we obtain one real solution given by (4.1) if and only if

(ey—a)* —4e < 0. O

4.5 Point spectrum

In order to prove Theorem 4.2, we need to show that the point spectrum of £, . to
the right of the essential spectrum consists at most of two eigenvalues. One of these
eigenvalues is the simple translational eigenvalue A = 0. The other eigenvalue is
real and strictly negative. We will establish that this second eigenvalue is bounded
away from the imaginary axis by by for some by > 0. Moreover, we aim to provide
a leading order expression of this eigenvalue in the hyperbolic and nonhyperbolic

regimes to prove Theorem 4.4.

We cover the critical point spectrum by the following three regions (see Fig-

ure 4.5),

R1 = Rl((5> = B(O,(S),
Ro = Ry(6, M) := {\ € C: Re(\) > —6,0 < |\| < M},

Ry = Ry(M) 1= {\ € C : larg(\)| < 27/3, |\| > M},

where §, M > 0 are a- and e-independent constants. Recall that the point spectrum
of L, is given by the eigenvalues A\ of the linear problem (2.3), i.e. the A-values

such that (2.3) has an exponentially localized solution.
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Figure 4.5: Shown are the regions R;(9), R2(d, M), R3(M) considered in the point spectrum
analysis.

We start by showing that for M > 0 sufficiently large, the region R3(M) contains
no point spectrum by rescaling the eigenvalue problem (2.3). The analysis in the
regions R; and R, is more elaborate. The first step is to shift the essential spectrum
away from the imaginary axis by introducing an exponential weight n > 0. The
eigenvalues A of system (2.3) and its shifted counterpart coincide to the right of the
essential spectrum. Thus, it is sufficient to look at the eigenvalues A\ of the shifted
system to determine the critical point spectrum of £, .. We proceed by constructing
a piecewise continuous eigenfunction for any prospective eigenvalue A to the shifted
problem. Finding eigenvalues then reduces to identifying the values of A for which

the discontinuous jumps vanish.

4.5.1 The region B3

In this section we show that Rs contains no point spectrum of £, .. Our approach
is to prove that for A € R3(M), provided M > 0 is sufficiently large, a rescaled

version of system (2.3) either has an exponential dichotomy on R or an exponential
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trichotomy on R with one-dimensional center direction.

Definition 4.5.1. Let n € Z-o, J C R an interval and A € C(J, Mat, x,(C)).

Denote by T(z,y) the evolution operator of

0 = A(z)e. (5.1)

Equation (5.1) has an exponential dichotomy on J with constants K,u > 0 and

projections P*(z), P*(x): C* — C",z € J if for all x,y € J it holds

o PU(z)+ Pi(x) =1;
o Pus(x)T(z,y) = T(z,y)P"*(y);

o |T(z,y) P>, IT(y, x)P*(2)]| < Ke ) for z > y.

Equation (5.1) has an exponential trichotomy on J with constants K, pu,v > 0 and

projections P"(x), P*(x), P¢(x): C" — C", x € J if for all z,y € J it holds

PY(z) + Ps(x) + Pé(x) = 1;
o Puse(x)T(z,y) = T(x,y)P“>(y);

|7 (2, ) P W) T (y, o) P ()| < Ke ) for x> y;

T (2, y) Pe(y)| < Kevtevl,

Often we use the abbreviations T%*(x,y) = T(z,y)P*“*“(y) leaving the asso-
ciated projections of the dichotomy or trichotomy implicit. It is well-known that
exponential separation is an important tool in studying spectral properties of trav-

eling waves [49]. For an extensive introduction we refer to [11, 47].
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We proceed by showing that in Rz(M), the system (2.3) admits such an expo-
nential separation and converges to the same asymptotic system as & — oo and

¢ — —oo, and thus can not have nontrivial exponentially localized solutions.

Proposition 4.5.2. In the setting of Theorem 4.1, let qgaa(f) denote a traveling-
pulse solution to (2.2) with associated linear operator L,.. There exists M > 0,

independent of a and e, such that the region Rs(M) contains no point spectrum of

Log.

Proof. Let A € Rs. We rescale system (2.3) by putting € = /A&, @ = u, /[0 = v

and w = w. The resulting system is of the form

e = A&, N0, AEN) = A N a,e) == Ay (A A (&N,
0
Al@‘) = Al()‘; a,e) = \_f\‘|
A
0 N (5.2)
0 0 0
)y 1

A2(57 )‘) = A2(£7>\;&7 6) = -

Qcd™m
>
o
B

(e}
|
o3

where we dropped the tildes. Note that A, is bounded on R x Rs uniformly in
(a,€) € (0,5 — k] x [0,£]. Our goal is to show that (5.2), and thus (2.3), admits no

nontrivial exponentially localized solutions for A € Rj.

Since we have |arg(\)| < 27/3 for all A € Rj3, it holds Re(\//\/|/\|) > 1/2.
We distinguish between the cases 4|Re(\)| > ¢4/|A| and 4|Re(N)| < é4/|A|. First,
suppose 4[Re(\)| > &/|A|, then A;()\) is hyperbolic with spectral gap larger than

1/4. Thus, by roughness [11, p. 34] system (5.2) has an exponential dichotomy
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on R for M > 0 sufficiently large (with lower bound independent of a, £ and \).
Hence, (5.2) admits no nontrivial exponentially localized solutions and A is not in

the point spectrum of £, .

Second, suppose 4|Re(\)| < é/]A[, then A;()\) has one (spatial) eigenvalue with
absolute real part < 1/4 and two eigenvalues with absolute real part > 1/2. By
roughness system (5.2) has an exponential trichotomy on R for M > 0 sufficiently
large (with lower bound independent of a, € and \). Hence, all exponentially localized
solution must be contained in the one-dimensional center subspace. Fix 0 < k < 1/8.
By continuity the eigenvalues of the asymptotic matrix Ao (\) := lime 4 o0 A(E,N)
are separated in one eigenvalue v with absolute real part < 1/4 4+ k and two eigen-
values with absolute real part > 1/2 — k provided M > 0 is sufficiently large (with
lower bound independent of a, € and \). Let 5 be the eigenvector associated with
v. Using [40, Theorem 1] we conclude that any solution ¢ () in the center subspace
of (5.2) satisfies limg_100 (€)™ = by for some by € C\ {0} and is therefore only
exponentially localized in case it is trivial. Therefore, X is not in the point spectrum

of L. O

4.5.2 Setup for the regions R; and R;

As described at the start of this section, we introduce a weight n > 0 and study the

shifted system

e = A(E N0, A6 A) = A6, Aa,e) = Ao(§, Asa,€) — 1, (5-3)

instead of the original eigenvalue problem (2.3) to determine the point spectrum

of £, on the right hand side of the essential spectrum in the region R; U Ry. In
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this section we describe the approach in more detail and fully formulate the shifted

eigenvalue problem.

Approach

The structure (3.9) of the singular limit ¢, o of the pulse ¢, . leads to our framework
for the construction of exponentially localized solutions to (5.3) in the regions R; and
Ry. More specifically, depending on the value of £ € R the pulse ¢,.(£) is to leading
order described by the front ¢, the back ¢y, or the left or right slow manifolds M
and MZ (see Theorem 4.5). This leads to a partition of the real line in four intervals

given by

[f = (—OO, Le]a [r = [Ls: Za,s - Lz—:]a

Ib = [Za,s - Ls7 Za,s + LEL IZ = [Za,z-: + LE7 OO),

where Z, . = O,(e7') is defined in Theorem 4.5 and stands for the time the traveling-

pulse solution spends near the right slow manifold M”, and L. is given by

L. = —vloge,

with v > 0 an a- and e-independent constant. The endpoints of the above intervals
correspond to the &-values for which ¢, .(£) converges to one of the four non-smooth
corners of the singular concatenation ¢,; see §4.3.4 and Figure 4.3. Recall from
Theorem 4.5 that the pulse ¢, (&) is for € in I, or I, close to the right or left slow
manifold, respectively. Moreover, for ¢ in It or I, the pulse ¢, () is approximated

by the front or the back, respectively.
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When the weight n > 0 is chosen appropriately, the spectrum of the coefficient
matrix A(£, \) of system (5.3) has for {-values in I, and I, a consistent splitting
into one unstable and two stable eigenvalues. This splitting along the slow man-
ifolds guarantees the existence of exponential dichotomies on the intervals I, and
Iy. Solutions to (5.3) can be decomposed in terms of these dichotomies. To obtain
suitable expressions for the solutions in the other two intervals Iy and I, we have to

distinguish between the regions R, and R,.

We start with describing the set-up for the region R;. For £ € Iy we establish
a reduced eigenvalue problem by setting € and A to 0 in system (5.3), while ap-
proximating ¢, .(£) with the front ¢¢(¢). The reduced eigenvalue problem admits
exponential dichotomies on both half-lines. The full eigenvalue problem (5.3) can
be seen as a (A, €)-perturbation of the reduced eigenvalue problem. Hence, one can

construct solutions to (5.3) using a variation of constants approach on intervals

It = (—00,0], Ity :=10,L.],

which partition I and correspond to the positive and negative half-lines in the sin-
gular limit. The perturbation term is kept under control by taking 6 > 0 and € > 0
sufficiently small. Similarly, we establish a reduced eigenvalue problem along the
back and one can construct solutions to (5.3) using a variation of constants approach

on intervals

Ib,f = [Za,s — L, Za,e]; [b,+ = [Za,z-:a Za,z—: + LE]

In summary, we obtain variation of constants formulas for the solutions to (5.3) on
the four intervals I 4 and Iy, + and expressions for the solutions to (5.3) in terms of

exponential dichotomies on the two intervals I, and I,. Matching of these expres-
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sions yields for any A\ € Ry a piecewise continuous, exponentially localized solution
to (5.3) which has jumps at £ = 0 and £ = Z,.. Finding eigenvalues then reduces
to locating A € R; for which the two jumps vanish. Equating the jumps to zero
leads to an analytic matching equation that is to leading order a quadratic in .
The two solutions to this equation are the two eigenvalues of the shifted eigenvalue

problem (5.3) in R;(J).

We know a priori that A = 0 is a solution to the matching equation by trans-
lational invariance. The associated eigenfunction of (5.3) is the weighted derivative
e ¢, (€) of the pulse. This information can be used to simplify some of the ex-
pressions in the matching equation. In the hyperbolic regime, this leads to a leading
order expression of the second nonzero eigenvalue. In the nonhyperbolic regime the
expressions in the matching equations relate to the dynamics at the fold point. One
needs detailed information about the dynamics in the blow-up coordinates to deter-
mine the sign and magnitude of these expressions, which eventually yield that the
second eigenvalue is strictly negative and smaller than bye for some by > 0 indepen-
dent of @ and e. In the regime Kya® < ¢, a leading order expression for the second

eigenvalue can be determined, which is of the order O(g2/3).

Finally, we describe the set-up in the region R;. We establish reduced eigenvalue
problems for A € Ry by setting ¢ to 0 in (5.3), while approximating ¢, .(§) with
(a translate of) the front ¢¢(€) or the back ¢,(£). However, we do keep the A-
dependence in contrast to the reduction done in the region R;. In this case the
reduced eigenvalue problems admit exponential dichotomies on the whole real line.
By roughness these dichotomies transfer to exponential dichotomies of (5.3) on the
two intervals Iy and [,,. Thus, the real line is partitioned in four intervals I, I, I,
and I, such that in each interval (5.3) admits an exponential dichotomy governing

the solutions. By comparing the associated projections at the endpoints of these
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intervals, we show that for A € Ry(d, M) the shifted eigenvalue problem (5.3) can
not have a nontrivial exponentially localized solution for any M > 0 and each § > 0

sufficiently small.

Formulation of the shifted eigenvalue problem

In this section we determine n,v > 0 such that the shifted system (5.3) admits
exponential dichotomies on the intervals I, = [L., Z, — L] and [, = [Z, . + L., 00),
where L, = —vloge and Z,. is as in Theorem 4.5. Recall that for &-values in I,
and I, the pulse ¢, () is close to the right and left slow manifold, respectively. The
following technical result shows that for appropriate values of 1 the spectrum of the
coefficient matrix A(&, \) of system (5.3) has for {-values in I, and I, a consistent

splitting into one unstable and two stable eigenvalues.

Lemma 4.5.3. Let k, M > 0 and define for oqg > 0

U(oo, k) =={(a,u) eR*:a € [0, — k],

u€ [3(2a—1) —g9,00) U [2(a+1) — 00,14 09 } -

Take n = %\/5% > 0. For oy,0 > 0 sufficiently small, there exists ¢g > 0 and

0 < p < n such that the matriz

—n 1 0
A= A<u7/\7a75) = )\—f’(u) c—n 1 )
= S

has for (a,u) € U(og, k), A € (R1(d) URy(0, M)) and € € [—¢eq,e0] a uniform spectral

gap larger than p > 0 and precisely one eigenvalue of positive real part.
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Proof. The matrix A(u, A, a, €) is nonhyperbolic if and only if

0 = det(A(u, \, a,e) — ir)

= (n* — 7%+ 2itn — Gt + f'(u) — A — &) (=it — 22 —p) + ¢

is satisfied for some 7 € R. Thus, all A-values for which A(u, A, a, 0) is nonhyperbolic

are given by the union of a line and a parabola
{—cm+ ity : T € RYU{n> — 7% + 2itn — GoiT + f'(u) —on: T €R}.  (5.4)

Recall that ¢y = ¢y(a) is given by \/5(% — a). For any (a,u) € U(oy, k), it holds
¢ = ¢o(a) > v2k and f'(u) = —3u?+2(a+1)u—a < 30y. Hence, for (a,u) € U(oy, k)

the union (5.4) lies in the half plane
Re(A) < max {—5077, n”? —V2kn + 300} :

Take n = $v/2k and 30y < 1x?. We deduce that (5.4) is contained in Re(\) <

_1
4

k? < 0 for any (a,u) € U(og, ). Hence, provided § > 0 is sufficiently small,
the union (5.4) doesn’t intersect the compact set Ry () U Ro(d, M) for any (a,u) in
the compact set U(oy, k). By continuity we conclude that there exists 9 > 0 such
that the matrix A(u,\,a,¢) has for (a,u) € U(og, k), A € (R1(6) U Ry(6, M)) and

€ € [—¢o, 0] a uniform spectral gap larger than some p > 0. Note that —n is in the

spectrum of 121(0, 0,a,0). Therefore, we must have u <.

In addition, one readily observes that for sufficiently large A > 0 the matrix

~

A(u, A, a,0) has precisely one eigenvalue of positive real part. On the other hand,

the union (5.4) lies in the half plane Re(\) < —3x? < 0 for (a,u) € U(oo, k). So, by

~

continuity A(u, A, a,0) has precisely one eigenvalue of positive real part for A € C
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lying to the right of (5.4). Taking d,e9 > 0 sufficiently small, we conclude that

A(u, A, a, ) has precisely one eigenvalue of positive real part for (a,u) € U(og, k),

A€ (R1<5> U Rg((s, M)) and € € [—80780]. ]

We are now able to state a suitable version of the shifted eigenvalue problem (5.3).
Thus, we started with x > 0 and K > K*, where K* > 0 is as in Theorem 4.1.
Then, Theorem 4.1 provided us with an £y > 0 such that for any (a,¢) € [0, 3 — k] X
(0,&0) satisfying ¢ < Ka? there exists a traveling-pulse solution ¢,.(£) to (2.2). In
Proposition 4.5.2 we obtained M > 0, independent of a and ¢, such that the region

R3(M) contains no point spectrum of the associated linear operator £, .. We fix
n:= %\/5/1 > 0,
and take v > 0 an a- and e-independent constant satisfying
v > max {%,2\/5} > 0, (5.5)

where p > 0 is as in Lemma 4.5.3. The shifted eigenvalue problem is given by

Ve = A(E A,
-1 1 0
A(EN) = A& Nae) = | X — fluac () é—n 1 , (5.6)
. 0 A=y
(A a,€) € (R (8) U Ry(6, M) x [0,1 — k] x (0,0), &< Ka?,

where u,(§) denotes the u-component of the pulse éays(f) and § > 0 is as in
Lemma 4.5.3. In the next section we will show that with the above choice of 1, d, M

and v system (5.6) admits for A € R;(d) U Ra(d, M) exponential dichotomies on the
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intervals I, = [L., Z,. — L.] and I, = [Z, + L., 00), where

L. = —vloge,

and Z,. is as in Theorem 4.5. However, before establishing these dichotomies, we
prove that it is indeed sufficient to study the shifted eigenvalue problem (5.6) to

determine the critical point spectrum of £, . in Ry U Rs.

Proposition 4.5.4. In the setting of Theorem 4.1, let ggaf(:c,t) denote a traveling-
pulse solution to (2.2) with associated linear operator L, .. A point X € Ry U Ry lying
to the right of the essential spectrum of L, . is in the point spectrum of L, . if and

only if it is an eigenvalue of the shifted eigenvalue problem (5.6).

Proof. The spectra of the asymptotic matrices Ao()\;a, e) and A(O,)\,a,g) of sys-
tems (2.3) and (5.6), respectively, are related via o(A(0, X, a,¢)) = o(Ay(X; a,e)) —1n.
Moreover, both A(O, A, a,¢) and AO()\; a, €) have precisely one (spatial) eigenvalue of
positive real part for A € R; U Ry to the right of the essential spectrum of £, . by
Proposition 4.4.1 and Lemma 4.5.3. Therefore, for A € Ry U Ry to the right of the
essential spectrum of £, ., system (2.3) admits a nontrivial exponentially localized

solution () if and only if system (5.6) admits one given by e 1) (€). ]

Exponential dichotomies along the right and left slow manifolds

For ¢-values in I, or I, the pulse ¢, (€) is by Theorem 4.5 close to the right or left
slow manifolds on which the dynamics is of the order O(e). Hence, for £ € I,U1, the
coefficient matrix A(&, A) of the shifted eigenvalue problem (5.6) has slowly varying
coefficients and is pointwise hyperbolic by Lemma 4.5.3. It is well-known that such

systems admit exponential dichotomies; see [11, Proposition 6.1]. We will prove
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below that the associated projections can be chosen to depend analytically on A
and are close to the spectral projections on the (un)stable eigenspaces of A(£, ).
As described in §4.5.2 the exponential dichotomies provide the framework for the
construction of solutions to (5.6) on I, and I;. The approximations of the dichotomy
projections by the spectral projections are needed to match solutions to (5.6) on I,

and I, to solutions on the other two intervals Iy and Ij,.

Proposition 4.5.5. For each sufficiently small ay > 0, there exists ¢ > 0 such
that system (5.6) admits for 0 < & < gy exponential dichotomies on the intervals
I, = [Ley Zoe — L) and Iy = [Z, . + L., 00) with constants C,u > 0, where u > 0
is as in Lemma 4.5.3. The associated projections Q77 (§,A) = Q,77(§,A\;a,¢) are

analytic in X on Ry U Ry and are approzimated at the endpoints L., Z,. + L. by

Q7 = PJ(Le, A)|| < Celloge],

H[Qi - P](Za,a - LE? )‘)H ’ H [QZ - P](Za,a + Lsa )‘)” < Cgp(a)ﬂogff!,

where p(a) = 1 for a > ag, p(a) = % for a < ag and P(§,\) = P(§,\;a,€) are
the spectral projections onto the stable eigenspace of the coefficient matriz A(E, \)

of (5.6). In the above C' > 0 is a constant independent of A\, a and .

Proof. We begin by proving the existence of the desired exponential dichotomy on
the interval I,. The construction on the interval I, is similar, and we outline the

differences only. Denote L.:=L. /2 = —%loge. We introduce a smooth partition of
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unity x;: R — [0, 1], i = 1,2, 3, satisfying

3
doxi©) =1, [X(OI<2, ¢eR,
=1

~

supp(x1) C (—o0, L¢),
supp(x2) C (Le — 1, Zge — Lo 4 1),

supp(x3) C (Zae — Le, 00).

The equation

Ve = A& N, (5.7)
with

A6, A) = A€ A a,8) = X1 (§A(Le, A) + x2(§) AE, A) + x3(§) A Zae — Le, ),

coincides with (5.6) on I,. By Theorem 4.5 (iii) there exists, for any og > 0 suffi-

ciently small, a constant £y > 0 such that for ¢ € (0,¢g) it holds

[u, (I < 00, Uae(é) € [up — 00,14+ 00) = [2(a+1) —00,1+00].  (5.8)
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for € € [L. —1, Zoe — L. + 1]. We calculate

X2(§)A(E, M), ¢ € (Le, Zoe — Le),
Xb(E)(A(E, N) = A(Le, X))
DA — + x2(§)0A(E V), ¢ell.—1,L,
Xa()(A(EN) = AZae — Le, V)
+ x2(€)0eA(E V), € € [Zae — Le, Zae — Lo + 1],
0, otherwise.
\ (5.9)

First, we have that ||0¢A(€, A)|| < Cog on R x (R U R) by the mean value theorem
and identities (5.8) and (5.9). Second, by Lemma 4.5.3 and (5.8) the matrix A(E, \)
is hyperbolic on R x (R U Ry) with a- and e-uniform spectral gap larger than > 0
. Third, A(&, \) can be bounded on R x (R; U Ry) uniformly in a and . Combining
these three items with [11, Proposition 6.1] gives that system (5.7) has, provided
oo > 0 is sufficiently small, an exponential dichotomy on R with constants C', u > 0,
independent of A\, a and ¢, and projections Q%*(&, ) = Q%5(&, A;a, ). Since (5.7)
coincides with (5.6) on [I:g, Zye — I:g], we have established the desired exponential

dichotomy of (5.6) on I, with constants C, u > 0 and projections Q*(&, A).

The next step is to prove that the projections Q“*(¢,\) are analytic in A on
Ry U Ry. Any solution to the constant coefficient system 1 = A(I:E,)\)w that
converges to 0 as £ — —oo must be in the kernel of the spectral projection P (L., A) on
the stable eigenspace of A(L., \). Hence, it holds R(1—P (L., \)) = R(Q*(L.—1,)))
by construction of (5.7). Moreover, the spectral projection P([A/a, A) is analytic in A,
since A(L., \) is analytic in A. Thus, R(Q*(L. — 1,))) and similarly R(Q(Z,. —
L.+1, )\)) must be analytic subspaces in X. Denote by T(£,€,\) = T(£,€, X\;a,¢) the
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evolution of (5.7), which is analytic in \. We conclude that both ker(Q(L. — 1, \))

and
R(Q3(Le —1,A\) = R(T(Le =1, Zye — L + 1,0\) Q% (Zoe — L. + 1, 1)),

are analytic subspaces. Therefore, the projection Q%(L. — 1, ) (and thus any pro-

jection Q**(¢, N), £ € R) is analytic in A on Ry U Rs.

Finally, we shall prove that the projections Q%(§, \) are close to the spectral
projections P(&, ) on the stable eigenspace of A(, ) at the points £ = L., Z, . — L..

First, observe that we have,

[}, (€)] < Cellogel|, € € [Le,3L.],

(5.10)
e ()] < Ce"@llogel, & € [Zue —3Le, Zae — Lel,
by Theorem 4.5 (i)-(ii). Consider the family of constant coefficient systems
e = Alu, N, (5.11)

parameterized over u € R, where /l(u, A) = A(u, A;a, ) is defined in Lemma 4.5.3.
Denote by 75(u, A) = 75(u, A;a,€) the spectral projection on the stable eigenspace
of A(u,/\) and by %(f,é,u,/\) = %(ﬁ,é,u,/\;a,s) the evolution operator of (5.11).
Thus, we have A(uq.(€),\) = A(E,\) and P(ua.(€),\) = P(€,\) for € € R. Let
by € R(P(Ls, A\)). Observe that

(&) = PENT(E, Ley ua e (€), N)by,
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satisfies the inhomogeneous equation

Ve = ANV +9(). 56 = 0 P@NT(E Ly )| ()b

By the variation of constants formula there exists by € C3 such that

. R £ . ~a
(&) = T(& Le + Le, A)bz + g Q& A)T(E,€ A)g(8)de

. (5.12)
+ [ Qe NTIEE NI
Le+Le
for € € [L., L. + L.]. By [47, Lemma 1.1] and (5.10) we have
[N < Ce by, [1§(&)] < Cellogele ™ ||by ], (5.13)

for € € [L., L.+L.]. Evaluating (5.12) at L.+ L. while using (5.13), we derive ||by|| <
Cellogel||by]], since v > p/2 by (5.5). Thus, applying Q¥(L.,A) to (5.12) at L.
yields the bound [|Q¥(Lc, )by || < Cellogel||b: || for every by € R(P (L., A)) by (5.13).
Similarly, one shows that for every b, € ker(P(L.,\)) we have ||Q:(L., A\)bi|| <

Cellogel||by||. Thus, we obtain

I1Q7 = PI(Le, VI < NQrPI(Le; M+ 1271 = P)(Le, M| < Cellogel.

The bound at Z,. — L. is obtain analogously.

In a similar way one obtains for A € R; U Ry the desired exponential dichotomy
for (5.6) on I, with constants C,u > 0 and projections Q,°(§,A). The only fun-
damental difference in the analysis is that the analyticity of the range of Qf(&, \)
is immediate, since the asymptotic system limg . A(£, A) is analytic in A, see [50,

Theorem 1]. O
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4.5.3 The region R;(0)

A reduced eigenvalue problem

As described in §4.5.2 we establish for £ in It or I}, a reduced eigenvalue problem by
setting € and A to 0 in system (5.6), while approximating ¢, .(£) with (a translate of)
the front ¢¢(&) or the back ¢y, (), respectively. Thus, the reduced eigenvalue problem

reads

Ve = A; (),
B Lo (5.14)
Aj©) = Aj(&a) = | —f(u (&) &—n 1 |, F=1£h
0 0 —n

where u;(€) denotes the u-component of ¢;(§) and a is in [0, %— k]. Now, for &-values

in [y = (—o0, L.], problem (5.6) can be written as the perturbation

e = (As(€) + Bi(&,A) ¢,

0 0 0
Be(§,A) = Be(& A a,e) = [ X = [f/(uae(€)) = f/(we(€))] ¢—¢ 0
£ 0 Atey

(5.15)

To define (5.6) as a proper perturbation of (5.14) along the back, we introduce the

translated version of (5.6)

Ve = A(§+ Zae, Y (5.16)
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For ¢-values in [—L., L] problem (5.16) can be written as the perturbation

Ve = (Ap(§) + Bu(&,\)) ¥,

0 0 0
Bu(§,A) = Bo(§ Ara,€) = | A= [f'(tae(§+ Zag)) = f(w(€))] é=& 0
= 0 =
(5.17)

The reduced eigenvalue problem (5.14) has an upper triangular block structure.

Consequently, system (5.14) leaves the subspace C? x {0} C C? invariant and the
dynamics of (5.14) on that space is given by
e = (&),
_ 1 (5.18)
K j=1,b.

C5(6) = Cj(&a) = :
—f'(u; () co—n

Before studying the full reduced eigenvalue problem (5.14) we study the dynamics on

the invariant subspace. We observe that system (5.18) has a one-dimensional space

of bounded solution spanned by

0i(&) = ¢j(&a) == e (E), j=1D.

Therefore, the adjoint system
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also has a one-dimensional space of bounded solution spanned by

v;(€) e .
Soj,ad(g) - ij,ad(é; CL) = ’ 6(77 0)57 J = f7 b. (520)
—u5(§)
We emphasize that ¢; and ¢;.q can be determined explicitly using the expressions

in (3.6) for ¢;, j = f,b. We establish exponential dichotomies for subsystem (5.18)

on both half-lines.

Proposition 4.5.6. Let x > 0. For each a € (0,5 — x|, system (5.18) admits
exponential dichotomies on both half-lines Ry with a-independent constants C, u > 0
and projections 1157 (&) = ;1 (&;a), j = £,b. Here, 1 > 0 is as in Lemma 4.5.3 and

the projections can be chosen in such a way that

R(I15 1 (0)) = Span(;(0)) = R(I15_(0)),

R(I15, (0)) = Span(p;.a(0)) = R(II; _(0)), 7 =f,b.

(5.21)

Proof. Define the asymptotic matrices C} 100 = Cj1oo(a) := lime_, 1o C;(§) of (5.18)
for j = f,b. Consider the matrix A(u, A, a,e) from Lemma 4.5.3. The spectra
of Cf _o and Ck o are contained in the spectra of 121(0, 0,a,0) and 121(1, 0,a,0), re-
spectively. Similarly, we have the spectral inclusions o(Ch, _s) C o(A(ul,0,a,0))
and (Ch.o0) C 0(A(u?,0,a,0)). By Lemma 4.5.3 the matrices A(u,0,a,0) have for
uw=0,1,up,u} and a € [0, %— k| a uniform spectral gap larger than g > 0. Thus, the
same holds for the asymptotic matrices C; 1o, j = f,b. Hence, it follows from [47,
Lemmata 1.1 and 1.2] that system (5.18) admits exponential dichotomies on both
half-lines with constants C, u > 0 and projections as in (5.21). By compactness of

0,2 — k] the constant C' > 0 can be chosen independent of a. O

We shift our focus to the full reduced eigenvalue problem (5.14). One readily
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observes that

w3 (&) e g5 (€) .
w;(€) =w;(&a) = = ! , j=1b, (5.22)
0 0
is a bounded solution to (5.14). Moreover, using variation of constants formulas
the exponential dichotomies of the subsystem (5.18) can be transferred to the full

system (5.14).

Corollary 4.5.7. Let £ > 0. For each a € (0,5 — k] system (5.14) admits expo-

nential dichotomies on both half-lines Ry with a-independent constants C, > 0 and

u,s

projections Q71 (§) = Qy1(&a), 5 = £, b, given by

5, (6) [SeneOay (¢,6)Fdé

;Hr(f): 7 =1- 7;,+(£)7 §>0,
0 1
(5.23)
I (¢ § n(&—f)q)?_ ¢, E\Fdé
pg= | B RGO g, <

where F is the vector (9) and @?i(f,é) = @;‘i(f,f, a) denotes the (un)stable evo-
lution of system (5.18) under the exponential dichotomies established in Proposi-

tion 4.5.6. Here, u > 0 is as in Lemma 4.5.3 and the projections satisfy

R(Q5,(0)) = Span(¥y;),  R(Q5 4 (0)) = Span(w;(0), V),

(5.24)
R( ?—(0)) = Span(w;(0)), R( j_(O)) = Span(¥;, ¥s),
where w; is defined in (5.22) and
0
w',ad(o) .
\IILj = \I/Lj(a) = J , ‘;[12 = 0 , ] = f’b’ (525)
0
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with @;.a(§) defined in (5.20).

Proof. By variation of constants, the evolution 7} (¢, £) = T;(¢, &; a) of the triangular

block system (5.14) is given by

o[ &8 e Fe0az |
TEH =\ < A . j=1D.
Hence, using Proposition 4.5.6, one readily observes that the projections defined
in (5.23) yield exponential dichotomies on both half-lines for (5.14) with constants

C,min{p,n} > 0, where C' > 0 is independent of a. The result follows, since p < n
by Lemma 4.5.3. O]

Along the front

In the previous section we showed that the eigenvalue problem (5.6) can be written as
a (A, e)-perturbation (5.15) of the reduced eigenvalue problem (5.14). Moreover, we
established an exponential dichotomy of (5.14) on (—o0, 0] in Corollary 4.5.7. Hence,
solutions to (5.6) can be expressed by a variation of constant formula on (—oo, 0].
This leads to an exit condition at £ = 0 for exponentially decaying solutions to (5.6)

in backward time.

Eventually, our plan is to also obtain entry and exit conditions for solutions
to (5.6) on [0, Z, ] and for exponentially decaying solutions to (5.6) in forward time
on [Z,e,00). As outlined in §4.5.2 equating these exit and entry conditions at { =
0 and § = Z,. leads to a system of equations that can be reduced to a single
analytic matching equation, whose solutions are A-values for which (5.6) admits an

exponentially localized solution.
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Simultaneously, we evaluate the obtained exit condition at A\ = 0 using that we
know a priori that the weighted derivative e~ ¢y, . (§) of the pulse is the eigenfunction
of (5.6) at A = 0. As described in §4.5.2 this leads to extra information needed to

simplify the expressions in the final matching equation.

Proposition 4.5.8. Let By be as in (5.15) and wy as in (5.22). Denote by Ty (€, £) =
Ti (€, & a) the (un)stable evolution of system (5.14) under the exponential dichotomy
on Iy = (—00,0] established in Corollary 4.5.7 and by Q;°(§) = Q7 (&; a) the as-

soctated projections.

(i) There exists 6,69 > 0 such that for X € Ry(0) and € € (0,e0) any solution

Y (€, N) to (5.6) decaying exponentially in backward time satisfies

0

i, (0,3) = Br_wr(0) + Br._ / Te (0, ) Be(E, Newr(E)dé + Hs _ (5 ),

—0o0

Qf_(0)r,—(0,A) = Br,—wi (0),
(5.26)

for some B¢ _ € C, where H¢_ is a linear map satisfying the bound
1He- (Br,- )l < Clefloge| + [A)?[5r,- I,

with C' > 0 independent of \,a and €. Moreover, 1 _ (&, \) is analytic in .

(i) The derivative ¢, _ of the pulse solution satisfies

0

Q060 = [ T 0.OBEN @G (521)

—00

Proof. We begin with (i). Take 0 < i < p with g > 0 as in Lemma 4.5.3. Denote by

Cu(Ir -, C?) the space of ji-exponentially decaying, continuous functions Iy — C3
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endowed with the norm |9z = supe, [|#(€)[|e”l. By Theorem 4.5 (i) we bound

the perturbation matrix By by
1B¢(&, X a,€)[| < Clefloge| + [A]), (5.28)

for £ € I _. Let § € C and A € R;(d). Combining (5.28) with Corollary 4.5.7 the
function Gg »: Cp(I; -, C*) — Cy(I; -, C?) given by

3 . . N
Gan(4)(€) = Pur(€) + / T (6,€) Bl () dé

13 “ N ~ N
[T e OBENUEE

—00

is a well-defined contraction mapping for each §,e > 0 sufficiently small (with upper
bound independent of § and a). By the Banach Contraction Theorem there exists a

unique fixed point ¢ € Cj(I;_, C?) satisfying

Ve =Gpa(r-), £€lf_. (5.29)

Observe that (&, \) is analytic in A, because the perturbation matrix B(&,\)
is analytic in A. Moreover, 1 _ is linear in 8 by construction. Hence, using esti-

mate (5.28) we derive the bound

[0, (5, A) = Bwr(§)]] < C1B](elloge| + [A]), (5.30)
for £ € Iy _.

The solutions to the family of fixed point equations (5.29) parameterized over
B € C form a one-dimensional space of exponentially decaying solutions as & —

—o00 to (5.6). By Lemma 4.5.3 the asymptotic matrix A(0, A, a,e) of system (5.6)
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has precisely one eigenvalue of positive real part. Therefore, the space of decaying
solutions in backward time to (5.6) is one-dimensional. This proves that any solution
e (€, \) to (5.6) that converges to 0 as & — —oo, satisfies (5.29) for some 5 € C.

Evaluating (5.29) at £ = 0 and using estimates (5.28) and (5.30) yields (5.26).

For (ii), note that e "¢/, (&) is an eigenfunction of (5.6) at A = 0. Therefore,
e "), (&) satisfies the fixed point identity (5.29) at A = 0 for some § € C and

identity (5.27) follows. O

Passage near the right slow manifold

Using the exponential dichotomies of system (5.14) established in Corollary 4.5.7 one
can construct expressions for solutions to (5.6) via a variation of constants approach
on the intervals Iy = [0, L.] and I, _ = [Z,c — L., Z,|. Moreover, the exponential
dichotomies established in Proposition 4.5.5 govern the solutions to (5.6) on I, =
[Le, Z,.—L.]. Matching the solutions on these three intervals we obtain the following

entry and exit conditions at £ =0 and § = Z, ..

Proposition 4.5.9. Let B; be as in (5.15) and (5.17), Uy as in (5.25) and w; as
in (5.22) for j =f,b. Denote by @“ﬁ(f,é) = Y}Uis(f,f, a) the (un)stable evolution of
system (5.14) under the exponential dichotomies established in Corollary 4.5.7 and

by Qy1(§) = Q1(&; a) the associated projections for j = f,b.

(1) For each sufficiently small ag > 0, there exists 0,9 > 0 such that for A € Ry(9)
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and € € (0,20) any solution (&, \) to (5.6) satisfies

(0, A) = Brwr(0) + Q7 . (0)
O A A A A
5 / T (0,€) Be(é, Neor ()€ + He(Be, G o), (5.31)

QF~(0)%™(0,A) = Brer (0),

and
0 A

UM Zas N) = Bown(0) + B / Tg (0,6)Bo(€ Nen(€)dE

—L.

+ Hb(ﬁfa Cfa ﬁb); (532)
Q;, (O)wSl(Za,sa )\> = ﬁbwb(0)7

for some By, By, ¢ € C, where Hy and Hy, are linear maps satisfying the bounds

1H:(Br, G Bo)ll < C ((ellogel + IADIG + (ellog ] + [A)[ 8] + e[y ) ,

[ H (B, G, Bo) || < C (7 floge] + [AD?[Bo| + e~ =(18:] + [¢]))

where p(a) = 2 for a < ag and p(a) =1 for a > ag and q,C > 0 independent

of \,a and €. Moreover, {*}(€, \) is analytic in \.

(i) The derivative ¢, . of the pulse solution satisfies

QF 1+ (0)¢), .(0) = T{', (0, Le)e "¢y, (L)
0 2 A A
4 / Ty (0,€)Be(E, 0)e 6, . (€)dé
. (5.33)
Qg,—<o>¢;,s(za,€> = th,— (0, _LE)enLeﬁb;,s(Zaﬁ — L)

0 - A~ A
+ / T3 (0,€)Be(E,0)c ), (Zue +E)dE.

7L6

Proof. We begin with (i). For the matching procedure, we need to compare projec-
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tions Qp’} (§) of the exponential dichotomies of (5.14) established in Corollary 4.5.7
with the projections Q%*(&, \) of the dichotomy of (5.6) on I, established in Propo-
sition 4.5.5. First, recall that the front ¢¢(&) is a heteroclinic to the fixed point (1, 0)
of (3.4). By looking at the linearization of (3.4) about (1,0) we deduce that ¢¢(&),
and thus the coefficient matrix A¢(€) of (5.14), converges at an exponential rate %\/5
to some asymptotic matrix A¢ o, as £ — oo. Hence, by [46, Lemma 3.4] and its proof
the projections Q;‘j associated with the exponential dichotomy of system (5.14)

satisfy for £ > 0
1
1QEs(©) — P < C (e—éﬂf ; f) | (5.3

where P{"* = P{"*(a) denotes the spectral projection on the (un)stable eigenspace
of the asymptotic matrix Af ... Moreover, the coefficient matrix A(E, A) of (5.6) is

approximated at L. = —vloge by
[A(Le; A) — Aol < Clefloge| + [A]),

by Theorem 4.5 (i) and the fact that A¢(£) converges to A, at an exponential rate
2V/2 as £ — oo, using that v is chosen larger than 2v/2 in (5.5). By continuity the
same bound holds for the spectral projections associated with the matrices A(Lc, \)
and A . Combining the latter facts with (5.34) and the bounds in Proposition 4.5.5

we obtain
197 (Le; A) — Q¢ (Le) || < Clefloge| + |A]), (5.35)
using v > max{%, 2v/2}. In a similar way we obtain an estimate at Z,. — L.

191 (Zae — Ley A) — ﬁzs—(_Ls)H < C(gp(a)|10g5| + [A])- (5.36)
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using Theorem 4.5 (ii).

By the variation of constants formula, any solution 1§ (£, \) to (5.6) must satisfy

on If,+

() = T (€, L)ar + froar(€) + GTE (€, 0) 0,
3 R R R . 13 . R N .
T / T3 (6,€)B(é, N (6, N dé + / T (€, €) Be(é, N (€ N,

€

(5.37)

for some B, (¢ € C and oy € R(QF,(L:)). By Theorem 4.5 (i) we bound the

perturbation matrix By as
1B¢(&, A a,€)|| < Clefloge| + [A]), (5.38)

for £ € It . Hence, for all sufficiently small |A|,e > 0, there exists a unique solution
sl to (5.37) by the contraction mapping principle. Note that ¢! is linear in («, S, ;)

and satisfies the bound

sup [[UF (&, M| < C(lag| + [Be| + [¢), (5.39)
£€[0,Le]

by estimate (5.38), taking d, 9 > 0 smaller if necessary.

Denote by 7,%5(£, €, \) = T5(€, €, X; a, €) the (un)stable evolution of system (5.6)
under the exponential dichotomy on I,. established in Proposition 4.5.5. Any solution

¥, to (5.6) on I, is of the form
Ur(§,A) = T.°(§s Zae — Ley N + T2(E, Le, A) B, (5.40)

for some o, € R(Q¥(Z,. — Lc, A)) and B, € R(Q;(Le, A)). Applying the projection
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Q¥(L., \) to the difference 1, (L., \) — ¥§' (L., \) yields the matching condition

ar = Hy(ag, By, ar), (5.41)

1H1(ar, Br, )l < C((elloge] + M) (el + 18] + 1Ge]) + el ),

where we use (5.35), (5.38), (5.39) and the fact that Z,. = Os(e™') (see Theo-
rem 4.5) to obtain the bound on the linear map #;. Similarly, applying the projec-
tion Q3(L., \) to the difference 1, (L., \) — ¢ (L., \) yields the matching condition

Br = Halay, B, (), (5.42)

[Ha (o, Br, G| < Cleflogel + [A[) (el + 1Bl + [Gl),

where we use (5.35), (5.38), (5.39) and v > 2/u to obtain the bound on the linear

map Hs.

Consider the translated version (5.16) of system (5.6). By the variation of con-

stants formula, any solution ¥{(£, \) to (5.16) on [—L., 0] must satisfy

3 R . . .
(6N = T¢ (6, L) + fooon(€) + / T (€, €)Bu(E N (€ ) dé

¢ (5.43)
s [T (€ OBENHENE
—L.
for some 3, € C and ay, € R(Q}, _(—L.)). By Theorem 4.5 (ii) we estimate
1Bo(€, X a, )| < O("loge] + |A]), (5.44)

for ¢ € [~ L., 0]. For all sufficiently small ||, > 0, there exists a unique solution ¢3!
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of (5.43). Note that ¢{' is linear in (s, 8p) and using (5.44) we obtain the bound

sup ]Ilwil(fﬁ)\l < C(llawll + 16s)), (5.45)

¢e[—Le,0

taking 6, 9 > 0 smaller if necessary. The matching of 1§!(— L., \) with ¢,.(Z, .—Le, \)
is completely similar to the matching of (L., \) with v,(L., \) in the previous
paragraph using (5.45) instead of (5.39) and (5.36) instead of (5.35). Hence we give

only the resulting matching conditions

Q. = Hg(&b, ﬂb)a

1Hs(an, o)l < C (" flog e| + X)) ([l | + |Bo]),

(5.46)

an, = Halaw, By, Br),

1Halaw, Bo, B)|| < O (("@lloge| + AN (lawll + 1Bb]) + e =151]) .

(5.47)

where H3 and H,4 are again linear maps.

We now combine the above results regarding the solution on [0, Z, ] to obtain
the relevant conditions satisfied at £ = 0 and { = Z, .. Combining equations (5.42)

and (5.47), we obtain a linear map Hs satisfying

ay = H5<Oéb, ﬁb? ag, ﬁf? Cf)a

[Hs (e, B, Bry )| < C (" log el + M) (|| + 18]) + (el + 8] + [Gi])) -
(5.48)

Thus, solving (5.48) for ay,, we obtain for all sufficiently small |[A|,e > 0

ay = ab(afa ﬁba ﬁfa Cf)y

llew (e, Bo, Br, o)l < C (7 loge] + [A)1Bo] + e (lla]| + |8l + 1Gi])) -

(5.49)
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From (5.41), (5.46) and (5.49) we obtain a linear map Hg satisfying

ar = He(a, By, G, Bb), (5.50)

IHo (e, Bo, e, o)l < C ((ellog el + M) (llaell + 8] + IGi]) + e %1Bu]) .
We solve (5.50) for oy for each sufficiently small [A|,¢ > 0 and obtain

o = af(ﬁbaﬁfagf)a
lee(Bo, B, ) < C ((ellog el + [AN(18e] + [Gl) + %[5y ) -

(5.51)

Substituting (5.51) into (5.37) at & = 0 we deduce, using v > u/2 and identi-
ties (5.24), (5.38) and (5.39), that any solution ¥ (£, \) to (5.6) satisfies the entry
condition (5.31). Similarly, we substitute (5.51) into (5.49) and substitute the result-
ing expression for ay, into (5.43) at £ = 0. Using estimates (5.44) and (5.45) and we
obtain the exit condition (5.32). Since the perturbation matrices B;(&,\),j = f, b,
the evolution T(&, &, \) of system (5.6) and the projections Q%*(¢, A) associated with
the exponential dichotomy of (5.6) are analytic in A, all quantities occurring in this

proof depend analytically on A. Thus, 1*/(¢, \) is analytic in .

For (i), we note that e™™¢/ (£) is an eigenfunction of (5.6) at A = 0. There-
fore, there exists fro,(ro € C and arg € R(QF (Lc)) such that (5.37) is satisfied
at A = 0 with ¢/(£,0) = e ¢, (&) and (o, Br, () = (ar0, BrosCeo). We derive
agg = Qf(L)e ¢, (Le) by applying Qf_ (L.) to (5.37) at { = L.. There-
fore, the first identity in (5.33) follows by applying Qf,(0) to (5.37) at £ = 0.
The second identity in (5.33) follows in a similar fashion using that there exists
Bro € Cand app € R(Q} _(—L.)) such that (5.43) is satisfied at A = 0 with

2(€,0) = et Zac) ) (Z,. +€) and (o, ) = (b0, Bby)- O
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Along the back

Finally, we establish an entry condition for exponentially decaying solution to (5.6)

on the interval [Z, ., 00).

Proposition 4.5.10. Let By, be as in (5.17), ¥y as in (5.25) and wy, as in (5.22). De-
note by Tsi(f,é) = Tﬁ’i(ﬁ,é; a) the (un)stable evolution of system (5.14) under the
exponential dichotomies established in Corollary 4.5.7 and by Qpi(§) = QyL(&;a)

the associated projections.

(i) For each sufficiently small ag > 0, there exists §,e9 > 0 such that for X € R1(0)
and ¢ € (0,e0) any solution Yy, (&, A) to (5.6), which is exponentially decaying

in forward time, satisfies

Vb1 (Zaes A) = Borwn(0) + Co 1 Q1 4 (0) Wy
0 A A A A
T B / T (0,€) By, N (E)IE + Hos (Bt o)

Qg,—(o)wbHr(Za,s? )\) = Bb,+wb<o)7
(5.52)

for some By, 1, (o4 € C, where Hy, 1 is a linear map satisfying the bound

1Ho+ (Bos o )| < C (e log ] + [A])[Goe | + (@ [log | + [A])[B5])

with p(a) = % for a < ag and p(a) =1 for a > ag and C' > 0 independent of

A, a and €. Moreover, iy, (£, \) is analytic in \.
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(i) The derivative ¢, . of the pulse solution satisfies

a,e

Qgﬂr(o)(b;,s(zaﬁ) = Téf#»(o? Le)einLagb;,s(Z&E + L€)
0 . . R o (5.53)
+/fm4Q@Bagmf%mgzm+gmg

Proof. We begin with (i). Consider the translated version (5.16) of system (5.6). By
the variation of constants formula, any solution v, (€, ) to (5.16) on [0, L.] must

satisfy

Uy (EN) = Ty (&, Le) a4 + Borwn(§) + Co+ T (€,0) W,

I3 R R R R R 3 . R R . R
+AT&@@&@AWH@M%+/T&@@&@M%A&Mﬁ

€

(5.54)

for some By, 1, (4 € C and ay, . € R(Q} , (L.)). By Theorem 4.5 (ii) we estimate
1Bu(€, A a,8)|| < C(e”@loge| + [A]), (5.55)

for € € [0, L.]. For all sufficiently small |A|, > 0, there exists a unique solution ¢, ,
of (5.54). Note that vy, . is linear in (o, 1, By +, Cp.+) and using (5.55) we obtain the
bound,

S 96,46 M < Clllaw | + 1Bo.+] + [ot]), (5.56)
€|0,Le

taking 9,9 > 0 smaller if necessary.

Consider the exponential dichotomies of (5.6) on Iy = [Z,. + L., 00) established

in Proposition 4.5.5 with associated projections Q,”°(§, A). Completely analogous to
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the derivation of (5.36) in the proof of Proposition 4.5.9 we establish
190 (Zae + Le, X) — QL) < C(e"loge] + X)) (5.57)

The image of any exponentially decaying solution to (5.6) at Z, .+ L. under Q) (Z, .+
L., \) must be 0, i.e. any solution ¥,(&, A) to (5.6) decaying in forward time can be

written as

¢€(§7 /\) = 7?(57 Za,e + La» )‘)/Bb (558)

for some B € R(Q;(Zar + Le, N)), where T°(¢, €,)) denotes the stable evolution of
system (5.6). Thus, by applying Q}(Z,. + L., \) to @b,Jr(LE, A) we obtain a linear

map H; satisfying

ab+ = Hi(on 1, B+, Cot),

1H1(,ts Bots Gos Bl < C(e”Nlog el + M) (law+ | + |Bo] + |G,

(5.59)

where we have used (5.55), (5.56) and (5.57). So, for sufficiently small |A|,e > 0,

solving (5.59) for ay, 4 yields

b+ = b4 (Bb4: Cot)

ot (o, o)l < C(e”@oge] + A (1B | + [Go.)-

(5.60)

Substituting (5.60) into (5.54) we deduce with the aid of (5.24), (5.55) and (5.56) that
any exponentially decaying solution ¢, 1 (§,\) = ﬁbﬂr(é—Za,E, A) to (5.6) satisfies the
entry condition (5.52) at £ = Z,.. Moreover, analyticity of ¢y, (£, A) in A follows

from the analyticity of By(€,)), of the evolution T(&,€,\) and of the projections
(6 A).
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We now prove (ii). Identity (5.53) follows in a similar fashion as (5.27) in the proof
of Proposition 4.5.9 using that there exists 5, 1, (1 € C and oy, € R(Qp  (Le))

such that (5.43) is satisfied at A = 0 with ¢, (€,0) = e ¢+ Zac) weZae+€). O

The matching procedure

In the previous sections we constructed a piecewise continuous, exponentially local-
ized solution to the shifted eigenvalue problem (5.6) for any A € R1(d). At the two
discontinuous jumps at £ = 0 and { = Z, . we obtained expressions for the left and
right limits of the solution; these are the so-called exit and entry conditions. Finding
eigenvalues now reduces to locating A € R; for which the exit and entry conditions
match up. Equating the exit and entry conditions leads, after reduction, to a single

analytic matching equation in \.

During the matching process we simplify terms in the following way. Recall that
we evaluated the obtained exit and entry conditions at A = 0 using that the weighted
derivative e™" ¢, _(£) of the pulse is an eigenfunction of (5.6) at A = 0. This leads

to identities that can be substituted in the matching equations; see Remark 4.5.11.

Since the final analytic matching equation is to leading order a quadratic in A, it
has precisely two solutions in R;. These solutions are the eigenvalues of £, . in R;.
A priori we know that A\g = 0 must be one of these two eigenvalues by translational
invariance. In the next section 4.5.4 we show that )\ is in fact a simple eigenvalue
of £L,.. The other eigenvalue \; can be determined to leading order. Section 4.5.5
is devoted to the calculation of this second eigenvalue, which differs between the

hyperbolic and nonhyperbolic regime.
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Thus, our aim is to prove the following result.

Theorem 4.9. For each sufficiently small ag > 0, there exists d,e9 > 0 such that for
€ (0,g9) system (5.6) has precisely two different eigenvalues Ao, \1 € R1(0). The
eigenvalue Ao equals 0 and the corresponding eigenspace is spanned by the solution

e‘”§¢;7€(£) to (5.6). The other eigenvalue Ay is a-uniformly approximated by

M, o
A= Mb,l 4+ 0 (|5p logé‘ )

with

obeup (- L)
Mb,Q = <\Il*7 ¢;,5(Za,s - Ls)> , W= —660LEU{3(—LE) )

b et (€)de

(5.61)

where (up(§),v,(£)) = dn(€) denotes the heteroclinic back solution to the Nagumo
system (3.5) and the exponent p(a) equals % for a < ag and 1 for a > ag. The

corresponding eigenspace is spanned by a solution 11 (€) to (5.6) satisfying

[1(6 + Zae) — wn ()] < Ce”Dlloge|, € € [~Le, L],
(5.62)

[1(€ + Zao)|| < Ce”Dloge|, € € R\ [~Le, L],

where wy, is as in (5.22) and C' > 1 is independent of a and €. Finally, the quantities

My, 1 and My o satisfy the bounds

1/C < My, <C, |Mps| < Cap(“)\loge\.

Proof. We start the proof with some estimates from the existence problem. By
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Theorem 4.5 (i)-(ii) we have the bounds

IB(€: Asa,€)|| < Clefloge] +|A]), & € (—oo, Lel,
(5.63)

| Bp(&, A a, )] < C’(sp(a)|log€| +1|A]), €e€]-Le, L.

where B; and By, are as in (5.15) and (5.17). Moreover, we use the equations (3.4)
and (3.5) for ¢ and ¢y, and the equation (3.1) for ¢, . in combination with Theo-

rem 4.5 (i)-(ii) to estimate the difference between the derivatives

- (ba,s(f) < O€|10g€|, 5 € (-OO, Ls]a
(5.64)

- ¢:1,E(Za,a + f) < Cgp(a)HOge‘a §€ [_Lea La]'

1, (€)
0

We outline the matching procedure that yields the two A-values for which (5.6)
admits nontrivial exponentially localized solutions. By Proposition 4.5.8 any solution
e~ (€, \) to (5.6) decaying exponentially in backward time satisfies (5.26) at & = 0 for
some constant 3 _ € C. Moreover, by Proposition 4.5.9 any solution ¢*!(£, A) to (5.6)
satisfies (5.31) at & = 0 for some 5, (s € C and (5.32) at £ = Z, . for some 3, € C.
Finally, by Proposition 4.5.10 any solution ¢y, 4 (&, A) to (5.6) decaying exponentially
in forward time satisfies (5.52) at & = Z,. for some By +,(,+ € C. To obtain an
exponentially localized solution to (5.6) we match the solutions v _, 1 and v, , at
£ =0and at £ = Z,.. It suffices to require that the differences ¢ (0, \) — 1*/(0, \)
and ™(Zae,A) — ¥ 4 (Zae, A) vanish under the projections Q¢ (0) and Qp (0)

associated with the exponential dichotomy of (5.14) established in Corollary 4.5.7.

We first apply the projections Q% _(0), j = f,b to the differences v _(0,)) —
(0, A) and ™ (Z, ¢, N) — ¢y 4 (Za -, A) and immediately obtain 8y = B¢ and £, =
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P+ using (5.26), (5.31), (5.32) and (5.52). For the remaining matching condi-
tions, consider the vectors W, ; and W, defined in (5.25) and the bounded solution
©jad, given by (5.20), to the adjoint equation (5.19) of the reduced eigenvalue prob-
lem (5.14). By (5.24) the vectors ¥y and

0 0
\Ijj,J_ = \Ill,j - / efnf <§0j,ad(£)7F> dg \1127 F= ) j = faba
o0 1
span R(Q3 _(0)) and ¥; | is contained in ker(Q3 ,(0)*) = R(Q} . (0)*) C R(Q5_(0))
for 5 = f,b. Thus, we obtain four other matching conditions by requiring that the in-
ner products of the differences 1¢ _ (0, \)—1*(0, \) and ¥*(Z, ., \)—p 1 (Za.c, A) with
Uy and ¥; | vanish for j = f,b. With the aid of the identities (5.26), (5.31), (5.32)

and (5.52) we obtain the first two matching conditions by pairing with Wy

0= (Wa, ¢ _(0,A) — ™ (0, ) = =t + Ha(Bo. Br, G),

0= <\Ij2; ¢81(Za,61 )\) - ¢b,+(Za,,sa )‘)> - _Cb,-i- + H2(5b7 Cb,-‘m 6f7 Cf)u

(5.65)

where the linear maps H; and H, satisfy by (5.63) the bounds

[H1(Bs, B, o)l < C ((ellog el + A (18e] + [Gil) + e~ %13 )

[ Ha(Bo, Cov Br, Cr)| < C (€7 loge] + |A]) (18o] + [Cot]) + €718 + 1<)

with ¢ > 0 independent of A, a and . Hence, we can solve system (5.65) for (¢ and

(o4, provided |A],e > 0 are sufficiently small, and obtain

G =GB, Br)s G (B, Br)| < C ((elloge| + [A)|Bt| + e Y |By])
Cot = Cot (Boy B1)s [Co+-(Bo, Be)| < C (" log e] + [A)|Bo] + €915 -

(5.66)

For the last two matching conditions we substitute (5.66) into the identities (5.26),

(5.31), (5.32) and (5.52). Moreover, we estimate the tail of the integral in (5.26), i.e.
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the part from —oo to — L., using that the exponential dichotomy of (5.14) on R_ has
exponent p by Corollary 4.5.7 and it holds v > u/2. Thus, we obtain the last two

matching conditions by pairing with Wy ; € ker(Qf, (0)*) and Wy, ; € ker(Q} (0)*)

0= <\Ilf,J_7 ¢f,7(0, )‘) - w81<07 >‘>>

Le (5.67)
— 4 / {0, Wi 1, Bi(€, e(€) d + Ha(Br 1),
0 — <\Ijb,J_7 wSI(Za,sa )‘> - wb,—i-(Za,s? )\)>
(5.68)

L.
— B / (To(0,€)" By, 1 By (€. Neon(€)) d€ + Ha (B ).

Le

where the linear maps H3 and H, satisfy the bounds

[Hs(By, Br)| < C ((ellogel + [A])* Bl + e~ 5|5y ])

[Ha(o 80)| < C ((#@llog el + ) 8] +e~¥|51]) .

The same procedure can be done using the expressions (5.27), (5.33) and (5.53)

instead. We approximate a-uniformly

0= (Ur1,¢,.0)— ¢, .(0)) = (¥51, Q¢ _(0)¢),.(0) — Qf , (0)¢,, .(0))
; (5.69)
= <e’§"Tf(0, £) W 1, By(€, 0)¢;,5(€)> ¢+ 0 (7)),

0= (1,0, .(0) — ¢, (0)) = (Up, 1, Q5 _(0)8, .(0) — Q¢ .(0)¢,, (0))

L.
= <6_£nTb(07 §>*\ij,L7 Bb(§7 O)¢;,5(Za,s + §)> df (570)

— L.

+ <€77L5Tb(07 _La)*q’b,la ¢;7g<Za,5 - L£)> + @ (52) )

using v > p/2 > n/2 (see (5.5) and Lemma 4.5.3).

Our plan is to use the identities (5.69) and (5.70) to simplify the expressions
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in (5.67) and (5.68). First, we calculate

6717&(:0]‘,ad (5)
- fofo 6—775 <(pj7ad(é)7 F> dé
e—éogv;(f) (5.71)

6*77579 (07 é)*\II],J_ =

= —e‘éogu;(é) ) S S ]Ra j = fa ba
S et (€)dé

where (u;(£),v;(€)) = ¢;(§). Recall that the front ¢; is a heteroclinic connection
between the fixed points (0,0) and (1,0) of the Nagumo system (3.4). By looking
at the linearization of (3.4) about (0,0) and (1,0) we deduce that ¢}(£) converges to
0 at an exponential rate %\/5 as & — £oo. The same holds for ¢ (£) by symmetry.
Recall that & is given by v/2(1 —a). So, for all a > 0, the upper two entries of (5.71)
are bounded on R by some constant C' > 0, independent of a, whereas the last entry
is bounded by C|loge| on [— L., L.]|. Further, by (5.63) the upper two rows of Be(&, 0)
are bounded by Celloge| on [—L., L.|, whereas the last row is bounded by Ce as can
be observed from (5.15). Combining these bounds with v > 2v/2, (5.64) and (5.69)

we approximate a-uniformly

€

L. L
/_ (TH0,€) s, Be(€ N (©)) de = [ (e 9TH0,€)" e 1, Be(€, 0)6,..(6)) de

L, —L

Le
— )\/ e~ %ot (u’f(f))2 dé + O (Jelogel?)

—L.

_ —)\/ e~ (ul(€))2de + O (Jelog ).

oo

(5.72)
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Similarly, we estimate a-uniformly

Le
/ (T5(0,€) Wy, 1, By (&, Nwp(€)) dé = — (e™T3,(0, —Le) Wy, 1, ¢, (Zae — Le))

Le

= " e (€)% de + O (je"log ef?)

—00

(5.73)

using (5.70) instead of (5.69). Substituting identities (5.72) and (5.73) into the

remaining matching conditions (5.67) and (5.68) we arrive at the linear system

“AM; + O ((ellog ] + [A])?) O(e™%)
O(e—Q/E) —)\MbJ — Mb72 + O ((5p(a)|10g5| + |)‘|>2)
y By o
B
(5.74)

where the approximations are a-uniformly and with M,,; and My 5 as in (5.61) and

M; = /Oo (uh(€))? e~%8de > 0. (5.75)

—00

Thus, any nontrivial solution (B, 5¢) to (5.74) corresponds to an eigenfunction

of (5.6).

Since the perturbation matrices B;(&,\),j = f,b, the evolution T(f,é, A) of
system (5.6) and the projections Q. (&, A) associated with the exponential dichotomy
of (5.6) established in Proposition 4.5.5 are analytic in A, all quantities occurring
in this section are analytic in A. Thus, the matrix in (5.74) and its determinant

D()\) = D()\;a,¢e) are analytic in .
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Observe that the e-independent quantities M; and My ; are to leading order

bounded away from 0, i.e. it holds 1/C < My, My,; < C, since u}(§) converges

to 0 as & — 400 at an exponential rate % 2; see also (3.6). Second, we estimate
a-uniformly M, o = O(”@|loge|) by combining (5.63) and (5.70). Hence, provided

d,e > 0 are sufficiently small, we have for A € OR;(J) = {A € C: |\| =}
|D()\) — /\Mf(/\MbJ + Mb72)| < |)\Mf(/\Mb71 + Mb72)|.

By Rouché’s Theorem D(A) has in R;(J) precisely two roots Ao, A\; that are a-
uniformly O(|e”@loge|?)-close to the roots of the quadratic AMy(AMy, 1 + M)
given by 0 and —Mbngg 11 We conclude that (5.6) has two eigenvalues Ay, A; in the

region Rj.

We are interested in an eigenfunction ¢ (§) of (5.6) corresponding to the eigen-
value \; that is a-uniformly O(|e”@loge|?)-close to — M, o My, . The associated
solution to (5.74) is given by the eigenvector (5, 8,) = (O(e~%%),1). In the proofs
of Propositions 4.5.8, 4.5.9 and 4.5.10 we established a piecewise continuous eigen-
function to (5.6) for any prospective eigenvalue A € R;. Thus, the eigenfunction
1(€) to (5.6), corresponding to the eigenvalue A, satisfies (5.29) on It _, (5.37) on
It 4, (5.40) on I, (5.43) on Iy, _, (5.54) on Iy, and (5.58) on I,. The variables oc-
curring in these six expressions can all be expressed in f; = O(e~%¢) and B, = 1.

This leads to the approximation (5.62) of 1 (&).

By translational invariance we know a priori that e~ $r..(§) is an eigenfunction
of (5.6) at A = 0. Therefore, A = 0 is one of the two eigenvalues Ao, \; € Ry of (5.6).
With the aid of the bounds (5.62) one observes that the eigenfunction v (£) is not
a multiple of e*”§¢g’€(§). On the other hand, the space of exponentially decaying

solutions in backward time to (5.6) is one-dimensional, because the asymptotic ma-
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trix A(0, ), a,e) of system (5.6) has precisely one eigenvalue of positive real part by
Lemma 4.5.3. Hence, the eigenfunctions ;(£) and 6*775%75(5) must correspond to

different eigenvalues. We conclude \g = 0 and A\; # . O

Remark 4.5.11. In the proof of Theorem 4.9 we simplified the final matching equa-
tion by using that e~ ¢, (€) is an exponentially localized solution to (5.6) at A = 0.

More precisely, during the matching procedure we substituted the expressions

| @m0 B0 j-tb (5.76)

—L.

by (5.72) and (5.73). Alternatively, one could try to calculate (5.76) directly us-
ing (5.71). The most problematic term is the difference f'(uq:(§)) — f'(u;(§)) in

B;(£,0). This difference can be calculated using an identity of the form

@ - oy e | ]| =

0
(c(e) = ¢(0))v,(§) — (f'(uae(€)) — f'(u;(§)))ug - (&) + wy, (&)

Jj =1,b, where C; is the coefficient matriz of (5.18). The equivalent of the latter is

done in [31] in the context of the lattice Fitzhugh-Nagumo equations.

Remark 4.5.12. The proof of Theorem 4.9 shows that any eigenfunction of prob-
lem (5.6) corresponds to an eigenvector (B¢, By) of (5.74). Such an eigenfunction
is obtained by pasting together the eigenfunctions we(€§) and wy(§) to the reduced

eigenvalue problems (5.14) with amplitudes By and By, respectively.

The eigenvector (B, Br) = (1,(9(6_‘1/5)) of (5.74) corresponds to the eigenfunc-
tion efnfqbfw({) of (5.6) at A = 0. Indeed, this eigenfunction is centered at the front

and close to we(§). Switching back to the unshifted eigenvalue problem (2.3), we 0b-
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serve that the corresponding eigenfunction ¢, (&) to (2.3) is close to a concatenation

of we(€) and wy(&); see also Theorem 4.5.

The other eigenvector (B¢, By) = (O(e™9/%),1) of (5.74) corresponds to the eigen-
function 11(€) of (5.6) at A = 1. The eigenfunction 1y (§) is centered at the back
and close to wy(€); see also estimate (5.62). When Ay lies to the right of the essential
spectrum of L., it is also an eigenvalue of the unshifted eigenvalue problem (2.3)
by Proposition 4.5.4. An eigenfunction of (2.3) corresponding to this potential sec-
ond eigenvalue Ay is given by iy (&) := 1€ Zac)y) (€). Using the estimate (5.62) we
conclude that 1;1 (&) is centered at the back and the left slow manifold and close to

wp(&) along the back, i.e. it holds

101 (8)]| < Ce"@logele " Zee=8) ¢ € (—00, Zor — Lel,

[01(€ + Zae) — (€]l < CPlogele™, € € [~Le, Lc].

We emphasize that in contrast to the shifted eigenvalue problem, we do not obtain
that the eigenfunction 1/?1(§) is small along the left slow manifold, i.e. for & € I, =
(Z4e + L, 00). This observation agrees with the numerics done in §4.7; compare

Figures 4.6a and 4.7.

4.5.4 The translational eigenvalue is simple

In this section we prove that Ao = 0 is a simple eigenvalue of £, .. This is an essential
ingredient to establish nonlinear stability of the traveling pulse ¢, .(€); see [15, 16]
and Theorem 4.3. By Theorem 4.9 Ay has geometric multiplicity one. To prove that
Ao also has algebraic multiplicity one we consider the associated shifted generalized

eigenvalue problem at A\ = ). Particular solutions to this inhomogeneous problem
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are given by the A-derivatives of solutions ¥(&, \) to the shifted eigenvalue prob-
lem (5.6). By differentiating the exit and entry conditions at £ = 0 and at £ = Z,
established in Propositions 4.5.8, 4.5.9 and 4.5.10 we obtain exit and entry conditions
for exponentially localized solutions to the generalized eigenvalue problem. Match-
ing of these expression leads to a contradiction showing that Ay also has algebraic

multiplicity one.

Proposition 4.5.13. In the setting of Theorem 4.1, let ¢o-(€) denote a traveling-
pulse solution to (2.2) with associated linear operator L, .. The translational eigen-

value \g = 0 of L, is simple.

Proof. By Theorem 4.9 the eigenspace of the shifted eigenvalue problem (5.6) at
A = )\ is spanned by the weighted derivative e‘"fgb;ﬁ(f). Translating back to the
original system (2.3) we deduce ker(L, ) is one-dimensional and spanned by gz;fm(f ).
So the geometric multiplicity of Ay equals one. Regarding the algebraic multiplicity
of the eigenvalue Ay we are interested in exponentially localized solutions 1/; to the
generalized eigenvalue problem CM@ZJ = (;5;6(5 ). This problem can be represented by

the inhomogeneous ODE

1;5 = A0<§7 0>Q/V} + [a)\AO] (57 0)¢;,5<€>7 (577>

where Ag(&, A) is the coefficient matrix of (2.3). The asymptotic matrices of (2.3)
and the shifted version (5.6) have precisely one eigenvalue of positive real part at

= 0 by Proposition 4.4.1 and Lemma 4.5.3. Moreover, the weighted derivative
e ¢, (&) is exponentially localized. Therefore, ¥(€) is an exponentially localized

solution to (5.77) if and only if 1)(€) = e~} (€) is an exponentially localized solution
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to

e = A&, 009 + e [ A] (€, 0)9,(8), (5.78)
where A(€, A) is the coefficient matrix of the shifted eigenvalue problem (5.6).

Since e~ ¢, (£) is an exponentially localized solution to (5.6) at A = 0, there ex-
ists by Propositions 4.5.8, 4.5.9 and 4.5.10 solutions ¢¢ _ (£, \), ¥*/(&, \) and ¢y, 1 (€, \)
to (5.6), which are analytic in A and satisfy (5.26), (5.31), (5.32) and (5.52) for
some B¢ _, B, Cr, Bbs Bo+: Co+ € C, such that e*”égbfm(f) equals 1 _(£,0) on (—o0, 0],
Y1(€,0) on [0, Z,.] and 1y, (€,0) on [Z,.,00). As in the proof of Theorem 4.9 we
match ¢ (0, 0) to ¢*(0,0) and ¢*(Z,, 0) to 1y, (Za.,0). Applying the projections
QY _(0),5 = f,b to the differences 1 _(0,0) —¢*(0,0) and ¢*(Z,,0) — ¢p,—(Za, 0)
yields B¢ = B¢ and B, = Pp4. Taking the inner products 0 = (¥o, 4 _(0,0) —
¥°1(0,0)) and 0 = (Uy, ™ (Z, ., 0) — 1y, (Za.,0)) we obtain that ¢ and ¢, 4 can be

expressed in 3, and (¢ as

o= G(Bos Br)y  1G(Bo, Br)| < C (e]logel|Be| + e~ 7%|By])
Cort = Cot (B Be)s ot (Boy B)| < C (¥ [logel|Bu| + 95| B])

(5.79)

where C' > 0 is independent of a and ¢.

Observe that the derivatives [0\, _](€,0), [Ox¢®!](€,0) and [Oxtby, +](€, 0) are par-
ticular solutions to the equation (5.78) on (—o0,0], [0, Z,.] and [Z,.,o0), respec-
tively. Moreover, e*"%ﬁw({ ) spans the space of exponentially localized solutions to

the homogeneous problem (5.6) associated to (5.78). Now suppose that ¢ (&) is an
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exponentially localized solution to (5.78). By the previous two observations it holds

dj(ﬁ) = [8A¢f,—](€’ O) + O‘le_n€¢;,a(5)> §€ (—OO, O],
(&) = [OWM(E,0) 4+ ane ¢y, (€), € €0, Zacl, (5.80)
Qﬁ(f) = [8)\¢b,+](€7 O) + a3ein€¢;,a(€>a 5 € [Za,aa OO),

for some a; 23 € C. We differentiate the analytic expressions (5.26) and (5.31) with

respect to A and obtain by the Cauchy estimates and (5.79)

0

Orie](£,0) = B / Tp (0, €) Bur(€)dE + Ha(Br).

—00

[H1(Be)|| < Cellogel| B, |,
(5.81)

O ~ ~ A A
v)(€,0) = fi / TP (0,€) Buor(€)dE + Ha(Br. ).

[Ha2(Be, Bo)|| < C (ellogel|B] + e ¢|By])

where wy is as in (5.22), H; o are linear maps and B denotes the derivative of the

perturbation matrix

00 O
B = B(a,é) =[WBs(&,N) =1 0 0
00 —%

On the other hand, we estimate using Theorem 4.5 (i)

[Wiae— Vigl] < Celloge|,  where U¢, o= | —u! _(0) |, (5.82)

and Uy is defined in (5.25). Note that V¢, . is perpendicular to the derivative
' -(0). As in the proof of Theorem 4.9 note that the front ¢¢(&) = (ug(€),vi(§))

ae
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decays to 0 as & — +oo with an exponential rate %\/5 Thus, we calculate using

v > 2v/2, (5.80), (5.81) and (5.82)

0= (Wae [0, -](0,0) = [03¢](0,0) + (a1 — az) ¢, .(0))

= B (/L <Tf(o, )y, Bwf(§)> dé + O(e|log £|)> + 5,0 (e79°) (5.83)

—00

= Bi (—M; + O(ellog ) + BoO (e77*)

a-uniformly, where M is defined in (5.75). Let Wy, .. = (v}, .(Zac), —ul, (Zar),0). A

a,e a,e

similar calculation shows

0= <\I]b,a,aa [a)\wSI](Za,Ea O) - [akwb,-i-](za,av 0) + (OQ - a3)6_nza7€¢;,a(za75)>

= B (_Mb,l + 0(52/3“% 5’)) + 30 (e_q/a) )

(5.84)

a-uniformly, where M, ; is defined in (5.61). The conditions (5.83) and (5.84) form
a system of linear equations in ¢ and f,. The only solution to this system is
Br = By = 0, because M, My, ; > 0 are independent of € and bounded below away
from 0 uniformly in a. This is a contradiction with the fact that e*”5¢;76(§ ) is not
the zero solution to (5.6). We conclude that (5.78) has no exponentially localized
solution and that also the algebraic multiplicity of the eigenvalue A = 0 of £, . equals

one. O

4.5.5 Calculation of second eigenvalue

By Theorem 4.9 the second eigenvalue \; € R; of (5.6) is a-uniformly O(|e”@log £|?)-
close to the quotient —M,, oMy 11 Thus, to prove our main stability results in The-
orem 4.2, we need to show —Mbngb_’ 11 < —ebg, where by is independent of a and &.

Since My,; > 0 is independent of € and bounded by an a-independent constant, the
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problem amounts to proving that Mj, o is bounded below by eby for some by > 0. We

distinguish between the hyperbolic and nonhyperbolic regime.

In the hyperbolic regime, it is possible to determine the quantity M, to leading
order. This relies on the fact that the solution ¢y q(€), defined in (5.20), to the
adjoint system (5.19) converges exponentially to 0 as £ — —oco with rate v/2a. Since
a is bounded below in the hyperbolic regime, the first two coordinates of W, , defined

in (5.61), are of higher order by choosing v sufficiently large.

Therefore, the calculation for M}, 5 reduces to approximating the product

Le

w;,e(Za,s - La)/ u{)(g)e_é(]fdg-

oo

This leads to the following result.

Proposition 4.5.14. For each ag > 0 there exists eg > 0 such that for each (a,€) €
[ao,% — k] x (0,e0) the quantity M, o in Theorem 4.9 is approximated (a-uniformly)

by
€ <, s
My = % (ywy, — uy) / up(§)e”%dé + O (e*|logel) (5.85)

In particular, we have My, o > €/ko for some ko > 1, independent of a and .

Proof. The Nagumo back solution ¢, (§) to system (3.5) converges to the fixed point

pi = (ul,0) as £ — —oo. By looking at the linearization of (3.5) about p{, we deduce

that the convergence of ¢,(€) to pi is exponential at a rate %\/5 Combining this
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with Theorem 4.5 (ii), v > 2v/2 and ¢ — ¢ = O(g) we estimate

9
w;,s(Za,e — L) = z (Ug,e(—Le) — YWae(—Le))

(ut, —ywp) + O (e*|loge]) .

In addition, the derivative ¢} (£) converges exponentially to 0 at a rate %\/5 as
¢ — —oo. Finally, recall that é(a) = v/2(3 —a). Using all the previous observations,

we estimate

eoLley! (= L) Uy (Zae — Le)

My, o = —eoleyt (—L,) | v (Zae — L) >
i emeotuy (€)d€ wh o (Zae — L)
€ o0 .
=~ (0 —7w) / up(§)e™%dg + O (52|10g5|, eﬁ%”) .

Without loss of generality we may assume v > V2 /ag. Thus, we take

v > max{2v2,v2/ag,2/pu} > 0

(see (5.5)). With this choice of v the approximation result follows. Since we have

'u intersects the cubic w = f(u) only at u = 0. So, it

0 < v < 4, the line w =~
holds u{ — yw{ > 0. Moreover, we have uf,(£) = v,(£) < 0 for all x € R. Combing

these two items, it follows My 5 > ¢/ky. O

Recall that the solution ¢y, 4q(€), defined in (5.20), to the adjoint system (5.19)
converges exponentially to 0 as ¢ — —oo with rate v/2a. Thus, in the nonhyperbolic
regime 0 < a < 1, the first two coordinates of W,, defined in (5.61), are no longer of

higher-order, as was the case in the hyperbolic regime. Therefore, in addition to the
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product wy, (Za.c — L) f_L; uf, (£)e=%8dE, we also have to bound the inner product

< Poal=Le) ,¢;,5<ZQ,E—LE>>, (5.86)
0

from below away from 0. Recall from §4.3.3 that the pulse solution ¢,.(£) is at
¢ = Z,. — L. in the neighborhood U of the fold point (u*,0,w*), where u* =
% (a +1+ \/a2—7a+1) and w* = f(u*). In Up there exists a coordinate transform
®.: Ur — R? bringing system (3.1) into the canonical form (3.13). In system (3.13)
the dynamics on the two-dimensional invariant manifold z = 0 is decoupled from
the dynamics along the straightened out strong unstable fibers in the z-direction.
The flow on the invariant manifold z = 0 can be estimated; see Propositions 4.3.4
and 4.3.5. Therefore, our approach is to transfer to local coordinates by applying
®. to the inner product (5.86). The estimates on the dynamics of (3.13) leads to
bounds on ¢, (Z,c — Lc) in the local coordinates. In addition, the other term
(#1,0a(—Le),0) in the inner product (5.86) can be determined to leading order in the
local coordinates, since the linear action of ®. is explicit. Furthermore, if we have
e > Kya®, then the leading order of (bzw(Za,g — L.) can also be determined in local
coordinates using the estimates on the z-derivative given in Proposition 4.3.4 (ii).

The procedure described above leads to the following result.

Proposition 4.5.15. For each sufficiently small ag > 0, there exists e¢ > 0 and
Ko, ky > 1, such that for each (a,e) € (0,a0) x (0,e9) the quantity M, in Theo-
rem 4.9 satisfies My, o > €/ko. If we have in addition e > Kqa®, then My, 5 is bounded

as €3 [ky < Myo < €*3ky and can be approzimated a-uniformly by

44/2 9v/2

a? (18 —49)* | —3a
My = n © 1/3 _1/3
2(18 — 47) ¢

> £ 4 O (ellogel),

where © is defined in (3.15).
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Proof. We start by estimating the lower term in the inner product My . Similarly
as in the proof of Proposition 4.5.14, we estimate a-uniformly

W, (Zae — Le) = — (uh = qwl) + O (€73 loge])

a,e Zo

using Theorem 4.5 (ii). The e-independent quantity u} — yw} > 0 is approximated

by 2 — %7 4 O(a) and is bounded away from 0, since u}, = 2(1 4 a), w, = f(u})
and 0 < 7 < 4. In addition, uj(§) is strictly negative, independent of ¢ and a and
converges to 0 at an exponential rate %\/5 as & — +oo; see (3.6). Therefore, we

estimate

~

—Le . . -
koe < < / e~y (§)de, why (Zae — L€)> < ellogel/ko (5.87)

[e.9]

for some ko > 0 independent of a and ¢.

We continue by estimating the upper terms in the inner product M 5. The
linearization about the fixed point (u}, 0) of (3.5) has eigenvalues /2 and —v/2a and
corresponding eigenvectors v, = (1, %\/ﬁ) and v_ = (1, —v/2a), respectively. By [40,
Theorem 1] ¢} (£)e~¢/ V2 converges at an exponential rate %\/5 to an eigenvector v v,
as £ = —oo for some a; € R\ {0}. Using the explicit formula (3.6) for ¢, (), we
deduce o = —%\/565‘%0/ \/5, where &, € R denotes the initial translation. Without
loss of generality we take &, = 0 so that ay = —%\/5; see Remark 4.3.1. Thus, we
approximate a-uniformly

GEOLE /U{) ( _LE) 1 \/iaLs o 1

—_= —e_

L) 5 7 +0 (&%), (5.88)
—ul (L.

using v > 2v/2. For the remaining computations, we transform into local coordinates

in the neighborhood Ur of the fold point (u*,0,w*); see §4.3.3. Recall from the
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proof of Theorem 4.5 that ¢, .(Z,. — L.) is contained in the fold neighborhood Up
for ag,eo > 0 sufficiently small. We apply the coordinate transform ®,: Ur — R3?
bringing system (3.1) into the canonical form (3.13). Recall from §4.3.3 that &,
is C"-smooth in a and ¢ in a neighborhood of (a,e) = 0. Moreover, ®. can be

decomposed about (u*,0,w*) into a linear and a nonlinear part

U U U U
O | v =N v - 0 + i)a v |
w W w* w
—B JEi 5_21 (5.89)
u* C C
N - a¢g 0 - 0 0 % )
w’ 11
0 =z =

where

B = (a2 —a+ 1)1/3 (u* — ’yw*)_l/?’ > 0,

Bo=0¢(a®—a+ 1)1/6 (u* — yw*) ™% >0,

uniformly in a and €. The nonlinearity ®. satisfies ®(u*, 0, w*) = 0®.(u*,0,w*) = 0
and 0®, is bounded a- and e-uniformly. Differentiating (z4.c(€), Yac(€), 2ac(€)) =
De(¢ae(§)) yields

7, .(6) . (€)
v (&) | = [V +000ac©))] | .
#.(6) . (€)

Recall that (¢p,(€), w)) converges at an exponential rate 3v/2 to (uf,0,w}). Thus,



179

by Theorem 4.5 (ii) and v > 2v/2 we have

|$ac(Zae — Le) — (u, 0,wp)|| < Ce*?|loge], (5.90)

where C' > 0 denotes a constant independent of a and e. Recall that uj, %(1 +a),

u =3 (a+1+Va2—a+1), wh = f(u), w* = f(u*) and f'(u*) = 0. Therefore,

we estimate

< Ca*. (5.91)

1 *
7|/LUb_'LU

* 2 * 4 1 * 1
U §|,|w 2—7‘§Ca }ub U 5a

Combining estimates (5.90) and (5.91) with d®.(u*,0,w*) = 0, we estimate

10 (¢Gae(Zae — Le))|| < C (e**|loge] + a) . (5.92)

Using (5.88) and

-3 0 0
—1\* e
W) =] o -4 £ |,

—_
¢
e}
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we approximate a-uniformly

< (-2 | [ telZac— L) >
—up,(—Le) V, (Zae — Le)
—1 Uy (Zae — Le)
— <%e\/§aLE V2 |, Uy (Zae — Le) > +0 (&)
0 Wy o (Zae — Le)
—1 Uy (Zae — Le) (5.93)
_ <%@—x/§aLE (/\/’—1)* NG) N Ué,a(Za,s — L) +0 (52)
0 W, (Zaz — Le)
1 /
1 5\1/5 Ty (Zae — Le) 2
- <§€ 5 U tielZae = L) >+O(a),
V2é-1 2 (Zoe — L)

where A == —9®.(po(Zoe — L)) (N + 0G0 (Zoe — Lg))) . First, by (5.92)
it holds [|A| < C (£*?|loge| + a). Second, from the equations (3.13) one observes
that |y, (Zae — Le¢)| < Ce. Third, by Theorem 4.5 the pulse ¢4 (€) exits the fold
neighborhood at § = Z, . — &, where &, = O(1). The dynamics in the z-component
in (3.13) decays exponentially in backward time with rate greater than ¢/2 by taking
the neighborhood Up smaller if necessary. Note that ¢ is bounded from below away
from 0 by an a-independent constant. Thus, we may assume that the a-independent
constant v satisfies v > 2671, i.e. we take v > max{2v/2,2¢7,2/u} > 0 (see (5.5)).
With this choice of v, we estimate |z,.(Z,c — L.)| < Ce. So, using the equation for

2 in (3.13), one observes that |2, (Zac — L.)| < Ce. Combining the previous three
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observations with (5.93), we approximate a-uniformly

e(\/iaJréo)Ls < Ul/?’(_LE) u:z,a(Za,a - La) >
_u]’o(—La) U;’E(Za,6 — La)
1
B 1
1 N (5.94)
= gtaelZac = L) -2 [\U+A) [ o |)+0(),
V26— 1 0
1
= ﬁx;,g(za,s —L)(1+0 (&?2/3|10g el+a))+0().
1

From Propositions 4.3.4 and 4.3.5 it follows that for any &£ > 0 there exists gg, ag > 0
such that for (a,e) € (0,a) X (0,&0) it holds @/, (Za. — L) > k'e. Moreover, 81 > 0
is bounded by an a-independent constant. Thus, by taking k > 0 sufficiently large,

we estimate

Lt ~
Myo > eVl S 4 fe (5.95)

46,

using (5.87) and (5.94). This proves the first assertion.

Suppose we are in the regime ¢ > Koa® for some Ky > 0, so that a = O (e'/?).
On the one hand, using (5.89) and (5.91) we approximate the z-coordinate z;, of

ég(ué,o,w%) by

ny = () + 2 () + 0 (a2) = A0 4 0(@?).

On the other hand, since 0®, is bounded a- and e-uniformly, we have by (5.90) that

Zae(Zae — Lo) — x| < Ce¥3|loge|. Hence, using Koa® < €, we estimate

|Za,e(Zae — L) + 3B1a] < O (e*3[loge| + a*) < Ce??lloge]. (5.96)



182

Therefore, Propositions 4.3.4 and 4.3.5 yield, provided Ky > 0 is chosen sufficiently
large (with lower bound independent of a and ¢),

37, (Za,a - La) = 90 (Ia,a(Za,a - La)2 - 9_1 (xa,a(Za@ - La)g_l/s) 52/3) + 0(5)

a,e

(5.97)

First, by (5.91) it holds

O = —(a® —a+ 1)V (u* — yw*)'/® = g (18 — 47)1/3 + O(a),
(

| =

By = (a*—a+ 1)1/3 (u* — yw*) " =318 — 49) 3 4+ O(a).

—

Second, in the regime Kya® < € we have
‘e_ﬁ“Ls — 1‘ < Ce'loge.

Third, by combining (5.96) and (5.97), we observe 7, [(Z,. — L.) = O(¥3). We
substitute (5.96) and (5.97) into (5.94) and approximate My o with the aid of the

previous three observations and identity (5.87) by

1
Myy = 52, (Zae — L) + O (g]loge])
20,
0o

= 25 (#aclZuc = L) = 07" (2ae(Zae = Le)e™ %) *°) + O (cllogel)
1

> (18— 47)2/3@_1 —3a
2 (18 — 4y) /3 1/

44/2 9v/2

) 3 1 O (e]loge]) .

This is the desired leading order approximation of M. In the regime Kya® < e,
for Ky > 1 sufficiently large, the bound £%°/ky < My, < £2/*ky follows from this

approximation, using that ©~! is smooth and ©~1(0) < 0. O

Remark 4.5.16. By Theorem 4.9 the second eigenvalue Ay of (5.6) is to leading

order approximated by the quotient Mb,QJ\/[b”ll. We give a geometric interpretation of
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the quantities My 1 and My o in both the hyperbolic and nonhyperbolic regimes.

For the interpretation of the quantity My, we append the Nagumo eigenvalue

problem to the Nagumo existence problem (3.5) along the back

Ug = 0,
Ve = éo'l} - f(U) + wkl)? (5 98)

Ug =0,

7]5 = 50@ - f’(u)ﬂ + .

Note that (¢v(§), ¢1(€)) is a heteroclinic solution to (5.98) for A = 0 connecting the
equilibria (pt,0) and (p2,0). The space of bounded solutions to the adjoint equation
of the linearization of (5.98) at A = 0 about (¢n(§), },(£)) is spanned by (1aq1(§),0)

and (Vada2(€), ¥aa 1(£)), where 1aq1(€) = (v}, (€), —uj,(€))e~%¢. The Melnikov integral

My, = /_OO (1 () e~ 0%,

o0

measures how the intersection between the stable manifold W*(p?,0) and unstable
manifold W*(pi,0) breaks at (¢,(0), ¢1,(0)) in the direction of (1aq2(0), ¥aa1(0)) as

we vary A. Note that the quantity My, defined in (5.75), has a similar interpretation.

In the hyperbolic regime My, o is to leading order given by (5.85). The positive sign
of the quantity uj —ywy in (5.85) corresponds to the fact that solutions on the right
slow manifold move in the direction of positive w. For the geometric interpretation

of the integral

/_ h up, (€)e” 0 d¢, (5.99)

o0

in (5.85) we observe that the dynamics in the layers of the fast problem (3.3) are
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gwen by the Nagumo systems
(5.100)

For w = w} system (5.100) admits the heteroclinic solution ¢n(€) connecting the
equilibria p. and p?. The space of bounded solutions to the adjoint problem of the
linearization of (5.100) at w = w; about ¢n(€) is spanned by .q1(€). One readily
observes that (5.99) is a Melnikov integral measuring how the intersection between
the stable manifold W*(p)) and unstable manifold W"(pi) breaks at ¢,(0) in the
direction of 1aq1(0) as we vary w in (5.100), i.e. as we move through the fast fibers

in the layer problem (3.3).

In the nonhyperbolic regime M, 5 is estimated by (5.95). As can be observed from
the proof of Proposition 4.5.15, the sign of My o is dominated by the inner product
< o, (—Le) ug,s(Za,s — L) >
~uh(~Lo) |\ vholZee - L)
of the adjoint of the singular back solution and the derivative of the pulse solution
near the fold point. This inner product determines the orientation of the pulse so-
lution as it passes over the fold before jumping off in the strong unstable direction
along the singular back solution. In essence, upon passing up and over the fold, the
solution jumps off along a strong unstable fiber to the left. In the fold coordinates,
the sign of this inner product amounts to the sign of the derivative x, (Z,c — L:) of
the x-coordinate of the pulse solution in the local coordinates around the fold (3.13).

The sign of this derivative is determined by the direction of the Riccati flow in the

blow up charts near the fold; see system (3.20).
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4.5.6 The region R,

The goal of the section is to prove that the region Ry(d, M) contains no eigenvalues
of (5.6) for any M > 0 and each § > 0 sufficiently small. As described in §4.5.2 our
approach is to show that problem (5.6) admits exponential dichotomies on each of
the intervals It, I, I}, and I,, which together form a partition of the whole real line
R. The exponential dichotomies on I, and I, are yet established in Proposition 4.5.5.
The exponential dichotomies on It and I}, are generated from exponential dichotomies
of a reduced eigenvalue problem via roughness results. Our plan is to compare the
projections of the aforementioned exponential dichotomies at the endpoints of the
intervals. The obtained estimates yield that any exponentially localized solution

to (5.6) must be trivial for A\ € Rs.

A reduced eigenvalue problem

We establish for ¢ in Iy or I, a reduced eigenvalue problem by setting € to 0 in
system (5.6), while approximating ¢, .(£) with (a translate of) the front ¢¢(£) or the
back ¢y (&), respectively. However, we do keep the A-dependence in contrast to the

reduction done in the region R;. Thus, the reduced eigenvalue problem reads

Ye = A;(§, MY,
—n 1 0
Aj6N) = A6 a) = | A= fl(u(€) dG—n 1 . j=1b,
0 0 —2-_y

where u;(£) denotes the u-component of ¢;(¢), A is in Ry and a is in [0, 5 — ]. By

its triangular structure, system (5.101) leaves the subspace C? x {0} C C? invariant.
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The dynamics of (5.101) on that space is given by

Pe = Oj(§7 )\)(707

—n 1
Cj(&:A) = Cj(€, Asa) = . j=1,b.

A= f'(u(§) do—n
We remark that problem (5.102) corresponds to the weighted eigenvalue problem of
the Nagumo systems u; = u,, + f(u) and u; = ug, + f(u) — wyi about the traveling-

wave solutions wu¢(x + ¢ot) and uy,(z + Cot), respectively.

We show that systems (5.101) and (5.102) admit exponential dichotomies on both
half-lines. The translated derivative e s (£) is an exponentially localized solution
to (5.102) at A = 0, which admits no zeros. Therefore, by Sturm-Liouville theory,
A = 0 is the eigenvalue of largest real part of (5.102). So, problems (5.102) admit
no exponentially localized solutions for A € Ry(d, M) by taking § > 0 sufficiently
small. This fact allows us to paste the exponential dichotomies on both half-lines
of systems (5.102) and (5.101) to a single exponential dichotomy on R. This is the

content of the following result.

Proposition 4.5.17. Let k, M > 0. For each § > 0 sufficiently small, a € [0, 3 — K]
and A € Ry(0, M) system (5.101) admit exponential dichotomies on R with \- and

a-independent constants C,5 > 0, where i > 0 is as in Lemma 4.5.3.

Proof. By Lemma 4.5.3, provided ¢ > 0 is sufficiently small, the asymptotic matrices
Citoc(A) = C) 100(N; @) :=lime, 1o C;(€, A) of (5.102) have for a € [0,1/2 — k] and
A € Ry(d, M) a uniform spectral gap larger than p > 0. Hence, it follows from [47,
Lemmata 1.1 and 1.2] that system (5.102) admits for (A, a) € Ry x [0,1/2 — K] ex-
ponential dichotomies on both half-lines with constants C,u > 0 and projections

I (€, A) = 5 (€, Asa), j = f,b. We emphasize that the constant C' > 0 is inde-
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pendent of A and a, because Ry x [0,1/2 — k] is compact.

By Sturm-Liouville theory (see e.g. [35, Theorem 2.3.3]) system (5.102) has pre-
cisely one eigenvalue A = 0 on Re(\) > —¢ (taking 0 > 0 smaller if necessary).
Therefore, system (5.102) admits no bounded solutions for A € R,. Hence, we can
paste the exponential dichotomies as in [11, p. 16-19] by defining IT5(0, A) to be the
projection onto R(II5 , (0, A)) along R(IT§ _(0;A)). Thus, system (5.102) admits for
(A, a) € Ry x[0,1/2 — k] an exponential dichotomy on R with A- and a-independent

constants C, > 0 and projections IT°(£, X) = I1* (€, A; a), j = f, .

By the triangular structure of system (5.101) the exponential dichotomy on R
of the subsystem (5.102) can be transferred to the full system (5.101) using a vari-
ation of constants formula; see also the proof of Corollary 4.5.7. The exponential
dichotomy on R of system (5.101) has constants C, min{u,n — %} > 0, where C' > 0
is independent of @ and A. The result follows by taking § > 0 sufficiently small using

that 4 < n by Lemma 4.5.3. O]

Absence of point spectrum in R,

With the aid of the following lemma we show that the region R» contains no eigen-

values of (5.6).

Lemma 4.5.18 ([29, Lemma 6.10]). Let n € N, a,b € R with a < b and A €

C([a,b], Mat, x,(C)). Suppose the equation

has an exponential dichotomy on [a,b] with constants C,m > 0 and projections
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P"*(x). Denote by T'(xz,y) the evolution of (5.103). Let P, be a projection such that
| PE(b) — B|| < &g for some §g > 0 and let v € C™ a vector such that || P (a)v| <

k|| P (a)v|| for some k > 0. If we have do(1 + kC%e=2™(=9)) < 1, then it holds

Jo + kC2e=2m(=) (1 4 §))

BT (b <
H 2 ( ,CL)UH = 1-5 (1 +k026—2m(b—a))

(1 = P)T (b, a)v.

Proposition 4.5.19. Let M > 0 be as in Proposition 4.5.2. There exists 6,9 > 0

such that for e € (0,gq) system (5.6) admits no nontrivial exponentially localized

solution for X € Ro(d, M).

Proof. We start by establishing exponential dichotomies of system (5.6) on the in-
tervals It = (—oo, L] and I,y = [Zye — Loy Zae + Le|. Let XA € Ro(5, M). We regard
the eigenvalue problem (5.6) as an e-perturbation of system (5.101). Indeed, by
Theorem 4.5 (i)-(ii), for each sufficiently small ay > 0, there exists 9 > 0 such that
for € € (0,20) we estimate the difference between the coefficient matrices of both

systems along the front and the back by

||A(€a )‘) - Af(gv )‘>|| S O€|10g5|7 6 € (_007 LE]?
(5.104)

||A(Za,£ + 57 )\) - Ab(ga )\>H S C€p(a)’10g5’a 5 S [_Laa La]a

where p(a) = 2 for a < ag and p(a) =1 for a > ap and C' is independent of X, a and
e. By Proposition 4.5.17 system (5.101) has an exponential dichotomy on R with A-
and a-independent constants C, § > 0 and projections Q;°(£,\) = Q5°(§, A;a) for
j =1f,b. Denote by P;"*(A) = P;**();a) the spectral projection onto the (un)stable
eigenspace of the asymptotic matrices A; 1o () = A; 1o0(A; @) of system (5.101). As

in the proof of Proposition 4.5.9 we obtain the estimate

1
0 (e - PO < (M%) ot Gaos)
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for £ > 0. By estimate (5.104) roughness [10, Theorem 2| yields exponential di-
chotomies on Iy = (—o0, L.| and I,, = [Z,. — L., Z, . + L.] for system (5.6) with \-
and a-independent constants C, 5 > 0 and projections Q;°(§,\) = Q°(§, A a,€),

which satisfy

19§ (&, A) — @ (§, V|| < Celloge],
(5.106)

HQ§7S(Z(1,E +£7)\) - ﬁS(f,)\)H S Cgp(a)‘logd?

for €] < L..

On the other hand, system (5.6) admits by Proposition 4.5.5 exponential di-
chotomies on I, = [L., Z,. — L.| and on I, = [Z, . + L., c0) with constants C, u > 0

and projections Q7 (£, A) = Q,7/(§, A\;a,¢). The projections satisfy at the endpoints

I[Q7 — PI(Le, M| < Cellogel,
(5.107)

Q) = PN (Zae — L. M1 NQ; = P)(Zae + Le, V)| < Ce@lloge],

where P(£,\) = P (&, A; a, €) denote the spectral projections onto the stable eigenspace
of A(E, N).

Having established exponential dichotomies for (5.6) on the intervals Iy, I, I,
and [, our next step is to compare the associated projections at the endpoints of
the intervals. Recall that A;(£,\) converges at an exponential rate %\/i to the
asymptotic matrix A; 1 (A) as £ — £oo for j = f,b. Combining this with (5.104)

and v > 2v/2 we estimate

[A(Le, A) = Apoc (V]| < Cellogel,

|A(Zge £ Loy N) — Ap20o(V)]] < Ce”@loge].



190

By continuity the same bound holds for the spectral projections associated with
these matrices. Combining this fact with v > max{2v/2,2/u}, (5.105), (5.106) and
(5.107) we obtain

I[Q" — Q¢°](Le, M| < Celloge,
(5.108)

QY = Q0 1(Zae + Le, V1L Q1 = Q5N (Zae — Le, M| < Ce@loge].

The last step is an application of Lemma 4.5.18. Let ¥(§) be an exponentially
localized solution to (5.6) at some A € R,. This implies QF(0,A)1(0) = 0. An

application of Lemma 4.5.18 yields
195 (Le, N (Le)|| < Cellogel|| Q5 (Le, A)wb(Le) |, (5.109)

using (5.108) and v > 2/p. We proceed in a similar fashion by applying Lemma 4.5.18
to the inequality (5.109) and using (5.108) to obtain a similar inequality at the end-

point Z,. — L.. Applying the Lemma once again, we eventually obtain
1Q0(Zae + Ley NY(Zae + Le)|| < CSP(“)llogel Q0 (Zae + Les MY (Zae + Le)|| = 0,

where the latter equality is due to the fact that 1(£) is exponentially localized. Thus,

¥ is the trivial solution to (5.6). O

4.6 Proofs of main stability results

We studied the essential spectrum in §4.4 and the point spectrum in §4.5 of the

linearization £, .. In this section we complete the proofs of the main stability results:
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Theorem 4.2 and Theorem 4.4.

Proof of Theorem 4.2. In the regime ¢ < Ka?, the essential spectrum of £, . is con-
tained in the half-plane Re(\) < —min{evy,a} = —e7y by Theorem 4.4.1. Consider
the regions Ry, Ry and R3 defined in §4.5.2. By Propositions 4.5.2, 4.5.4 and 4.5.19
there is no point spectrum of £, . in the regions R, and Rj3 to the right hand side
of the essential spectrum. By Proposition 4.5.4, Theorem 4.9 and Proposition 4.5.13
the point spectrum in R; to the right hand side of the essential spectrum consists of
the simple translational eigenvalue Ay = 0 and at most one other real eigenvalue \;
approximated by — My, 2 My 11, where My, ; > 0 is independent of € and bounded by an
a-independent constant. Subsequently, we use Propositions 4.5.14 and 4.5.15 to esti-

mate My 2. We conclude that there exists a constant by > 0 such that \; < —eby. U

Proof of Theorem 4.4. 1t follows by Proposition 4.5.14 that the potential eigenvalue
A < 0 of £, is approximated (a-uniformly) by Ay = —Me + O (|eloge|?) in the

hyperbolic regime, where M; is given by

(ywy, — ) [ uy(§)e™*4dg

M= ) e T €)F evede
B 18(a + 1) — v (4a® — 6a* — 6a + 4) (6.1)
B 9a (1 —a) (1 —2a)
> 0,

where we used the explicit expressions for the front and the back given in (3.6) and
substituted ul, = (1 + a), w} = f(u}) and & = v2(3 — a).

By Proposition 4.4.1 the essential spectrum of £, . intersects the real axis only

1

at points A < —e(y +a~') in the hyperbolic regime. So, if M; < v+ a~! is satisfied,

then A; lies to the right hand side of the essential spectrum. In that case, A\ is
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by Proposition 4.5.4 contained in the point spectrum of £, .. This proves the first

assertion.

By Theorem 4.9 and Proposition 4.5.15, there exists Ky, kg > 1, independent of

a and ¢, such that, if ¢ > Kya?, then

M, o

Ny = ——2>=
YT My,

+0 (‘52/3 logef) ,

satisfies 1/koe?® < \; < koe?/. By Theorem 4.4.1 the essential spectrum of L,
intersects the real axis only at points A < —min{e(y + a™!),2a + 1ev}. Thus, in
the regime Kya® < ¢ < Ka? the essential spectrum intersects the real axis at points
A < —Ké/ %¢2/3 Taking K, > 1 larger if necessary, it follows that \; lies to the right
hand side of the essential spectrum and A; is by Proposition 4.5.4 an eigenvalue of

Lo

With the aid of (3.6) we calculate

My, = / (1 (€))% 08 dE = 3—55 +0(a),

taking the initial translation &, of uy(§) equal to 0; see Remark 4.3.1. Moreover, if

Koa® < e for some a > 0, then we compute with the aid of Proposition 4.5.15

(18 - 4’Y>2/3 1 2/3 2
Myyg=—~— 07 H0)e¥? + O (< +°‘)/3,610 gl),
b,2 9\/§ ( ) ( | g |)

uniformly in @ and «, where © is defined in (3.15). With these leading order com-
putations of M, and My the approximation (2.4) of A; follows in the regime

Koa® < '™ e < Ka?. O
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(a) Shown is the wu-component of the

pulse solution (blue) obtained numerically (b) ﬁShown iS, thed sp.ec}fruﬁa of fhe.Opl'ifa_
for (a,e,y) = (0.0997,0.0021,3.5). Also tor Lq,c assoclated with the pulse mn Fig-

plotted is the u-component of the eigenfunc- ure 4.6a. Note that the eigenvalue A, =

tion (dashed red) corresponding to the eigen- —0.0194 (§hown in red) lies to the right of
_ the essential spectrum.
value A\; = —0.0194.

Figure 4.6: Shown is a sample pulse solution and its spectrum. Also shown is the eigenfunction
corresponding to the critical eigenvalue \; = —0.0194.

4.7 Numerics

In this section, we discuss numerical results pertaining to Theorem 4.4; in particular,
we focus on the location of the potential second eigenvalue A\; of L, with respect

to the essential spectrum and its asymptotic behavior as ¢ — 0.

4.7.1 Position of \; with respect to the essential spectrum

In the nonhyperbolic regime Kya® < ¢ it is always the case that A; lies to the right
of the essential spectrum and is in fact an eigenvalue of £, . by Theorem 4.4 (ii). In
the hyperbolic regime there is a condition in Theorem 4.4 (i) which ensures that A\
lies to the right of the essential spectrum and is an eigenvalue of £, .. We comment

on this condition. Note that for parameter values (a,y) = (0.0997, 3.5) the condition



m

0.6 |
0.4}
0.2}

0.2}

(a) Shown is  the  w-component
of  the monotone pulse solution
(blue) obtained numerically for
(c,a,e,v) = (0.4446,0.1671,0.0021,0.5).
Also plotted is the wu-component of the
weighted eigenfunction (dashed red) corre-
sponding to the eigenvalue A\; = —0.0408.
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(b) Shown is  the  wu-component
of  the oscillatory ~ pulse solution
(blue) obtained numerically for
(¢,a,e,v) = (0.6864,0.0059,0.0021,0.5).
Also plotted is the wu-component of the
weighted eigenfunction (dashed red) corre-
sponding to the eigenvalue Ay = —0.0374.

Figure 4.7: Sample monotone and oscillatory pulses and the weighed eigenfunctions corresponding

to the critical eigenvalue A;.

is satisfied

M, = 12.498 < 13.530 = v + a .

Here M, is calculated with the aid of formula (6.1). In Matlab, we solve for stationary

solutions of (2.2) numerically for the parameter values (a, €,v) = (0.0997,0.0021, 3.5)

where we obtain the monotone pulse solution shown in Figure 4.6a; we also solve the

eigenvalue problem (2.3) and obtain a solution with eigenvalue A; = —0.0194; the

corresponding eigenfunction of £, is plotted along with the pulse in Figure 4.6a.

The spectrum associated with the pulse is plotted in Figure 4.6b. Note that the

eigenvalue \; = —0.0194 appears indeed to the right of the essential spectrum.
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4.7.2 Asymptotics of \; as ¢ — 0

We now turn to the asymptotics of the eigenvalue Ay of £,. as ¢ — 0. To study
this, we continue traveling-pulse solutions to (2.1) numerically along different curves
in the parameters c¢,a and ¢ in order to illustrate the behavior of the eigenvalue \;
in the hyperbolic and nonhyperbolic regimes treated in Theorem 4.4. In order to
ensure that we obtain the correct value for A\;, we use a small exponential weight
1 > 0 to shift the essential spectrum away from the imaginary axis, i.e. we look for
solutions to the eigenvalue problem (2.3) bounded in the weighted norm |||, =

supecp [|9(§)e™||. This amounts to replacing (2.3) with the shifted version

e = (Ao(€, X)) . (7.1)

This procedure is justified and explained in detail in §4.5.2. In short, if [0,1/2 — K]
is the allowed range for a in the existence result Theorem 4.1, then for the choice
n = %\/ili, A1 lies to the right of the shifted essential spectrum and is always an
eigenvalue of the shifted problem (7.1). In the following, we fix n = 0.1. Thus, we

restrict to a-values in [0, 0.3586].

Hyperbolic regime

We first consider the hyperbolic regime: according to Theorem 4.4 (i), for sufficiently

small € > 0, the eigenvalue \; of (7.1) is approximated by

A = —Me+ O (Jelogel?), (7.2)
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where M; > 0 is given by (6.1). If (u(z — ct), w(x — ct)) is a traveling-wave solution

to (2.1) with wave speed ¢, then (u(&),u/'(§), w(&)) satisfies the ODE

Ug =0,

ve = cv — f(u) + w, (7.3)
£

we = E(u — yw).

Using Matlab, we solve (7.3) numerically for the parameter values (c,a,e,7v) =
(0.4446,0.1671,0.0021, 0.5) where we obtain the monotone pulse solution shown in
Figure 4.7a. In addition, we solve the eigenvalue problem (7.1) and obtain a solution
with eigenvalue A; = —0.0408; the corresponding weighted eigenfunction of (7.1)
is plotted along with the pulse in Figure 4.7a. To see whether (7.2) gives a good
prediction for the location of the eigenvalue A; in the hyperbolic regime, we fix the
parameter a and using the continuation software package AUTO, we append the
weighted eigenvalue problem (7.1) to the existence problem (7.3) and continue in the
parameters (c,¢) letting € — 0 to determine the asymptotics of the eigenvalue A;.
We regard ¢ here as a free parameter, because the value of ¢ = ¢(a, ) for which (2.1)
admits a traveling-pulse solution depends on a and € by Theorem 4.1. Thus, instead
of prescribing ¢ = ¢(a, ) we require AUTO to continue along a 1-dimensional curve

in the (¢, e)-plane of homoclinic solutions to 0 of (7.3).

The results of the continuation process are plotted in Figure 4.8. In Figure 4.8a,
the continuation of the eigenvalue \; is plotted against € along with the first order
approximation \; &~ —M;e for the eigenvalue \; from Theorem 4.4 (i). There is good
agreement as ¢ — 0. In addition, in Figure 4.8b, a log-log plot of the difference of
the two curves in Figure 4.8a is plotted along with a straight line of slope 2. Asymp-
totically, there is good agreement between these two curves, which suggests that the

difference between the numerically computed values for A\; and the approximation
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(a) Plotted is the curve (blue) obtained (b) Shown is a log-log plot of the differences
for the continuation of the eigenvalue \; as (blue) of the two curves in Figure 4.8a

€ — 0 in the monotone pulse case. Here we that is, we plot log(A\; + Mje) vs. loge
hav.e fixed a = 0'1671. and. the wave speed ¢ where the values for \; were obtained using
varies along the continuation. For compari- the numerical continuation. Also plotted

son, we also plot the first order approxima- (dashed red) is a straight line of slope 2.
tion (dashed red) A =~ —M;je for the eigen-

value A; from Theorem 4.4 (i).

Figure 4.8: Asymptotics of the critical eigenvalue A; in the hyperbolic regime.

A =~ —M;e is indeed higher order.

Nonhyperbolic regime

We next consider the nonhyperbolic regime. Take K* > 1/4. By Theorem 4.1 and
Remark 4.3.3, provided a,e > 0 are sufficiently small with K*a? < ¢, the tail of
the pulse solution is oscillatory. Hence for sufficiently small ¢ > 0, in the region of
oscillatory pulses, one expects by Theorem 4.4 (ii) that the eigenvalue A; of (7.1)
becomes asymptotically O (¢%/3). Using Matlab, we solve (7.3) numerically for the
parameter values (¢, a,e,7) = (0.6864,0.0059,0.0021,0.5) and obtain the oscillatory
pulse solution shown in Figure 4.7b. We also solve the eigenvalue problem (7.1)
and obtain a solution with eigenvalue \; = —0.0374 and corresponding weighted
eigenfunction which is plotted along with the pulse in Figure 4.7b. To determine

the asymptotics of the eigenvalue \; in the oscillatory regime, we now continue this
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solution letting € — 0 along the curve ¢ = 61.9026a? so that it holds e > K*a? along

this curve. Note that we regard ¢ again as a free parameter for the same reasons as

in §4.7.2.

We compare the results of the continuation process with the results of Theo-
rem 4.4. Along the curve e = 61.9026a?, for sufficiently small a,e > 0, by Theo-

rem 4.4 (ii) the eigenvalue is given by

A= =1 (18 = d4)*? (e + O (%) ~ —2.1561%2, (7.4)

1
3
where we used that (y, ~ 1.0187.

The results of the continuation process are shown in Figure 4.9; in Figure 4.9a,
the continuation of the eigenvalue )\ is plotted against ¢ in blue along with the first
order approximation (7.4) in red. In Figure 4.9b, a log-log plot of the difference
of the two curves in Figure 4.9 is plotted along with straight lines of slope 1 and
5/6. Asymptotically, the log of the difference lies between these two lines, which
suggests that the difference between the numerically computed values for \; and the

approximation is indeed higher order.
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(a) Plotted is the curve obtained for the
continuation of the eigenvalue A\; as ¢ — 0
in the oscillatory pulse case. Here we con-
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(b) Shown is a log-log plot of the differences
(blue) of the two curves in Figure 4.9a, that
is, we plot log ()\1 +2.156152/3) vs. loge
where the values for \; were obtained using
the numerical continuation. Also plotted are
a straight line (dashed red) of slope 1 and a
straight line (dashed green) of slope 5/6.

Figure 4.9: Asymptotics of the critical eigenvalue \; in the nonhyperbolic regime.



CHAPTER FIVE

Unpeeling a homoclinic banana
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5.1 Introduction

We return to the FitzHugh-Nagumo traveling wave ODE:

v=cv— f(u)+w (1.1)

’lj):g(u-fyw)’

d

where "= =

and where the nonlinearity f(u) = u(u —a)(1 —u), —1/2 < a < 1/2,
v > 0, and 0 < ¢ < 1. In this chapter, we discuss a phenomenon, which has
previously been observed numerically, in which the oscillation in the tails of the pulses
constructed in [8, Theorem 1.1] grow into a secondary excursion upon continuation in
the parameters (¢, a). This second excursion grows into a second copy of the primary
pulse via a mechanism resembling a canard explosion. The goal of this chapter is to

construct this transition analytically using geometric singular perturbation theory

and blow up techniques as in the construction of the oscillatory pulses in [8, Theorem

1.1]

We begin in §5.2 by describing the transition mechanism in more detail with the
aid of numerical computations. In §5.3, we outline the setup and give a statement of
the main result. The pulse solutions are constructed in §5.4 save for a few technical

results which are proved in §5.5 and §5.6.
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5.2 Homoclinic C-curve and single-to-double pulse

transition

The following computations were performed using the continuation software AUTO.

Throughout, we fix v = 1/2.

5.2.1 The homoclinic banana

Starting with a monotone 1-pulse, we begin by fixing ¢ = 0.021 and continuing
in the parameters (¢,a) and obtain the homoclinic “C-curve” (Figure 5.2a) which
connects the branch of fast monotone pulses with the branch of slow pulses (see
the schematic diagram in Figure 5.1). When continuing along the upper branch
towards the left corner of the diagram, due to the Belyakov transition occurring at
the origin, the tail of the pulse solution changes from monotone to oscillatory. The
branch eventually turns around sharply as the pulse undergoes a transition from a
single to a double pulse. The continuation then follows the C-curve in reverse, and
similar sharp turn occurs when the lower branch appears to terminate in the lower
left corner of the diagram, during which the double pulse transitions back to a single
pulse. To better visualize this curve of solutions, in Figure 5.2b, the L?-norm of the
solutions is plotted against the parameter a. This gives the homoclinic “banana” as
described in [9]. Figure 5.3 shows an example oscillatory pulse solution and a nearby

double pulse solution after the transition along the banana.
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€ 1/2

Figure 5.1: Shown is the bifurcation diagram indicating the known regions of existence for pulses
n (1.1). Pulses on the upper branch are referred to as “fast” pulses, while those along the lower
branch are called “slow” pulses. These two branches coalesce near the point (c,a,e) = (0,1/2,0).
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(b) Homoclinic banana : L%-norm vs.

(a) Homoclinic C-curve: ¢ vs. a N

Figure 5.2: Plotted are the homoclinic C-curve and banana obtained by continuing the pulse
solution in the parameters (a,c) for ¢ = 0.021. The red square and green circle refer to the
locations of the oscillatory pulse and double pulse of Figure 5.3, respectively.
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(a) Shown is a pulse with oscillatory (b) Shown is a double pulse for
tail for (¢, a,e) = (0.005,0.608,0.021). (¢;a,e) = (0.001,0.612,0.021).

Figure 5.3: Plotted are examples of an oscillatory pulse and a double pulse along the homoclinic
C-curve. The colored shapes refer to their location along the homoclinic C-curve and banana of
Figure 5.2.
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5.2.2 Transition mechanism

Numerical explorations of the FitzHugh—Nagumo system have resulted in possible
explanations for the termination of the branch of pulses in the upper left corner
of the C-curve and the structure of the homoclinic banana [9, 22, 23]. The major
contributing factor to this behavior is the singular Hopf bifurcation occurring at the
origin. As the Hopf bifurcation is subcritical in the region in question, the onset of
small unstable periodic solutions nearby block the convergence of the homoclinic to
the equilibrium. However, the exact nature of the sharp turn in the C-curve, and
in particular the relation to the transition between the single and double pulse, is
not well understood. Guided by the analysis to construct the pulse in the previous
sections and the investigation of the canard point at the origin, we propose a geo-
metric mechanism for the transition from the single to double pulse, and we use the
numerical continuation to visualize this transition. Figure 5.4 shows a zoom of the
upper left part of the banana for a lower value of ¢ as well as six different pulses

along the curve plotted together.

When viewing the progression in Figure 5.4, it becomes clear how the second pulse
is added. Starting from the oscillatory pulse, after passing near the equilibrium, the
tail follows the completely unstable middle branch of the slow manifold for some
amount of time before jumping off and returning to M¥(c, a) and then converging to
the equilibrium. Eventually the pulse follows the entire middle branch up to the fold
point before jumping back to M%(c, a). In Figure 5.5a, we see this progression fills out
a surface when many such pulses are plotted together. As the transition continues,
the pulse instead jumps from the middle branch to MZ(¢,a) which it follows until
reaching the fold point, then jumps back to M%(c,a), culminating in a double pulse.

Figure 5.5b shows a surface filled out by this part of the sequence with many pulses
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(b) Six pulses along the banana pro-
jected onto the ww-plane showing the
transition from a single to a double
pulse.
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(c) Six pulses along the banana in the full uvw-space showing the transition from a single to a

double pulse.

Figure 5.4: Transition from single to double pulse in the top left of the homoclinic banana for
€ = 0.0036. The solutions labelled 1,2, 3 are left pulses, and those labelled 4,5, 6 are right pulses.
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(a) Plotted are left pulses along the transi- (b) Plotted are right pulses along the tran-
tion from single to double pulse. sition from single to double pulse.

Figure 5.5: Transition from single to double pulse in the top left of the homoclinic banana for
e = 0.0036.
plotted together. The entire progression of the tail from small oscillations to a full

additional pulse resembles a classical canard explosion (see Figure 5.4b).

In the following, we will construct this entire sequence analytically using the same
geometric framework used to construct the pulse with oscillatory tail. In Figure 5.6,
we show the two new types of singular pulses from which the transitional pulses will
be constructed; these will be defined in more detail in §5.3. As with the proof of [8,
Theorem 1.1], up to some technical difficulties, each pulse along the transition can be
constructed using classical geometric singular perturbation theory and the exchange
lemma. The main challenges involve the flow near the fold points, for which we use
blow up analysis, as well as constructing the tails of the pulses. The structure of
the middle branch turns out to be very important in this regard. While the entire
branch is completely unstable, there is a point along the middle branch (in fact two
due to symmetry) in which the flow transitions from node to focus behavior, which
is crucial to understanding the nature of the tails. In what follows, this point will be

referred to as the Airy point, and we will use another blow up to treat this region.



207

(b) Singular right double pulse follows the

(a) Singular left double pulse follows the se- > - ’ m -
quence: @7, M, py, Mb, M oo, M. iquuﬁge' er Miy ¢, Mo, ME ior My
9 0-

Figure 5.6: Singular ¢ = 0 double pulses for (c,a) = (1/v/2,0).

5.3 Setup

We start by collecting a few results from [8]. Define the closed intervals I, = [—aq, ao]
for sufficiently small ag > 0 and I, = {c*(a) : a € I,}; here c*(a) = 1/v/2(1 — 2a)
is the wavespeed for which the Nagumo front exists for this choice of a. Then for

sufficiently small g, ag, we have the following:

(i) The origin has a strong unstable manifold W (0; ¢, a) for ¢ € I., a € I,, and

e = 0 which persists for a, ¢ in the same range and ¢ € [0, g¢].

(ii) We consider the critical manifold defined by {(u,v,w) : v =0,w = f(u)}. For
each a € I,, we consider the right branch of the critical manifold Mj(c, a) up to
a neighborhood of the knee for ¢ = 0. This manifold persists as a slow manifold
MZ(c,a) for € € [0,g0]. In addition, M{(c,a) possesses stable and unstable
manifolds W*(Mj (¢, a)) and W*(M;(c, a)) which also persist for € € [0,¢0] as

invariant manifolds which we denote by W?" (¢, a) and W¥" (¢, a).

(iii) In addition, we consider the left branch of the critical manifold M§(c, a) up to a

neighborhood of the origin for ¢ = 0. This manifold persists as a slow manifold
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ME(c,a) for € € [0,g0]. In addition, M(c,a) possesses a stable manifold
W3 (M(c,a)) which also persists for € € [0, o] as an invariant manifold which
we denote by W5¢(c,a). In §5.3.2, we show that there is a way to extend
W3(c,a) in such a manner that it also encompasses a center manifold near

the origin which will be useful in the existence proof.

(iv) Finally, we consider the middle branch of the critical manifold M{'(c, a) away
from neighborhoods of the origin and the upper right fold point for ¢ = 0.
This manifold persists as a slow manifold M (c,a) for € € [0,50]. In addi-
tion, M{"(c, a) possesses a three-dimensional unstable manifold W*(M{(c, a))
which also persists for e € [0, go] as an invariant manifold which we denote by
W2 (c,a). The stable manifolds W*(Mj(c,a)) and W¥(M{(c,a)) form part
of W*(M{'(c,a)) for e = 0 and hence for sufficiently small £ > 0, we have that

the foliations W57 (c, a) and W3(c, a) are contained in W*™(c, a).

We also have the following proposition, which follows from the analysis in [8, §5].

Proposition 5.3.1. There exists g > 0 and p > 0 such that for each a € I, and € €

(0,&0), the manifold \J,., W (0; ¢, a) intersects | J,., W2*(c,a) near the upper right

cel.
fold point transversely in uvwc-space with the intersection occurring at ¢ = ¢(a,€)

for a smooth function ¢ : I, x (0,e9) — 1. where ¢(a,e) = c*(a) — pe + O(e(|al +€)).

5.3.1 Layer analysis

The construction of transitional pulses involves concatenating pieces of slow mani-

folds with fast jumps along fronts/backs at different heights along the slow manifolds.
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In this section we outline the structure of the layer problem

U=
v=cv— f(u)+w (3.1)
W =0,

at (c,a) = (1/4/2,0), where w now acts as a parameter (see Figure 5.7). Hence we
study the two-dimensional system
U =0

(3.2)

O =cv—u*(l—u)+w,

for values of w € [0,w'], where (u',0,w') = (2/3,0,8/27) denotes the location of
the upper right fold point for (¢,a) = (1/v/2,0). For the values w = 0, (3.2) has two
equilibria at (u,v) = (0,0) and (u,v) = (1,0), and when ¢ = 1/+/2, there is a front
¢y connecting these two equilibria. By symmetry, when w = w' there is a ‘back’ ¢,

connecting the two equilibria at (u,v) = (2/3,0) and (u,v) = (—1/3,0).

For values of w € (0,w'), (3.2) has three equilibria p; = (u;(w),0), where
u;(w),i = 1,2,3 are the three solutions of f(u) = w in increasing order. The outer
equilibria are saddles, while the middle equilibrium p, is completely unstable. To

compute the type, we note that the eigenvalues at p, are given by

) — ct /2 —4f (ua(w))

5 (3.3)

We define w, to be the lesser of the two solutions of ¢ — 4 f/(us(w)), and we refer
to the point (us(wa),0,w4) as the Airy point. Hence for (c,a) = (1/v/2,0), the
equilibrium p, is an unstable node for w € (0,w4) U (w' — w4, w'), a degenerate

node at w = wa,w" — wy, and an unstable spiral for w € (w4, w! — wy).
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Figure 5.7: Shown is the structure of the fronts ¢y, ., ¢y, ¢y given by Proposition 5.3.2 for values
of w € [0, w].

We have the following proposition regarding heteroclinic connections between the
equilibria p; for values of w € [0, w']. The results of Proposition 5.3.2 are shown in

Figure 5.7.

Proposition 5.3.2. Consider the system (3.2) for (c,a) = (1/4/2,0). For each
w € (0,w"), there exists a front ,(w) connecting the equilibria py and py, and a

front p.(w), connecting the equilibria ps and ps. Furthermore,

(1) For w € (0,wa), the front @, leaves py along a weak unstable direction and
remains in {(u,v) : u1(w) < u < ug(w),v < 0}. The front @, leaves py along

e, then crosses into the half space v > 0, where it remains until arriving at ps.

i) When w = wa, the fronts oq, ¢, leave py along the line v = “=2%) in the half
2v2

space v < 0. There exist Ay, A, and By, B, > 0 such that vy, @, satisfy

t

u(t) = up(w) + (4; + Bjt)e™E + O(1%c )
o(t) = (A + Bjt)erV? + Bjea + O(te?),

2v/2
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j = L,r, asymptotically as t — —oo. There exists A > 0 such that these
solutions can be written as graphs v =v;(u),j = £,r, for u € [us(w) — A, us(w)]

with v.(u) > ve(u) for all u € [ug(w) — A, ug(w)].

(iii) When w = w' —w,, the fronts @y, @, leave py along the line v = “;%w) in the

half space v > 0.

(iv) For w € (w' —wa,w'), the front o, leaves py along a weak unstable direction
and remains in {(u,v) : uz(w) < u < uz(w),v > 0}. The front v, leaves po
along ¢,, then crosses into the half space v < 0, where it remains until arriving

at P1-

Proof. We prove (i) and (ii); the remaining two assertions follow from the symmetry
of the cubic nonlinearity. The claims regarding the front ¢, follow from analysis of

traveling fronts [2, 20, 24].

It remains to show the properties of the front ,. We first consider the case of
small w. When w = 0, the equilibria p; and ps collide, and p; and p3 are connected
by the Nagumo front ;. Hence for small w > 0 property (i) follows from the fact
that s breaks regularly as w increases; this can be shown in a manner similar to
the proof of [8, Proposition 5.2]. Hence the result holds for w € (0,A,) sufficiently

small.

We next examine the linearization of (3.2) at the equilibria py, p3. At p;, the

linearization of (3.2) is given by

Jo ; (3.5)
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which has eigenvalues

)\i_cj:\/@ 4f"(u;(w))
v 2 :

(3.6)

For all w € (0,w,4) and all ¢ > 1/v/2, p, is an unstable node (which is degenerate in

the critical case of w = wy, ¢ = 1/4/2) with corresponding eigenvectors

et/ R—4f (uz(w))
2

For w € (0,w,4), the equilibrium ps has a well defined strong unstable eigenspace
with nonzero (u,v)-components. Hence the front ¢, leaves the equilibrium along a
trajectory tangent to this subspace with w initially either increasing or decreasing.

Proving (i) amounts to showing that the former is always the case.

For all w € (0,w,4) and all ¢ > 1/4/2, ps is a saddle with corresponding eigenvec-

tors

ef = : (3.8)

Hence for each w € (A,,w,4) and each ¢ > 1/4/2, the equilibrium p, has a well
defined strong unstable manifold W**(p,), and the equilibrium p3 has a well defined
stable manifold W?*(p3). If a front were to exist as an intersection of W"*(ps) and
W?(p3) lying in the half space v > 0 for some ¢, > /2, then by monotonicity of

the flow with respect to ¢, this connection will break upon varying c: for ¢ < ¢,,, we
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must have that YWW**(p,) lies below W?*(p3) and vice-versa for ¢ > ¢, and hence this
value of ¢, for which a connection exists is unique among ¢ > 1/v/2. We show that
for each w € (0,w,4), such a value ¢, > 1/v/2 exists by explicitly constructing the

associated front.

Using the ansatz v = b(u — uz(w))(u — uz(w)), we deduce that there is a front

connecting ps and ps3 given by

u(t) = ug(w) + ug(w) N

. uz(w) ;U2(w) tanh <U3(w) - Uz(w)t)

2v/2

, (3.9)
() —w@)’ () — up(w)
v(t) = v sech ( Wi t) :
with wave speed
_ 1 2
c= 7 (uz(w) + uz(w) — 2us (w))
1
\{ﬁ (3.10)
7 (
1
> E,

for all w € (Ay,wy). Hence for each w € (Ay,wa), for ¢ = 1/v/2, we must have

that W*“(ps) lies below W?(ps3).

Finally, we can apply the same argument as above to the case of w = wy. For

¢ = 1//2, there is a unique trajectory decaying exponentially in backwards time
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along the eigenvector

= : (3.11)

_t_
with exponential rate e2v2, whereas all other trajectories decay with algebro ex-
t
ponential rate te2v2. We abuse notation and refer to this trajectory as W"*%(ps).
For ¢ > 1/ V2, p is an unstable node, and as above we can find a front solution

connecting W*(p2) and W?(ps) at with wave speed

= (1= 3uy(wy))

\? (3.12)

E’

>

and hence, by the above monotonicity argument, we deduce that W"*(ps) lies below

W?(ps3) for ¢ = 1/v/2, w = wy, which completes the proof of (ii). O

5.3.2 Existence of the center-stable manifold W*‘(c, a)

There are a number of invariant manifolds near the origin which will be involved in
the construction of the transitional pulses outlined above. In particular there is the
local center manifold near the origin considered in [8, §6] and the stable foliation
W3t(c, a) of the left slow manifold M¥(c,a). These two manifolds are only unique
up to exponentially small errors and were chosen in such a manner that they overlap

to form one larger extended center-type manifold.

In the following, as certain parts of our analysis is sensitive to exponentially

small errors, it will be convenient to consider an even larger center manifold in this
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region which contains all of the essential dynamics to reduce dependence on matching

conditions containing exponentially small errors.

The goal is to show that for any small A,,, for any sufficiently small €y, ag, there
exists a center type manifold at the origin (as in [8, §6]) which we can extend up
to w = wy — A, where wy is the height of the Airy point, due to the consistent
exponential separation away from the Airy point. We will be able to choose this
manifold in such a way that it contains any part of M*(c, a) lying below w = wa—A,,
and the entirety of W2*(c, a). Hence we abuse notation and refer to this new (larger)

manifold as W¥(c, a).

To see this we look at the linearization of (1.1) at (c,a,¢) = (1/v/2,0,0) given

by
0 10
0 0 0

There are three eigenvalues A\g = 0, Ay = . A quick computation shows

ctr/c2—4f"(u)
2
that Re(\.) > Re(\_) provided ¢ > 4f'(u). In particular for (c,a) = (1/v/2,0),

this holds for any u < uy = % (1 — \/§>

We fix A, sufficiently small and consider the union of the fronts ¢, for w €
(0,wa — Ay) for (c,a,e) = (1/4/2,0,0) and refer to this invariant manifold as
WS’Z(C, a). This manifold is normally hyperbolic with the rate of expansion in the
normal direction stronger than the expansion rates on Wg’g(c, a). Therefore this
manifold persists [3, 4] as a normally repelling locally invariant manifold W#*(c, a)

containing a neighborhood of the slow manifolds M&(c, a), M™(c,a) and the local
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Figure 5.8: The extended center-stable manifold W*(c, a) and the sections ¥™, R 7

center manifold near the origin. Taking the intersection of this manifold in a plane of
fixed w < was — A,, which intersects the manifold M¢(c,a) and evolving backwards
in time determines a choice of W#*(c, a) which also contains the strong stable fibers
of the manifold M¥(c,a) for w > ws — A,,. This extended center-stable manifold

W2¥(c, a) is shown in Figure 5.8.

5.3.3 Existence of maximal canards

In the two-dimensional manifold W%(c, a), for certain parameter values, there exist
canard solutions near the attracting slow manifold M¢(c,a) which pass near the
origin and then follow the repelling slow manifold M (¢, a) for some time. Using
the results in [38], there is a maximal canard solution which occurs when M&(c, a)

and M (c, a) coincide. We have the following.

Theorem 5.1. There exists ¢g > 0 and a smooth function a®(y/e,c¢) : (0,e0) X I, — I,

such that there is a mazimal canard solution connecting the manifolds M"(c,a) and

M7 (c,a) when a = a(c,/e). We have that

a‘(Ve,c) = —me + O (63/2) (3.14)
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where m = m(c) is positively bounded away from zero uniformly in c € I..

5.3.4 Singular transitional pulses

In this section we construct singular transitional pulses for (c,a,¢) = (1/v/2,0,0)

using the layer analysis above. We define

M(ug,ug) == {(u,0, f(u)) : u € [ur, us|} (3.15)

All singular pulses consist of a single pulse

Iy = UMul, 1) Up, UM —1,0), (3.16)

followed by a secondary pulse. The secondary pulse follows a canard-like explosion

which we parametrize by s € (0,2w'). We define the singular secondary pulses

M(0,uz(s)) U pe(s) UM(uy(s),0), s € (0,w")
M0, ut) U @, U M(ul — 1,0), s=w'
M0, uy (2w’ — 5)) U @, (2w’ — )

\ UM (ul, uz(2wt — s)) Uy UM(uf — 1,0), s € (wh,2wh)

(3.17)

We refer to singular transitional pulses To(s) = Ty UT3(s) as “left” transitional
pulses for s € (0,w') and “right” double pulses for s € (w',2w’). The left/right
descriptor refers to whether the double pulse involves a jump from Mg' to the left
branch M or a jump to the right branch M. These two types of singular pulses

are shown in Figure 5.6.
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We also define the two dimensional singular tail manifolds 7y(w) for w € (0,w4)

by
Tow) = |J eew).
we(0,w)

where the fronts p,(w) are defined as in Proposition 5.3.2.

5.3.5 Statement of the main result

The goal of this chapter is to prove the following existence theorem for a one-
parameter family of homoclinic solutions to (1.1) which encompasses the transition
from single pulses with oscillatory tails from [8, Theorem 1.1] to double pulse solu-
tions comprised of a single pulse followed by a secondary excursion which is close to

the original pulse.

Theorem 5.2. For each sufficiently small A,, > 0, there exists 9,q,C > 0 such
that the following holds. For each 0 < & < €, there exists a one-parameter family of

traveling pulse solutions to (1.1)

s = (c(s,v2),a(s,ve),0(s,1/2)), se€(0,20" —A,) (3.18)

which is C' in (s,/€). Furthermore

(i) The family T'(s,+/€) is approzimated by the singular transitional pulses T'o(s) =
[y UT2(s) in the following sense:
For s € (0,wa), the pulse T'(s,\/€) consists of a primary excursion which lies

within O(y/2) of T§, followed by an oscillatory tail which remains within an
O(/e) neighborhood of To(max{s, A,}).
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For s € (wa,2w! — Ay), the pulse T'(s,+/€) consists of a primary excursion
which lies within O(\/€) of T4, followed by a secondary excursion which lies
within O(y/2) of T3(s), followed by an oscillatory tail which remains within an
O(y/e) neighborhood of To(wa).

(ii) For all sufficiently small s > 0, a(s,/€) is monotone decreasing in s and the

pulses T'(s,+/€) correspond to the pulses constructed in [8, Theorem 1.1] with

c(s,ve) = é(a(s,Ve), e). (3.19)

(iii) For all s € (0,2w! — A,), we have that

|c(s,V/2) — é(a(s, ve),g)| < Ce /e, (3.20)

(iv) For all s € (A, 2w — A,,), we have that

|a(s, V) — a°(Ve, (s, Ve))| < Ce /e, (3.21)

5.4 Constructing transitional pulses

In this section, we construct transitional pulses in pieces and obtain matching condi-
tions near the canard point at the origin which are solved using an implicit function

theorem.

The general construction for pulses of all types involves three pieces: the primary
pulse, a secondary excursion, and a tail manifold which is formed by an appropriately

defined subset of the manifold W#(c, a). Hence the procedure involves obtaining two
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conditions: one which matches the primary pulse to the secondary excursion, and
one matching the secondary excursion with the tail manifold. Once these matching
conditions are obtained, it remains to show that solutions on the tail manifold in
fact converge to the equilibrium (and are not blocked by periodic orbits, etc.). This
is treated in §5.5, where we show that the tail manifold forms part of the stable

manifold of the origin, which completes the construction.

Due to various interactions of the pulses with the fold points and Airy point, the
construction of the transitional pulses breaks down into six types, five of which we
are able to construct. All pulse types have the same primary excursion, and hence

the pulse types are determined by properties of the secondary excursion.

e Type 1: {I'(s) : s € (0,wa + Ay)}

Type 1 pulses are left pulses with a secondary excursion of height w € (0, w4 +
A,), where wy represents the height of the Airy point, and A, is sufficiently
small. For these pulses, we show that this secondary excursion already lies in

the tail manifold, and no further matching is required.

e Type 2: {['(s):s€ (wa+ Ay, w —A,)}

Type 2 pulses are left pulses with a secondary excursion of height w € (w4 +
Ay, wt —A,), where wy represents the height of the ‘Airy’ point, and w is the
height of the upper right fold point. For these pulses, we show that a second
matching condition is necessary to ensure that the secondary excursion can be

matched with the tail manifold.

e Type 3: {I'(s):s€ (wh —A,,wh+A,)}

Type 3 pulses pass near the upper right fold point and encompass the transi-

tion between left and right pulses. These are constructed in much the same
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way as type 2 pulses, but there are additional difficulties encountered in pa-
rameterizing these pulses (w is not a natural parameter in this regime), and in
verifying that the interaction with the upper right fold does not break down

the argument.

o Type 4: {['(s):s € (wh+ Ay, 20" —ws — Ay)}

Type 4 pulses are right pulses with secondary excursion of height w € (w4 +
Ay, w" — A,). There is a technical difficulty involved in obtaining the first
matching condition which involves balance of exponential contraction/expansion

along the slow manifolds M’ (c,a), M%(c, a).

o Type 5: {I'(s):s€ Qul —wys — Ay, 20" — Ay)}

Type 5 pulses are right pulses with a secondary excursion of height w €
(0,wa + Ay). For these pulses, the secondary excursions have a more deli-
cate interaction with the Airy point and therefore also introduce complications

when trying to determine the final matching condition with the tail manifold.

e Type 6: {['(s):s € (2w’ —A,,2w")}

Type 6 pulses are essentially two copies of the primary pulse. Our results do
not cover this regime, though it is an area for further study. When trying to
construct these pulses, we approach the Belyakov transition where we expect
the branch of pulses will terminate for ¢ sufficiently small [9], so we do not

expect that it is possible to construct pulses for s arbitrarily close to 2w?.

The different pulse types are shown in Figure 5.4 with one caveat: the type 3
pulses as defined above should actually appear somewhere in between the pulses with

labels 3 and 4 in Figure 5.4.

We begin with setting up the blown-up coordinate system near the canard point
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at the origin in which the matching will occur, followed by constructing pulses of type
1,2. We then outline the difficulties/differences in constructing pulses of type 3,4,5
and how to overcome these. The construction is then complete up to two technical
results: first, the convergence of the tails, proved in §5.5, and second, a transversality

condition which arises due to interaction with the Airy point, proved in §5.6.

5.4.1 Flow near the canard point

We collect some results from [8, 38| which will be useful in the forthcoming analysis
for obtaining matching conditions for the transitional pulses near the equilibrium.
In [8], it was shown that in a neighborhood of the origin, after a change of coordinates,

we obtain the system

T = ) + 12 + O({f, xy, y27 ZE3)

y=clz(1+0(x,y,a,¢)) +a(l+O(z,y,a,¢)) + O(y)]

i=z (03/2 + O(z,vy, z,z—:)) (4.1)
a=0
e=0,

where @ = - f7. The manifold W2¥(c,a) is given by z = 0, where the strong

unstable fibers have been straightened. We note that the (z,y) coordinates are in
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the canonical form for a canard point (compare [38]), that is,

T = _yh1<x>y7 Q, g, C) + thQ(x7ya Q, g, C) + 5h3($7 Yy, o, g, C)

y =€ (33'}74(33, Yy, o, g, C) + Ckh5($, y,a, g, C) + yh()‘(xa Yy, o, g, C))

i=2z (03/2 + O(x,y, z,a)) (4.2)
a=20
e=0,

where we have

hg(ZL’,y,Oé,é,C> :O(x,y,a,e) (4 3)

hj(xz,y,a,e,¢c) =14+ O(z,y,a,¢), j=1,2,4,5.

We have now separated the hyperbolic dynamics (given by the z-coordinate) from
the nonhyperbolic dynamics which are isolated on a four-dimensional center manifold
parameterized by the variables (z,y, e, ) on which the origin is a canard point in
the sense of [38]. Such points are characterized by “canard” trajectories which follow
a strongly attracting manifold (in this case M%(c, a)), pass near the equilibrium and
continue along a strongly repelling manifold (in this case M (¢, a)) for some time.
To understand the flow near this point, we use blowup methods as in [38]. Restricting

to the center manifold z = 0, the blow up transformation is given by

=TT, Y=Tr7Y, «q=Td, E=T¢E, (4.4)

defined on the manifold B, = S? X [0, 7] x [—ay, @] for sufficiently small 7, @y with
(z,y,€) € S? There is one relevant coordinate chart which will be needed for the

matching analysis. Keeping the same notation as in [38] and [39], the chart Ky uses
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Figure 5.9: The local coordinates near the canard point and the section ¥™. The manifold
WSt (c,a) coincides with the subspace z = 0.
the coordinates

2 2
T =Tax2, Y =ToY2, OQ=T200, &=T5. (4~5)

Using these blow-up charts, in [38], the authors studied the behavior of the
manifolds M(c, a) and M™(c, a) near the equilibrium, and in particular determined
conditions under which these manifolds coincide along a canard trajectory. We place
a section ¥™ = {x =0, |y| < A, |z| <A,} for small fixed A, and A, = 2A, in

which most of our computations will take place (see Figure 5.9).

In the chart KCy, the section ¥ is given by 34" = {332 =0,|ye| < %, |z| < AZ}.

2
It was shown in [38] that for all sufficiently small 75, iz, the manifolds M(c,a) and
M (¢, a) reach 7" at y = y5 (¢, a) and y = 42" (¢, a), respectively. Furthermore,

we have the following result which will be useful in the coming analysis.

Proposition 5.4.1. /38, Proposition 3.5] The distance between the slow manifolds

M(c,a) and M™(c,a) in X™ is given by
Y — gt = Dy, 1 €) = dayan + dyyra + O +a2) | (4.6)

where the coefficients d,,,d,, are positive constants. Hence we can solve for when
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this distance vanishes which occurs when

dy
(6%)) :Oég = _d 27”2"‘0(7’%). (47)
Qs

Remark 5.4.2. In the following, many computations will be performed in the Ko
coordinates before transforming back into the original coordinates/parameters as the
results of Theorem 5.2 are stated in terms of the original parameters (c, a,€), rather

than (¢, g, 19). To obtain (a,e) from (ag,rs), we have

a = 2¢2aqry
(4.8)

=1,
which are smooth functions of (c, aa,r3) for (¢, as, ) near (1/1/2,0,0).

We remark that results involving transversality with respect to parameter varia-
tions due to the exchange lemma [51] which are obtained for the original system (1.1)

can likewise be shown to hold in the Ko coordinates by instead considering the system

v=cv— f(u)+w (4.9)

W= rg(u - ,yw)a
where f(u) = u(u — 2¢2aqry) (1 —u) for (c, a, o) near (1/4/2,0,0).
5.4.2 Type 1 pulses

Type 1 pulses are the simplest of the transitional pulses and are really just single

pulses with oscillatory tails. In this section, we deduce the existence of transitional
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left pulses with secondary excursion of height w < w4 + A, and show that these
pulses are in fact a continuation of the family of pulses with oscillatory tails con-
structed in [8]. To construct a type 1 pulse, we need a single matching condition

which matches the primary pulse with a tail of height w < w4 + A,.

We break this into two parts. We first construct pulses of height w € (A, wa +
A,) and then move onto pulses with ‘small’ oscillatory tails, that is, pulses with tails

of height w < A,,.

Matching condition for pulses I'(s,1/2), s € (A,, wa + Ay)

We match the various components of the solution in the section X" in the Ky co-
ordinates. First, we have the following lemma, which will be useful in solving the

matching conditions.

Lemma 5.4.3. For each sufficiently small A, > 0, there exists C,q,e9 > 0 and
@1 > G2 > 0 such that the following holds. For each 0 < & < &g and each |z| < A,,
there exists ¢ with |c — &(a, )| = O(e=%%) such that W*(0; ¢, a) intersects ™ at the
point (yy(z;¢,a), z) where

IO < g0 c,a) — i < Cee
(4.10)

‘yg(z;c7 a) - yg((), C, a)| = 0(267Q/5).
Proof. We have that W¥(0; &(a,e),a) is O(e~%%)-close to M%(c,a) in £™. Since

by Proposition 5.3.1, W*(0; ¢, a) transversely intersects W(c, a) upon varying ¢

¢(a, €), the result follows from the exchange lemma. O

Consider the solution v/ (s; ¢, a) on the stable foliation W3¢(c, a) which intersects
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the section LM .= {u = 0,A, <w < w' — A,} at height w = s € (A, wa + Ay).

This intersection occurs at a point (u,v,w) = (0,v/(s;c, a),s). Evolving v/ (s;c, a)

backwards, we have that v/ (s; ¢, a) is exponentially close to M™(¢, a) in £™. Thus we

have that 7/ (s; ¢, a) intersects ¥™ at a point (ys, 2) = (35, 2°)(s; ¢, a) which satisfies
[5(s; ¢, a) — "™ | = O(e™ ")

- o (4.11)
2°(s;¢,a)| = O(e™ ),

uniformly in (¢,a). Thus by Proposition 5.4.1 we can match W¥(0; ¢, a) with the

trajectory 7/ (s; ¢, a) by solving

Do(z, i ¢) = (yrﬁ“ —ys(z5c, a)) + (@/5(8;6, a) - sz’m> = O(e™7)

(4.12)
z=2"(s;¢,a),
We obtain a solution by solving
a = 2c%V2(af + O(eV*))
(4.13)

c=7¢(ae)+ O(e‘q/’f),

by the implicit function theorem to find (c,a) = (¢, a)(s, v/2).

Connection to pulses with small oscillatory tails

We now consider the case of pulses with tails of height w < A,,. In [8], it was shown
that there exists K*, such that for each K and each sufficiently small (a, €) satisfying
e < Ka?, there exists a pulse solution with wave speed ¢ = ¢(a,¢). For ¢ > K*a?,

the tail of the pulse decays exponentially to zero in an oscillatory fashion.

We deduce that such pulses exist for (aw, r9) for any ro > 0 sufficiently small and
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1 1
Qy > 5 > oo, since

c=1/V2+ O(ayry,r3) < 1 (4.14)

for as bounded and 7o > 0 sufficiently small. In this section we show that these
pulses overlap with the type 1 pulses constructed above, forming a one-parameter

family. It turns out that this family is naturally parameterized by as.

To see this, we proceed as follows. Setting s = A,,, for sufficiently small ¢ > 0,
we can follow the procedure above in constructing a type 1 pulse with a tail of
height s = A,. We note that in this case, the backwards evolution of the trajec-
tory v/ (Ay;c,a) remains in W5(¢, a) until reaching the section ¥™ and therefore
intersects this section at a point (y2, z) = (y5, 2°)(Ay; ¢, @) which satisfies

MO < yy(Ausca) — gy < Cem
(4.15)

zb(Aw,c, a) =0,

for some q; > ¢ > 0. Thus we can match W¥(0; ¢, a) with v/ (Ay; ¢, a) by solving

Dyfaz, r3;c) = (13 = 5(0;0,0) ) + (hlAwsc.a) = 3™")  (4.16)
We obtain a solution by solving

ay = o + O(e’q/e) (417)

c=7¢ (201/2r2a2, r%) ,

by the implicit function theorem to find a solution at (¢, as) = (¢*, a&)(re). We now
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consider the function D(ay, 9, ¢) defined to be the difference
D0z, 12, ¢) = 5 (0 ¢,a) — y3(Auic, a) (4.18)

in X™. From the construction above for the pulse with tail of height w = A,,, we

have that

D(ady,1r9,¢*) =0 (4.19)

and

D(a27 T2, C) = yg(o; C, CL) - yg(Aw; C, CL)

=5 =+ O ()

(4.20)
= Do, r9;¢) + O (e‘q/s)
= dy, 00 + dpyro + O(ag, QaTs, r%)
Hence we have that
0 -
—D(ag, 19, ¢) = do, + O(az,73) > 0 (4.21)

8042

for any sufficiently small ro > 0 and |as| < &, uniformly in ¢ ~ 1/ V2.

Hence for sufficiently small ro > 0, for oy < ay < Kk, we can ensure that

WH(0; ¢, a) lands in W¥¢(c, a) by solving

¢ = ¢(2¢Y % ry000,72), (4.22)

for ¢ = ¢(ag,re) by the implicit function theorem. Furthermore, we have that the

distance D(aw, s, c) is positive, and hence we obtain a pulse whose tail reaches a
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height lower than A,,, but remains in W%(c,a) and converges to the equilibrium.

For fixed r9, such pulses are therefore parameterized by af < as < K.

By taking K > ﬁ in [8, Theorem 1.1], we deduce that these pulses form a

. . . . 1
continuous family with the pulses constructed in [8] for ay > VIR

5.4.3 The tail manifold

We will match the various components of the solution in the section £¥™ = {z =
0,ly] < Ay, |z| < A.}. These matching conditions will be determined by inter-
sections of various invariant manifolds evolved forwards/backwards under the flow
between the sections "¢ ™. To avoid confusion, when referring to an invariant
manifold evolved in backwards time from "¢ to ¥™, we use the notation ‘7’ | e.g.

when referring to the manifold VA\Jj’f(C, a), we mean the manifold W2¢(c, a) under the

backwards evolution of (1.1).

We now identify the ‘tail’ manifold in which the desired pulse solutions will be
trapped. In §5.5, we will show that this manifold indeed forms part of the sta-
ble manifold W?(0; ¢, a) of the equilibrium. We consider the backwards evolution
of W5{(c,a) from SM¢ to ¥™. The manifold W5¢(c,a) intersects "¢ in a curve
(u,v,w) = (0,v (w;c,a),w). We have the following proposition, which states that
the backwards evolution of Wf’é(c, a) intersects ™ in a curve transverse to the strong
unstable fibers yo = const. Except for an exponentially thin region around M (¢, a),
this curve coincides with z = 0. The intersection of )7\/\;’5 (¢,a) with the section ¥

is shown in Figure 5.10.

Proposition 5.4.4. For each sufficiently small A, > 0, there exists C,k,c9,q > 0

and sufficiently small choice of the intervals I., 1, such that for each (c,a,e) € I. X
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I, x (0,20), there exists w™(c,a) € [wa — 30y, wa — Ay] and w'(c,a) > wy + Ke?/3
such that the following holds. Let Wg’e’*(c, a) denote the backwards evolution of the
curve {(u,v,w) = (0,v' (w;c,a),w);wd <w < wh}. Then Wg’é’*(q a) intersects X"

in a curve z = 2%*(yo;¢,a) for yé’;(c, a) <yp < ngo(c, a) where

(i) The interval [yg’:g(c, a), 950(c,a)] satisfies 0 < g5 o(c,a) — yg’:g(c, a) < Ce ¢

uniformly in (c,a) € I, X I,.

(it) There exists 5 (c,a) € [yﬁ;’g(c, a), ¥50(c,a)] such that 25*(yy;c,a) = 0 for y, €

[gé,()(g CL), ?Jg,o(g a)]

(iii) The function z“* and its derivatives are O(e~¥%) uniformly in

Yo € [yé:’{)(c, a),gjgo(c, a)] and (¢,a) € I, X 1.

Hence we have that l//V\j’z’*(c, a) intersects ¥™ in a curve which can be repre-
sented as a graph z = 2%*(yy; ¢, a) for y, > yé;’g(c, a) where the function z%* and its

derivatives are O(e~%/¢). The proof of this proposition will be given in §5.6.

We can now define the tail manifold in the section ¥™. We define T.(¢, a) to be
the forward evolution of trajectories which intersect the section ™ in the graph of

a smooth function given by z = 27 (ys; ¢, a) for yp > ygfg(c, a) where

0 Y2 > G o(c,a
2l (g2 ca) = 2 J20(0) . (4.23)

Z&*<y2; C, CL) yg:z(g CL) < Yo < gg,()(q CL)
The intersection of the tail manifold with the section ¥™ is shown in Figure 5.10.
In §5.5, it is shown that all trajectories which hit 7:(c,a) in fact lie in the stable
manifold W?(0; ¢, a).
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Figure 5.10: Shown is the setup for the matching conditions in the section ™.
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Figure 5.11: Shown is the geometry for constructing a type 2 left transitional pulse.

5.4.4 Type 2 pulses

To construct a left transitional pulse with secondary excursion of height s € (w4 +
Ay, wt—A,), we consider a two dimensional manifold B(s; ¢, a) (to be chosen below)
which intersects the manifold W*(c,a) in the section ¢ := {u = 0,A,, < w <
wh — Ay} at w = s. Evolving E(s;c, a) backwards to the section ¥™, we show
that each trajectory passing through B(s;c,a) can be matched with W*(0; ¢, a) by
choosing (¢, a) appropriately. By evolving B(s; ¢, a) forwards, we show that precisely
one of these choices results in W¥(0; ¢, a) becoming trapped in the tail manifold

T-(c,a) as t — oco. The setup is shown in Figure 5.11.

Therefore, to construct a transitional pulse we need two matching conditions near
the equilibrium: the first matches W¥(0; ¢, a) with B(s:c,a) to guarantee height s
for the second excursion, and the second matches B(s;c,a) with the tail manifold
T-(c,a), which we will show in §5.5 forms part of the two-dimensional stable manifold
of the equilibrium. The local geometry for the matching conditions is shown in

Figure 5.12. The setup for the matching conditions in the section ¥ is shown in
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Figure 5.12: Shown is the setup for the matching conditions in the section ¥™. There are two

matching conditions: (i) match W*(0; ¢, a) with g(s; ¢, a) (i) match B(s; ¢, a) with the tail manifold
Te(c, a).

Figure 5.10.

Matching conditions for pulses I'(s,+/z), s € (wa + Ay, w' — Ay)

We match the various components of the solution in the section X" in the K5 co-
ordinates. From Lemma 5.4.3, for each |z| < A,, there exists ¢ with |c¢ — é(a,e)| =
O(e~%/#) such that W¥(0; ¢, a) intersects ¥™ at the point (y%(z;¢c,a), z) where

e_ql/E/C’ < y5(0;¢,a) — yé\/l’z < Ce ®/¢
(4.24)

Y5 (2;¢,a) — y3(05¢,a)| = 0(26“1/5),

for some ¢; > ¢o > 0.

Consider the solution 7/ (s; ¢, a) on the stable foliation W2(c, a) which intersects
the section ¥¢ at height w = s. This intersection occurs at a point (u,v,w) =

(0,07 (s;¢,a), s). This solution is exponentially attracted in forward time to MX(c, a)
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and hence intersects ©™ at the point (i (s; ¢, a),0) where

e/ )C < yj(sic.a) —ys(0s¢,a) < Cem @, (4.25)

The geometry of the setup for type 2 pulses and the solution 7/ (s; ¢, a) is shown in

Figure 5.11.

Define the manifold B(s; ¢, a) to be the backwards evolution of the fiber
{0.43(s1c,0),2) 1 |2 < A} C 3™, (4.26)

We parameterize B(s; ¢, a) by |zp| < A,, where zp denotes the height along the fiber.
In backwards time, this fiber is exponentially contracted to the solution v/ (s; ¢, a) and
hence intersects ¢ in a one-dimensional curve which is O(e~%¢)-close to (u, v, w) =
(0,07 (s;¢,a), s), uniformly in (c,a). A schematic of the manifold B(s;c,a) and its

relation to 7/ (s; ¢, a) is shown in Figure 5.11.

Evolving B\(S;C, a) backwards, we have that g(s; ¢,a) is exponentially close to

M (¢,a) in ¥™. Thus we have that in ™, B(s;c,a) is given by a curve (ys,z) =

(5, 2%) (23, s; ¢, a) which satisfies

95 (25, 51 ¢,0) — "™ = O(e™9%)
(4.27)
|Zb(ZB7 S5 C, a’)| = O(e_q/a)v

uniformly in |z5| < A, and (¢, a,) € 1. x I,. The derivatives of the above expressions

with respect to (c,a, zg) are also O(e~%¢), by taking q a bit smaller if necessary.

Recall from §5.4.3 that in the section ¥™, the tail manifold 7:(c, a) is defined by
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the graph of a smooth function given by z = 27 (y2; ¢, a) for y, > ygjz(c, a) where

0 > 9t (c,a
Yo =2 92,0( ) (4.28)

ZsT(yQ; ¢, a) = ’ I g
2% (yas c,a)  yoo(c,a) < ya < Goglc, a)

and the function z%* and its derivatives are O(e~%¢). We have the following.

Lemma 5.4.5. For each s € (wa+ Ay, w' — Ay) and each sufficiently small e > 0,
the backwards evolution of the manifold B(s; c,a) intersects ™ in a curve (ys, z) =
(y5, 2%) (2, 8; ¢, @) which satisfies

|y12)(sz 856, CL) - y¥7m| = O(B_q/g)

(4.29)
|Zb(ZB7 S5 C, CL)| = O(B_Q/8)7

uniformly in |zp| < A, and (¢,a) € I. x I,. The derivatives of the above expressions
with respect to (c,a,zp) are also O(e~V¢). Furthermore

yg’f)(c,a)< inf y5(z, s;c,a), (4.30)

|ZB‘§AZ

for all (c,a) € 1. x I,.

The first assertion of Lemma 5.4.5 follows from the analysis above; the proof of

the second assertion will be given in §5.6.

The final matching conditions are obtained as follows. Starting in ¥, we evolve
B(s; c,a) back to the section ™ and show that for each |z5| < A, WX(0; ¢, a) can
be matched with the corresponding solution on B(s;c,a) by adjusting (c,a). We
then evolve B(s; ¢, a) forwards from ¥¢ to ¥™ and show that B(s;c, a) transversely

intersects 7:(c,a) for each such (c,a) as zp varies. This implies the existence of

parameter values (¢, a) for which W¥(0; ¢, a) completes one full pulse and a secondary
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pulse of height s before landing in the tail manifold 7-(¢, a). Convergence of the tails
is proved in §5.5. The setup for the matching conditions is shown in Figures 5.10

and 5.12.

From Proposition 5.4.1, we have that the distance between the manifolds M*(c, a)

and M7 (c,a) in ¥™ is given by
Yt — gt = Dy, 193 ¢) = dpyrs + dyyra + O(2) . (4.31)

Using Lemma 5.4.3 and Proposition 5.4.1, by varying ¢, ae we can match W*(0; ¢, a)

with any solution in B (s;¢,a) by solving

Do(az, 95 ¢) = (yQM’Z —yy(ze, a)) - (yS(ZB,S;c, a) — y?“”) = O(e™9*)

(4.32)
z = 2"(2p, s ¢, a),
for each |zp| < A,. For each such zp, we obtain a solution by solving
a = 2¢%e1 2 (af + O(e V7))
(4.33)

c=¢(a,e) + O(e" %),

by the implicit function theorem to find (a,c) = (a*, c*)(zp; s, /). We now evolve
W(0; ¢,a) forwards; for each zp we can hit the corresponding point on B(s;c, a),
hence W¥(0; ¢, a) intersects ©™ at the point (i (s; ¢, a), z5) when (¢, a) = (¢*, a*)(zp)

defined above. We now match with the tail manifold 7:(c, a) by solving

25 = 2! (Yl (s;¢,a); ¢*(25), a*(2B)), (4.34)

which, using Lemma 5.4.5, we can solve by the implicit function theorem when
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zp = 25 = O(e~) to find the desired pulse solution when

a=a(s,Ve) = a"(z; 5, Ve)
¢ = c(s,Ve) 1= a" (2 5, VE).

(4.35)

5.4.5 Type 4 & 5 pulses

Type 4/5 pulses correspond to I'(s),s € (w! + Ay, 2w’ — A,). Type 4 pulses are
right transitional pulses with a secondary pulse of heights w € (w4 + Ay, w' — Ay),
and type 5 pulses are right transitional pulses with a secondary pulse of height
w € (Ay,wa +Ay). For type 4/5 pulses, the secondary pulses pass close to the
upper right fold point. These pulses are constructed in much the same way as type 2
pulses, except with a different definition of the solution v/ (s; ¢, a) and the associated
manifold B(s;c,a). In terms of the actual construction of the pulses, there is no
distinction between pulses of type 4 and 5. We distinguish these pulses, however,
due to the technical difficulties associated with proving Lemma 5.4.9 for the case of

type 5 pulses, which is crucial to solving the final matching conditions.

To construct a right transitional pulse with secondary height w = 2w’ — s, we first
consider the plane w = 2w’ — s which intersects the section X" := {u = 2/3 A, <
w < wh—A,} in aline {u = 2/3,w = 2w’ — s}. This line transversely intersects the
manifold W?"(c,a) for all (¢,a) € I. x I,. Using arguments similar to those in [8,
§5] in the proof of Proposition 5.3.1, it follows that the forward evolution of this
line transversely intersects W2¥(c,a) for each (c,a) € I. x I, and each sufficiently
small ¢ > 0 along a trajectory 7/ (s;c,a). Furthermore, the solution 7/ (s;c,a) is
exponentially close to W™ (c,a) in X" and passes O(c%/3 + |a|) close to the fold

before intersecting W2*(c, a).
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Figure 5.13: Shown is the geometry for constructing a type 4 right transitional pulse.

The geometry of the setup for type 4 pulses and the solution 7/ (s; ¢, a) is shown

in Figure 5.13.

Proceeding as with Type 2 pulses, we follow 7/ (s;c,a) along W2¥(c,a) where
it is exponentially contracted to MZ(c,a) and intersects the section ¥™ at a point
(y{(s; c,a),0). We again define B(s; ¢, a) to be the backwards evolution of the fiber
{(0,43(s;¢,a),2) : |z| < A.}. We parametrize the manifold B(s; ¢, a) by {zp, |25| <
A, } corresponding to the initial height along the fiber in ¥. Assuming this manifold
is well defined and exponentially close to v/ (s; ¢, a) in X»" (and the derivatives of the
transition maps with respect to (¢, a, zg) are also exponentially small), the remainder
of the construction follows similarly to the case of type 2 pulses. A schematic of the

manifold B(s;c,a) and its relation to 7/ (s; ¢, a) is shown in Figure 5.13.
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Contraction/expansion rates along M(c,a), M"(c,a)

To construct pulses of type 4, 5, we need more explicit bounds on the rates of contrac-
tion and expansion along solutions near the slow manifolds M(c, a), M%(c,a). We
consider the flow in neighborhoods of each of these slow manifolds in which they are
normally hyperbolic, and we make coordinate transformations to put the equations
in a preliminary Fenichel normal form which identifies the stable/unstable subspaces

and corresponding contraction/expansion rates.

The ultimate goal is to show that the manifold B(s;c,a) is well defined and
exponentially close to 7/ (s;c,a) in X" for each (¢,a) € I. x I,. The existence of
the solution v/ (s;c,a) for (c,a) € I. x I, is clear; however, it is not immediately
obvious that the fiber of this solution in the section X™ is exponentially contracted
to v/ (s; ¢, a) in backwards time to . Along the manifold W¥¢(c, a), this is clear
as this fiber is defined by the fact that it contracts exponentially to v/(s;c,a) in
backwards time. However, after passing near the fold, in backwards time, v/ (s; ¢, a)
is near the slow manifold M’ (¢, a) and solutions near v/ (s; ¢, a) undergo exponential
expansion. We claim that the contraction along W?#‘(c,a) compensates for this

expansion.

We proceed by determining the balance of contraction/expansion along the slow
manifolds M"¢(c,a) in backwards time from ™ to X"". We break this into three
pieces: first the transition from ¥™ to $°“, where v/(s; ¢, a) exits a neighborhood
Ur of the upper right fold point along the fast jump ¢, second the transition from
Youl to Y%~ encompassing the passage near the fold point, and finally the transition

from X4~ to X" describing the passage near the right slow manifold MZ(c, a).

We first follow 7/ (s; ¢, a) backwards from ¥™ into a neighborhood of M¥(c,a)
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at a height w = A,, so that we are away from the lower fold point. By construc-
tion v/ (s; ¢, a) lies in W2%(c, a) and remains in this neighborhood of M¥(c,a) until
some height w = w' + O(¥3,a) corresponding to the fast jump to L in the
neighborhood Ur of the upper right fold point. During this entire passage, solu-
tions corresponding to the fiber {(0,d(s;¢,a),2) : |z| < A.} in the section ¥™ are
contracted exponentially to 7/ (s;c,a) in backwards time, and hence we have the

following.

Lemma 5.4.6. For each sufficiently small A, there exists A > 0,69 > 0 and
sufficiently small choice of the intervals I.,1,, such that for each 0 < ¢ < ¢, each
(c,a) € I.x1,, and each s € (w'+A,, 2wt —A,), the following holds. The backwards
evolution B(s; ¢, a) of the fiber {(0,yd(s;c,a), 2) : |z| < A.} in ™ reaches the section
Yot near the upper right fold point in a curve which is O <6AZ(A“””LA‘“)> close to

v/ (s;¢,a) uniformly in (c,a, zp) € I. x I, x [=A,, A.] where

u1(wT—Aw) 2 4 f!
A (A, wh — Ay) :/ cVE=AW) g,

1(Aw) 2e(u — 7 f(u)) (4.36)

< 0.

Furthermore the derivatives of the transition map from X™ to XU for solutions on

B(s; ¢, a) with respect to (c,a,zg) are also O (eAZ(A““wLA“’))

Proof. To see this, we consider the flow in a neighborhood of M¥(c,a); essentially
we perform coordinate transformations to explicitly determine the expansion along
W5t(c, a) away from the fold at the origin. Away from the origin, we can parametrize

ME(c,a) by w, that is, the slow manifold M%(c, a) is given as a graph

u=H(w,e) = fH(w) +eh(w,e)
(4.37)
v==G(w,e) = eg(w,e),



242

where we take the negative root u;(w) for f~'(w), and the functions H, G satisfy

eD,H(w,e)(H(w,e) —yw) = G(w, €)

(4.38)
eD,G(w,e)(H(w,e) — yw) = ¢G(w,e) — f(H(w,e)) + w,
and the flow on M¥(c, a) is given by
w=¢e(H(w,e) —yw). (4.39)
We now write
u=1u+ H(w,e)
(4.40)
v="0+G(w,¢),
and compute the flow nearby for small @, v as
=10 — Dy, H(w,e)
0= ct —af (H(w,¢)) — euD,G(w,e) + O(i?) (4.41)

w=c¢c(t+ H(w,e) —yw).

We consider the linearization of the two dimensional (@, 7) system about (a,v,¢) =

(0,0,0) for each w. There is one stable and one unstable eigenvalue

c+ \/c2 A4f'(f~H(w))

/\:I:
2 )

(4.42)

with corresponding eigenvectors

et = : (4.43)
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which, using the identities

XA = (7 ()

AE=c— AT,
results in the system

U=XXU+F (UV,w,e)

V=XV +FNUV,w,e)

W = 5(f_1(w) —Yyw + FS(U> V,’UJ,E)),

where

FEU,V,w,e) =0 (5U, eV, U%, UV, V2)

F (U, V,w,e) = O(U,V,e).
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(4.44)

(4.45)

(4.46)

(4.47)

We now identify the part of W?*(c, a) which intersects this neighborhood as a graph

V = V*(U,w,e). This manifold is foliated by strong unstable fibers tangent to lines

(U, w) =const for ¢ = 0. Setting V =V — V*(U,w,¢) and performing a coordinate

change

(4.48)



to straighten out the unstable fibers, we arrive at the system

where
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(4.49)

(4.50)

We can now estimate the contraction rate A*(W;, Ws) in backwards time along the

fiber of a given trajectory lying on W#*(c, a) between heights W, and W, under the

assumption that this trajectory remains in a small neighborhood of M(c,a), say

\U[,|V] <A < 1, for W e [Wy, Wa]. We compute

AL W)_/Wz AT+ FHU,V, W ,¢) di
U e e - W B0 W, 2)

Wa At
= [, s oW

Wa e[ - af(f1 (7)) ]
:/m iy (O AN

:/ul(%)c+ =AW b0 (14 Ofe, A)) du

iy 2e(u—f(u))

(4.51)

Hence, by fixing A,, > 0 small, and taking A, e > 0 sufficiently small, we obtain the

result.

]

We proceed by considering the flow near the upper right fold point. Using the

analysis in [8, 38], it is clear that the transition in backwards time from 37 to %%~
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in the neighborhood Uy of the upper right fold point can be bounded by e"/¢ for
each n > 0 by taking the neighborhood U sufficiently small, that is, by shrinking

A,,. The derivatives of the transition map also satisfy the same bounds.

Finally, we consider the transition from X%~ to X*". We first prove the following

technical lemma.

Lemma 5.4.7. For each sufficiently small A, and (c,a) € 1. X 1,, we have that

/ B o I /%(wn O VA AT g,

wwi-ny) U —7f(w) ws(—Ay) U —7f(u)
(4.52)

Proof. We first write

ug(w' _ 02_ "
/ e EATW

3(=Aw) u—vf(u)
U3(wT_Aw) c — 62 _ 4f/(u)
= "(u)d O(A,).
/ug(Aw) u—vf(u) fwdut O (L)

(4.53)

Hence it suffices to show that there exists C' > 0 such that

w1 (Aw) A7 ug(wi—Aw) . [ g
/ ctve 4f(u)f’(u)du+/ ‘ “ 4f(u)JN(u)du>C’,

wwi-ny) U= 7f(u) us(Aw) u—yf(u)
(4.54)

for (¢,a) = (1/4/2,0) uniformly in A, > 0 sufficiently small; the result then follows
by continuity provided A,, and the intervals I, I, are sufficiently small. For (¢,a) =

(1/+/2,0), we have that w! = 2%, and the following identities hold for each w € (0, wT)
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and v < 0.
us(w) = = — (!~ w)
flu) = ;7 —f (; - u) (4.55)
fww—f(g—u)
Hence

uz(wi=Ayw) . _ —Afr 2—u1(Aw) _ — A
[ e M g [P O

(Aw) u—vf(u) 2wy (wh—Aw) u—yf(u)

u1 (Ay) — 2 _ 4 (2 =
:_/ C \/C f(?, u)f/<g—u)du

Jwi-ay) 3—u—7f(3—u 3

L e ET

1(wf—Ay) U — ’Yf(u) + % - %

uBw) oS24 (u
>/ Ve —4f( )f’(u)du,

(wioay) U —7f(u)

(4.56)

since 0 < v < 4. We therefore have that

B e JETIR e oo SR,
d d
/u1(wTAw) u— v f(u) flw)dut /U3(Aw) u—yf(u) flu)du
u1(Aw) c++/c — 4f’(u) / u1(Aw) c— \/@Tf/(u) ,
d d
>AMNAM P fW)“+AMNA@ w—fy

w1 (Aw)
_ / — f(uw)du

Hwh=—Ay) W — vf(u)

> C,
(4.57)

uniformly in A, > 0 sufficiently small, which completes the proof. O

In combination with the above results, we now have the following.
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Lemma 5.4.8. For each sufficiently small A, there exists €y, q > 0 and sufficiently
small choice of the intervals 1., I,, such that for each 0 < e < &y, each (c,a) € 1. X 1,,
and each s € (W' + Ay, 20" — Ay), the following holds. In X", B(s;c,a) is given

by a set of points (u,v,w) in X" satisfying
(u,v,w) = (2/3, v/ (s;¢,a), 20" — s) + (0,vp(zpB, s;¢,a),wp(zp, s;¢,a)),  (4.58)
where
lvp(zB, s;¢,a)|, lwp(zp, s;¢,a)| = O(e~V*), (4.59)

along with their derivatives with respect to (zp,c,a) uniformly in |zp| < A, and

(c,a) € I. x 1,.

Proof. In a neighborhood of MZ(¢c,a), we can put the flow into the Fenichel normal

form
U=-\U+F (UV,b,e)U
V==XV 4 F (U, V,i,6)V (4.60)
w=e(—fH W) + i + FUU,V,,¢)),

where

F~(U,V,w,e) =0 (U, V,e)
FHU,V,w,¢e) = O (U,V,e) (4.61)

FYU, Vb, e) = O(UV,e),
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ct N/ —4Af(f 1))
2 Y

2= (4.62)
and f~!(w) refers to the largest root uz(w) of f(u) = w. We note that the flow is
now in backwards time. By construction, up to a reparameterization of v/(s; ¢, a) ac-
cording to the smooth coordinate transformation (u,v,w) — (U, V,w), in backwards
time v/ (s; ¢, a) exits at height 1 = 2w’ — s. Between @ = 2w’ — s and 0 = w! — A,

v/ (s; ¢, a) is given as a solution
U=U
V=V/(tc,a,¢) (4.63)

where |U7|,|V/| < A for @ € (2w' — s, w" — A,). We now obtain estimates on this
solution and its derivatives. We first recall/comment on how the solution v/ (s; ¢, a)

is constructed.

For a given value of (s,c,a), 7/(s;c, a) is defined as the unique transverse inter-
section of the forward evolution of the line {u = 2/3,w = 2w’ — s} with the manifold
W2¥(c,a). Equivalently, for the same effect we could have worked in this Fenichel
neighborhood of M’ (c, a) and considered constructing 7/ (s; ¢, a) as the unique trans-
verse intersection of the forward evolution of the line {U = A, |[V]| < A% = 2w’ — s}
with the manifold W2¢(c, a). Using arguments similar to those in [8, §5] in the proof
of Proposition 5.3.1, we obtain the solution v/ (s; ¢, a) = (U’, V/ w/) which satisfies
(UF, V) = (0(e79%),0(e7/%)) at @ = w' — A, and (U, V) = (A, O(e”%%)) at
W = 2w’ — s, where ¢ > 1 > 0. Furthermore, the derivatives with respect to (c, a)
of these boundary values satisfy similar bounds, where ¢, may need to be taken

slightly smaller.
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We now obtain more precise bounds for this solution and its derivatives. We

write @ = w* + W where w*(¢) is the solution to

W= e(—fH W) + w4+ F0,0,w,¢)), (4.64)

satisfying w(0) = w' — A, w(T) = 2w’ — s, where we note that ¢/C < T < C/¢ for

some C' > (. This results in the equations

U=A'tU+G (U V,W,e)U
V=—AN@®V+GHUV,W,e)V (4.65)

W = e(—(f Y (W)W + W + F0,w*, )W + GHU,V,W,e)),
where
A (t) = = A" (w*(t)) + O(e)
A (t) = X (w*(t)) + O(e)
G (U,W,e) =0 (U,V,W) (4.66)

GH(U.V.W,e) = O (U, V,W)

G{(U,V,W,e) = O(UV,W?).
We now define for each sufficiently small § > 0 the functions
t
By (ts) = [ A(r) — dar
t
B (t,s) = / CAS(r) + 8dr (4.67)

Bt s) = [ (@) + 7+ F0.0(r) )
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Hence the solution v/ (s; ¢, a) given by (U, VI W), W/ = w/ — w*, solves

U(t) = ePo BTN 4 /t eﬁa(t’s)Gf(U(s), V(s), W(s),e)U(s)ds

T

= F (U, V,W. A, Vi ¢, a)(t)

V(t) = P 00V, 4+ / t P LGH(U(s), V(s), W(s),e)V (s)ds
0 (4.68)

= F (U, V,W,A, Vy; c,a)(t)
t
W(t) = / e G U (), V(s), W (s),€)ds
T

= FH UV, W, A, Vos e, a)(t).

We define the spaces
Vi = {U :0,7] = R*: |Ul; = sup &% TD|U(1)] < OO}
te[0,T

Vit = {V (0, T) = R:||[V|§ = sup eﬁg(o’t)]V(t)\ < OO} (4.69)

te[0,T

Vel = {W [0, T] = R: WP = sup [W(t)] < 00}7
te[0,T

and for each fixed small § > 0 we have that

IF- (V. WA Vo e.a)lly = A+ O (U5 (1015 + IVIF + W)
|FHU VWA Vise,a)llf = Vo+ O (IVIE (1015 + IVIG + W) (470)

|FHUV, W, A, Vose,a) [ = O (W2 U151V
and hence v/ (s; ¢, a) satisfies

1U7]l5 = O(4)
VI = O(Vy) = O(e™) (4.71)

W = O (e7F)..
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Taking derivatives of (4.68) with respect to the parameters (¢, a) and taking o slightly

larger and 7 slightly smaller if necessary, we can bound the derivatives

1D, U |5 = O(A)
ID VI ||IF = O(e %) (4.72)

1D = O (e77%)
for v = (¢, a).
To determine the contraction/expansion of solutions along 7/ (s; ¢, a), we write

U=U'(t;c,a,e) +U

+
V=V (t:cae)+V (4.73)
W=Ww/(t:c,a,e) + W

and obtain the equations

U= AU+ Gy (U, V,W,e)U + Gy (U, V,W,e) U

—NV +G{(U,V,W,e)V + G5 (U, V,W,e)V! (4.74)

v
W= e(=(f ) (@)W W + F (0,0, )W + G0, V, W, 2)),

where

o(
o(

CH(U,V,W,e) =0 (Uf % wf,ﬁ,v,w) (4.75)
o
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We can write this as the integral equation

U(t) = e WDy
+/ P0G (U (s),V(s), W(s),e)U(s) + Gy (U(s), V(s), W(s),e)U’ (s)ds

(4.76)

Provided |Ur|, |Vp|, and |W;| are sufficiently small, we can solve this by the implicit

function theorem and obtain a solution satisfying
1015 = O (1021 + AV + W)

171 = © (1%l + e™/2(|0r| + Vo))

W = © (1Wol + &~ |Tz| + AV )

(4.77)

Taking derivatives of (4.76) with respect to the parameters (c, a) and taking ¢ slightly

larger if necessary, we can bound the derivatives

12,015 = © (1] + 1D, Ur| + AVl + 1D, Vol + Wal + [D,Wo]))
IDVIIF = OVel + 1D, V| +€(|Ur| + |D,Ur| + [Wol + D, Wa)))

IDW(* = O (IWal + D, Wol + € (Tr| + |D,Trl) + A1Vl + DY)
(4.78)
for v = (2B, ¢, a).

By Lemma 5.4.6, at ¢t = 0 the manifold B(s;c,a) is O(er @ww'=2w)) _close to

v/ (s;¢,a). That is, the solutions on B(s; ¢, a) can be represented in the above coor-
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dinates by solutions (U, V, W) satisfying
N o .
(U, V,W)(0) = (U, VW) = O(eM (B =2u))

uniformly along with their derivatives with respect to (zp,c,a). We now solve for

the solution to (4.76) which satisfies (Vo, Wp) = (V%, W) and

+/ P DG (U (s), V(s), W(s),e)U(s) + Gy (U(s), V(s), W(s),e) U’ (s)ds.

T

(4.79)

Provided e’ TOUL is sufficiently small, we can find a solution Uy satisfying (4.79).
Performing a similar computation as in the proof of Lemma 5.4.6 shows that the
expansion 3, (T,0) in backwards time from w = w’ — A, to w = 2w’ — s can be

estimated by

AT(wh — Ay, 20T — 5) = / e e = /@ A (1+ O(c, A)) f'(uw)du. (4.80)

uz(wi—Ay) 28(U - ’}/f(u))

Using this in combination with the O (e (Aww'=Aw)) hounds on UE, VB, W2 for
the contraction/expansion from X™ to X and % to X%~ and Lemma 5.4.7, we

deduce that B(s;c,a) is O(e~9¢)-close to 7/ (s;c,a) in . O

Matching conditions for pulses I'(s,/z), s € (w! 4+ Ay, 2w’ — A,)

Evolving B(s;c,a) backwards and using Lemma 5.4.8, we have that g(s;c, a) is

-~

exponentially close to M (c,a) in ¥™. Thus we have that in £, B(s; ¢, a) is given
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by a curve (y2, 2) = (13, 2°)(2B, s; ¢, a) which satisfies

|y12)(ZB, S5 C, (l) - yé\/t7m| - O(e_Q/E>
(4.81)

|zb(zB,s; c,a)| = O(e‘q/‘s),

uniformly in |zg| < A,.

Recall from §5.4.3 that in the section ¥™, the tail manifold 7:(c, a) is defined by

the graph of a smooth function given by z = 27 (y2; ¢, a) for y, > ygjz(c, a) where

0 > 9t (c,a
2 2 Jo(e,0) (4.82)

ZZ(yQ; Gy a) = ’
2 (yasc,a) yople,a) <ya < 54(c,a)
and the function z%* and its derivatives are O(e~%/¢). We have the following analogue

of Lemma 5.4.5 which will be proved in §5.6.

Lemma 5.4.9. For each sufficiently small A, > 0 , there exists €9, A, > 0 and
sufficiently small choice of the intervals I.., I, such that for each s € (w' + A, 2w’ —
Ay) and each 0 < & < €q, the backwards evolution of the manifold [3\(3; ¢, a) intersects
Y™ in a curve (v, 2) = (15, 2°) (2, s; ¢, a) which satisfies

45(2, 5:.¢,0) — ™" | = O(e™°)

(4.83)
|zb(zB,3; c,a)| = O(e_q/e),

uniformly in |zg| < A, and (¢,a) € I. x I,. The derivatives of the above expressions

with respect to (c,a, zp) are also O(e~¥¢). Furthermore

yrole,a) < inf y(zp, 5 c,0), (4.84)
’ |ZB‘§AZ

for all (c,a) € 1. x I,.
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The first assertion of Lemma 5.4.9 follows from the analysis above; the proof of

the second assertion will be given in §5.6.

The final matching conditions can then be obtained analogously as in the case
of type 2 pulses. Starting in ", we evolve g(s; ¢,a) back to the section ¥™ and
show that for each |zg| < A, W*(0;¢,a) can be matched with the corresponding
solution on B(s; ¢, a) by adjusting (c, a) using Lemma 5.4.9. We then evolve B(s; ¢, a)
forwards from X" to ™ and show that B(s;c,a) transversely intersects T (c,a) for
each such (c,a) as zp varies. Convergence of the tails is proved in §5.5. The setup

for the matching conditions in the section ™ is shown in Figures 5.10 and 5.12.

From Proposition 5.4.1, we have that the distance between the manifolds M*(c, a)

and M”(c,a) in £™ is given by

" — " = Doz, ;) = dayan + dyyrs + O(2) (4.85)

Thus we can match W*(0; ¢, a) with any solution in g(s; ¢,a) by solving

Do(azﬂh;c) = y;(Z;Ca a) - ?Jé\u - (yS(ZB, 556, a) - yé\/lm>

(4.86)
z = 2%(2p,s;¢,a),
for each |zp| < A,. For each such zp, we obtain a solution by solving
a = 2c"%V2(af + O(eV*))
(4.87)

c=¢(ae) +0(e™7°),

by the implicit function theorem to find (a,c) = (a*, c*)(zp; s, /). We now evolve

W(0; ¢, a) forwards; for each zp we can hit the corresponding point on B(s;c¢,a),
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hence W¥(0; ¢, a) intersects ©™ at the point (i (s; ¢, a), z5) when (¢, a) = (¢*, a")(z5)

defined above. We now match with the tail manifold 7:(c, a) by solving

2p = 2] (y3 (s;¢,0); ¢ (28), a"(28)), (4.88)

which, using Lemma 5.4.9, we can solve by the implicit function theorem when

zp = 2% = O(e™%%) to find the desired pulse solution when

a=a(s,\e) = a"(z5; s, Ve)
¢ =c(s,Ve) == a"(zp; 5, Ve).

(4.89)

5.4.6 Type 3 pulses

Finally, we consider type 3 pulses. Type 3 pulses are those with secondary heights
which are close to the upper right fold point; these pulses encompass the transition
from left pulses to right pulses and hence form a bridge between type 2 pulses and
type 4 pulses. We construct these in a manner similar to type 2 pulses, but they
are not parametrized naturally by the height of the secondary pulse. To set up a
parametrization of these pulses, we change to local coordinates in a neighborhood of

the upper right fold point [8, §4].

The fold point is given by the fixed point (u*,0,w*) of the layer problem (3.1)

where
u*z%(@—i—l—i-\/aQ—a—i-l),

and w* = f(u*). The linearization of (3.1) about this fixed point has one positive

real eigenvalue ¢ > 0 and a double zero eigenvalue, since f/'(u*) = 0. As in [8] we can
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perform for any r € Z~q a C"-change of coordinates ®.: Ur — R3 to (1.1), which is
C"-smooth in ¢, a and ¢ for (c, a, £)-values restricted to the set 1. x I, x [0, g0, where
go > 0 is chosen sufficiently small. We apply ®. in the neighborhood Up of the fold

point and rescale time by a positive constant ¢, given by
_ 2 1/6 / #\1/3
b= —= (> —a+1)"" (u* —yw")"" >0, (4.90)
uniformly in (¢, a) € I. x I,, so that (1.1) becomes

ZBI = (y+9§2 + h(%l/a@ c, a)) )

7 =z (£ + O(z,y, 2,5)) ,
to

where h, g are C"-functions satisfying

h(z,y,e;¢,a) = O(e, 2y, y*,2°),

g(x7y7 8;67 a) = 1 + O("”"?:U’ 8)7

uniformly in (¢,a) € I. X I,. In the transformed system (4.91), the z,y-dynamics
is decoupled from the dynamics in the z-direction along the straightened out strong
unstable fibers. Thus, the flow is fully described by the dynamics on the two-
dimensional invariant manifold z = 0 and by the one-dimensional dynamics along

the fibers in the z-direction.

We consider the flow of (4.91) on the invariant manifold z = 0. We append an
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equation for e, arriving at the system

¥ =y+2®+h(z,y e ca),
/

y =eg(x,y,e;c a), (4.92)

e =0.

For ¢ = 0, this system possesses a critical manifold given by {(z,y) : y + 2% +
h(z,y,0,c,a) = 0}, which in a sufficiently small neighborhood of the origin is shaped
as a parabola opening downwards. The branch of this parabola for x < 0 is attracting
and corresponds to the manifold Mj. We define M[™ to be the singular trajectory
obtained by appending the fast trajectory given by the line {(z,0) : =z > 0} to
the attracting branch M of the critical manifold. In [8] it was shown that, for
sufficiently small € > 0, MG’+ perturbs to a trajectory MZT on z = 0, represented
as a graph y = s.(z;c,a), which is a-uniformly C° — O (£2/?)-close to Mgy~ (see
Figure 5.14 — note that in this figure, = increases to the left). The branch of the
critical manifold corresponding to x > 0, which we denote by S; (¢, a), is repelling
and corresponds to the manifold Mg* and is normally hyperbolic away from the fold
point. Thus by Fenichel theory, this critical manifold persists as an attracting slow
manifold S (¢, a) for sufficiently small € > 0 and consists of a single solution. This
slow manifold is unique up to exponentially small errors. We will be concerned with
trajectories which are exponentially contracted to SZ (c,a) in backwards time (see

Figure 5.14).

Remark 5.4.10. We use the notation S-(c,a) rather than M2 (c,a) as in general
these manifolds do not coincide. This is due to the fact that the choice of M (c,a)
was made so that M™(c, a) would lie in the manifold W3*(c,a) in a neighborhood of

the canard point at the origin.

We determine the location of W5*(c,a) in the neighborhood Ur. From [8, §5],
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Figure 5.14: Shown is the setup near the upper right fold point. Note that = increases to the left.

we know that W*(M§(c*(0),0)) intersects W*(Mg™(c*(0),0)) transversely for € = 0
along the Nagumo back ¢y, and this intersection persists for (¢, a,¢) € I.x I, x (0, ).
This means that W#¢(c, a) will transversely intersect the manifold W%"(c, a) which is

composed of the union of the unstable fibers of the continuation of the slow manifold

MZ*t(c,a) found in [8, §4]. We recall the exit section 2" defined by

sout — [z = A'}. (4.93)

For (c,a,e) € I. x I, x (0, &g), the intersection of W*(c, a) and W¥"(c, a) occurs at

a point

(2,9,2) = (24(c,a,€), sc(xe(c,a,€);c,a), A) € X, (4.94)

and thus we may expand W2¢(c,a) in 3°“ as

(#,y) = (we(e,a,6) + Oy = se(w;¢,a),€), ),y €[4y, 4], (4.95)

for some small A, > 0. The goal is now to parametrize the construction of type 3

pulses by the coordinate y, which parametrizes trajectories on the manifold W5¢(c, a).
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By taking A,, sufficiently small, it is clear that there is overlap with the construction
of type 2 pulses. We will argue that there is also overlap with the construction of

type 4 pulses by considering an appropriate range of y-values.

We now place a section X%~ defined by

S ={(r,y,2) 1 0< 2 <2y =—p7, |2 <A} (4.96)

and we note that the manifold S- (¢, a) intersects 3%~ for all sufficiently small € > 0.

We define two other sections

S = {(2,y,2) : —2p < w <0,y = —p% |2 <A} (4.97)

S ={(x,y,2) = =2p, |y < p*|2] <A} (4.98)

We now note that, provided A, is sufficiently small, any trajectory W¢(c, a) in ¥
leaves a neighborhood of the fold point through one of the sections ¥4, X+, 3tv
in backwards time. We construct type 3 pulses by considering only heights y which
correspond to trajectories on W#¥(c, a) which exit via X%~ in backwards time. The

setup is shown in Figure 5.14.

Firstly, all solutions in X%~ are exponentially contracted in backwards time to
M7 (c,a) upon arrival in the section X, near the lower left fold point. We first
consider the trajectory S- (¢, a). Tracking backwards down the middle slow manifold,
we have that S=(c,a) is uniformly O(e=%¢)-close to M™(c,a) in ¥™ for (c,a) €

I.x1,.

Using similar arguments as in the construction of type 2 pulses, for each suf-

ficiently small ¢ > 0 we can find values of (¢,a) = (¢7,a”)(y/€) such that the
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backwards evolution of S- (¢, a) can be matched with W¥(0; ¢, a) in the section ¥™.
We now consider trajectories on W2¢(c, a) in ¥°* which pass through X~ in back-
wards time. As stated above, trajectories on W5(c,a) in $°“ are parametrized by
y € [-A,,Ay]. For (¢,a) = (¢7,a™), for each y sufficiently small, (for instance,
—A, <y < —A,/2), for all € € (0,&), the trajectory which intersects W2*(c, a) in
Y.ou at i contracts exponentially in backwards time to SZ (¢, a) and therefore passes
through ¥~. We can therefore define the supremum of all such values of  to be y_ .
That is, y_ is defined as the supremum of y-values such that the trajectory which

intersects W**(c™,a”~) in X at height j passes through X%~ in backwards time.

We now show that for each sufficiently small ¢ > 0 and each y € [-A,, y_ ], we
can construct a transitional pulse with secondary excursion which passes near the
upper right fold and intersects the section 3°% passing exponentially close to the
point (z,y) = (z¢(c, a,&) + Oy — s.(z; ¢,a),€),y) on the manifold W**(c,a). In this
sense, y will serve as a parameterization of such transitional pulses passing near the
fold. We then argue below that there is overlap between these and the construction

of pulses of type 2 and 4.

To proceed, we show that for each such ¢, a transitional pulse can be constructed
following the same procedure as with type 2 pulses, though extra care is needed
to make sure that the passage near the fold does not cause the argument to break
down. We define the solution 7/ (i; ¢~, a™) on the stable foliation W*(¢~, a~) which
intersects the section Y°% at height y = . This solution is exponentially attracted
in forward time to M%(¢™,a") and hence intersects ©™ at the point (y4 (¢, a"),0)

where

O < yl(e a7) — y(0; 7 a7) < Gl (4.99)



262

Define the manifold B(g; ¢, a~) to be the backwards evolution of the fiber
{0,yf(c7,a7),2) 1 2] <AL} (4.100)

In backwards time, this fiber is exponentially contracted to the solution v/ (7; ¢, a™)
and hence intersects Y in a one-dimensional curve which is O(e~%¢)-close to
v/ (g;¢7,a7). Because § < y-, in backwards time v/ (g;c™,a”) hits the section
Y%=, The passage from ¥ to X%~ defines a map which is at worst expands expo-
nentially at a rate €/, where 1 can be made arbitrarily small by shrinking the fold
neighborhood. In particular, we can ensure that n < ¢q. Hence we can ensure that
this potential expansion is always compensated by the contraction occurring along
the fibers of W2¥(c, a) in the passage in backwards time from ™ to ¥°“*. Hence the
backwards evolution of B(7;¢~,a~) also defines a one-dimensional manifold in %%~

which is O(e~%/¢)-close to v/ (7; ¢, a™), where ¢ may have to be slightly decreased.

We will now show that the results above hold for an interval of parameters (¢, a)
exponentially close to (¢—,a™), that is, we write (¢,a) = (¢~,a™ )+ (¢, a) and consider
values |¢,|a] < Ce=?"/%. For all sufficiently small ¢ > 0, we claim that the above
assertions continue to hold uniformly for all such (¢,a). We define the solution
v/ (; ¢,a) on W(c,a) which intersects the section Y% at height y = 3. This

solution intersects ™ at the point (yJ (7; ¢, a),0) where
e [C < yy(Frc,a) = y3(0: e a) < Cem ™/, (4.101)

uniformly in (¢,a). Again we define the manifold B(y;c,a) to be the intersection
of the backwards evolution of the fiber {(0,%(7;¢,a),2) : |2| < A.} with the sec-
tion X°“t. In backwards time, this fiber is exponentially contracted to the solution

v (7; ¢,a) and hence intersects ¥° in a one-dimensional curve which is O(e=9/¢)-
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close to 7/ (7; ¢,a). In backwards time, for any |¢|,|a| < Ce?"/¢, v¥(7; ¢, a) hits the
section Y%~ , and the backwards evolution of Bi (7; ¢, a) also defines a one-dimensional
manifold in ¥%~ which is O(e~%¢)-close to 7/ (¥; ¢, @) uniformly in |¢|,|a| < Ce=27/,
where ¢ may have to be slightly decreased. Similar estimates also hold for the deriva-

tives of the transition maps from ™ to ¥%~.

Since B(jj; ¢, a) defines a vertical fiber {(0, 3 (7;¢,a),2) : |2 < A} in ™, we
parameterize B(y;c,a) by |zp| < A,, where zg denotes the height along the fiber.
Evolving B(jj: ¢, a) backwards, for any |¢, |a| < Ce=21/¢, we have that B(j:c,a) is
O(e=7%)-close to M™(c,a) in ©™. Thus we have that in X", B(w;c,a) is given by
a curve (yo,2) = (15, 2°) (2B, ¥; ¢, a) which satisfies

Y2 (28, T ¢, a) — yo " = O(e™ V)
(4.102)

12 (25, G5 ¢, a)| = O(e™V°),
uniformly in |zp| < A, and |¢],|a| < Ce™?/=,

We can now repeat argument in the construction of type 2 pulses, given the
uniformity of the above estimates in |¢|, |a| < Ce~?"/¢ and the fact that we only need
freedom in the variation in the bifurcation parameters (c, a) of O(e~%/¢) for perhaps

a slightly smaller value of ¢ to solve the corresponding matching conditions.

Overlap with pulses of type 2,4

The pulses now form a one-parameter family parametrized by the height 3. By
taking A, sufficiently small with respect to A,, it is clear that there is overlap
in the construction of type 3 pulses above and the construction of type 2 pulses.

That is, type 3 pulses for ¥ near A, are constructed in much the same manner as
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type 2 pulses for s near w' — A,. Furthermore, again with A, sufficiently small
with respect to A, there is also overlap in the construction of type 4 pulses. Type
4 pulses constructed for s near w' + A,, will pass through the section %%~ before
passing O(£%/3 + |a|)-close to the fold and leaving the section X% exponentially close
to W2¥(c,a). These pulses therefore overlap with the construction of type 3 pulses

for ¢ near y_.

As all pulses of types 2, 3,4 were constructed using the implicit function theorem,
by local uniqueness the one-parameter families of pulses of types 2, 3,4 in fact form
one continuous family. Hence we reparameterize the family of type 3 pulses by

s € (wh — Ay, w" + A,) rather than the height 7.

5.5 Analysis of tails

In this section, we show that any transitional pulse landing in W#*(c, a) in the section
Yt = {u=0,A, <w < w —A,} at a height no higher than w < w4 + A, in
fact lies in the stable manifold W?(0; ¢, a) of the equilibrium (u,v,w) = (0,0,0). We

break down the argument into the following two steps:

(i) By possibly shrinking A,, if necessary, we show that for sufficiently small € > 0,
any trajectory on W%(c, a) starting in X"* at a height w < w4 + A, returns

at a height w < w4 — A, and remains in W¥(c, a).

(ii) Next we show any such trajectory remains in W#*(c, a) with the height on each
return to X"* monotonically decreasing until entering an arbitrarily small O(1)
neighborhood of the equilibrium, and any such trajectory which reaches this

neighborhood in fact converges to the equilibrium. This amounts to showing
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that any periodic orbits lying in W%*(c, a) are repelling.

5.5.1 Way-in-way-out function

We define a way-in-way-out function as in [39] which essentially determines the dif-
ference in contraction/expansion rates along the critical manifold M. We consider
the slow flow restricted to the critical manifold {v = 0,w = f(u)} for (a,e) = (0,0);

the flow satisfies

u = &f(u)j (5.1)

()

where f(u) = u*(1 —u). For w € (0,w'), the equation f(u) —w = 0 has three
solutions u;(w),i = 1,2,3 where the zeros are indexed in increasing order. For

wt,w™ € (0,wy), we now define the way-in-way-out function

R(w*,w™) := /:‘2(1”) (c — \/ﬁf’(u)> Mdu, (5.2)

up (wt) u— 7 f(u)

and for short, we denote R(w) := R(w,w). We note that —u;(w) < us(w) < 2 for

all w € (0,w"); hence for v > 0 and w € (0,w4), we have that

(5.3)
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5.5.2 Initial exit point

In this section, we primarily refer to the results of [12] in which entry-exit or way-
in-way-out functions are described for systems with a critical manifold containing a
turning point. We consider the flow on a piece of W¥¢(¢, a) which contains everything
below w = w4 — A, as well as trajectories to the left of X for w € [wa — Ay, wa+
A, ]. Within this manifold, away from the fold point, define Sf% /L Sgb/ ; to be sections
transverse to the strong stable (resp. unstable) fibers of M¥(c,a) (resp. M™(c,a)),
where the R, L notation refers to whether the sections sit to the left or right of the
corresponding slow manifold. That is, S sits to the right of M%(c,a) and S sits
to the left of M (c,a).

We define boundary entry/exit points within 8%, S™ as follows. Let w' €

[Ay,wa + Ay] and w™ € [Ay,wa — Ay], and let b%(c,a), b’ (c,a) define points on
S5, 8™ depending continuously on (c,a,¢) satisfying lim. o b%(c,a) = bf(c,a) €
StEN{w = w} and lim. 00" (c,a) = b (c,a) € S N {w = w~} so that the

limits b5, b7 lie on the stable (resp. unstable) foliation of MY (resp. M).

The next result follows from [12, §9].

Proposition 5.5.1. Suppose that for each sufficiently small € > 0 there ezists (c, a)
such that there is a canard trajectory v (c,a) which meets the sections Sk, ST at
the entry/exit points bf(c,a),b’(c,a). Suppose R(w~,wt) > 0. Then there exists
w® < w™ such that the following holds. Take any other entry point bT € SIg/L with

. Then there is a canard solution

lim. b7 =b) € sz/L N{w = we} where we > w
connecting bT with a corresponding exit point b € S§ satisfying lim._obZ = b, €

Spn{w =w}.
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We claim that the trajectory on W¥(c, a) starting in X" at height w = w4+ A,
returns to "¢ at a height w < ws — A,. Suppose for contradiction that the
backwards evolution of the trajectory starting in ¥"¢ at height w = wy — A,, ends
up in £" at a height w = we < wy + A,. Proposition 5.5.1 implies the existence
of w® < ws — A, such that all trajectories entering S, above w = w4 + A,, exit S¥
at height w*®. However we know the basepoint of the second excursion of our pulse
solution (which is above w = w+ A,,) does not exit near this buffer point but rather

continues up to have a tail at some wy — A, < w < w,; this is a contradiction.

Hence the backwards evolution of the trajectory starting in X* at height w =
wa — Ay, ends up in ¢ at a height w = we > w4+ A,. In other words, this means
that the trajectory on W5(c,a) starting in X7 at height w = wa + A,, returns to

¥ at a height w < wy — A,. We therefore have the following.

Proposition 5.5.2. For each sufficiently small A,, > 0, for sufficiently small e > 0,
let (c,a) € I.x I, be such that there exists a transitional pulse with a tail in W*(c, a)
starting in L% at a height w < wa + A,. Then this tail trajectory remains in

W3t(e, a), returning to X at a height w < wq — A,.

5.5.3 Periodic orbits

Once a tail trajectory ends up below w = w4 — A, it is stuck in the two-dimensional
manifold W#*¥(c, a) and its height is monotonically decreasing on each return to X*.
Hence such a trajectory is approaching the equilibrium; the only way it can fail to
lie in the stable manifold W?(0; ¢, a) is if it is blocked by a periodic orbit (in this
case W?(0; ¢, a) would topologically take the form of a disc). The aim of this section

is to show that any periodic orbit lying in W2¢(c, a) must be repelling.
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In [39], the authors constructed periodic canard orbits in a class of planar systems.
Although the entire canard explosion is not possible to construct in the same manner
in our case (there is no such two-dimensional invariant manifold which contains the
entire S-shaped critical manifold), the construction procedure is valid in the two-
dimensional manifold W2(c, a) for canard orbits up to height w = wy — A,. We

collect the following results from [39] regarding such periodic solutions.

Proposition 5.5.3. For each ¢ € I. and € > 0 sufficiently small, there exists a

family of periodic orbits
(w, ) = (a(w,e),I'(w,¢)) (5.4)

parameterized by the height w € (0,wa — Ay) such that T'(w,e) C W (e, a(w, €)).

(i) Any periodic orbit passing near the critical manifold My which is entirely con-

tained in Wt(c,a) for —A, < w < wq — A, is part of this family.

(i1) For A, < w < wy — Ay, the Floquet exponent P(w,e) satisfies
1
P(w,e) = - (R(w) +0(w,e)), (5.5)
where 6 and % — 0 uniformly as ¢ — 0.

(111) For 0 < w < A, all of the T'(w, e) are repelling.

In particular, the above implies that for any sufficiently small € > 0, there are

no nonrepelling periodic orbits in W%(c, a) between —A,, < w < wy — A,
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5.5.4 Convergence of tails

We now combine Propositions 5.5.2 and 5.5.3 to obtain the following.

Proposition 5.5.4. Fixz A, sufficiently small. For each sufficiently small € > 0,
consider a transitional pulse with tail landing in the manifold W5*(c,a) in ¥ at a
height w < wa + Ay. Then the tail of this pulse in fact lies in the stable manifold
W:2(0;¢,a) of the equilibrium (u,v,w) = (0,0,0). In particular, every solution on

the tail manifold Tz(c,a) lies on W2(0; ¢, a).

5.6 Flow near the Airy point

The goal of this section is to prove Proposition 5.4.4, regarding properties of the
backwards evolution of certain trajectories on W2*(c, a) between the sections ¢ and
™. We need to track the manifold W#*(¢c, a) in backwards time into a neighborhood
of M™(¢,a) and determine its behavior near the canard point, in particular its
transversality with respect to the strong unstable fibers in the section ¥X™. For
trajectories on W#*(c, a) for w < ws — A,,, this behavior is clear: these trajectories
are attracted exponentially close to M™(c, a) and remain in the manifold W#*(c, a)
upon entering a neighborhood of the canard point. This is due to the fact that the
backwards evolution of W2*(c,a) from X"* to ¥™ and forwards evolution from ¥™
to XM in fact coincide for w < wy — A,. Hence transversality with respect to the

strong unstable fibers in ¥™ is clear.

However, for w > ws — A, the behavior is not so clear since near M2 (c, a),
the manifold W5¢(c, a) is not defined for w > wa — A,, due to the lack of spectral

gap in the linearization of the vector field. Such trajectories on W#*(c,a) are still
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exponentially attracted to M”* (¢, a) in backwards time, but in general do not coincide
with W*(c, a) upon reaching w = w4 — A due to the interaction with the focus-like
properties of the manifold M (¢, a) (see Figure 5.15 — note that the flow direction
is reversed in this figure). To understand the transition from node to focus, we must
understand the flow near the Airy point. The goal is to show that even though the
backwards and forward evolution of W¥¢(c, a) between ¢ and ¥™ do not coincide,
we retain the desired transversality properties for trajectories on W%(c,a) a bit

above the Airy point, specifically for w < w4 + Ce?/ for some C > 0.

The Airy point (ua,w,4) is defined by the conditions ¢ = 4f'(u4) and wy =
f(ua). In a neighborhood of this point, the manifold M (¢, a) can be written as a
graph (u,v) = (ua + h(w, ), g(w, €)) where

! (w—wa) + O (e, (w—wa)?)

h(w,e) = —
" P 61)

gw,e) = O (e, (w —wa)).

We make the coordinate transformation

T = % (v—g(w,e)) — (u—1us — h(w,e))
_ Afua)
Y= C2f’(uA)( ) (6.2)

z=u—uy— h(w,e),
and rescale time by —(¢/2) to arrive at the system

&= —x+yz+ 02 ez, y*2)
z=—-T—2z (6.3)

y = 6(_k + O(ya'Z?E))a
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where

k= A" ua) > 0. (6.4)

c2f'(ua)

Note that the flow direction has been reversed. We make a final coordinate change

y — y + O(y?% ¢) to simplify the equation for # and arrive at the system

i=—x+yz+ O(?)
Z=-T—Z (6.5)

y=c(=k+0(z,y, 25¢),

We consider solutions entering via the section

in

b={l,y,z0) cx=p" |yl < PP [ < PP 0 <2 < pPd) (6.6)
Such solutions exit via the section

St ={(z,y,2,0) o] < pty y=—p% |2l <P, 0<e <P’} (6.7)

The goal of this section is to prove Proposition 5.4.4, that is, we track VA\/;’”Z(C, a)
near the Airy point until it exits via X%, where we then use an exchange lemma
type argument to track the rest of the way to X™. To start, we have the following

regarding the entry of the manifolds )7\/\5’4 (c,a), VA\/f’T(c, a) in X4

Lemma 5.6.1. For each sufficiently small A, > 0 there exists ¢g > 0 and sufficiently
small choice of the intervals 1. X I, such that for (c,a,e) € I.x I, x (0,&q), the man-

ifolds Wjé(c, a), W\j”"(c, a) intersect X% in smooth curves z = z>(y; ¢, a), 25" (y; ¢, a)
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for |y| < A,. Furthermore, there exists a constant k = k(p) > 0 such that

227 (y;e,a) — 22 (y; ¢, a) > pPR(p) (6.8)

uniformly in |y| < A,.

Proof. Using Proposition 5.3.2, we find that for (c,a,<) = (1/4/2,0,0), the front ¢,
is asymptotic (in forward time according to 6.5) to the Airy point (z,y, z) = (0,0, 0)

and satisfies

x(s) = 2V2Bjens + 0(526%)
B ) (6.9)
2(s) = (Ay — Bys)e2v2z + O(s%ev?).

Therefore, o, intersects X% at the point (z,vy,2) = (p*, 0, 2§) where
A 4
‘ 4 ¢ P 4
2 = ——— +log|—— ) | +o

= 4p*1 L>+O 4.
p Og(Q\/ﬁBg (r")

Therefore, by a regular perturbation argument, we have for sufficiently small A, and
any (c,a) € I. x I, for |y| < A,, the manifold Wj“(c,a) intersects X% in a curve

z =z (y; ¢, a) given by
zg’g(y;c, a) =zt + Oy, (c — ¢), a). (6.11)

By using standard geometric singular perturbation theory, for sufficiently small € >
0, this manifold perturbs to a locally invariant manifold W#*(c, a) which intersects

 in a smooth curve z = 22*(y; ¢, a) given by

zj’g(y; c,a) = zé + O(y, (¢ — "), a,¢), (6.12)
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for Jy| < A,. We similarly obtain that W?"(c, a) intersects X% in a smooth curve

z = 22"(y;¢c,a) given by

25" (y;e,a) = 25 + O(y, (c — ), a,¢), (6.13)

for |y| < A,. Using Proposition 5.3.2, and taking A, < p* sufficiently small, we

deduce that there exists kK = k(p) > 0 such that

2" (y;e,a) — 224 (y; ¢, a) > p°R(p) (6.14)

uniformly in |y| < A,,. O

By taking A, := 2kA,, sufficiently small, we reduce the study of Proposition 5.4.4
to just understanding the passage of trajectories on W¥(c, a) which enter a neigh-
borhood of the Airy point in backwards time in a manner governed by Lemma 5.6.1;
these solutions interact with the flow near the Airy point in a nontrivial manner
(see Figure 5.15). All solutions on W¥%(¢, a) entering a neighborhood of M™(c, a)
in backwards time at heights lower than this remain in W%%(c, a) until arriving at

the section ™ due to the nature of the construction of this manifold in §5.3.2.

To accomplish this, we need to understand detailed properties of the flow of (6.5).
Ultimately, we will show that the flow of (6.5) is qualitatively similar to the flow of

the simpler system

T=—r+yz
= —x—z (615)
y:_EJ

which are essentially the Airy equations on a slow timescale coupled with exponential
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Figure 5.15: Shown is the schematic of the flow near the Airy point. Note that the flow direction
corresponds to that of (6.5), which is the reverse of (1.1).
decay. The solutions of this system are given in terms of the Airy functions Ai, Bi,

and their derivatives, which are shown in Figure 5.16.

We begin by solving the simpler system (6.15) to demonstrate why it is reason-
able to expect that the transversality properties of Proposition 5.4.4 should indeed
hold. Then we will use blow up techniques to study (6.5) directly to show that

Proposition 5.4.4 continues to be valid when including the higher order terms.

5.6.1 A simpler system

In this section, we consider the simpler system (6.15), which are essentially the Airy

equations on a slow timescale coupled with exponential decay. To see this, we rescale
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(b) The derivatives Ai’(y) (blue) and
Bi'(y) (dashed red) of the Airy func-
tions Ai(y), Bi(y).

(a) The Airy functions Ai(y) (blue)
and Bi(y) (dashed red).

Figure 5.16: Shown are graphs of the Airy functions Ai, Bi and their derivatives.

(x,2) = (e'Z,e'z) and obtain the equations

r=yz
z=-= (6.16)
j=—c

The solutions of this system can be given explicitly in terms of Airy functions Ai, Bi

(see Figure 5.16)

_ Yo . Yo 1/3 .
z(t) = [(Al< 52/3>B1/< 52/3+€/t) _Bl< 52/3>
b (ar (~ ) B (o) i (-

AY

£2/3 2/3 52/3)
T . Yo . Yo 1/3 1/3
#(0) = oo | (5 () 1 (g +=0) - 41 (2 )( m+“0ﬁ

g2/
FRVE: <Bi'< Yo )Ai (_& +51/3t> < y_/
€

£2/3

y(t) = yo — et,
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where yo = y(0), o = Z(0) = 2(0), and 2y = Z(0) = 2(0). This solution reaches

y = —p? at time T = yo:f—pQ with

2

_yote? . Yo . 1% . Yo . P2
[E(T) = Te € |:(Al <—m> BI/ (m) — Bi <—m> AI/ (m
2 2
1/3 . Yo . P . Yo . P
+ e / (All <—%> Bll (m) — Bll (-m) All (%) ZO:|
T w [ Yo\ [P W N [P
0

Using asymptotic properties of Airy functions [1, §10.4], we have the following

Lemma 5.6.2. The Airy functions Ai(y), Bi(y) have the following asymptotics for

all sufficiently large y > 1

. 5 15 s
Aify) = 2/myl/4 (1 o 14443/2 +0 (y )) ’

M43y 21
. yr-e s _
Aly) = —~F——— 1+ ——=+0(y°
') 2v/7 ( + gaggen TOU )) ’ (6.19)
B esv’”? 1 15 O (43 ‘
1(y) B \/7_Ty1/4 + 144y3/2 + (y ) )
1/4 gy:"/2 21
. y-es _
Bily) =F——— 1+ —=+0(y %) ).
i'(y) NG < T 144y +0(y ))
Considering the linearization of (6.15) for ¢ = 0 in the plane y = —p?, we see
that there are two eigenvalues A = —1 + p with corresponding eigenvectors (Fp, 1).

We now change coordinates © = = — pz,Z = x + pz and using Lemma 5.6.2 under

the assumption that 0 < £2/3 <« A, < p? < 1, we can expand the terms dependent
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on the fixed argument —% to obtain
&

(T) = 1/2\/_ e {(1‘0 A1< 2/3> + e /32 AT (—;;%)) e% (24 O(e))

-1/6

+ (a:o Bi( g(/):s) + e85, BY (—%)) e_ﬁ (g —i—(’)( ))]
Z(T) = 15/\6/_ yoip |:<£COA1( 2/3)+51/320A1< z(/)g> 62;53 (248p +O(62)>
+ (xo Bi( 333) 432 BY (—6"%))6 (1+0<g))]

y(T) = —p”.

(6.20)

We now consider solutions on W;vz (¢,a) which enter via X%, with (z,y, 2)(0) =
(70, Y0, 20) = (p* v0, 25(yo; ¢, a)), where z5¢(yp;c,a) < 0, so that W;’Z(C, a) is pa-
rameterized in % by |yo| < A,. Using the above analysis, Wg’f(c, a) exits via X9

in a curve (7, 2) = (2% 2°)(yo) given by

1/2\/_ _vote?

) =5+ X'(w) 621
gz< 1/2\/_ y0+ﬂ Z ‘
yO) 1/6 € (y(])

where

) = (405 25) ) ¢ (- 25)) o 24000
(i () + ezt B (—25)) e % (540 ()
Z'(y0) = (o' Ai( ;;33) e (o) AT (— 555 ) % (ipg L0 (52))

(6.22)

We now want to understand the transversality of this curve with respect to the fibers
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of the manifold W2¢(c, a) in the section X%, Then, using the exchange lemma, we
deduce that the transversality holds in the section X™ as well. We note that for
trajectories entering X7 for y < —A,, this transversality is clear as due to the
construction of the manifold W#*(c,a) in §5.3.2, the forward/backward evolution of

W2¥(c, a) coincide in this region.

Hence we are primarily concerned with the trajectories above, which conveniently
we have explicitly computed for y, > —A,. This is precisely the regime in which
the manifolds W#*(c,a) and Wj’f(c, a) begin to deviate. Under the transformation
to the ~ coordinates corresponding to the strong/weak eigenspaces of the lineariza-
tion of (6.15), the manifold W5*(c,a) will manifest as a curve in X% aligned ap-
proximately with the subspace Z = 0 and its fibers will manifest as curves aligned
approximately with # ~ const. It is clear from the expressions above that the same
does not hold for Wj’e (c,a) when yg gets too large, as the Airy functions transition

to oscillatory behavior.

We compute the derivatives

(@ (o0) = ~Z e () + (K () .
(5 () = ~L e (21(0m) + (2 () |
and hence W5¢(c, a) can be written as a graph 7 = () with
42 (Y (w) _ Z%y0) + (27 () (6.24)

di (&) () Xyo) + (X9 (y0)

provided that the denominator does not vanish. Points at which the denominator
vanishes are essentially those at which this curve becomes tangent to the fibers = ~

const of W5¥(c,a). Hence we reduce our study to finding zeros of this expression.
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This will be carried out in detail in the following sections, but we note that they
occur approximately at the zeros of X ‘(y), which are approximately the zeros of
Ai (—yo/e%?) for all sufficiently small & > 0. Hence we are primarily concerned with

studying the Airy function Ai. We have the following [1, §10.4]

Lemma 5.6.3. There exists y* < 0 such that the Airy function Ai satisfies the

following

(i) Ai(y") = 0
(ii) Ai(y*) > 0

(111) Ai(y) > 0 for ally > y*.

We can therefore find the first zero of the denominator or equivalently, the first
turning point of 17\/\;’[ (c,a), which occurs when yy = yi ~ —y*c*® > 0. Therefore
Wj’f(c, a) is transverse to the fibers of W2%(c,a) in X9 up to the fiber passing
through the point (2", 2(2M)) = (Z¢(yd), Z(yd)). A schematic of this result is depict-

ing in Figure 5.15.

Using the exchange lemma, we continue to track 17\/\5’5(0, a) backwards from 39"

to the section X" and deduce that this transversality holds there also.

In the coming sections, we consider the full system (6.5), and we make the above

computations precise in this context.
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5.6.2 Blow up transformation

To study the flow of the full equations (6.5)

&= —x+yz+ O

Z=—x—2Z

y = (_k + O(x7ya 275)) )
we will use blow up techniques. The blow up is a rescaling which blows up the
degenerate point (z,y,z,¢) = (0,0,0,0) to a 3-sphere. The blow up transformation

is given by

x=7x, Yy=ry z2=7ZzZ e=T%F. (6.25)

Defining B4 = S* x [0,7] for some sufficiently small 7, we consider the blow
up as a mapping By — R* with (7,7,z,6) € S3 and 7 € [0,7]. The point
(z,9,2,¢) = (0,0,0,0) is now represented as a copy of S* (i.e. ¥ = 0) in the blow
up transformation. To study the flow on the manifold By, there are three relevant

coordinate charts. The first is the chart IC; which uses the coordinates

4 2 3 3
r=r], Y=ryh, Z=ri%, E=ric1, (6.26)

the second chart /Cy uses the coordinates

4 2 3 3
T =Ty, Y =TsYs, 2Z=ToZe, E=T5, (6.27)

and the third chart K3 uses the coordinates

4 2 3 3
T =Tryx3, Y= —T5, 2Z=T"323, E=T3E3, (6.28)
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With these three sets of coordinates, a short calculation gives the following.

Lemma 5.6.4. The transition map k1o : K1 — Kq between the coordinates in Ky
and ICy is given by
1 n 21

1/3
Ty=—m =55 ==, n=ne, fore >0, (6.29)
€1 €1 1

the transition map k13 : K1 — K3 between the coordinates in Ky and K3 is given by

21 €1
r3=—, ry=ri(-y)"? 2= 53:W’

y N foryr <0, (6.30)
1

and the transition map Koz : Ko — K3 between the coordinates in Ko and ICs is given

by
i) 1/2 Z9 1
T3 = —, T3="o(— , 3= o=, E3= - ——=75, Jorys<0. (6.31
3 2 3 2(—y2) 3 (—y)?2 3 (—y2)372 Jor ya ( )

Solutions on Wj’é(c, a) will enter via the section X% and exit via 39*. During
this passage, it will be necessary to track different parts of the manifold )//V\j’ﬁ(c, a)
in the different charts Ky, /Co, K3. A diagram of the sequence through which the
solutions will be tracked is shown in Figure 5.17. We begin in §5.6.3 with a study of

the chart Ky, where all solutions enter via the section X%



(v) | (vi)
Ks | Ks
§5.6.5 | §5.6.5
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Figure 5.17: Shown is the sequence of sections through which the manifold Wg*e(c, a) will be
tracked. The table displays the charts and sections in the text in which the various transitions will

be studied.

5.6.3 Dynamics in £

In the I coordinates, the equations are given by

= —%7’1 + %7”%,%21 + 0 (ri27)

Z = —321 —r— ZTL%Z% +0O (r{2])

= g krie = srita + O (B rien e, rieys, ried)
£ = 281 — %rlylzlal + O (rizier) .

In these coordinates, the section X% is given by

5P =Alrnynzna) i =p, lnl <1 s <p, 0<e <6}

Define the set

Dl :{(T1791721,51)30§T1 Sp? ’y1| < 17 ’Zl| S:ua Oggl Sé}

(6.32)

(6.33)

(6.34)
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+Y1

Figure 5.18: Shown is the setup in the chart K;.

Under the flow of (6.32), any solution starting in 1" exits D; via one of the sections

Yo ={(r,y1,21,61) i Zp, || £ 1, |z Sy e =6} (6.35)
Yis=A{(r1,y1,21,61) i1 < p, y1=—1, |z1| <p, 0<e <5} (6.36)
214 = {(7’1,@/1,21,81) A < P, Y1 = 17 |Zl‘ < M, 0< €1 < 5} (637>

The setup in the chart Xy is shown in Figure 5.18 It turns out that we only need
to consider those solutions exiting via ;5 and >3, which will be tracked in the
charts Ky and K3, respectively (see Figure 5.17). Solutions exiting via 14 will not

be analyzed.

The following result gives estimates for solutions on the manifolds Wj’e (c,a) and

17\}\55’7”(0, a) which exit via the sections ¥15 and Y.

Proposition 5.6.5. For each sufficiently small p,d > 0, there exists ¢¢ > 0 and
sufficiently small choice of the intervals 1., 1, such that the following holds. For
each sufficiently small Ay, > 0 and each (c,a,e) € 1. x I, x (0,¢¢), the manifolds
Wj’g(c, a) and WS’T(C, a) intersect X4 in smooth curves z = z{o(y1;¢,a,€) and

z1 = 2 0(y1;¢,a,€) for lyi| < Ay,. Furthermore, there exists C > 0 independent of
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c,a,e and 0 < k(p) < Copllog p| where Cy is independent of c,a, e, p,d such that for

any (c,a,e) € 1. x I, x (0,¢9), the following hold

(i) The parts of the manifolds 17\/\;”3(0, a), 17\/\5”“(0, a) which ezit via X3 intersect X3

L,r
dz]
dry

< C|loge| uniformly in y;.

) ‘, . .
in curves z1 = zy" (r1) which satisfy ‘

(ii) The parts of the manifolds Wg’f(c, a), 17\/\5””(0, a) which ezit via X1y intersect Lo

in curves z; = 2" (y1) which satisfy

‘zf’r < Ce'lloge]
r 6.38)
dzy (
< Celloge|
and
0 < k(p)e'/ < 2 () — 2L () < C3|loge]. (6.39)

uniformly in y;.

Proof. We focus on the manifold Wj’f(c, a); the computations for )7\/\85”(0, a) are sim-

ilar.

First we consider the function zfo(yl;c,a,a‘). By taking A, < p?, for any

sufficiently small p we have that

sup |21 (y1; ¢, a,€)| < Copllog p

|y1|SAy1
l .
dzl,()(ylv ¢ a, 6) C'0
sup < —,
w1<4y, dy p

for some Cj independent of (¢, a, e, p,0), provided ¢ and the intervals ., I, are suffi-



ciently small. This follows from Lemma 5.6.1 by taking p*A,, = A, < p*.
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To prove (i), for each sufficiently small |y; 9| < A,,, we consider solutions starting

in X% with (r1,21,41,1)(0) = (p, 2 0(¥1.0), Y1,0,6/p®) Which exit via i3 at time

T} (y10; ¢, a,€). As the solution exits via ¥13, we must have y;(7F) = —1 and £/p® <

81(T1*) = 8? S 0.

We define ®4(t, s) to be the linear evolution of the constant coefficient system

7:’1 —1/4 0 1
21 —1 —1/4 Z1
We set
1
U1 —
21
1,0
Ul,O - )

Zf,o(yl,O)

and we rewrite (6.32) as the integral equation

i) =0t 0)0h + | 1, )0, (1 (5), 1 (5), 315, €2()ds
=: Fy,(Ur, 11,61, Uvp, T ¢, a)
n(o) =i+ [ A0, (4 (5), 1 (5), 1 (5). 1 (5)ds
:
=: F, (U, y1,€1,Urp, T ¢, a)
i) = Sett+ [ A0 (ry (), 21(8) () 20 ())ds
=: F., (U1, y1,€1,U10,T7; ¢,a),

(6.40)

(6.41)

(6.42)

(6.43)
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where

lelzl + O (r{z})
gUl(/thl)ylvEl) =
— 7"13/121 + O (r}2})
=0 (|Uh]P)
1
gy1(7’17217y1,€1) = —krieq — 57”131%21 + O (7’%3/12%;T?€17Ti’51y1,7“11512177"115%) (6.44)
= O (|Ui]|er] + |Us*|11])

3
951(7"17217341751) = —ZT1?/121€1 +0 (T%fszl)

= O (|U1*|ea])

and we assume T} >

1
et

v;:{mwaﬁw»wrmwizsw |w@n<w}

4 t€[0,T7] 1+ |t|

‘ﬁ—{ 0T 5 Rl = sup ed- rmn<m} (6.45)

2 te(0,17]

Vj:{glz[O,Tf]—)R:H&H?: sup e1TT =9, ()!<OO}=
1 4

t€[0,T7]

and search for solutions (Uy,y1,e1) € Vi x Vit x V5" to (6.43). We note that
4 2 4

1Uilloe < N1AIL Mlonllee < llonllfs llealloe < llenls, (6.46)

X (t)| denotes the C%-norm.

where || X|[o = SUP¢e(0,17]
First we show that for each fixed (U ,77), the mapping

(U1,y1,€1) — Fl(UlayhglaUl,OuTl*;Cva>’ (6-47)
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defined by

FU1 (U17 Y1,€1, U1,07 T1*7 C, a)
F1(U1,y1,€1,U1,0,Tf§C;G) = Fy1<U1,y1,€1,UL(),Tl*;C,CL) (648>
F€1 (U17 Y1,€1, Ul,07 T1*7 ¢, Cl)

maps the space V;~ x V™ x V3 into itself. We compute
4 2 4

HFU1<U1>y17517 U1,0,T1*3 c, a)H%

lt t
e4
= sup —— (@1(t,0)ULO +/ Dy (1, $)gu, (7“1(3),zl(s),yl(s),el(s))ds)
tefo,ry) 1+ [t 0
3

< ClUip|+C <||U1|E>

(6.49)
where we used (6.46) and the fact that |®;(¢,s)| < [t — s|e= 109
Similarly, we compute
|1y, (U1, 91,61, Uro, Tt ¢, a)Hg
t
= sup AT (T4 | A 115,206 0105, a6
t€[0,T75] Ty (6 50)

Tl* L
<14 CedT / b (U ()llen(3)] + [T () Plya(5)]) ds

2
< 1+.0 (Wnlgllat + (10alg) hal).
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and

||F51(U1,y1,51, U1,0;T1*§C7 a)”%r

t
. €
= sup et (Ti 1) (—eit—i—/ eg(t_s)gel(ﬁ(S%Z1(S)ay1(3)a51(3>>d5
0

te[0,Ty) 1%
3 o (6.51)
S —3€ZT1* + CeZTl* / e_ZS (|U1(S)|2|€1(8)|) dS
p 0
9 §T* _ 2 +
< |5t (103) leallf-
P 1 1
Provided p,  are sufficiently small, for each sufficiently small U; o and for p‘%eng <

26 sufficiently small, that is 7} is not too large, we can solve (6.43) to find a unique

solution satisfying

10y = O(U10)
lynlls = 1+ O (JU1](3 + [Uro]) (6.52)

leally = 0(0)

By our assumption that we consider only solutions exiting via Y13, and so 1 < 9,

the time T} satisfies 0 < T} < C(p, )| loge| for all sufficiently small € > 0.

To obtain estimates on the derivatives of the solutions with respect to U g, ¢, a,

we consider the variational equation

) —-1/4 0
dU; = dUy + dgy, (11, 21,91, €1)
1 —1/4
. 1 (6.53)
dy, = §d3/1 + dgy1<7’17217y1,€1>

. 3
d51 - de‘:l + dgel (T17Z17y1751>a
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where

dgu, (r1, z1,y1,€1) = O (UL [PdUy, |Ur P (|dys | + |denl), [UL )

dgy, (11, 21,Y1,€1) = O<|U1|d€1, (lex| + |UL])dUy,
(6.54)

(1O + Uil ler DI dyal, | UL |U1H€1|>

d951(7”1>21791,51) =0 (’Uleldeh |U1\2d€1, |U1\2]51|dy1, ’U1\2|€1D .

Proceeding as above, we can rewrite this as an integral equation; using the es-
timates obtained for the solutions (U, y;,e1) and noting that the derivatives of k
with respect to (¢, a) are uniformly bounded, we can solve for the derivatives of the

solutions on the same spaces and obtain
1D Dl 1Dt < (6:55)
v = Uy, c,a, uniformly in (U, o, T}, ¢, a, €) for all sufficiently small p, 4.

We also need estimates on the derivatives with respect to 77. First, we show
that these derivatives exist; then we show that they are in fact bounded uniformly
in 77. To compute the derivative with respect to 1} at some 1} = Tj, we rescale

time by ¢ = (1 + w)7, which results in the differential equation
X = (14 w)F(X), (6.56)

where X = (rq, z1,91,€1) and F(X) denotes the RHS of (6.32). Proceeding as above,
we can now find solutions to this new system, keeping Tj fixed and allowing w to

vary as a small parameter, with |w| < wy, where wy is sufficiently small. We obtain
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a new integral equation

Us(t) = By (1,0)Us 0 + / D10 (t, 8)g0, (11(5), 21(5), 1 (5), €4 (5)) s

i(t) = —ex (170 +/T e g, (11(s), 21(5), 1 (s), €a(s))ds  (6.57)

£
eit) = e iH“’t—k/ e1(te)t- e, (r1(s), 21(s), 41 (s), €1(s) ) ds,
0

s

where the functions gy, , gy,, g, are defined as in (6.44), and ®,,, denotes the evolu-
tion of the constant coefficient system

T _ —(1+w)/4 0 1 | (6.58)

% —(14+w) —(14w)/4 2

We now slightly decrease the exponential weights and solve (6.57) for (U, y1,€1) €

Vi x Vi x Vit , where the spaces V= are defined analogously to (6.45).
+(1—wo) 5(1-wo) 7 (1—wo) n

Further, as above we can use the corresponding variational equation to estimate the

derivatives of the solution with respect to the parameters, including w, noting that

they are bounded uniformly in 7j.

Let X(T; To,w, Urp,¢,a) = (Ur,y1,€1)(7; To, w, Uy o, ¢, a) denote a solution to (6.57),
and let X (¢; T}, Uy, c,a) = (U, y1,€1)(t; 15, U o, ¢, a) denote a solution to the orig-
inal equation (6.43). By uniqueness, we have that )A((To,w,ULo,c, a) = X((1+

w)To, Uy, c,a). We now differentiate

DWX(T;TO,w,ULO,c, a) :TX((1+w)T;(1—|—w)T0,U170,c, a) : )
6.59

+ To D X ((1 + w)7; (1 4+ w)To, Ur o, ¢, a),
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from which we deduce that the derivative D7 X exists and is bounded in the norms
HDTf UlH%(l,wO)v ”DTf‘yllg(l,wO)? HDTf‘gluJ%r(l,wo) <C (66())
uniformly in (U, 77, ¢, a,¢) for all sufficiently small p, .

We can now write the unique solution of (6.43) satisfying

r1(0) =p (6.61)

21(0) = 21 o(y10),

for sufficiently small 0 > y;0 > —A,, so that 2{(y10) = O(plogp). Recalling

Uy = (r1, z1), we have that this solution is given by

ri(t) pe it
210 2 o(yro)e™ 5" + pte 1! (6.62)

+ A (I)l(t, 3)9U1 (7"1(8), 21(3)’ yl(s)751(8))d3,

where

0

yro=—e2Ti + / e 250, (r1(s), z1(s), 11(s), £1(s))ds. (6.63)

Ty

We consider only T} large enough so that y; 9 > —A,,, and we recall that A,, < p*.

This gives

0
—02 < —e2™W +/ e 2°gy, (r1(s), z1(5),y1(8), €1(s))ds

Ty
_ 1 _ 1 _ — 6.64
e O (O, (el + 1)) (669

= —6_%T1* (1 + O(p2a pé)) )



292

so that

e~ 3Tt < p? (1 +0 (pQ, p5)) , (6.65)

and

dyro 1 _ipe 1w « x x x
! = —€ 21 +e 2Tlgy1(T1(T1)7ZI(T1)7y1(T1)761(T1))

aTy 2
0 1, d
+ | e 2 gy (ri(s), z1(5), yu(s), €1 (s))]ds
R (6.66)
(1
= ¢ 2T (5 + O (plogp, 5)>
=p* (1+ 0O (plogp,9))
where we used (6.44), (6.60), and (6.65).
We have
rn(I7) | pe it
2(Ty) 2 o(yro)e 1T + pTye 1T (6.67)
T}
[ T 90 (19 4(5) ) 1 (9)ds,
0
and we now compute
d (1Y) _ﬁe_%Tl*
dIy B {.01,0) d
* z Y1,0 % _ 1
a(T7) (-2 + G o +o— 8T i [

+ 90, (M (17), 210(T7), yu (T7), 1 (17))

+ /0 | diTl* [(I)l(Tl*a S)gU1 (7’1(8), 21(8), yl(s)’ 51(8))] dS,
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where

21 0(y10) = O(plog p)

/ d 1 _ 1
(o) tna) g = O (2 (14 O(plog .0) ) = Ol
1 p

by (6.66), and

g0 (1 (T), 1 (T, (T, 21(T)) = O (o log pPe 11

& O ((plog p)2e=1Tt
/0 d;lvl* (D1 (T, $)gu, (r1(s), z1(s), y1(s),e1(s))] ds < ) |

O (Tt (plog p)*ei)
by (6.44), (6.52), and (6.60).

Therefore we have that

drcllg}) _ <_£ o) ((plogp)2)> o177

" (%*) (6.69)
D = (O (plogp, (1 + T7)p)) e 37
ATy

so that in X3, for each fixed p,d sufficiently small, we obtain a curve z; = z(r;)

satisfying

le

d?”l

<C(p. 81 +T), (6.70)

uniformly. Using the fact that |77 < C(p, §)|loge|, we therefore obtain

| 0, 8)] ogel, (6.71)
d?"l

uniformly in (¢, a, ), which completes the proof of (i).
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The proof of (ii) is similar and we omit the details. O

5.6.4 Dynamics in £,

In the Ko coordinates, the equations are given by

jfg = —T2 + T2Y2Z2 + O (T%Z%)
Zy = —Zg — T2

(6.72)
Jo = —kry + O (r3ya, 3)

7y = 0.
Solutions enter via Y15 which is given in the Ky coordinates by

1 1 7
Do = { oa im0 10) 02 = g Dl < g Jal <5 0 <m0 ), 07

and exit via

_ 1 1 M 1/3
Yo = {($2,y2722,7’2) Haa| < 570 V2T TS 22| < 5 0<m2s poe.

(6.74)

The setup in the chart Ky is shown in Figure 5.19.

In this chart we can determine formulae for the solutions as follows. First, we

consider solutions starting in Y, as time t = 0. We set x5 = e 'T, 20 = €712y and



obtain the system

We now rescale time by ¢t = t5 /1y

y2 = 1/6%/°

T2

-— |
To = 1/(54/3 ’
Y2 = *1/52/3'

Figure 5.19: Shown is the setup in the chart Ko.

G
3)

A Y2

/
U

—t 2~2)

To =TolaZs + O (e 525

9 =

Y2 =

79 = 0.

—T9T2

—kry + O (rg’)

to desingularize the system

y222 + O(G_tQ/T2T2>

—k+ O (r3)

295

(6.75)

(6.76)
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where / denotes S~ Settlng ry = 0 we obtain the Airy equations
Ty = Y222
2 = —7y (6.77)
yé = _k7

which have the following explicit solutions in terms of Airy functions Ai, Bi

. Y2,0 . Y2,0 1/3
(Al<—m>3“< s R)
(20 ar (20 ) )L

Bi(— ) AT (5 ¢ t2>)54/3

+ Y3 (Ai’ (—%) Bi' ( g;;; + k1/3t2)

= () () 073
() m () )
AV (Bi’ ( g;/%) A1< /?j;;/% n k1/3t2>
— AY (—%) Bi( ]i;/% SN > ) o]

Y2 = Yo,0 — kto,

where y50 = y2(0) and 239 = 25(0) = 22(0).

Lemma 5.6.6. For each fized 0, ;n > 0, there exists 9 > 0 such that for any 0 <

T9 < To0, any solution of (6.75) with initial condition in ¥19 given by (2, Y2, 22)(0) =



297

(1/6%3 40, 20,0) Teaches Yoz with

1
_ 23120 , y20 . y20 1 1
Ty =me  F2 KAI ( k;2/3 (k2/352/3) kz/s A 12/352/3 5473
1/3 . Y2,0 Y2,0 1 2
+ K (Al,( k;2/3> BY (k;2/352/3) - ( _/> <k2/352/3>) 2270+O<”2)]
52%-&-1/2,0
~ B0
zgzm— Bi( y20 : y20 Bi 1 1
11/3 k;2/3 k:2/352/3 k2/3 12/352/3 ) | 5473
1/3 [ m: Y2,0 1 - Y2,0 \ 1 1 9
+ Y (B{( k;2/3) Ai (k:2/352/3> _ AT <_k2/3> Bi (k:2/352/3)) 20 + O(rQ)]
1
Yo = —7.
5273
(6.79)

Proof. Considering the equations (6.77), solutions given by (6.78) with initial con-

ditions (172, Yo, ZQ)(O) = (1/54/37 Y2.,0, ZQ’O) in 212 exit 223 in time

1 1
Ty = T (920 + 52/3) (6.80)

For each fixed § > 0, Ty is bounded uniformly in |y | < 1/6%/3. Hence by a regular
perturbation argument, and returning to the original coordinates xs, 25, we obtain

the result. 0
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5.6.5 Dynamics in 3

In the I3 coordinates, the equations are given by

T3 = —x3 — 1323 — 2kr3r3es + O (r%zg, 7"%53953)
3
23 = —Z23 —I'3T3 — 5/@"3532’3 + O (7’%2353)
1 (6.81)
iy = gries (k+ 0 (73))
) 3
€3 = —57"35% (k +0O (r%))
Solutions enter via Y13 or Y3 which are given in the K3 coordinates by
213 = {(ZE3,Z3,T3,E3) T3 = ]_, |Z3| S M, 0< T3 S P, 0< €3 S (5} (682)
Zj23 - {(x37z377n3)53) : |$3| S 17 |23| S M, 0< r3 S P, €3 = 5}’ (683)
respectively, and exit via
N5 = {(x3, 23,3, 63) ¢ |wa| <1, [z <, 3 =p, 0<e3 <6} (6.84)

We need to determine the behavior of solutions which enter via Y13 or a3 upon
exit in X§*. The setup is shown in Figure 5.20. Between these sections, due to
the relation r3e3 = ¢, such solutions are restricted to the region (£/0)'/? < ry < p
in which rj is strictly increasing. The linearization of (6.81) in the (z3, z3)-plane
has approximate eigenvalues (—1 £ r3). Hence, informally one expects that the flow
should separate into strong and weak stable directions with an exponential separation
that is initially O(/?) and grows to O(1) at ¥5*. We begin by deriving a change
of coordinates (x3,z3) — (&3, 23) which more clearly separates these strong/weak

directions.
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213
Tg—ATS‘
’]"3:p _— - =

Figure 5.20: Shown is the setup in the chart K3, including a schematic of the results of
Lemma 5.6.10, Lemma 5.6.11, and Lemma 5.6.12.

To see this,

2

we add an equation for the ratio 63 := z3/x3

G,
T3 XT3

3
—7T3 + T39§ — 5]67“38393 + 2]{37“36303 + O (T§9363, ngg) (685)

1
T3 (9?2) -1+ 5]4?6303) +0 (’I"g) R

and we consider the extended system

i3 = —3 — 323 — 2krszaes + O (r3(|zs| + |25)))

b = —2 = oz — Shrseezs + O (r3zacs)

05 =13 (9§ —1+ %/%393) +0(r3) (6.86)
iy = gries (k+ 0 (13))

b= —omh (k40 (13).

Solutions are exponentially attracted to the subspace x3 = 23 = 0 on which the
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flow is given by

03 = rs (9?2) -1+ %1%3‘93) +0(r3)
iy = 5ries (k4 0 (73)) (6.87)
fy=—orh (k40 (13)).

Rescaling time by t3 = r3t, we obtain

1
9;293—1+§k€303+0(7"3)

1
T’é = §T383 (k’ + 0O (’I“g)) (688)
.3
€3 = —§5§ (k+0(r3)) .

Firstly, there are two invariant subspaces for the dynamics of (6.88): the plane
r3 = 0 and the plane €3 = 0. Their intersection is the invariant line 3 = {(63,0,0) :
63 € R}, and the dynamics on 3 evolve according to 65 = —1 + 3. There are two
equilibria p~ = (—1,0,0) and p™ = (1,0,0), with eigenvalues —2 and 2, respectively,

for the flow along l3. In the plane €3 = 0, the dynamics are given by

0 =02 — 1+ O(r3) (6.89)

This system has normally hyperbolic curves ngg(c, a) of equilibria emanating from
p* (see Figure 5.21). Along Séfg(c, a) the linearization has one zero eigenvalue and

one eigenvalue close to +2 for small r;.



301

Figure 5.21: Shown are the invariant manifolds M3 (c, a) corresponding to the dynamics of (6.88).

In the invariant plane r3 = 0, the dynamics are given by

1

0 =602 — 1+ Skeats (6.90)
3

gy = —553 :

Here we still have the equilibria p* which now have an additional zero eigenvalue due
to the second equation. The corresponding eigenvector is (—k,4) and hence there
exist one-dimensional center manifolds Nj (c, a) at p* along which £ decreases. Note

that the branch of N, (c,a) in the half space £; > 0 is unique.

Restricting attention to the set

D3:{(93,7°3,53) :93€R,0§7’3§p,0§€1 §5} s (691)

we have the following (see Figure 5.21).

Proposition 5.6.7. For any (c,a) € I. x I, and any sufficiently small p,6 > 0, the

following assertions hold for the dynamics of (6.88):
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Figure 5.22: Shown are the invariant manifolds M3 (c, a) corresponding to the dynamics of (6.86).

(i) There exists a repelling two-dimensional center manifold M3 (c,a) at p™ which
contains the line of equilibria Sg(c,a) and the center manifold N (c,a). In
D3, My (c,a) is given as a graph 03 = h*(r3,e3,c,a) = 1+ O(r3,e3). The

branch of N5 (c,a) in r3 =0,e3 > 0 is unique.

(i) There ezists an attracting two-dimensional center manifold My (c,a) at p~
which contains the line of equilibria Sy 5(c,a) and the center manifold N3 (c, a).

In D3, My (c,a) is given as a graph 03 = h™(r3,e3,¢,a) = —1 4+ O(r3, €3).

We now return to the full system (6.86), in which the flow on the subspace x5 =
z3 = 0 is foliated by flow along strong stable fibers. Hence in the full five-dimensional
space, there exist four-dimensional invariant manifolds Mj (c,a) (see Figure 5.22)
given by the strong stable foliations of the two-dimensional manifolds Mj (c,a). The
manifolds M3 (c,a) can be written as graphs 03 = H*(x3,23,73,¢3,¢,a) = +1 +

O(rs,e3).

Now using the relation 03 = z3/x3, we see that the dynamics are in fact restricted
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to three-dimensional invariant submanifolds M3 (c,a) of Mj(c,a). The manifolds
]\ngi(c, a) are given by z3 = x3H* (13, 23,73, €3, ¢,a). By the implicit function theo-

rem, for any sufficiently small p,d > 0, we can now solve to find Mf(c, a) as graphs

z3 = F 7 (x3,7r3,e3,¢,a) = 23(—1 + O(r3,€3))
(6.92)

w3 = F(23,73,€3,¢,a) = 23(1 + O(r3, e3)).

We now change coordinates by

Z3 =23 — F(3,73,€3,¢,0) = 23+ 23(1 + O(r3,€3))
(6.93)

jg = T3 — F+(23,T3,€3, C, (Z) = T3 — Z3(1 + O(T’g, 83))
In these coordinates, (6.81) becomes

T3 = (—1 + T3 + 7’3h+(-%37 237 T3,€3)) ‘%3

Z3 = (=1 —r3+r3h_(T3, Z3,73,€3)) Z3
(6.94)

1 b
Fq = 57"%53 (k —+ g1<£L'3, 23,7"3,53))

3 o 2
£q = —57"353 (k —+ gg(l'37 z3,73, 63)) ’
where

hi(Z3,Z3,73,63) = O (13,€3)
h’— (i‘37 237 3, 63) = O (T37 63)
(6.95)

91(Z3, Z3,13,63) = O (13)
92(Z3, Z3,r3,83) = O (15) .
In (6.94), it is clear that the strong attraction in the variables (z3, 23) splits into

strong/weak directions where the exponential splitting increases as r3 increases. By

changing coordinates to (Zs3, Z3), we straighten out the invariant manifolds M3 (c, a)



304

- 4
&3
T3 /\ 7 \\
z3 M_ ~
M3 Z3,/ M3
N
T+ T+ ?
N | N
A s \ A ry

Figure 5.23: Shown are the invariant manifolds M (¢, a) transformed to the (Z3, 73)-coordinates.

(see Figure 5.23).

Solutions with initial conditions in Y3

We first consider solutions entering K3 via Yp3. Using ries = €, we have that such

solutions satisfy e = &,73 = (£/0)'/? in Xy3. We have the following.

Lemma 5.6.8. For all sufficiently small p,é6 > 0, any solution to (6.94) with initial
condition (i3, Z3,73,€3)(0) = (T30, Z30, (€/6)'/3,8) € Yoz which reaches the section

YU at time t = T* = T*(p, 0, T30, 230, €) satisfies

:Z.3(T*) = i.3,0 €xXp (53—(:07 5? 5) + 773—(107 57 ‘%3,07 23,07 5))
Z(T™) = Zz 0 exp (5% (p,d,¢) + 77% (p; 6, T30, Z3,0, 5))
r3(1") = p

83(T*) =

(6.96)

€
37
P
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where
2 PQ 2p 2
B2 (p,0,¢) = ~ <—1 -3+ O(p ,05))
2 2
()= (<143 400" 09)) (6.97

£

o eN1/3 )
ni(p, 8, T30, Z30,€) = O ((5) (|1Z3,0] + ‘23,0|)) .

Proof. 1t is clear from (6.94) that the (Z3, Z3)-coordinates decay exponentially for all

sufficiently small p,0 > 0. By directly integrating (6.94), we obtain the following

expressions
@u“y:%ﬁwp(—Tﬂ+AT}gﬂu+44@gwjgwwgw¢gw»ﬁ>
EdTﬂ::Zmemo(—T*_ ;Vrdﬂ(1+h_@gﬂ,%ﬁyrﬂﬂ¢gﬁﬂ)ﬁ) o5,
r3(T7) = p
%Gﬂ:%.

We determine the functions %, n%. The computation of 5%,7? is similar. We now

write

P 1
T = / _—d?”g
(8/5)1/3 T3
2 P

= —/( r3 (1+O(r§))dr3,

g e/8)1/3

(6.99)

using rie3 = . We also have

A m@a+m@w%amm@¢ﬂmﬁ_gjp 12 (14 O (ry, £3)) drs,

g c/5)1/3
(6.100)
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and hence

—T* 4+ /OT* r3(t) (1 4+ O (r3(t),e5(t))) dt

2 p P
o Ty (101
€
2 P 9 ~ o~
— —g s T3 —Ts +h1(7"3,53) +h2(r37637x37z3)dr37
(¢/9)

where we have separated out the I3, Z3 dependence through the functions hq, hs.

That is, we have 0z,hy = 0z,h; = 0 and

hi(rs,e3) = O (13, r3e3)

(6.102)
ha(rs, €3, T3, 23) = O (r5(|rs| + les|) (|12s] + |23])) -
We now define
2 2 [ 2
5+(P75a€) = ——/ 7’3—7”3+h1(7“3,53)d7“3
< ey
2(p" p° 4 3
= ===+ 0 ) 6.103
2 ~ ~ 2 [ ~ s
77+(;0> J, 133,0;2'3,0,€) = —g/ h2(7“37537553723)d7“3-
(

5/5)1/3

To estimate 7%, we first note that for any sufficiently small p, §, we can bound

|Z3(t)] < Z30exp (—t/2)
(6.104)

|Z3(t)] < Zzoexp (—t/2),
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for any 0 <t < T*. Furthermore, we have

Tg(t) 1
t= / .—dT’g
(c/8)1/3 T3

_2 [0 > (6.105)
= T3 (]. + O (7’3)) dT3
9 (e/8)1/3

> o (sl = (/077

for each sufficiently small fixed p,d > 0. Hence we have

ni(/% 67 j‘3,07 23,07 6)

2 [* .
= _g/ 1/3 h2<r37637x37 Z3)dT3
(e/0)
2 [° 2 o 3
T e S O (r3(|rsl + les]) (|Z3] + [25])) drs
9 o ) ~ 5 1 2 2/3
=20 0 (sl + leal) (ol + ol exp (= (03— (2/0)7%) ) ) di
€ J(e/o)1/3 i

(6.106)

that is, the dependence on the initial (730, Z30) of the exponential contraction be-

tween Y3 and 39 is very small. O

We now consider solutions on Wj’j (¢,a), j = {,r passing through X% = %" —
Y12 — Yo3. We obtain estimates for these solutions upon entry in the chart s in

223 and exit via Zgut_

Lemma 5.6.9. Solutions on the manifolds Wj’j(c, a), j = {,r, which have initial
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conditions in Yoz define curves in Yoz parametrized by |ya0| < 1/6*3 given by

1
eryQ,o

ﬁe_w oy

B o(y20) = “ere— X3 (Y20
o0\Y2, /651/6 )
SR (6.107)
\/— — 62/31/?;2’0
iy Te ke o
Z0(Y20) = 1 yagie— Zs(U20),
where
o . Y . Y 7 . 2.1
Xmo) = (A1 (— ) + K0 AT (=55 ) oum0) ) 355 2+ 0 (9))
(Y Y20\ _j 21
+0(0) (Bi (—155 ) + /67 BY (=555) Hhal0)) €735 + O
y20> L B/3543 By ( @) 2 o(y20)) €575 (14 O (6))

Z3(y20) = (Bl( 1273
+00) (A (~228) + k15548 AT (—222) (o)) €355 + O,

12/
(6.108)
for j = {,r,where

’25,0(92,0)‘ < Ce'?lloge|
dz (6.109)

20 < CeY3|loge|

dy2,0
and

(6.110)

e'/? < 250(y20) — 230(y20) < Ce'?[loge.

uniformly in yo o for some C,k > 0 independent of c,a, €.

Proof. Using the analysis in §5.6.4, Lemma 5.6.6 and the estimates in Proposi-

tion 5.6.5 (ii), we deduce that solutions on the manifolds Wg’j(c, a) define curves
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in Y3 parametrized by |ya 0| < 1/0%/3 as

I3 = l’g,o(yzo)

1
_ 52/3 +v2.0 . yQ,O . 1 . y270 . 1
=me " ¥ (Al oL (W) ~Bi (—535) AT g
1/354/3 A Y20\ n: ! (B0 ay (1 :

+ 0(7%))

z3 = 35,0(9270)

62%-“!2’0
me k2 Y200\ 4. 1 Y20\ o 1
e (32 8 ()~ 0 22) 5 ()
1/3 ¢4/3 . Y2,0 . 1 . Y2,0 . 1 i
+ k16 (Bl/ <_W> Ai (k2/352/3) — Al (_m> Bi <k2/35z/3>) Z%,o(yz,o)

+ O(r%))

E3 = (5,
(6.111)
for j = ¢, r, where
‘25,0(92,0)‘ < Ce'3|loge]
Z0 (6.112)
< Celloge|
dya0
and
re'l? < 2y 0(Y2,0) — Zg,o(yz,o) < 051/3| log €. (6.113)

uniformly in y, o for some C, k > 0 independent of ¢, a, e. Using asymptotic properties
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of Airy functions (6.19), we have

5273 TV2.0
ﬂ-ei kro

230(Y2,0) = WX‘% (42,0)
62%+y2,0

N

Zo(Ya0) = Wzg (¥2,0),

(6.114)

where

Xi(y20) = (Al ( y20> + kY3843 AY ( :;;;) zgyo(yzg)) e

2
Yo (14 00)
21
Y2,0 1/3c4/3 s (Y200 _j € 3k
+ (Bi (= 55) + B0 B (=55 Howe0)) 5 (140 (9))
+0 (r3)
ZY(y20) = — (A (—2355) + K643 AY (=55 ) o(920)) €75 (1+ 0 (9))
21
(Y20 1/3 54/3 Y200 e 3%
+ (Bl ( W) 4R350 By ( k2/3> z270<y2,0)) S (1+0(9))
+0(r3).
(6.115)
Using (6.93), in the ‘~’ coordinates we have
Zo(ya0) = Z0(y20) = F~ (230(y20), (£/6)'%, 6, ¢,a)
| | | (6.116)
&0 (y20) = @0 (y20) — FF (2.0(y20), (€/6)?,6,¢,a) ,
from which the result follows, noting 7, = £'/3. O

We now obtain estimates for solutions on )//V\j’ﬁ(c, a) with initial conditions in Y3
upon exit in 3¢“. We have the following lemma regarding Wj’e(c, a) (an analogous

result holds for )7\/\;”"(0, a)).

Lemma 5.6.10. Consider solutions on the manifold 17\/\83’2(0, a), with initial condi-

tions as in Lemma 5.6.9 parameterized by |ya0| < 1/6%3. Such solutions exit Y15
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in time T* = T*(ya0) in a curve (Z5(T*(y2,0)), 25(T*(y20))). For each sufficiently
small §, p > 0, there exists C' > 0 independent of (c,a,e) and yg”p > 0 such that the
following holds. Let & = Z4(T*(—1/6*?)), and let 2§ = Z5(T*(y5,)). Then

" cl/3 ) C

X3 < _Texp (6+(p7 57 6) - m) ) (6117)
and for yso € (—1/0%3,y8), the curve (T5(T*(y20)), Z5(T*(y2,0))) can be expressed

as a graph Zs = Z3(is; c,a,¢€) for I3 € (T, 7%) which satisfies

2 2
%(F5: ¢,0,€)] < Cexp (—% (1 +2 o<p2,p5>))

d/Z\g ~ C 4p3
—(xg,c,a,g) < mexp ( 3 (]‘ + O(ﬁ? 5)))

di’g 19

(6.118)

uniformly in ¥3 € (35 (c,a,¢),7%(c,a,¢)) and (c,a,¢).

Proof. Using Lemma 5.6.8, we have that solutions with initial conditions given by

Lemma 5.6.9 for |ys0| < 1/6%3 reach $3% at time T* = T*(y5,0) in curves

jg(T*(yQ,O» = jg}o(yzo) exp (Bi(p, 0, 5) + ni(ﬂ, J, fﬁé,o(ym), 55,0(312,0)7 ‘5)) (6 119)

25T (y2,0)) = Z5.0(y20) exp (B2 (p, 6, ) + 12 (p, 8, 4 o (y2,0), Z5,0(42,0), €)) »

where 2, n? are given by the integrals (6.103) (and analogously for g2, n2). It

dz§(T*) dz5(T*)
dy20 ' dy20 °

remains to estimate the derivatives

To obtain estimates on the derivatives of the solutions with respect to y2, ¢, a, we
consider the variational equation of (6.94). Using the estimates (6.119), for K = 1/2

and each small k > 0, there exists C' such that for all sufficiently small p,d, we can
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estimate
dz(t) s . -
dy?’w < C([(@50) (g20)| + |(Z50) (y20)]) e
dzi(t) . . -
d?lo <C (}(9530)/@2,0)} + ‘(Zg,o)/(yzo)’) C
d?“é(t) ~0 N/ =l \/ Kt (6.120)
dyao <C (}(553,0) (92,0)} + ‘(Zs,o) (92,0)‘) €
dée (t) ~ ~ K
d;20 <C (}(xéo)'(yz,o)} + ‘(Zg,o)/(yz,o)‘) Ch
for solutions on 17\/\;’5(0, a) with initial conditions
(3, 2,73, 23)(0) = (&5(Y2.0), Z50(2.0), (€/0)",6) € T, (6.121)
Differentiating (6.119), we have that
d§(T™)
dya,0
0\ o d 2 (7 30120 SO 22 (1ah 0
= (%,0) (y2,0) + I3’Od— - @ (r3(|x3| +123]), r3e3(|T3] + |Z3|)) drs
y270 € 73,0
X exp (61(/% 67 8) + Wi(/)a 57 jg,m 25,07 5)) )
(6.122)

where 735 = (¢/8)'/3. Tt remains to prove the following estimate for the second term

d?h,o €

73,0

d 2 [* ~ ~ . )
(— [ OG0 + . e+ 1) d)‘
(6.123)

<9 (‘(fg,o)/(yz,oﬂ + |(5§70),(y2’0)}) ’

where C' > 0 is independent of ¢, p,e. We begin with estimating a term of the form

d 2 /p 3.0
- ryxsdrs |, 6.124
dy2,0 (5 3,0 M ( )
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as the others will be similar. As the endpoints of the integral are fixed, we obtain

d (2 /p 2 /p 5 d7b 2/ o drs =
- rigtdrs | = = rs drs + 3r 3dr 6.125
dya,0 (5 3.0 i 3) € 3dy2 ’ € 30@20 > ( )

Using the estimates (6.120) and noting that ¢ > 5-(rs(t)* — r5,) (as in the proof of

Lemma 5.6.8), we see that we can bound the above integrals by an integral of the

form

(LI )

(|(a~c§70)’(y2,0)| + ‘(5:?,0)/@2,0)‘)

P 1
2 2 2
<p [ —— _ d
/T&O "3 &XP ( 4e (T‘O’ T3’0)> "3

< C(|(#50) (420)] + |(Z50) (20)]) (rs0 + O(r3)) ,

(6.126)

where C' is independent of p, d, . Proceeding similarly, we estimate

d 2 [F
7 <—/ T353f§d7”3) < C6 ([(#50) (y20)| + [(50) (y20)]) (1 4 O(r3p)),
Y20 \ € 73,0

(6.127)

where C' is independent of p,d,e. Using the fact that r3o = (%)1/3, we obtain

di(T")
dyz,o

= ((#5,0) (y20) + O (6256(20) (|(25,0) (w20)| + | (Z50) (920)])))
X exp (6—21- (p7 5a 5) + 773- (p7 57 ‘%g,O(yQ,O)v gg,o(yQ,O)’ 5))

Z50) (y20) + O (825(y20) (|(#50) (w20)| + [ (350) (920)])))

(6.128)

dzy(T*) _ (

dZ/Q,o

X exp (BE (pv 57 6) + 77% <p7 57 ‘%g,O(yZO)? §§,O<y2,0>7 5)) )

for j = ¢,r, where 32,02 are given by Lemma 5.6.8.
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We now can compute the slope of V/\ZS’E (¢,a) in g

d_éé(y o) = ((5 o)/(y2 0) +O (5230 (|( go ) (92, | + ‘ Z30 y20>‘))) . *%(HO(P:‘”))
dis " ((5,) <y20>+0<6x30(|< £ (120)] + [(30) (120)])))
— kel/3 fo (5 3,0 <|)~( | + |Zf| +C’)( 1/3)> (7%(1+0(p,5)))

(2 )
( — kel/3(XLY (5 0<|X§|+\Z§|+O(51/3))>)

(6.129)

where we used that r, = /3. For each fixed small 6, p > 0, the numerator in the
above fraction is a bounded function for sufficiently small ¢ > 0. Hence it is clear
that the tangent space to Wj’ﬁ(c, a) has exponentially small slope except near points
where the denominator is also exponentially small. Hence we proceed by obtaining

a lower bound for the denominator for an appropriate range of s .

From properties of Airy functions in Lemma 5.6.3 and the bounds in Lemma 5.6.9,
we know that the function 5(5 (y2,0) is smooth and is positive for y,9 < 0. For s,
Xﬁ(yﬁo) transitions to oscillatory behavior: the first zero occurs at y2 o = yé}o >0
and here (X%)' (450) < 0. Hence by the implicit function theorem we can solve for

the first zero of the denominator
(Xg kXYY 4O (55:30 (|f<§| 2+ 0(5“)))) —0. (6.130)

We first argue that the O-term does not contribute to finding zeros in this expression.

To see this, we note that for ¢ fixed sufficiently small, we can bound
| X§| + | Z5] + O('%) < 4|X])] (6.131)

uniformly in oo € (—1/6%3,—1/8%/3 + §), provided ¢ is taken sufficiently small.

Hence there are no zeros of (6.130) for g0 € (—1/6%3, —1/6%/34-6) and ¢ sufficiently
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small. For yp > —1/6%3 + §, we have that

1
52/3 T¥2,0

- NI

ZL‘?O = k1/651/6 X?f(yQ,O)a (6132)

where we used the fact that r, = /3. Hence by taking e sufficiently small, we can

bound &4, = O(¢%/%). Hence the first zero of (6.130) occurs when
Yo2,0 = yg,o + ke'/3 4+ 0(82/3)- (6.133)
Hence there exists C' such that for all
Y2,0 < ygﬂp = ng + k'3 — 0?3, (6.134)

the slope % (ys) of the manifold )7\/\55 (¢,a) in X¢"* is exponentially small. We now

define
#(c,a,€) = T30(45) exp (BL(p, 0,2) + 03 (p, 6, F3,0(45), Z3.0(¥50) €)) .
<o (#00.0.9 - 55) "
for some C' > 0 independent of (¢, a, ). The result follows. ]

Solutions with initial conditions in Y3

The above takes care of the solutions on Wj’z(c, a) entering via o3, but we still have

those which enter via Y3 directly from chart ;. We have the following.

Lemma 5.6.11. For each sufficiently small p,d > 0, there exists C,n,eq > 0 and
sufficiently small choice of the intervals 1,, 1. such that for each (c,a,e) € I. X

I, x (0,e0), there exists 25 (c,a,e) > 0 such that the following holds. Consider
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solutions on the manifold Wj’f(c, a), with initial conditions in ¥q3. All such solutions
exit 23" in a curve which can be represented as a graph Z3 = Z3(Z3;c,a,e) for

T3 € (7i(c,a,¢€),75 (¢, a,¢)) which satisfies

|23(%3; ¢,a,¢)| < Ce™°

£
d—z(ig; c,a,¢) < Ce e,

(6.136)

uniformly in 3 € (¥i(c,a,¢), 75 (c,a,¢)) and (¢,a,e) € I. x I, x (0,&p).

Proof. From Proposition 5.6.5 (i), we have that such solutions enter ;3 in a curve

Y3 'A,,) which satisfies |230(r30)| < C|loge| uni-

23 = 230(rsp), for r30 € ((¢/0)
formly in r3(, where we may assume A,, < p by taking A, smaller in Propo-
sition 5.6.5 if necessary. In the ~ coordinates, we have that this curve can be

parameterized by r3o as (T3, 23) = (T3,0(r3,0), Z3.0(73,0)) Where

T30(r30) =1 — F* (230(r30),73.0,€30(730), ¢, Q)

Z30(r30) = 230(1r30) — F~ (1,730,€30(130), ¢, @) (6.137)
€
53,0(7”3,0) = gd
out

Similarly to the proof of Lemma 5.6.8 we track these solutions through to 3¢, where
they intersect in a curve

T3(rs0) = T30(r30) exp (BL.(p, 8,730, €)
(8 ) (6.138)

Z3(rs0) = Z3,0(r3,0) €xp (5£ (p, 8,730, 5)) ;
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where
1 2 [° 2 3 .2
ﬁf(pa 57 T3,07€> - g (_T3 — T3 + O<T37 T3€3)) dTg
73,0
_ 1 2 2 2 3 .3 O(r 135 74
=Z\7r T3 3(P r30) + O(p", p°0,73)
o 1o (6.139)
6i(p7 57 73,0, ‘E) - g / (_T3 + T% + O(T§7 T?ng?))) dT3
73,0
_ 1 2 2 2 3 .3 Ot 36, 1
=Z\7r + 7130+ 3(/’ r30) + O(p", p70,730) | -

Using similar arguments as in the proof of Lemma 5.6.10, we estimate

d.f?s d.i?go 2. 9 ~ -1 di’SO dng
= 24+ = @] @] Py === :
drss (dr&o + ~ 130 (rs0 + O(r3,)) + Tgo e 7+ drso drso
X exp (ﬂ-lk(pa 57 73,05 5))
dig dgg 0 2 - 2 ~ -1 di’3 0 dg?) 0
= (2242 0 0 /3 ’ ,
d?"370 (d?"g,o + EZS’O (T370 + (T370)) + T30\ € + d?"370 d7"3,0

x exp (BL(p,8,r30,€)),

(6.140)

and we define

Fi(c,a,e) == Fa0((e/6)®) exp (B}r(p, 5, (c/6)"/3, g))

i‘?(ca a, E) = j370(AT3) exXp (6-1-(p7 9, ATS? 5)) )

(6.141)

noting that the definition of #4(c,a,¢) coincides with that in Lemma 5.6.10. We

therefore can estimate

dZs 2370 + O (81/3 log E) ( 4

d_i”?,(rg’o T Ea0+ O (eV/31oge) P\ T (P =730) + O (0", 0", 7“;4,70)) , (6.142)

from which we obtain the required estimates, recalling the choice of 0 < A,, < p. O



318

Estimates for Wj’ﬁ(c, a) in g

We now fix p,d sufficiently small and combine the results of Lemma 5.6.9 and

Lemma 5.6.11 into the following.

Lemma 5.6.12. For each sufficiently small A, > 0, there exists C,n,e9 > 0
and sufficiently small choice of the intervals 1,,1. such that for each (c,a,e) €
I. x I, x (0,e0), there exists y*(c,a) > €%/3/C such that the following holds. De-
fine )7\/\5’&*(0, a) to be the backwards evolution of initial conditions {(p*,y,z,¢) :
z = 22%y;c,a), —A, <y < yi(c,a)} on Wj’g(c, a) in X9, The intersection of
Wj’ﬁ’*(c, a) with X9 = ¢ is given by a curve Z3 = Z3(Z3; ¢, a,€) in the K3 coordi-

nates for T3 € (¥8(c, a,¢), 75 (c,a,€)) which satisfies

|125(Z3; ¢, a,¢)| < Ce™eE

dzs ,
—~3(ZE3, ¢, a, 5) S Ce_n/sa
d.’L'g

(6.143)

uniformly in 73 € (¥ (c,a,¢), 75 (¢, a,¢€)) and (c,a, ). Here ¥ (c, a,¢), 5 (c,a,€) are

defined as in Lemma 5.6.9 and Lemma 5.6.11 and

~h 51/3 2 C
T3 (Ca CL,S) < _7 exXp (6+(p7 (57 5) - m) : (6144)

5.6.6 Proofs of transversality results

To measure the transversality properties of 17\/\5’5’*(0, a) with respect to the strong
unstable fibers of W2¥(c,a) in the section ™, we use the transversality results for
the backwards evolution of fibers on )7\/\;’6 (¢, a) with height y > —A, obtained above
in the section ¥¢** combined with the fact that the backwards/forwards evolution of

W2¥(c, a) between the sections ¥, % coincide for y < —A,,.
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Proof of Proposition 5.4.4. We note that the manifold Wj’ﬁv*(c, a) is defined in terms
of the (u,v,w)-coordinates in ¥¢ in Proposition 5.4.4, but defined in terms of the
(z,y, z)-coordinates in ¥4 in Lemma 5.6.12. In the analysis below, it is more nat-
ural to determine transversality properties in the section ¥.§*, and hence also more
natural to represent this manifold in the (x,y, z)-coordinates near the Airy point.
To obtain the corresponding definition in X", we evolve Wj’&*(c, a) forwards from
Y to XM to obtain the w-coordinate endpoints w? and w! corresponding to the
solutions on WS’&*(C, a) with initial conditions in X% at y = —A, and y = yZ(c, a),

respectively.

Using Lemma 5.6.12, we are able to track trajectories on 17\/\;’[ (¢, a) with initial
conditions in X% with y € (—A,,y?) down to the section X3*. In the chart ks,
the intersection of this manifold with 3" is given by a curve Z3 = 23(Z3; ¢, a, ) for

T3 € (70(c,a,¢), 75 (¢, a,¢)) which satisfies

5
25(i5; ¢, a,6)| < Ce e, dﬁ(:&;;c,a,&?) < Ce™e, (6.145)
T3

uniformly in Z3 € (2 (c, a,¢),75(c,a,¢€)) and (c, a, ).

We now investigate the intersection of W¥(c,a) (integrated forwards from ©™
up to the section X3*. This manifold will intersect 3% in a curve Z3 = Z5(Z3; ¢, a,€)

which satisfies

~S

d
5(@sic.a,9) = 5(0i,0,6) + 2 (0;0,0,8)Fs + 0(F) (6.146)
X3

where

dzs
di

%(0;¢,a,¢) = O(e™*), (0;c,a,e) = O(e™9/%), (6.147)
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uniformly in (c,a,e). This follows from the fact that W2%(c,a) contains a (non-
unique) choice of the slow manifold M?*(¢,a) which will be exponentially close to
the point (7, %) = (0,0). Furthermore, at this point, W2¢(c, a) will be (up to expo-
nentially small errors) tangent to the weak unstable subspace Z = 0, and the strong
unstable fiber at this point will be (up to exponentially small errors) tangent to the
strong unstable subspace £ = 0. Therefore, the strong unstable fiber of a basepoint

(T3, 25(73)) on W2E(c,a) is given by a graph

~S(z .4 dx ~, z zs z =S
T5(23; &3, ¢,a,6) = Z, 2(25(%3); @3, ¢,0,6) (35— 25) + O ((3 — %)°)  (6.148)
where
di e
7 —=(25; 23, ¢,a,¢e) = O(T3, 23(T3), e 4°). (6.149)
23

Finally, since the forward/backward evolution of W*(c, a) coincide for y < —A,,
we have that Z5(75;c,a,e) = 23(75;c,a,e) and trajectories on W¥(c,a) evolved
backwards from X% for y < —A, in fact again land in W2¢(c, a). Since W¥(c, a) is
certainly transverse to its own strong unstable fibers, we are only concerned for values

T3 € (¥)(c,a,¢), 75 (c,a,¢)) as here the backwards/forwards evolution of W¥(c, a)

separates in the section Y% into curves given by the two functions described above.

From the estimates above, we can deduce that the backwards evolution Wj’f’*(c, a)
given by the curve Z3 = 23(Z3; ¢, a,€) in the section X§* remains transverse to the
strong unstable fibers of W#*(c, a) at least up to the fiber which passes through the

point (74, Z5(2D)).
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We now evolve the manifold W;vf’*(c, a) backwards from X" to ¥™. Using the
exchange lemma, we deduce that the above transversality also holds in the section X
and all trajectories are exponentially contracted to MZ'(c, a). We denote by 74 o(c, a)
the yo coordinate in X™ of the backwards evolution of the solution Wj’e’* (¢, a) passing
through (75 (c, a, €), 23(75 (¢, a, €)) in ¥3*, and we denote by yg’f}(c, a) the y, coordi-
nate in X™ of the backwards evolution of the basepoint on W%(c,a) corresponding
to the fiber containing the solution on Wj"”*(c, a) passing through (#%,723(7]) in
YUt With these definitions, we see that the assertions of the proposition hold in

the section X™. ]

Proof of Lemma 5.4.5. The estimates (4.29) are shown in §5.4.4. Hence it remains
to show that the transversality of Wj’é(c, a) with respect to the fibers of W%*(c, a)
in X™ includes the fibers through all points on the backwards evolution of B(s; ¢, a).
By Proposition 5.4.4, this amounts to proving (4.30). As in the proof of Proposi-
tion 5.4.4, we work in a neighborhood of the Airy point and determine transversality

conditions in the section X§* and use this information to deduce what happens in

.

Here we consider pulses of Type 2,3 so s € (wa + Ay, w' + wy). Evolving
B(s; c,a) backwards from $¢, these solutions are already exponentially contracted
to M (c,a) above the Airy point, and we see that they eventually enter the chart
K3 via the section Yp3 where their (7, Z)-coordinates are already O(e~%/¢) uniformly

in (c,a).

Suppose we take any such solution which enters Xp3 at a point (5,,25,) =

O(e~%¢) where we drop the dependence on (c,a). This solution reaches ¥¢“ at
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(T3, 23) = (i'gl, égl) where

- ~b it o, 2
xgl = LIZ‘3’0 exp (ﬁi (p7 57 6) + Tﬁr (p’ 5’ .77370, 23’0, 8>) (6150)

gg,l = Zg,(] exp (ﬁz (p7 57 5) + 773 (p7 57 jg,o; 23,07 5)) )

We then need to show that 17\/\5’5’*(0, a) is transverse to the fiber in X3 passing
through the point (#4,,25,). One way to do this is to find the intersection of this
fiber with )7\/\;’4’*(0, a) and show that it occurs for some 73 > 74, where we know this

transversality holds.
The fiber through (3, Z3) = (&5, 25 ;) is given by the set of (3, Z3) satisfying
Ty = jg,l +0 ((|f31| + |§§71| + |e_Q/a|) (23 — 5371)7 (25 — 5371)2> . (6.151)

We can solve for when this intersects )//V\j’ﬁ’*(c, a) by substituting the expressions

(T3, 23) = (T3, 23(Z3; ¢, a,€)) to obtain

- - - - _alel\ s~ 7~ . ~ b \2
By =5, + O ((|:c?,,1| 125+ 7)) (Z(Fs) — 25,), (Bs(ds) — 23,) ) (6.152)

which we can solve by the implicit function theorem to find an intersection at

z5=0 (exp <—g + 8% (p, 6, 6))) : (6.153)

which indeed satisfies 75 > 7. As the chosen solution on B(s;c,a) was arbitrary,
this shows that Wj’é’*(c, a) is transverse to the fibers passing through each solution

on B(s;c,a) in the section ¥§* for all (¢,a) € 1. X 1,.

As in the proof of Proposition 5.4.4, we track these solutions in backwards time
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from X" to ¥™ to deduce that the transversality holds there also. We recall that
yg’f{)(c, a) denotes the y, coordinate in 3™ of the backwards evolution of the basepoint
on W24(c, a) in 33 corresponding to the fiber containing the solution on l//V\jE’*(c, a)
passing through (2§, Z5(2%). Hence following the solutions on B(s; ¢, a) from 33% to

Y™ in backwards time gives the result (4.30). O

Proof of Lemma 5.4.9. For the case of type 4 pulses, the argument proceeds as in
the proof of Lemma 5.4.5. To treat the case of Type 5 pulses, more care is needed.
Using Lemma 5.3.2 and the fact that the forward/backward evolution of W#*(c, a)
coincide for w < wq—A,, the transversality result (4.84) hold easily for type 5 pulses
with s € 2w’ — w4 + Ay, 2w’ — A,,), that is, with secondary right pulses of height
w € (Ay,ws — Ay). For type 5 pulses with s € (2w’ —wy — Ay, 20" —wa + Ay),
that is, with secondary height w € (wa — Ay, wa + A,) the backwards evolution
of B(s; ¢, a) interacts with the Airy point before reaching the section ¥, and hence

the result (4.84) is not clear.

For type 5 pulses with secondary height w € (ws — Ay, wa + A), the mani-
folds B(s;c,a) in fact approach the Airy point exponentially close to W;’T<C, a) in
backwards time. Hence these trajectories reach ¥§* after passing through different
charts, as with )7\)\;’6(0, a). We need to ensure that Wj’g’*(c, a) is transverse to the
fibers in $3* passing through each point on the intersection of W5 (¢, a) with $g*.
Similar to the above analysis for tracking Wje’*(c, a), the manifold )7\/\;”’(0, a) inter-
sects 3% curve defined in terms of Airy functions which winds around the origin in

an exponentially decaying manner.

We focus on the part of W;’T<C, a) which reaches 35" after passing through the
charts K1 — Ko — K5 (see §5.6.5) as solutions entering K3 via different charts do

not cause issues. From Lemma 5.6.9, we have that W (c, a) intersects X¢“* in a
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21 (y2,0) = T4 0(y2,0) exp (67 (p, 6, ) + 07 (p, 6, T5 9, 5., €))

324

(6.154)

251 (y20) = Z50(y20) exp (B2 (p, 6, ¢) + 1% (p, 6, T5 9, 50, €))

where
521/3 +y2,0
Te  kell3
N
T30 (y2,0) - L1/651/6 X3
and

X5 (y20) = <Ai< y20> L RBA3 AY (

k2/3

+0(5) (Bi ( zj 0

Zg(yzo) = <Bi <—%> + E1/354/3 By (

) A (_ 1273 ) “20(U20 )e%“ +0(E7).

+0(5) <A1 ( z; 0

) i (180 2

1
52/3 +92,0

Ve kBT S (6.155)

T

Z0(y20) =~ 3755 Z5(420),

;g};) %) o(yzo ) €§% (9))

~—
\/
o,\m
&,"—'
9
™
™)
S~
w
~—

L2/3
Y _21
22 ) #halo)) €35 (14 0/(9))

The fiber through (3, Z3) = (75 (y2,0), 25,1 (42,0)) is given by (3, Z3) satisfying

T3 = T3, (Y20)

+ O (125 1 (y2,0)| + 1251 (y2,0)| + €77%]) (23 — 251 (y20)), (33 — 251 (y20))?) -

(6.157)

We can solve for when this intersects Wg’e’*(c, a) by plugging in (T3, Z3) = (T3, 23(Z3))

to obtain

T3 = T3, (Y20)

+ O ((1#1(v20)| + 125 (v20)| + e™%]) (Ba(is) — 5 (v20)): (Ba(E5) = Z51(1020))") -

(6.158)
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which we can solve by the implicit function theorem to find an intersection at

#(n.0) = 51 (20) + O (24099 (6.159)

provided ©5 > #% (i.e. we need to be careful not to leave the domain on which
Z3(Z3;¢,a,€) is both well-defined and transverse to the fibers of W%¢(c,a)). To
determine this, we note that the minimum possible Z%(y20)-value achieved is at a
value of y2 ¢ which is exponentially close to that which gives the minimum value of
T3 1(y2,0). We hence proceed as above by computing the first ‘turning point” on this

curve, that is, the minimum (or largest negative) Zs-value achieved by 5 ; (42,0)-

Similar to the proof of Lemma 5.6.10, we search for the first zero of (73 ;) (y2,0),

which amounts to solving for the first zero of

(Xg(yz,o) — ke P(X5) (y20) + O (5%,0@2,0) <|X§| +125] + 0(51/3)») =0

(6.160)

which occurs when
Yoo = Yy o + ke'/P + O(¥?), (6.161)
where 3 , is the first zero of X3 (2,0). Hence the minimum of &3(y2,0) occurs at some

Yo = Yao + ke'lP + O(E?). (6.162)
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We now note that for y, ¢ near 3, for all sufficiently small €, we have that

X (ya0) = Kilano) + (#7592 a1 (~228)) e (24 0.9)

+0 (de 8 (KB (—135 ) )) (o(wa0) = Bo(w0) + OE) .

(6.163)
and hence
0= X5 (y50) = X5(5.0) Who — ¥ho) + O ((Who — ¥50)°)
1 (<k1/354/3 AY (— zj;;)) 315 (24 O (5))
+0 (aem (k1/354/3 B (— i/))) (h0(8h0) = 220(t50)) + 0<52/3>) ,

(6.164)

from which we deduce that

yg,o - ?/5,0 =K (Zg,o(yg,o) - Zé,o(y;o)) +0 ((Z;,o(yg,o) - z;o(ygo))z, 52/3) ) (6.165)
for some constant p > 0 bounded away from zero uniformly in €. Hence we have

T

y;:g - Z/go =p (Zg,o(yg,o) - 25,0(95,0)) + O ((2570(3/2"70) - 22,0(y§,0))27 52/3) . (6.166)

Finally, using (6.130), (6.160), (6.166), Lemma 5.6.9, and the definitions of 357, ¥5,
we have that
X3038) - Xiluo) = ke (R (035) — (K9 (00)) +© (1)

=0 (" (435 — ¥50) . €*)

(6.167)
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We now estimate

o 38— 25,5 — 7 + 0 (¢2059-01)
=75 o(y50) exp (B3 (p, 6,€) + 3 (p, 6, 50 (y550), Z5.0(¥50):€))

- 5%3,0(9;,0) exp (53(% d,€) + 77-2+(Pa 9, i"f?,,o(ygfo), ié,o(yg,o), 5))
L0 ( B3 (p,0,6)— q/E)

= (U35 (1 + O(=)) = T 5(ua) (1 + OE) + O (¢7/7)) 059

Te  kel/3

52/3 +v2lo
B (WX:?(@E,’S)Q + O(e%)

1L
52/3 V2,0

T kel/3 -
—ﬁ%mggf%@%m+0@mn+o@q@)www>

:<ﬁmmm+owﬁ>e%wfﬂ@>u+00®wwwemg

521/3 +y§,’(r)
=l e
L VTe T g e
L1/651/6

( (X (95, )+ 0 (e e (ySS - Z/Qo) ,82/3)> (1+ O(Y?))

*,7
52/3 REPN

h
_ ey2k051/y320X€(y )(1 + O( 2/3>)> \/_6 kel/3 eﬁi(p,&,s)

L1/651/6

- yg:S*ygﬂ,o
= (Xz»’f(yg“,o) <1 —e 1 (14 0(E") | + 0 (2 (y35 — ¥50) €77

_ BB
« \/Ee—’“w’eﬁimé,s)
L1/651/6
2
> <51/3()~(§)'<y;ﬁ0) (—““(S(p) +0 ((@) )) +0 (23 log€)>
@Bt
« Meﬁi<p,é,s>
L1/651/6

> 0,
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for all sufficiently small £ > 0. From this we deduce that 7% > Z§ as required. The

remainder of the proof follows as in the proof of Lemma 5.4.5.



CHAPTER SIX

Conclusion
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In the preceding we showed that the FitzHugh-Nagumo system

Up = Ugy + fu) —w 01)

w; = e(u— yw),

admits a traveling pulse solution (u,w)(x,t) = (u,w)(x + ct) with wave speed ¢ =
c(a,e) for 0 < a < 1/2 and sufficiently small ¢ > 0. We showed that the region of
existence near a = (0 encompasses a Belyakov transition occurring at the equilibrium
(u,v,w) = (0,0,0) where two real stable eigenvalues split as a complex conjugate
pair and thus describes the onset of small scale oscillations in the tails of the pulses.
This result extends the classical existence result for traveling pulses in FitzHugh—

Nagumo.

We employed many of the same techniques used in the classical existence proof
in the context of geometric singular perturbation theory. Fenichel’s theorems and
the exchange lemma were used to construct the pulse up to understanding the flow
near two non-hyperbolic fold points of the critical manifold. To understand the flow
near the folds, we used blow up techniques to extend results from [38] and obtain

estimates on the flow in small neighborhoods of these points.

We next proved the spectral and nonlinear stability of fast pulses with oscillatory
tails in the regime where 0 < a,e < 1. We showed that the linearization of this PDE
about a fast pulse has precisely two eigenvalues near the origin when considered in
an appropriate weighted function space. One of these eigenvalues )\, is situated at
the origin due to translational invariance, and we proved that the second nontrivial
eigenvalue \; is real and strictly negative, thus yielding stability. Our proof also
recovers the known result that fast pulses with monotone tails, which exist for fixed

0<a< %, are stable. Comparing the case of monotone versus oscillatory tails, there
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are some challenges present in the oscillatory case due to the nonhyperbolicity of the
slow manifolds at the two fold points where the Nagumo front and back jump off to
the other branches of the slow manifold. Our results show that these challenges are
not just technical but rather result in qualitatively different behaviors. First, the
fold at the equilibrium rest state facilitates the onset of the oscillations in the tails of
the pulses. Second, the symmetry present due to the cubic nonlinearity means that
the back has to jump off the other fold point. Due to the interaction of the back with
this second fold point, the scaling of the critical eigenvalue \; in the oscillatory case
is given by £%/3, in contrast to the monotone case where it scales with €. Moreover,
the criterion that needs to be checked to ascertain the sign of Ay is different in these

two cases.

Our proof of spectral stability is based on Lyapunov-Schmidt reduction, and,
more specifically, on the approach taken in [31] to prove the stability of fast pulses
with monotone tails for the discrete FitzHugh-Nagumo system. We begin with the
linearization of the FitzHugh-Nagumo equation about the fast pulse and write the

associated eigenvalue problem as

e = A(E, N, (0.2)

where A(€,\) — A()\) as || = co. The &-dependence in the matrix A(E, \) reflects
the passage of the fast pulse along the front, through the right branch of the slow
manifold, the jump-off at the upper-right knee along the back, and down the left
branch of the slow manifold. Key to our approach is the fact that the spectrum
of the matrix A(£, A\) near the slow manifolds has a consistent splitting into one
unstable and two center-stable eigenvalues, and that an exponential weight moves
the center eigenvalue into the left half-plane. Eigenfunctions therefore correspond to

solutions that decay exponentially as & — —oo, while they may grow algebraically or
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even with a small exponential rate (corresponding to the center-stable matrix eigen-
values) as £ — 0o. The splitting along the slow manifolds guarantees the existence of
exponential dichotomies along the slow manifolds and shows that they cannot con-
tribute point eigenvalues. The splitting allows us also to decide whether the front
and the back will contribute eigenvalues. For the FitzHugh-Nagumo system, both
will contribute because their derivatives decay exponentially as & — —oo so that they
emerge along the unstable direction. In contrast, for the cases studied in [5, 29], the
back decays algebraically as £ — —oo and therefore emerges from the center-stable
direction instead of the unstable direction as required for eigenfunctions: hence, the
back does not contribute an eigenvalue. Thus, for FitzHugh-Nagumo, both front
and back will contribute an eigenvalue, and our approach consists of constructing,
for each prospective eigenvalue \ in the complex plane, a piecewise continuous eigen-
function of the linearization, that is a piecewise continuous solution to (0.2), where
we allow for precisely two jumps that occur in the middle of the front and the back.
Finding eigenvalues then reduces to identifying values of A for which these jumps
vanish. Melnikov theory allows us to find expressions for these jumps that can then

be solved.

We emphasize that this approach applies to the more general situation of a pulse
that is constructed by concatenating several fronts and backs with parts of the slow
manifolds: as long as there is a consistent splitting of eigenvalues, we can decide
which fronts and backs contribute an eigenvalue, and then construct prospective
eigenfunctions with as many jumps as expected eigenvalues, where the jumps occur
near the fronts and backs that contribute. Equation (0.2) will have exponential
dichotomies along the slow manifolds and along the fronts and backs that do not
contribute eigenvalues, which allows for a reduction to a finite set of jumps with

expansions that can be calculated using Melnikov theory.
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Our method provides a piecewise continuous eigenfunction for any prospective
eigenvalue A. Thus, by finding the eigenvalues A for which the finite set of jumps
vanishes, we have therefore determined the corresponding eigenfunctions. In our
analysis, this amounts to the observation that eigenfunctions are found by piecing
together multiples of the derivatives of the Nagumo front fr¢} and back ¢}, where
the ratio of the amplitudes (¢, Bp) is determined by the corresponding eigenvalue
(see Remark 4.5.12). As expected, the eigenfunction corresponding to the trans-
lational eigenvalue Ay = 0 is represented by (8¢, ) = (1,1). Moreover, assuming
the second eigenvalue A\; < 0 lies to the right of the essential spectrum, the cor-
responding eigenfunction is centered at the back as we have (8, 5,) = (0,1). The
implications for the dynamics of the pulse profile under small perturbations are as
follows. If a perturbation is localized near the back of the pulse, then it excites only
the eigenfunction corresponding to A;, and the back will move with exponential rate
back to its original position relative to the front without interacting with the front.
On the other hand, perturbations that affect also the front will cause a shift of the
full profile. These two mechanisms provide a detailed description of the way in which
solutions near the traveling pulse converge over time to an appropriate translate of

the pulse.

Finally, we described a phenomenon, previously observed numerically [9, 22, 23]
in which the branch of fast pulse solutions to (0.1) described in [8] turns sharply
when continued numerically in the parameters (¢, a). In addition, we contextualized
the above existence result in the study of FitzHugh—-Nagumo as a “CU-system”,
and we described a geometric mechanism for how the onset of oscillations leads
to the addition of a full second pulse and the appearance of a homoclinic banana
bifurcation diagram. This transition also explains the termination of the branch of

pulses constructed above as we approach the region in parameter space containing
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canard solutions arising from the singular Hopf bifurcation occurring at the origin.

Using geometric singular perturbation theory and blow-up techniques, we con-
structed this transition analytically. Our results guarantee, for sufficiently small
e > 0, the existence of a one-parameter family of traveling pulse solutions, which
encompasses the onset of oscillations in the tails and all intermediate pulses between
the single and double pulse. The procedure works for constructing pulses along
the transition which are arbitrarily close to the double pulse, but not all double
pulses along the homoclinic banana. This seems in line with the observation that
for sufficiently small € > 0, the homoclinic banana cannot be continued beyond the
Belyakov transition [9]. Further study is required to determine exactly how this

branch terminates.

The analysis in the construction may also shed light on the phenomenon of spike
adding, which has been studied and observed in a variety of contexts [13, 21, 44, 45,
52, 53]. A common theme in such studies is the connection with a canard explo-
sion type mechanism, and previous studies have been primarily numerical. A first
question is whether there is a common geometric set-up which generates this type
of behavior. The single-to-double pulse transition described above in relation to the
FitzHugh-Nagumo system is a starting point for understanding the geometry and

analysis required in constructing such a transition.
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