Burkholder’s martingale transform

Abstract
We find the sharp constant C' = C(r, p, |EG/EF|) of the following inequality ||(G?+72F?)'/?||, < C||G]|,, where
(7 is the transform of a martingale F' under a predictable sequence ¢ with absolute value 1, 1 < p < 2, and 7 is any
real number.

Martingale transform

We consider the probability space (|0, 1], B, dx). Let M,, be the o-algebra generated by the dyadic
intervals

def | J 7+1 : n

Set My = [0, 1], and F; dof E(F|M,) for F € L([0,1]). We say that { F},}°°, is a dyadic martingale

constructed by F'.

DEFINITION. Let F' and G be real valued integrable functions. If the dyadic martingale {G,,} con-
structed by G satisfies |G, 11— Gn| = |Fj1— Fn| foreachn > 0, then G is called martingale transform
of F.

In [1] Burkholder proved that for if |G| < |Fp|, for any p, 1 < p < oo, we have
Gullzr < (0" = Dl Enllr Vn 20, (D)

where p* — 1 = max{p — 1, ﬁ}, and p* — 1in (1) is sharp.
In [2] a bit more general estimate was obtained by Bellman function technique and Monge—Ampere
equation, namely, estimate (1) holds 1f and only if

Go| < (p* —1)|Fol. (2)

In [3], a perturbation of the martingale transform was investigated. Namely, under the same assump-
tions as (2) it was proved that for 2 < p < oo, 7 € R, we have

G2+ P2 EHY2) 1 < ((p* = 12 + Y2 Foll sy, >0, (3)

where the constant ((p* — 1)2 + 72)1/2 is sharp. It was also announced as proven (however proof is
wrong) that the same sharp estimate holds for 1 < p < 2, |[7| < 0.5andthecase 1 < p < 2, |7| > 0.5
was left open.

Our main results

Further we assume that 1 < p < 2 and 7 € R. We find the following Bellman function

H(x1, 2, 13) =
SU_p{]E(GQ + TZFQ)p/Q EEF = L1, EG = 1‘27E‘F|p = X3, ‘Fn+1 _ Fn‘ — ‘Gn+1 _ Gn‘a n > O}
F.G

As a corollary we obtain the following theorem. Set

2) e Pp—1)+(1+2>P—z22-p) —1.

u(z) € 7P(p— 1) (72 + 2

_ |Gol—|Fy|
|Gol+|Fol’

Theorem. Let 1 < p < 2, and let {Gy,}°° , be a martingale transform of {F;,}>° . Set 5’
The following estimates are sharp

1. If u (]%) < 0 then

G
Fy

w%§H%W%M<<#+mMH

2. If u (p%l) > () then

[(FPE2 + G228, < (B Fallh,,  ¥n >0,
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where C(3' )1 is continuous nondecreasing, and it is defined by the following way:

<72 + Hf—g:} 2)p/2, B> sp;

def T
/ 2
< — P/
22—p(1_80>p—1 Y /8 _ 1 —|_ p7

(D) (p—D(1—s0)+2(2—p)
LC(8") 8" € (=1 +2/p, sp);

where so € (—1 4 2/p, 1) is the solution of the equation u Gfi‘é) = 0.

y

Proof. Here 1s the sketch.
Proposition. The function H satisfies the following properties.

1. H is defined in the domain () def {(x1,29,23) € RS : |z1|P < z3}.

2. H is diagonally concave function i.e. it is concave function in the domains T+(A) = QN

{(x1,29,23) : x1 29 = A} forall A € R.
3. H has the following boundary condition H(z1, o, |21|P) = (25 + 7_23:%)])/2.
4. If a continuous function U satisfies the properties 1,2,3 then U > H.

It turns out that A should be a minimal diagonally concave function in ¢} with the given boundary
data. The function H is “homogeneous” in the following sense H (Ax1, Axo, \Px3) = AP H (x1, 29, x3).
So one can “reduce” the question of finding the function H to the finding of a minimal concave function
of two variables with the given Neumann and Dirichlet boundary conditions.

Construction of the Bellman function /.

Firstly we develop theory of minimal concave functions of two variables with the given boundary
condition (see [3], [4]). We see that the torsion of the boundary curve plays crucial role. We construct
candidate M (y1,y>) for a minimal concave function in the domain

def
0= {(y,p)  —1<y; <1, (1—y)P <}

with the following boundary conditions:

M(yr, (1 —y1)P) = (1 +y1)? + 7201 —y)?P2, oy e [-1,1,

oM oM
0=pM(=1,y2) + 25—(=1,42) — pyo7—(—1,42), for ys >0,
0=pM(Ly2) = 27—(1L,42) = pyo7—(L,92), for gyo =>0.
(L) = 25 (L) = (L)
We find such function M among solutions of homogeneous Monge—Ampére equation.
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Figure 1: The function M (yy, ys) is linear along line segments shown on the picture. The family of these line segments is
called foliation. The function M is linear in the domain Ang(sg). For a different parameters 7 and p foliation is different. In

this case we have u (zﬁ) > 0.

'Value of C(') for 5’ € (—1 + 2/p, so) was hard to express in simple way. Implicit expression of this value is given in [5], Theorem 2, part (ii).
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Figure 2: The given foliation corresponds to the case when (L) < 0.

p—1
Then we consider new function N defined in the domain €29 def {(y1,92,y3): y3 > 0, ly1 —plP < y3}

as follows

Y2 Y3
N(yla Y2, y3) — y]fM <_7 _p> ;YL = 0.
Y1 Y1

N(y1,y2,y3) = N(y2,y1,93) = N(—y1, —¥2,y3).

Finally we set candidate B for H as the following function

1+ T To— X1
2 ’ 2

B(z1,x9,23) = N ( 75133> , (21,20, 23) € (L.

After some technical computations it turns out that B € C''(Q) and B is a diagonally concave function
with the same boundary data as H, therefore by the proposition B > H.

Optimizers
In the end, by knowing foliation we construct the optimizers. Namely, given a point X = (x1, x9, T3) €
() and any € > (0 we construct such a pair of functions (F, G) such that G is a martingale transform of
F, (EF,EG,E|F|P) = (z1, 9, x3) and B(GZ + 72F2)P/2 > B(x) — ¢, therefore we get H > B, thus
H = DB.
L]

Conclusions and Questions

e Let G be a martingale transform of £, then for the given parameters 7, p, F(y, Gy what is the sharp C
such that |G + 7F||, < C||G||p?
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