PROBLEM 5

Let G be an open set in R which is not upper bounded. Does there exist b > 0 such that
{nb}n>1 NG is infinite?

Proof. The answer is yes.

Pick any 0 < p < ¢ and ng > 0. Then Uy,>n,(np, ng) contains (C,0o0) for some C' > 0 (why?).
Indeed, notice that when n increases then the length of the segment (np, ng) is n(q—p) which also
increases to infinity. Let us look at two consecutive segments (np,ng) and ((n + 1)p, (n + 1)q).
The distance between np and (n + 1)p is p which is fixed, therefore it is clear that starting from
some sufficiently large ng > 0 we will have (n+ 1)p € (np, nq) for all n > ny.

Since (C,00) U G is nonempty it follows that there exists an integer N7 > ng such that
(N1p, N1g) N G is not empty. This implies that there exists z € (p, ¢) such that Nz € G. Since
G is open there exist 0 < p; < x < ¢ (in a tiny neighborhood of x) with [p1,q1] C (p,q) such
that [Nlpl,qul] C G.

Indeed, N1z € GN(Nip, N1g). Since GN(N1p, N1q) is open we have (Nyz — 9, Ngx+6) C GN
(N1p, N1q) for some small § > 0. Then (z— %, 2+ &) C (p,q). Choose [p1,q1] = [z — QLN,x—k 2%]

Next, consider 0 < p; < g1, and n; > 0 (with n; > Nj), and repeat the previous step. Thus we
obtain the sequence of intervals [p1,q1] D [p2,g2] D .... and sequence of strictly increasing integers
Ni < Ny < ... such that [Nlpl,qul], [NQ])Q,NQQQ], ...,C G. Notice that for b € meI[pk;Qk] we
have N1b, Nob, ... € G.
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