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?k Math AR we learmed That H deriuative 6?0 a single variable fum chon l,ikeﬁ(’x)
(s f-CPfC_SM}aALBVe, o} Mstomtancous rate of chomge of Funchion f Mona xX— ax(s .

We alSe leam.ul Mﬁ&. d,e{{vdt‘vod a &w\c}zm at PM"\?" X=a (o be Calculated
(LS('V\%: p / f )
f (@) = Mm :79(‘&}" 1 and f (&)= —Aiw f(;)—-a =

M—oo X—a

L B@ (’qﬂaci&a ll\: xX-a uzaob

We also leamed Ted the denvahive ot a fomchon Com be also f’t—fmsmﬂd oS
wether Lum ko, ’-f?,('x); omd we defined ¢t as:

90(,7()— Im £ (xah) - F1x)
Sy

0

the derivadve od gmdcms 0-19 fwe Variables (and mere ) Coum be deRned n a
Sinmilaxr Way .

+ I{ o Linchion a—? 1o Varlables X, and . e ¥(x,3) (s given, Al derivative
039-? Con: be taleadated ba, ,?l-xma_a and Se,ﬁ,;ma & &puJ T« Constont (Ej—‘b),
atd Vagging . I Ths &5 done, e ae Rally tale"g- The derivahive of 4 Single
Var(able famchien, gx), such Thaf §(x)= $(x,b).

Now, (f § has o derivakve af @ ) Then we call ¢t & Pagkal derivakive
"¥ 1? w/ fi&?ed’ 26 %, ot (asbh) and we denote (twf gx(%b):

a+ny -@ a,
ﬁg{ (Q,b)z _’éro ‘P( hla)/h ( b)

; ’ﬁ(a, beh) - ?-(on,b)
Lo e

wWe Cam also c(e_&m Hae partiel dersvahives oﬁ >
¥('x,a) wth Y‘&SPe(} & Mcle.Pe«mlod' Vaur ' ables £3(7’5)= I £(x,8+l;)-¥('b!)

%("’3) :/&m £(!+M<’i) -f(mef)
h—o

h—so
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we uSe debberend nofakion for Parfia) dervative % a gwxc,’ld’" with to variables

£, () -fx-—————zmauf EYIN:

because we MS”J' f‘eelaCe. j‘g(x,a) with 2

we read _6_£ , “df over dx but we write itas d i3 meltg down | Thas

s T wey M we distinguish b/ The dedvative o o o. Runckon pnd The

Parflo) derivokve Of e multe - variable ¥W"d’w"‘ S‘”“"wa

Q(r,a)-% - :3—-%3 : 2) e _{,.04.0¥

Vea ZmPorfa.mL Note: In re,,,LFa, whan we have a -ﬁumdwn w/ Two Voriables

Mlee ?(x,g), i order & Calalate Partial derivakves, we Just apply Tl fites

£ differentiatzon.

T ﬁwd :?x ’ rt.aard 3 as @ (msrLMf ond Jc@?e(e/\ﬁaft :E(x,a) Wit rf,s?«,f-
Bx

2-To Bud Fy, fgecd X as & Gnsfant ond differonticte Ploy) witn respect
G Y-

E romple:. If -?(x,a)zxma' 24*, fnd 5 (21) ond 395 2]

"E,( (%1 9) = 3"‘1"17‘3 =3 ix (2= 2(2) + 1(1)(!) =16

’Fé (x8) = 3%25”-41 = 1l[ia(za') = 2(2)10)1-4(\) .y



Chapter 14/ Parfial Derivafives
Sechon 4.3

Geometric Inferpretution of Parhiad derivakives:

Pege 3

We. readl W A= 39(7(,3) rqresevuf’s a SMjOaCe = Zae We PiC‘L e Po“"-f P(a b)

o Su!-?ace S Lw/'l‘efSec/w-ﬂ 0# SWQQIQ,

S and Verhcal :Pluu_, 3=|° 8,_-Vt5
C, Curve. Lkhkewse, ba, 1?(,((

N(} X and Se,‘H»,,'»\G X=0y The verficad P‘"‘"— i
mtersects SUJ%CQ S a2 Cuve C)_(N‘of‘c Thot both these Curves Pass Through

i poind Plask)). Also, Bote tut ¢, is 7 Jroph of §0x) = ¥ (1ob) and
Cuve Co s Tho ar«»‘oh »—£ l«(a)z ¥(a,5).

This means The slope of Tl h"t‘j*""‘} ke 7 of peind P(&9b) (s 3’@ o
The S/o’De 010 ’/'Mjmj’ l‘lv\.v./—f;i a_j—?o{v\* P(a, b) (s \,\/( B).

Thete dere, Tl partial derivadive of £ (a,b) oud %(a,‘o) Can be ferprefed

a-eomﬁ\czdhé, as fhe Slope o fwg.od' Wnes of Pocnt P A4 the traces C( ond
Ca M The PIM\LS ég b, x=a.

Erample: I8 £ixsg) =4-x=23", Poud Py (1,1) od £ (1) ad inferpred Huse
numbers |

< ‘Ex("’d)=-9~7‘ =7‘Px (';’)=- 5°'”\»-$’°PC»—P- Th- f‘m;j«-f
bne od K- awct s P
ooyl = f0.9 M::a Hier
z -
£ /)
A5z >y e
% x

slepe £ely)=-2 slope ?X(\,()=_‘-}
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P2ge ‘f/
secfion (4.3
Exom-f\e‘. £ ?('x"d) = Qm \4%3 Ca/{(‘,ula.l’e, %-;{ omd % :
2% « o He
% &5(\1-3) ?x (\4—3 G2 3 0 +Y Coﬁ(“‘d )
2% ; %
ﬁ’ C’S(ug)%} wq) (‘+az' &’S(H

Example: Fud 2% ond 32 L Iefoed piaty as o« fumthon of
ond § by T equation:  x% 9% 2> gxgz |

Notice thaf Z s o funchiom off xond 3. Z=F(ny)

QE —» We Tuke Tl Parkal derivahive Howr botla Sides w/ respect & x
’3 X

A 2 ta’ 9 :_2., (
=7'3X+o+'_ax (2)-«—63 (a’x(’c2\ (")

02 R _'a_'é =
=i %(Zg)vz,x LSRR e tl B¢
The Choan Rule Tk—Prod—“C} nde

= 3 325 22 6y (24 x2%) =0

T 22 (33%ag) s “Ixhggr o, =2 ;:; +ia’§'—;:?;3;)
S'M\M\(S‘
3% a4 L 2; 67((—“39;):0
4

=» %(322&7‘8):‘3‘\)1—'6%2

o 3 =¥ s0w) _-li'r2m)

=

2y 3% Jhx . . B ey
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Functions a¥ More Than Tiye Variahles -

Parfiad derivatives com plso be defned For S Choms o Three 6 more varlables,
Simulay & -ﬁ.mC['LO‘"S Oﬁ Toso Variables .

ed. f w. ?(7"572)

= fx (Xa(b?:)'-'a'w\ ¥('X+h,3,z) * g('x’éb'i)

h—0

. % (x3dr %)= Aow ﬁ(x’a"“’i) = '7€("’3) %)

h-so h
*:)PZ (Y, 2): ,Zm ¥(x, & zf‘f“\k-"?(ha; Z)
oo

We Can nof (vb'l‘dpm/i" Thege Jerivattves Jcomdhwg becanse T dro.Pk V)ﬂ :f Lies

N ﬁouf dimenSional Space -

X3
E{amf)(-e,'. Rind %u £(7 ,‘ﬁz (3‘) ?(x,g, z2)=¢€ hz .

X
€

G|
-?=£’€)2\M2 7£ £ T ha’&:—\_ﬁ/\
Highar Derivahves
[_F_P ‘S o -ﬁ»«(‘/{‘w‘« 0‘#7‘-&00 UOJ{Lb(CS, "”\.IM (,"{5 PM{T.'M ddt\/djl,\k,s ?“,MJ £3 e
3%\%- gmdlm-‘) 0"» fwo VM("LU'C as WC«‘A . ﬂ\dg.&fe,, we @@un C’”S‘dd W
Pa.rhaJ o]eﬂ'VaJ‘L'\léS (?x )x 7(£x)3) (ga]x ) k-?a_\\a’ :

3 —-a?.
(Fr)pe fux - 2 () - 2% . 2%

%2 | xt

Zf 2
(Fz)d:%:%d_(%):’;% . fagagx
, o o2 22z
(%)as 1255 =;§g(§%\ :—';ES{. Geve

2
s« fype 2 (25) 22 22

x 7 T2xdy T xd§
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In &thor words, the notation 72"3 mesns, first we ke The derivetive w/
respect & X, and Than we Take The derivahve w/ Respect & §-.

EKOMP(C'- F;.&cl ’ﬂ\_._, Second Porhcd J-e,ﬁ'\MJl'VeS O”y' ¥O‘15)= 7(31 ’)(233- 23 Z-

2d3

il Pk =0 x +
Bes 3oy’ |

s 7+ seems That 473‘7?57‘
They ¢s N6T a Cat'nciclu‘f-

Cloivaut’s Theoyem: Suppose £ ¢s defined on o disk D Thef confosns
The P°“‘d- (ayb). [fﬁu.ﬁmdiom ;f,.} and fax are bothh confinuous on D, Then

fxal (a9b) = ¥5x(°~35)

5

Example : (o) culate ?xxa% f ?(X13;2)=3"“(37(f52)-
£x= 3 Co3(3xt82)
-‘f,(x=_ffs|‘n(3x+3i)
fm& ;-‘Ig(os(?,?r-ra%)
gz 9 A(3x+92) - (-Isinaary2)) g2
= Jpsin(3x4g2)- 1 G3 (37 +y2)

£ Wobice Tha i Prxg = -T2 C(3%432) ) 11 Lo biom i o T i
af' 5(2\. k(?), 5o tie have o use 1. (Dfod«d rule |
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Pam‘iw‘ 8" ?fefa\.ha,{ Equdl'ms 2

A partiod cL'?fdud'ﬁaJ equa)‘l'an S a &'&detw equedion that (s dnvelved W/ Partio

derivahives o-P o QMCJLM A differential ecfuou'iaw S an eetluﬁm That shows The

relatonShip betueen the Runctiom of one Voriehle and cfs dervatives ( g ht be
(nvolved WiTh fhe independont Vorcable o5 well ) (€9 4%+ = &)

When We solve a differential equalion (whether T ordinary difherenhial €9
or pactiol differentin) 9.} The solution s not a variable like x ort buk
b is o funchon suchas §, £x, fixyy), - -

Pachial defferential equakions pogacucial fole in momy bramches oF Physes,
ena.'mu{wa ond mathematics.

Exomples: Vibfakon, Wave malds:‘s, heat Cpmduchion, $luid Jdnamlcs ’
AC(OJJHWC,S, and hm)l’ffmsi?ef.

Two of T very impoctant partial dcfHerentio] equahoms ﬂd’aou will be

eleaul{v\O w/ M Yowr -?u.fufe_ Courses (mea» Your Mdeerduafc 7 4 gfaduate jeu.s)
are ',

Laf:la cL Etflw.‘(io"’l :

4 =0
9 Ay
2 5 2
Warve 51(&&}"('0%: i g 1 A
%t” ’axz'
P 4

-rf e
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Exemple. shew Pt T -?m\c)um w(xy) - -CXSM‘J. (s a Soluhon af LmPIaCe's
E‘fuudié't~

2 2 ; X 2
oyt 24> X v o
:a.'f_.ze, M‘A )h““ ,__e,xSmé-@
ot Y
2 2 X X
el oo, taérfa ~ = ¢ Shi_e i =4
2% 99
EXMWF(Q‘, Ve/(l.% ‘”M}'m "E‘“\C}'-O‘" Ul(x,g):Sin(x_a;l') Sahsties The wave
CQquL'on.
“ou falu\ 2
i = -a.&’%(’x_.au(:) — qt" 2 vl .S‘M(x..&f)
ou ¥ (32“ ;
6 C’ﬁ(x—@t) = ;X—’L i ‘%m(?{—at)
2
DU o % 2 *
- = - Sn(xat) = (- sm(z-o.t\) k0
2t P
| 2
2
9 u 9u Wheoh veans U(xy4)= S:m(x-a.t‘:)

= q—t" =20 2
£ Sahsfes Tha eq. o wave.




