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Abstract. The optimal-velocity follow-the-leader model is augmented with an equation that

allows each driver to adjust their target headway according to the velocity difference between the

driver and the car in front. In this more detailed model, which is investigated on a ring, stable

and unstable multi-pulse or multi-jam solutions emerge. Analytical investigations using truncated

Fourier analysis are confirmed and complemented by a detailed numerical bifurcation analysis. In

addition to standard rotating waves, time-modulated waves are found.

1. Introduction. Understanding vehicular traffic flow, and in particular the

formation of traffic jams, is a major undertaking that can benefit from mathematical

modeling. Indeed, mathematical modeling of traffic flow has a long history, and we

refer, for instance, to [5, 15, 18, 28] for comprehensive reviews. The most commonly

used models can be divided into two groups. Microscopic models attempt to model

individual cars through differential equations (one example is the optimal-velocity

model [3] that will be described below) or cellular automata (such as the Nagel-

Schreckenberg model [19]) that adjust the velocity of individual cars based on the

position and velocity of the preceding car or cars. Macroscopic models are based

on continuum approximations of the density of cars: these models involve partial

differential equations (PDEs) for density and velocity. Macroscopic models can arise

as appropriate limits of microscopic models; see, e.g., [1, 14] for typical examples of

such results.

Common features of microscopic and macroscopic models are free-flow solutions,

where cars are equally spaced and move uniformly with identical speed, and traveling-

wave solutions that correspond to traffic jams. Many works have focused on the

existence, stability, and bifurcations of these solutions, and we refer to [3] and [6, 12]

for a few selected investigations of microscopic and macroscopic models, respectively.
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Generally speaking, macroscopic models are more amenable to rigorous traveling-

wave analyses, while the properties of traffic jams in microscopic models are usually

investigated by direct numerical simulations or Monte–Carlo simulations. This paper

focuses on the investigation of traffic jams in a microscopic model that accounts

for the adjustment of headways of individual cars. Similar to many other models

including [2, 6, 12], this model predicts the existence of stable free-flow solutions

that can destabilize to give rise to traffic-jam solutions; in contrast to some of the

earlier findings, we observe coexistence of several stable traffic-jams states. On the

technical level, we show how bifurcation theory and continuation methods can be used

to efficiently analyze and compute traveling waves in discrete systems.

One of the most simple, yet rich and widely used, microscopic traffic flow models

is the optimal-velocity model introduced in [3]. We review a non-dimensionalized

version of this model and refer to [10, §I+VII] for the relation of the non-dimensional

parameters used below to the physical parameters arising in actual traffic flows. In

this model, each driver adjusts their acceleration to bring their velocity to an optimal

velocity that depends on the headway, that is the distance from the vehicle in front.

If pn(t) is the position of the nth vehicle, then the model is given by

δp̈n = V(pn+1 − pn − s̄) + v0 − ṗn, (1.1)

where the dot symbol means d/dt. Here, v0 is related to a common optimal velocity;

the adjustment V depends on the difference of the headway pn+1−pn from an optimal

headway s̄ that encompasses the car length plus a safety distance: we will assume

throughout this paper that V ′(u) > 0 and will use the concrete choice V(u) = tanh(u)

in our numerical computations. The parameter δ is a dimensionless reaction time

that depends on the physical reaction time, the optimal velocity, and the car length

as described in [10, §I]. Several works addressed extensions of (1.1): we mention here

[7, 8], where drivers react also to the preceding car, and [9, 10] in which the optimal

headway s̄ varied deterministically or stochastically in time.

In this paper, we consider the situation of N cars driving on a circular road of fixed

length L and aim to study the effects of allowing drivers to adjust their velocity using

not just the distance but also the relative velocity to the car in front. To accomplish

this, we associate with each driver a new dynamic variable sn(t), the individual target

headway and augment the optimal-velocity equation (1.1) with a second equation that

describes the evolution of sn(t). The resulting model is given by

δp̈n = V(pn+1 − pn − sn) + v0 − ṗn (1.2)

αṡn = s̄− sn − β (ṗn+1 − ṗn) ,

where the term s̄− sn describes the relaxation of the individual target headway sn(t)

2



to the optimal headway s̄, while the term β(ṗn+1− ṗn) takes into account that drivers

may increase speed if the car in front does so: the parameter α is a measure of the

overall adjustment time of the individual headways, while β measures how proactively

drivers react to changes of the relative velocity. More specifically, for β > 0, the

target headway sn, which enters as an argument into the optimal-velocity function,

is decreased if the car in front is driving faster, thus resulting in an increase of the

optimal velocity on the nth car. The advantage of this model is that it allows us to

change the behavior of drivers by varying the parameter α and β: as we will see, the

resulting traffic flow depends strongly on the parameters α and β. We remark that

setting (α, β) = 0 recovers the standard optimal-velocity model (1.1).

We will show that the model (1.2) admits a free-flow solution where cars move

with identical speeds and distances: the stability of this solution depends on the

parameters (α, β). We will also discuss the existence, uniqueness, and stability of

rotating-wave solutions that correspond to traffic jams. We focus primarily on the

case when the optimal headway s̄ coincides with the average distance L/N between

cars; our main findings in this situation can be summarized briefly as follows:

• there is a bounded region in the (α, β)-plane in which the free-flow solution

is stable;

• the boundary of the free-flow stability region is given by supercritical bifur-

cations to k-jam solutions;

• in the region of instability of the free-flow, k-jam solutions for different k can

coexist;

• regions of bistability of free-flow and traffic-jam solutions do not exist;

• the basins of attraction of different k-jam solutions are separated by the stable

manifolds of modulated jam solutions.

The remainder of the paper is organized as follows. In §2, we present a more

convenient formulation of our model. We then discuss the stability of the free-flow

solution in §3 and the existence and stability of traveling waves in §4. The interpre-

tation of our findings for flux and energy consumption is discussed in §5, and we end

in §6 with conclusions and an outlook.

2. Set-up. Recall that we aim to study the extended optimal-velocity system

δp̈n = V(pn+1 − pn − sn) + v0 − ṗn (2.1)

αṡn = s̄− sn − β(ṗn+1 − ṗn)

with periodic boundary conditions

pn+N = pn + L, sn+N = sn
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for the positions pn and the headways sn for N cars traveling on a circular road

of length L. If all cars are spaced equally along the road, the distance between

consecutive cars is L/N . It will be convenient to use this fact by introducing the

quantities

dn = pn+1 − pn −
L

N
, hn = sn − s̄, ` =

L

N
− s̄.

In particular, dn is the distance between consecutive cars minus the average distance

L/N of cars, the variable hn describes the difference between individual and optimal

headways, and the parameter ` can be thought of as measuring overall traffic volume;

note that ` = L/N − s̄ < 0 corresponds to high traffic volume since the optimal

headway distance s̄ is larger than the average distance L/N of cars allowed. In these

new variables, and written as a first-order system, (2.1) becomes


ḋn

v̇n

ḣn

 =


vn

1

δ

[
V(dn+1 − hn+1 + `)− V(dn − hn + `)− vn

]
− 1

α
(hn + βvn)

 (2.2)

with the conditions

N∑
k=1

dk = 0, dn+N = dn, hn+N = hn ∀n.

It is this formulation that we will use in the forthcoming analysis.

3. The free-flow solution. Equation (2.2) admits the stationary free-flow so-

lution (dn, vn, hn) = (0, 0, 0) ∀n, where all cars move with constant velocity and equal

spacing between neighboring cars. In this section, we discuss the stability of this

solution and the bifurcations it may undergo as the system’s parameters are changed.

3.1. Stability analysis. Stability of the free-flow solution can be assessed by

considering the linearization of the first-order system (2.2) about the free-flow solution.

It is convenient to use a Fourier series formulation for this purpose. Writing

un =


dn

vn

hn

 ∈ R3 (3.1)

and taking the Fourier transform

un =

N
2∑

k=−N
2 +1

Uke
2πikn/N , Uk ∈ C3, U−k = Uk, (3.2)
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the system (2.2) reduces to the system

U̇k = AkUk+Fk(U), U = (UN
2 +1, . . . , UN

2
) ∈ C3N , k = −N

2
+1, . . . ,

N

2
, (3.3)

where the matrices Ak ∈ C3×3 are given by

Ak =


0 1 0

V ′(`)
δ

(
e2πik/N − 1

)
−1

δ

V ′(`)
δ

(
1− e2πik/N

)
0 −β

α
− 1

α

 , (3.4)

and the nonlinearity is at least quadratic so that Fk(U) = O(|U |2). In particular,

the linearization of the first-order system (2.2) about the free-flow solution reduces

to a system of N eigenvalue problems for the 3 × 3 matrices Ak; we remark that

β = 0 recovers the stability matrices of the free flow in the original model (1.1). The

eigenvalues λ of the matrices Ak are given by solutions of(
δλ2 + 1− V ′(`)γk

)
(1 + αλ)− βλγk = 0, (3.5)

where

γk = e2πik/N − 1.

To detect instabilities, we use the condition Re(λ)=0 and write λ = iν with ν real;

substitution into (3.5) results in the two equations

−(α+ δ)ν2 + V ′(`)((α− β)ν sin(2πk/N)− (cos(2πk/N)− 1)) = 0

ν
(
1− αδν2

)
+ V ′(`)((α− β)ν(cos(2πk/N)− 1)− sin(2πk/N)) = 0. (3.6)

Solutions with k 6= 0 correspond to Hopf instabilities as ν is then necessarily nonzero.

Tedious but straightforward calculations for (3.5) show that the free-flow solution is

stable when

δ < δc :=
1

2V ′(`)
+ β. (3.7)

For the opposite inequality, the free-flow solution is unstable with respect to the linear

modes k with |k| ≤ kc: the critical index kc > 0 satisfies the equation

cos2

(
πkc
N

)
=

z

2δV ′(`)
, (3.8)

where the coefficient z is the positive root of the equation

c2z
2 − c1z + c0 = 0, (3.9)
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with the coefficients cj given by

c0 = δ
(
α+ δ + 2V ′(`)(α2 + αβ + βδ)

)2
c1 = 2V ′(`)

(
α4 + 2α3(β + δ) + α2

(
β2 + 5βδ + 2δ2

)
+ αβδ(3β + δ) + β2δ2

)
+ (α+ δ)

(
2α2 + α(β + δ) + δ(β + δ)

)
+ αδ(α+ β)3

c2 = α
(
(2α+ β)(α+ β + δ) + 2V ′(`)(α+ β)3

)
. (3.10)

If drivers ignore the relative velocity to the preceding car, that is when β = 0, we

have z = 1 and find that the free flow is stable provided the reaction time δ satisfies

δ < δ0 =
1

2V ′(`)
, (3.11)

while the free flow is unstable for the opposite inequality. More generally, for weak

proactiveness (|β| � 1) and in the close vicinity of the threshold (|δ − δc| � 1),

equation (3.8) for the critical wave number kc reduces to

cos2

(
πkc
N

)
=
δc
δ
, (3.12)

and modes with |k| > kc are linearly stable, while the other modes are unstable for

the free flow; this agrees with the stability criteria of the free-flow solution of the

original model (1.1).

3.2. Numerical results. The analysis in the preceding section does not provide

explicit conclusions for β > 0, and we therefore trace out the stability and instability

regions for the optimal-velocity model for the function

V(u) = tanhu (3.13)

using numerical computations.

The domain of instability of the free-flow solution in (δ, β)-space is presented

in Figure 3.1. These results demonstrate that the unreasonable driving behavior of

negative feedback (β < 0), where the target headway decreases when the relative

velocity of two neighboring cars increases, destabilizes the free flow, whilst positive

feedback makes the free-flow solution more stable. Increasing the adjustment time α

similarly enhances free-flow stability.

Next, we trace out instability curves of the free flow in (α, β)-space. A secant

continuation solver was used to determine the free-flow stability boundary numerically

in Matlab for the case of δ = 0.55. This value of δ was used in all remaining numerical

computations in the paper. The eigenvalues of the matrices Ak were continued to

trace out the kth mode stability curves in the (α, β) plane. These curves represent
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Fig. 3.1: The free-flow solution is unstable in the shaded parameter region, where δ

is the non-dimensional reaction time and β is the feedback parameter. We set ` = 0

and show the cases α = 1 (left panel) and α = 10 (right panel).

the location of Hopf bifurcations from the free flow, as for each mode the free flow

loses stability as a complex conjugate pair of eigenvalues crosses the imaginary axis.

The resulting bifurcation curves for k = 1, . . . , 6 are shown in Figure 3.2 for ` = 0

and ` = 0.22 for three different values of the number N of cars. These results show

that the free flow, at least its approximation by the first six Fourier modes, is stable

in a region in the lower left corner of each diagram, that is, for smaller values of

(α, β), and that the boundary of this region is composed of segments of the kth mode

instability curves along which Hopf bifurcations occur. It can also be seen that the

shape of the stability region for a given mode changes in N . As N increases, more

of the stability curves appear to fold back to the left. Upon further investigation,

we found additional kth mode stability boundaries which appear in the region of

negative β. This is illustrated in Figure 3.3 where both stability boundaries for k = 2

are shown for four different values of N in the case of ` = 0. At some critical value

of N , the stability region splits into two disconnected components, and hence the

fold appears in the region of positive β. For a given k, we find this critical value

N = Nk by determining when the stability boundary crosses the α-axis. Considering

the matrices Ak for β = 0, we see that nonzero eigenvalues λ satisfy

λ

(
λ+

1

δ

)
− V

′(`)

δ

(
e2πik/Nk − 1

)
= 0. (3.14)

Taking λ = µ+ iν, µ, ν ∈ R, we see that µ = 0 when

Re

(√
1 + 4δV ′(`)

(
e2πik/Nk − 1

))
= 1. (3.15)
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A short calculation shows that this is equivalent to the condition

cos

(
2πk

Nk

)
= −1 +

1

δV ′(`)
. (3.16)

We will discuss the traffic patterns that emerge at the Hopf instability curves in the

next section.

4. Rotating waves. In this section, we discuss which nonlinear structures emerge

at the Hopf bifurcations of the free-flow solution. We restrict ourselves to the case

` = 0 where the optimal headway s̄ coincides with the average distance between cars.

We will show first that the bifurcating patterns in this case are rotating waves that

correspond to traffic jams: if the kth mode of the free flow destabilizes, the resulting

jam solutions will have k maxima, and we will refer to these waves as k-jam solutions.

After discussing their existence near onset, we present the results of numerical com-

putations, where we trace the k-jam solutions to finite amplitude. We also determine

the stability of the traffic-jam solutions and analyze the bifurcations that occur when

they destabilize.

4.1. Existence of jam solutions. Recall that we consider the system
ḋn

v̇n

ḣn

 =


vn

1

δ

[
V(dn+1 − hn+1 + `)− V(dn − hn + `)− vn

]
− 1

α
(hn + βvn)

 (4.1)

with indices taken modulo N . This system is equivariant under shifts in the in-

dex n, that is, it admits the ZN symmetry generated by κ : R3N → R3N given by

[κ(d, v, h)]n = (dn−1, vn−1, hn−1) for (d, v, h) ∈ R3N with indices taken modulo N .

If one of the matrices Ak given in (3.4) has a purely imaginary eigenvalue λ = iω

for some k 6= 0 with corresponding eigenvector ξ ∈ C3, then the eigenspace of the

linearization about the original system (4.1) corresponding to iω is spanned by the

vectors

(dn, vn, hn) = ξe2πikn/N , n = 1, . . . , N, (4.2)

and the ZN symmetry acts according to

κ : ξ −→ ξe2πik/N , (4.3)

which leaves the eigenspace invariant. Therefore, [11, Theorem XVII.8.2] predicts the

bifurcation of rotating waves with spatial symmetry Zm where m = gcd(k,N) is the

greatest common divisor of k and N : these waves are of the form (dn(t), vn(t), hn(t))

with

(dn(t), vn(t), hn(t)) = (d∗(n− ct), v∗(n− ct), h∗(n− ct))
8
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Fig. 3.2: Shown are the curves in (α, β)-space at which the kth mode of the free-flow

solution destabilizes for k = 1, . . . , 6. The number N of cars and the discrepancy `

between mean distance between cars and the optimal headway varies in the panels as

indicated. We set δ = 0.55. The region of free-flow stability for the approximation by

the first six modes is shaded.

9



- 30

- 25

- 20

- 15

- 10

- 5

0

5

10

0 5 10 15 20 25 30 35 40 45

N = 15
N = 20
N = 25
N = 30

α

β

Fig. 3.3: Shown is the collision and rearrangement of two distinct instability curves

for the k = 2 mode as N varies with ` = 0 and δ = 0.55.

for appropriateN -periodic functions (d∗, v∗, h∗)(x); we have κm(d, v, h)(t) = (d, v, h)(t)

for all times t, reflecting the spatial symmetry Zm.

To compute traffic-jam solutions numerically, we again set V(u) = tanh(u) and

` = 0, and we fix δ = 0.55. Substitution of the rotating-wave ansatz

(dn(t), vn(t), hn(t)) = (d(n− ct), v(n− ct), h(n− ct))

into (4.1) results in the delay differential equations

−cd′(x) = v(x) (4.4)

−δcv′(x) = tanh(d(x+ 1)− h(x+ 1))− tanh(d(x)− h(x))− v(x)

−cαh′(x) = −h(x)− βv(x),

where ′ denotes the derivative with respect to the traveling wave variable x = n− ct.
We seek N -periodic solutions (d, v, h)(x) of this system and point out that the wave

speed c is a variable that needs to be solved for as part of (4.4). To find these structures

numerically, we used branch switching from the free flow at the Hopf bifurcation points

discussed above. Figure 4.1 shows k-jam profiles for k = 1, 2, 3, 4 found numerically

for N = 30 and illustrates their spatial symmetry Zm where m = gcd(k,N). Plots of

the wavespeed c as a function of the parameter β for k-jam solutions with k = 2, 3, 4

are shown in Figure 4.2 for two different values of α.

We emphasize that the Hopf bifurcations we computed are all supercritical. In

particular, free-flow and traffic-jam solutions never coexist, though different traffic-

jam solutions can exist simultaneously.
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Fig. 4.1: Example profiles of the k-jam rotating-wave solutions for N = 30; here the x-

axis represents the car index. The solid lines show the continuous profiles found using

the traveling-wave ansatz, and dots show the values taken at N equally spaced points

to represent the individual cars. We found only symmetric continuous traveling-wave

profiles but note that the discrete k-jam solutions should have spatial symmetry Zm
where m = gcd(k,N): this symmetry is apparent in the dotted profiles.

Finally, we also considered the mean-square headway

M(t) =

N∑
n=1

|dn(t)|2, (4.5)

which is a measure of the total deviation from the free flow. This quantity vanishes

identically for the free-flow solution. Figure 4.3 shows the mean-square headway,

averaged over one period, as a function of β for the 1-jam and 2-jam solutions. Note

that the mean-square headway curves of 1-jams and 2-jams approach zero at their

respective bifurcation points from the free-flow solution.
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Fig. 4.2: Plotted is the wavespeed c for a sample of k-jam solutions as a function of

the parameter β.
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Fig. 4.3: Plotted is the mean square headway M versus the parameter β for free flow

and k-jam solutions in their respective regions of stability.

4.2. Stability. The stability of a rotating-wave solution (d∗, v∗, h∗) can be deter-

mined by linearizing (4.4) about (d∗, v∗, h∗) to get the differential operator L defined

by

L


d̃

ṽ

h̃

 = c


d̃x

ṽx

h̃x

+


ṽ

1

δ

(
tanh′(d∗(x+ 1)− h∗(x+ 1))(d̃(x+ 1)− h̃(x+ 1))− tanh′(d∗(x)− h∗(x))(d̃− h̃)− ṽ

)
− 1

α

(
h̃+ βṽ

)
 .

It is then not difficult to see that the spectrum of this operator on the space of 2π/N -

periodic functions (d̃, ṽ, h̃) coincides with the Floquet spectrum of the rotating-wave
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solution (dn, vn, hn)(t) = (d∗(n− ct), v∗(n− ct), h∗(n− ct)) of (4.1); see, for instance,

[4] for similar results.

To find the stability boundaries for a rotating-wave solution, we used a Matlab

secant continuation solver to simultaneously solve the differential equation (4.4) for

(d, v, h) and the eigenvalue equation

(L − λI)


d̃

ṽ

h̃

 = 0

for (d̃, ṽ, h̃, λ). In carrying out the above calculations for k-jam rotating-wave solutions

for k = 1, . . . , 6, we find the stability boundaries shown in Figure 4.4. Along these

curves, the rotating waves lose stability as a pair of complex conjugate eigenvalues

cross the imaginary axis and thus they depict the location of Hopf bifurcations from

the k-jam solutions described above. Note that these curves emerge from codimension-

two points at which two different eigenvalues, corresponding to two different values

of k, of the free flow cross the imaginary axis simultaneously.

We reiterate that free-flow and traffic-jam solutions cannot, apparently, coexist

for ` = 0, though different traffic-jam solutions can coexist; moreover, our stability

computations indicate that there is multistability in that multiple k-jam solutions for

different values of k can be simultaneously stable for the same parameter values. This

was also confirmed in our direct numerical simulations which revealed that different

initial data can evolve into different traffic-jam solutions. To understand what de-

termines the boundaries of their respective basin of attraction, we focus in the next

section on the aforementioned codimension-two points at which two different modes,

associated with different values of k, of the free flow destabilize.

4.3. Hopf-Hopf mode interactions. We focus on the Hopf-Hopf mode in-

teraction bifurcation points at which two different modes of the free-flow solution

destabilize simultaneously. Two of these codimension-two points are visible in panels

(1) and (2) of Figure 4.4. Hopf-Hopf interactions were studied analytically in [25]. As

shown there (see also [13]), there are twelve possible generic unfoldings of this bifur-

cation: to determine which of these cases occurs in the traffic flow model, we derive

the normal forms that govern the dynamics near these points. To complement this

approach, we will also consider a low-dimensional Fourier-mode approximation that

sheds additional light on the Hopf-Hopf mode interaction point shown in Figure 4.4(1).

4.3.1. Normal-form computation. To compute the normal form near Hopf-

Hopf mode interaction points, we return to the system (4.1) with ` = 0 and V(u) =

13
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Fig. 4.4: Bifurcation diagram for N = 30. The colored shapes along the arrows in the

two inset figures refer to the modulated-wave solutions found using the continuation

scheme from §4.4.

tanh(u) given by


ḋn

v̇n

ḣn

 =


vn

1

δ
[tanh(dn+1 − hn+1)− tanh(dn − hn)− vn]

− 1

α
(hn + βvn)

 . (4.6)
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Expanding the nonlinearity and substituting the Fourier series expansion (3.2), we

arrive at the system (3.3)

U̇k = AkUk + Fk(U), k = −N
2

+ 1, . . . ,
N

2
. (4.7)

We now compute the normal form for this system. Writing

Uk =


Dk

Vk

Hk

 , (4.8)

we find that the nonlinearity Fk can now be written as

Fk(U) =


0

Fk,2(U)

0

 , (4.9)

where

Fk,2(U) = −γk
3δ

∑
k1+k2+k3=k

(Dk1 −Hk1) (Dk2 −Hk2) (Dk3 −Hk3) +O(|U |5) (4.10)

with

γk = e2πik/N − 1.

To investigate the Hopf-Hopf mode interaction of the free flow, we assume that at

some critical parameter value (α, β) = (αc, βc) the matrices Ak1 and Ak2 for two

distinct fixed values k1 and k2 each have one eigenvalue on the imaginary axis, given

by λk = iωk ∈ iR for k = k1, k2, while their remaining eigenvalues lie in the open left

half-plane. We also assume that the matrices Ak for k 6= k1, k2 have eigenvalues with

strictly negative real part.

In particular, our system has a four-dimensional center manifold, and we now

parametrize the flow on this center manifold. Denote by Ũ
(1)
k1

the eigenvector of Ak1

corresponding to the eigenvalue iω1 and by Ũ
(2)
k1

and Ũ
(3)
k1

the other two eigenvectors

of Ak1 . Similarly, let Ũ
(1)
k2

the eigenvector of Ak2 corresponding to the eigenvalue iω2

and denote by Ũ
(2)
k2

and Ũ
(3)
k2

the other two eigenvectors of Ak2 . Finally, we will make

use of the eigenvectors W̃
(1)
k belonging to the eigenvalues −iωk of the adjoint matrices

Ak
t

for k = k1, k2.

Solutions on the four-dimensional center manifold can then be written as
Uk1 = ε1(t)Ũ

(1)
k1

+O(|ε|2)Ũ
(2)
k1

+O(|ε|2)Ũ
(3)
k1

Uk2 = ε2(t)Ũ
(1)
k2

+O(|ε|2)Ũ
(2)
k2

+O(|ε|2)Ũ
(3)
k2

Uk = O(|ε|2), |k| 6= k1, k2.

(4.11)
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We remark that the real part of the amplitudes ε1 and ε2 determine the profile of

solutions, whereas their imaginary parts corresponds to space-time shifts; see [13,

25]. Thus, we focus our attention on the equations for the real parts, which can be

derived as follows. Substituting the expression (4.11) into (4.7), using the form of

the nonlinearity from (4.10), and finally taking the scalar product of the resulting

equation with the adjoint eigenvectors W̃
(1)
k for k = k1, k2 yields the system

ṙ1 = r1

[
a11(α− αc) + a12(β − βc) + b11r

2
1 + b12r

2
2

]
+O(|r|5) (4.12)

ṙ2 = r2

[
a21(α− αc) + a22(β − βc) + b21r

2
1 + b22r

2
2

]
+O(|r|5)

for rj = Re εj with j = 1, 2. The coefficients appearing in this equation are given by

a11 = Re

〈
W̃

(1)
k1
,
dAk1

dα

∣∣∣
(αc,βc)

Ũ
(1)
k1

〉
〈
W̃

(1)
k1
, Ũ

(1)
k1

〉 a12 = Re

〈
W̃

(1)
k1
,
dAk1

dβ

∣∣∣
(αc,βc)

Ũ
(1)
k1

〉
〈
W̃

(1)
k1
, Ũ

(1)
k1

〉

a21 = Re

〈
W̃

(1)
k2
,
dAk2

dα

∣∣∣
(αc,βc)

Ũ
(1)
k2

〉
〈
W̃

(1)
k2
, Ũ

(1)
k2

〉 a22 = Re

〈
W̃

(1)
k2
,
dAk2

dβ

∣∣∣
(αc,βc)

Ũ
(1)
k2

〉
〈
W̃

(1)
k2
, Ũ

(1)
k2

〉 (4.13)

and

b11 = −Re

γk1
δ

W̃
(1)

k1,2

∣∣∣D̃(1)
k1
− H̃(1)

k1

∣∣∣2 (D̃(1)
k1
− H̃(1)

k1

)
〈
W̃

(1)
k1
, Ũ

(1)
k1

〉


b12 = −Re

2γk1
δ

W̃
(1)

k1,2

∣∣∣D̃(1)
k2
− H̃(1)

k2

∣∣∣2 (D̃(1)
k1
− H̃(1)

k1

)
〈
W̃

(1)
k1
, Ũ

(1)
k1

〉


b21 = −Re

2γk2
δ

W̃
(1)

k2,2

∣∣∣D̃(1)
k1
− H̃(1)

k1

∣∣∣2 (D̃(1)
k2
− H̃(1)

k2

)
〈
W̃

(1)
k2
, Ũ

(1)
k2

〉


b22 = −Re

γk2
δ

W̃
(1)

k2,2

∣∣∣D̃(1)
k2
− H̃(1)

k2

∣∣∣2 (D̃(1)
k2
− H̃(1)

k2

)
〈
W̃

(1)
k2
, Ũ

(1)
k2

〉
 , (4.14)

where we used the notation

Ũ
(1)
kj

=


D̃

(1)
kj

Ṽ
(1)
kj

H̃
(1)
kj

 , W̃
(1)
kj

=


W̃

(1)
kj ,1

W̃
(1)
kj ,2

W̃
(1)
kj ,3


for j = 1, 2.

While it it not possible to evaluate the coefficients analytically, we can compute

their values numerically by computing the eigenvectors and adjoint eigenvectors of
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Fig. 4.5: A sketch of the bifurcation diagram of the normal form (4.12) is shown that

corresponds to the regions in the insets of Figure 4.4. Note that the insets (1) and

(2) in Figure 4.4 are qualitatively identical and correspond to the bifurcation diagram

shown here with (k1, k2) = (1, 2) and (k1, k2) = (2, 3) respectively.

Akj numerically and substituting into the above expressions. For the mode interac-

tion points of modes (k1, k2) = (1, 2) and (k1, k2) = (2, 3), we obtain the following

coefficients:

Codim-2 a11 a12 a21 a22 b11 b12 b21 b22

(k1, k2) = (1, 2) 0.0003 -0.033 0.002 -0.069 -0.0209 -0.037 -0.15 -0.07

(k1, k2) = (2, 3) 0.002 -0.006 0.001 0.0038 -0.0773 -0.132 -0.26 -0.11

Using the normal form, we can then compute the slopes of the stability boundaries

for the free-flow and k-jam solutions, which are shown in Figure 4.4. While there

are several possible cases for the unfolding of (4.12) depending on the relative signs

of the coefficients bij , we encountered only one particular unfolding, which is shown

in Figure 4.5: the diagram shown in Figure 4.5 is indeed one of the twelve possible

generic unfoldings of this bifurcation: it corresponds, up to time reversal, to [13,

case Ib and Figure 7.5.2].

Based on the interpretation of r1 and r2 as the real amplitudes of the modes

with wave numbers k1 and k2, respectively, we have the following interpretation of

the solutions (r1, r2) of the normal form (4.12) and the bifurcation diagram shown

in Figure 4.5. Equilibria of (4.12) with r2 = 0 correspond to k1-jam solutions, while

equilibria with r1 = 0 correspond to k2-jam solutions. Finally, we see that equilibria

that have r1, r2 6= 0 bifurcate in a Hopf bifurcation from the k1-jam solution and

end, again at a Hopf bifurcation, at the k2-jam solution. General theory outlined, for

instance, in [21, Corollary 1] predicts that these bifurcating equilibria with r1, r2 6= 0
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Fig. 4.6: Shown is a comparison of the predictions from the normal-form analysis and

the results of numerical continuation for the two Hopf-Hopf mode interaction points

for modes k = 1, 2 and k = 2, 3, respectively, shown in panels (1) and (2) of Figure 4.4.

correspond to modulated rotating waves of the original system (4.6). More precisely,

they correspond to solutions of the form

(dn, vn, hn)(t) = (d∗(n− ct, ωt), v∗(n− ct, ωt), h∗(n− ct, ωt)) (4.15)

where (d∗, v∗, h∗)(x, τ) is N -periodic in x and 2π-periodic in τ , and where (c, ω)

depend on (α, β).

We compared the results of the numerical continuation with the results of the

normal-form analysis in the regions near the Hopf-Hopf mode interaction points shown

in the two insets of Figure 4.4. The stability lines computed from the normal-form

computations are pictured along with the numerical results in Figure 4.6. It can

be seen that there is good agreement between the numerics and the analysis in a

neighborhood of the bifurcation points. In §4.4, we will calculate the modulated

waves (4.15) directly for the original full problem (4.6).

4.3.2. Low-dimensional Fourier-series approximation. To derive a low-

dimensional ODE that reflects the dynamics near a Hopf-Hopf mode interaction point,

we again restrict to the case ` = 0. Using equation (2.1), we see that the quantities

qn(t) = dn(t)− hn(t) then satisfy the system

δq̈n + q̇n + δḧn + ḣn = V(qn+1)− V(qn) (4.16)

(α+ β)ḣn + hn + βq̇n = 0

with periodic boundary conditions of the form qn+N = qn and hn+N = hn for all t

and n. The free-flow solution is now given by (qn, hn) ≡ 0 for all n. We are interested

in small-amplitude solutions. Instead of considering the function V(q) = tanh(q), we

use its cubic approximation V(q) = q − 1

3
q3.
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critical point (α, β) = (2.176, 0.055), with δ = 0.55, where the two modes j = 1, 2 lose

their stability simultaneously.

Writing the functions qn(t) and hn(t) with n = 1, . . . , N as the Fourier series(
qn(t)

hn(t)

)
=

N
2∑

j=−N
2 +1

(
Qj(t)

Hj(t)

)
exp

(
2πijn

N

)
,

the system (4.16) becomes

δQ̈j + Q̇j + δḦj + Ḣj = γj

Qj − 1

3

∑
j1,j2,j3

Qj1Qj2Qj3δj,j1+j2+j3

 (4.17)

(α+ β)Ḣj +Hj + βQ̇j = 0, (4.18)

where δk,l denotes the Kronecker delta function and

γj = e2πij/N − 1.

Note that the equation for j = 0 reduces to

δQ̈0 + Q̇0 = −δḦ0 − Ḣ0, (α+ β)Ḣ0 +H0 = −βQ̇0.

We will set (Q0, H0) ≡ 0 in the following. Since (qn, hn) are real-valued, the Fourier

amplitudes (Qj , Hj) satisfy the identity (Q−j , H−j) = (Qj , Hj), and we can therefore

focus on the equations for j > 0.

We now choose parameter values (α, β, τ) such that the modes j = 1, 2 are linearly

unstable, whilst the modes with j > 2 are linearly stable: see Figure 4.7 for an example
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of such parameter values, which correspond to the case plotted in Figure 4.4(1). To

obtain a reduced model, we will include the equation for the mode j = 3 but set all

other modes to zero. Thus, the equations (4.17) for Qj with j = 1, 2, 3 become

δQ̈1 + Q̇1 + δḦ1 + Ḣ1 = γ1

[
(1− |Q1|2 − 2|Q2|2 − 2|Q3|2)Q1 −Q1

2
Q3 −Q2

2Q3

]
δQ̈2 + Q̇2 + δḦ2 + Ḣ2 = γ2

[
(1− 2|Q1|2 − |Q2|2 − 2|Q3|2)Q2 − 2Q1Q2Q3

]
(4.19)

δQ̈3 + Q̇3 + δḦ3 + Ḣ3 = γ3

[
(1− 2|Q2|2 − 2|Q1|2 − |Q3|2)Q3 −

1

3
Q3

1 −Q1Q
2
2

]
,

while equation (4.18) for Hj , given by

(α+ β)Ḣj +Hj + βQ̇j = 0, j = 1, 2, 3, (4.20)

remains unchanged. The free-flow solution corresponds to the equilibrium (Q,H) = 0

of (4.19)-(4.20). We seek traffic-jam solutions of (4.19)-(4.20) as rotating waves, which

are of the form

Qj(t) = Aje
i(jωt+ϕA

j ), Hj(t) = Bje
i(jωt+ϕB

j ), (4.21)

where the amplitudes (Aj , Bj), the phases ϕA,Bj , and the frequency ω are real con-

stants. Note that 1-jam solutions correspond to (A2, B2) = 0, while 2-jam solutions

have (A1, B1) = (A3, B3) = 0.

Existence of 2-jam solutions. First, we consider 2-jam solutions. Setting (Q1, Q3, H1, H3) =

0 and substituting the ansatz (4.21) for j = 2 into (4.19)-(4.20), we find that ω is

determined by the equation

2ω
(
4αδω2(α+ β)− β + δ

)
4ω2(α(α+ β) + βδ) + 1

− tan

(
2π

N

)
= 0, (4.22)

while the amplitudes (A2, B2) and the phase difference ϕA2 − ϕB2 are given by

B2 = − 2iαω

1 + 2i(α+ β)ω
A2e

i(ϕA
2 −ϕ

B
2 )

A2
2 = 1− ω csc

(
2π

N

)√
(4α2ω2 + 1) (4δ2ω2 + 1)

4α2ω2 + 8αβω2 + 4β2ω2 + 1
.

To investigate the stability of the 2-jam solutions, we seek perturbed solutions in the

form

Qj(t) =
(
Aj + ξje

zt
)
eiϕ

A
j eijωt, Hj(t) =

(
Bje

iϕB
j + ηje

λt+iϕA
j

)
eijωt, (4.23)

where ξj and ηj are complex amplitudes, and λ is a complex growth rate. Substituting

this expression into (4.19)-(4.20) and linearizing in (ξj , ηj) about zero, we arrive at a
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linear system for the amplitude (ξj , ηj), which has a nontrivial solution if, and only

if, the growth rate λ satisfies

Z1Z3 −A4
2 = 0, Z2Z2 −A4

2 = 0, (4.24)

where

Zj = −
(
1− 2A2

2

)
+
f(λ+ ijω)

γj
, f(x) =

x(1 + αx)(1 + δx)

1 + (α+ β)x
. (4.25)

We can solve equation(4.22) for the frequency ω and the system (4.24) for the stability

numerically and will present the results below.

Existence of 1-jam solutions. Next, we consider the existence and stability of

1-jam solutions. Setting (Q2, H2) = 0 and substituting the expression (4.21) for

j = 1, 2 into (4.19)-(4.20), we find that the amplitudes (A1, A3), the phase difference

∆ = ϕA3 − 3ϕA1 , and the frequency ω are determined by the equations[
f(iω)− γ1(1−A2

1 − 2A2
3)
]

= −γ1A3A1e
i∆,

[
f(3iω)− γ3(1− 2A2

1 −A2
3)
]
A3 = −1

3
γ3A

3
1e
−i∆.

(4.26)

To determine the stability of the 1-jam solutions, we again substitute the ansatz

(4.23) into (4.19)-(4.20). Linearizing in (ξj , ηj) about zero results in the characteristic

equation detL(λ) = 0 for the modes j = 1, 3 and the equation

G2G2 − 4A2
1A

2
3 = 0

for j = 2, where

L(λ) =


G1 2A3A1e

i∆ +A2
1 A1

2e−i∆ + 2A1A3 2A1A3

A2
1 + 2A1A3e

−i∆ G−1 2A1A3 2A3A1 +A2
1e
i∆

2A3A1 +A2
1e
i∆ 2A1A3 G3 A2

3

2A1A3 A2
1e
−i∆ + 2A1A3 A2

3 G−3


and

Gj = 2(A2
1 +A2

3) +
f(λ+ ijω)

γj
− 1.

Evaluating the existence and stability conditions numerically, we arrive at the

bifurcation diagram in the (α, β) parameter space plotted in Figure 4.8.

4.4. Modulated waves. We now present the results of numerical computations

of the bifurcating modulated waves that bifurcate from k-jam solutions. As mentioned

earlier, modulated waves are of the form

(dn, vn, hn)(t) = (d∗(n− ct, ωt), v∗(n− ct, ωt), h∗(n− ct, ωt)) (4.27)
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Fig. 4.8: Plotted is a comparison of the bifurcation diagrams obtained from the re-

duced three-dimensional Fourier-series approximation and the numerical continuation

for N = 30, and L = 30 with δ = 0.55. The right panel is a magnification of the left

panel near the bifurcation point.

where (d∗, v∗, h∗)(x, τ) is N -periodic in x and 2π-periodic in τ . Here (c, ω) depend on

(α, β) with ω being close to the imaginary part of the Hopf eigenvalue of the k-jam

solution near onset. In particular, these modulated waves can be found as solutions

to the following planar boundary-value problem. Using the above ansatz, we arrive

at the system

ωdτ − cdx = v(x, τ) (4.28)

δ (ωvτ − cvx) = tanh(d(x+ 1, τ)− h(x+ 1, τ))− tanh(d(x, τ)− h(x, τ))− v(x, τ)

α (ωhτ − chx) = −h(x, τ)− βv(x, τ).

These equations are supplemented with the boundary conditions

d(x+N, τ) = d(x, τ) h(x+N, τ) = h(x, τ) (4.29)

d(x, τ + 2π) = d(x, τ) h(x, τ + 2π) = h(x, τ) ∀x, τ,

and the constraint

N∑
n=1

d(n, τ) = 0 ∀τ. (4.30)

We used branch switching and numerical continuation in Matlab to compute the mod-

ulated rotating waves that bifurcate in the parameter region depicted in Figure 4.4(1).

As can be seen from this figure, we can keep α constant and vary the parameter β

to move from the region of 1-jam stability to the region of 2-jam stability. Starting

from a stable 1-jam solution, branch switching was used at the 2-jam stability bound-

ary to find the modulated-wave solution which was then continued in β through the
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Fig. 4.9: Shown are space-time color plots of the distances (space is horizontal, and

time vertical) for modulated-wave solutions in the multi-stability region of 1- and

2-jam solutions with N = 30. The labels above each panel refer to the respective

location along the continuation curve shown in Figure 4.4(1).

region of multi-stability to the 1-jam stability boundary. This is represented by the

arrowed line shown in Figure 4.4(1). Figure 4.9 depicts the progression of this solution

throughout the continuation scheme.

A similar method was used in the region depicted in Figure 4.4(2) to find the

modulated-wave solution that exists in the region of multi-stability between the 2-

jam and 3-jam stability curves. Figure 4.10 shows the time periodic solution which

connects the 2-jam and 3-jam solutions in this region. We expect that similar solutions

exist in the other regions of multi-stability.

5. Fundamental diagrams and energy consumption. In this section, we

present the fundamental diagrams that relate flux and density in traffic flows and

calculate the energy consumption of free-flow and traffic-jam solutions. The flux of

cars is among the most important quantities that characterize traffic dynamics. Using

the microscopic flux ([10], [17])

J(x, t) =
∑
n

ṗn(t)δ (x− pn(t)) (5.1)

and the microscopic density

ρ(x, t) =
∑
n

δ (x− pn(t)) , (5.2)
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location along the continuation curve shown in Figure 4.4(2).
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Fig. 5.1: Shown are the fundamental diagrams for the free flow, 1-jam, 2-jam, 3-jam,

and 4-jam solutions: plotted is the flux J̄ as a function of the density ρ̄. The 1-jam

and 2-jam solutions were obtained for (α, β) = (2.2, 0.01), and the 3-jam and 4-jam

solutions were obtained for (α, β) = (4, 2.4). Note that the flux for the free flow is

independent of the parameters α and β.

we see that the continuity equation ρt+Jx = 0 holds formally. The mean flux is given

by the expression

J̄(t) =
1

L

L∫
0

J(x, t)dx = ρ̄Ū(t), (5.3)
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where

Ū(t) =
1

N

∑
n

ṗn(t) (5.4)

is the mean velocity, and ρ̄ = N/L is the mean density of cars. We choose the

value v0 = tanh(0.8) in (1.2) and compute the fundamental diagrams by plotting

the mean flux J̄(t) averaged over one period as a function of the density ρ̄. The

fundamental diagrams for the free-flow solution and for k-jam solutions with k =

1, 2, 3, 4 at different values of (α, β) are shown in Figure 5.1. Thus, upon varying

(α, β), the k-jam solutions seem to fill out an open area in density-flux space.

Reproducing fundamental diagrams of real traffic flows, and in particular their

multivalued nature, is one of the goals of traffic-flow modeling. In the recent work [22],

fundamental diagrams were generated from real sensor measurement data that were

aggregated over 30-second intervals and successfully compared with those obtained

from the traveling waves of a macroscopic traffic-flow model; see Figure 5.2a. Since

we can view (α, β) as characteristics of individual drivers, we proceed similarly by

running direct numerical simulations with the amended optimal velocity model (1.2):

a solution is generated and evolved forward for a fixed duration during which the

number of cars passing through a certain fixed location is counted, thus emulating

a physical sensor on a highway. This procedure is repeated for values of (α, β) with

2 ≤ α ≤ 4 and 0.02 ≤ β ≤ 4.02, which yields the diagram shown in Figure 5.2b,

where the data points have been superimposed on the free flow curve. Thus, while

a full study of the effect of the traveling-wave solutions found in this paper on the

fundamental diagram and the comparison with traffic data is beyond the scope of this

paper, the simulations in Figure 5.2b show promise for explaining traffic data using

the model (1.2) when varying the model parameters.

Vehicle flux characterizes the efficiency of traffic flow, and it is therefore natural

to ask how much energy is consumed in such a flow. To address this question for the

flows observed in our model, we use the vehicle-specific power approach to emissions

characterization [20]. Using the formula and coefficients in [20, Equation (2)], we can

write the average vehicle-specific power as

C(t) =
1

N

N∑
n=1

[
1.04

(
1

2

d

dt
ṗ2
n(t)

)
H(p̈n(t)) + 0.132 ṗn(t) + 0.0021 ṗn(t)3

]
, (5.5)

where H(x) is the Heaviside step function. The first term in this expression represents

the rate at which the kinetic energy of each car changes under acceleration, the second

term represents the resistance to rolling, and the final term represents aerodynamic

resistance; in comparison with the formula in [20], we have assumed that the road
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Figure
1. Fundamental di-
agram, obtained from
sensor measurement
data, aggregated
over time intervals of
�t = 30s. The horizon-
tal structures are due
to the integer nature of
the flow rate data.

Figure
2. Fundamental phase
diagram, as frequently
depicted in the traf-
fic literature (e.g.,
[25, 21, 55]). Shown
here is the free flow
curve, and a synchro-
nized flow region.

for instance, the maximum flow rate generally occurs at densities significantly be-
low 1

2⇢max. In reaction, di↵erent types of FD functions were proposed, such as by
Lighthill & Whitham [37], Greenberg [16], Underwood [53], Newell [43], Daganzo
[8], and Wang & Papageorgiou [56].

However, a more elementary shortcoming of function-based FD models is that
true flow rate vs. density measurements tend to exhibit a clear systematic spread:
for su�ciently large densities, one value of ⇢ corresponds to multiple values of Q.
The described “spreading” e↵ect can be seen in Fig. 1, which displays a plot of flow
rate vs. density, obtained from single loop sensor measurements at a fixed position
on a highway. The data is taken from the RTMC data set [44] of 2003, provided
by the Minnesota Department of Transportation (Mn/DOT), from a sensor on
the southbound direction of I-35W (Minneapolis, MN). Each point in the diagram
corresponds to a time interval of �t = 30s. The recorded flow rate equals the
number of vehicles that have passed over the sensor during the time interval (the
selection of discrete flow rate values is due to the integer nature of the number of
vehicles); and the density is obtained from the fraction of time that a vehicle has
blocked the sensor. For the plot in Fig. 1, we assume that the average vehicle length
is 5m, and that the possible maximum density is achieved at 1/7.5m, i.e., a safety
distance of half a vehicle length is the absolute minimum that drivers will accept.

Motivated by the spread of data in the FD, tra�c flow is often classified into
regimes or phases. The two-phase tra�c theory (see, e.g., [21, 55]) divides tra�c
flow into free flow for low densities, and congested flow for large densities. Three-
phase tra�c theory, originally developed by Kerner [25], distinguishes free flow for
low densities, synchronized flow for medium densities, and wide moving jams for
high densities. A possible depiction of tra�c phases for the sensor data is shown
in Fig. 2. The free flow region can be characterized by a relatively well defined

(a) Real traffic data [22].
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Fig. 5.2: Comparison of fundamental diagrams obtained from real traffic data, repro-

duced with permission from [22], and the extended model (1.2).
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Fig. 5.3: Shown is the average fuel consumption C as a function of the parameter β

for free flow and k-jam solutions in their respective regions of stability.

grade is zero. Figure 5.3 shows the fuel consumption as a function of β for the free

flow, 1-jam and 2-jam solutions for two different values of α: plotted is the average

value of C(t) over one period as a function of β.

6. Discussion. In this paper, we studied the traffic flow of a fixed number of

cars on a ring road under an optimal-velocity model augmented with an equation

for the individual target headways. We focussed primarily on the case when ` = 0,

i.e. when the optimal headway s̄ coincides with the average distance L/N between

cars. We looked at the dependence of the flow on the model parameters α and β

that represent the adjustment time and a measure of the proactiveness of drivers,
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respectively. We found that the model admits a free-flow solution which is stable in

a bounded region in the (α, β) space. The boundary of this region was computed

numerically and is composed of curves representing supercritical Hopf bifurcations to

rotating-wave solutions that correspond to traffic jams. The stability boundaries of

the traffic-jam solutions were also computed numerically and were found to originate

from codimension-two bifurcation points at which the free-flow solution undergoes a

double Hopf bifurcation in two different wave numbers. Near these points, normal-

form analysis was used to confirm the numerical results. The resulting bifurcation

diagram is shown in Figure 4.5 and indicates that stable traffic-jam solutions can

coexist; their basins are separated by the stable manifolds of unstable modulated-wave

solutions that we computed numerically. We note that, while traffic-jam solutions can

coexist, we did not find regions in which free-flow and traffic-jam solutions coexist.

Our model allows for drivers to reduce or increase their target headways if the

velocity difference to the car ahead increases or decreases. The parameter β describes

how much a driver reacts to the velocity of the car ahead. We found that high β

values result in traffic jams, indicating that drivers who react too strongly to changes

in traffic flow may cause jams. However, very low β values also result in traffic

jams, so to avoid jams, fluctuations in distances between adjacent cars should elicit a

moderate reaction from the drivers. In addition, we note that higher values of α also

result in traffic jam solutions, which suggests that slower reaction times also cause

jams; this is analogous to the effect of the parameter δ in the original optimal velocity

model. An interesting extension would be to consider stochastic variations in the

parameters (α, β) to simulate groups of drivers with different driving strategies: it is

not clear what the impact of such variations on the occurrence of traffic jams and on

fundamental diagrams would be.

The k-jam solutions found in this paper arise intrinsically and without external

triggers in our model. Even though multi-jam solutions have not yet been observed

in closed ring-road scenarios, traffic data from the German highway A5 indicates

the existence of such multi-jams in systems with exits and entrances [26, 27]. It is

possible that the multi-jams observed on the A5 arise intrinsically even without exit

and entrance ramps, but only a controlled experiment such as the one for single jams

presented in [23, 24] could answer this question. We remark that experimental studies

of pedestrian traffic on ring roads exhibit multi-jams (see [16, Figure 1]).

We recall that the parameter ` = L/N − s̄ represents the mismatch between the

optimal headway and the average distance of the cars on the road and therefore the

overall traffic density. We did not carry out a systematic study of the effect of ` on

the underlying traffic-flow dynamics: a more systematic study could be performed
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and could perhaps shed light on a variety of different driving scenarios.

An interesting question from a modeling perspective is whether the microscopic

model considered here can yield a macroscopic model via an appropriate continuum

limit, similar to the results in [1]. We believe that a limiting macroscopic model exists

but have not studied this question in detail.
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