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We hove already discussed The Concept o direckonal derivahves, The pParhiod derivakves
are direchonad derivahives but very s?w'ﬁ'c shes - The partial derivahives are
direchiana) derivatfives ah""a x-axs ond goaws. Now, we wonf & exfend Tha
‘dea.. Mow do we g,'vtc‘ T directional defivafives ""’"‘3 % gven d\'(edt‘m?
We need o direchon & defona. Tha divechional derivah\e , say (Loa,b)y ; where
* s a unk vector. (we do not ot Tk«-mani‘hulc 0’-? the vecter chenges The
Slo’:e o T derivattve).

Note: ‘the Vector (X needs & be in xa-P\m(ﬂw Somee LWy 'ﬁu.JL x-axis omd

-0's are (n 2§ - Plans) - Alse note Mt we 0w Rud T direchonad derivafive

a,’avtg @ 3D vecter n space, u=<{8,b, C7 yioF e donat discuss & hare

af The Pau'v\_}‘.

Suppose That Now we wish & Bud T ate of chonge d;Q z. Ping) oF

(%, Jo) (v The dice chion of o “biﬁ”é wnch e ctor L—::<a,b> . we kiow
Thad P (%o, Yo, %) bies on T sucface S. The vertical Ploane Tht Passes Thmugh
PO\‘V\* P and is Fm},{e/\ T Ww, CWS?C}S S noa Curve C.The SloPe o Ths—

Towgenk Wne af Qoint P (%, ge) 2.) o The fafe of chage o 2 n T

dive ckon a’1'9 .
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[f we picde onelher point on curve C, Saq @(xg, 2) and look at Tl progection
_-?

032 Pa Curve onto X4-Plans, We See ‘J@’, e The ﬁ;’o-re e Sea: That PR’ s
a,(a-na,'m._Sm direction as w bul has a &%&'\f mnjm',‘f‘u.de-'

?,Q/= ’R ® = <ha, hb> (h s a scaler e
[-ﬁ we #m.d, The maawl'hdc n-? PrOJQCﬁO‘V\ a£ P’Q/ uo_“a x-a%S ond 3—0«:&5

( c""ﬁ-;é', Conrp P'Q') We See: x-% = ha x= Xo +ha
J 0 :"ia=3“m

X, xot WM&, Jo+hb -¥(9‘o: o

AZ=Z- P £(7,d)_£(x" Uo)—ZP %2 s zh?—o : ?( x d/—;‘ ) d )

TPwe Calewake The dmik whn A—b0, we obtaim T rate of choge of Zon
The directhon b‘.ﬁ &

Theorem: The direchirna) derivahice o f ot (%o 4p) n The direchion of uncth veckor

_J':<°‘)b> (s
Dufo(yo’do) = Ao ’P(y"*k“’ 3:{:""1‘)-&"”3-) {f The ,é’uwj' } exdists,
o

In Jemun), we msﬂa wfe Tl ﬁouow{n& Theorem For guy Calculaons :
Theorem: Tf 1?('5 a differendiohle ‘RMC"L'“ "£ X and ¢ | Thenm 59 has 4 directional
derivahve (v The dorech o Of 0% Ve ctor (I:(o;, b> omd :

D, fog) - 000 &+ fy(ma) b
aou Com Rrd Th proef of This Theorem (n Pqe A48 and 149 o4 gour beok -

Note: I the wnk Vector makes on angle @ w/ T positive XS ) than we Con
N fe K:(CAO; Sm8> (Nohce That w (s & unih vechr tso)
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E romple: Fivd Tl direchionad derijafive DMQ(*’U) iy %?(x,d) S g + "‘d}owu:l
n (s Thae wndk vector @f"m ba The “"‘d(‘" 9=%—- W hat g 'DUL-FU,&\ 7
¥*=372-33 ’Dupsgbk-rfa\o
oty D.F- (29}
L=l oo sy (@2, Sin s =12, 1 33-3)

= ’Dw‘P(ng): (31\1— 3&1>% RS (9;2—3) \/1 K5 % 3\/.3_

The Gradient Vector
MOh:CC- %AM TlM. P(ev“ous T‘kwrm 'Du¥(7,a) = £X ('x,a) o + «ﬁa (Xaa) L Con be, u)ﬂ””‘w
(n terms bﬁ dot pro duct »—# Two vecters :

fDqu('x,a): <£x(x,a),%(x,u)>.<a,b> = <£,(,/1Pd>.-tf

The 'P:fs+ Vector (n dot PfﬂlMO“, <£x’ % >, OCeurs %ﬁ?&&ﬂﬁ& on Mathemakes.
Therefore , we are Going 6 give it a Specio) Wome The Gradient Veckor, and we
will use a sSpeciod netakion -Pof ¢t 8“‘4 £y or V£, wWlion (5 mead Tdel f"
De{e{m'km:

If £is a fanckion o tuwo Variahles x, and 4, Hom The gradiead of £ &5 4 veckor fanchom
deﬂ'md b& :

V§- Vf(x;a) =<f,tm) ) ému& :_:ari_f ¢ +_2_§ J
Exaple: I Png) = Sin x 2 € ? Qud Vh (o).
V7€=<£xﬂ?d> g <C03x«—aex&7 xe"3>

V¥(O,l) = < (S 0 + \Qw, 060“ > =<2)0>
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Note. US\'M.a,‘{'fu',’ new notakion, we cam write Du. JQ("‘)a) = V’-)?(x,('j) L&

Example. Find fha diechonal derivative b'fl'l'h,_gmdw“‘ P(x,a):x33. Ye at The
poiad (2,-1) (n The diteckion o vechr V- Ac+ 5.
V Av4 55 - = 5

= 2¢ ? ¥ \/c}b &:: = =
V-Qtr5a s et & vk vechr =7 7 = Ty T &

v¥ . (?x; £3»>= <2"(j3) 39‘232—‘1)

VE[ 2,4) =< 2a) ()5 BL2) (- \)L_q> DI

DO T E 0y (o Fr = R

32

=P rDu/?( 25-1)= m

Func fions a—:’,J Three VariableS:
-fc Funchoms of Three Variables we can define direchenal deriyahies i a Similar
monnet - It Can be inferpreted as The fute a-P chaw, ofm PMCJLM n T

direchon Oﬁ & Gk Veelir -
Dekmﬁm o orechenal deﬁud'vgdﬁ ?d (Xe 85y 20) in The direchon of o wnit

vecker W=Ca,by Cy (S
‘P("M‘IM) Jo + Wby Zoxhe)_ £ dos 2.) if Thas Lok excsts.

.DuP(xo)yo’Zo) =
h—g A
Note. we Com wrcte adl 1 previous %(Mu,l&) fra Pumaﬁo-v\ o-e Three Variales X, J,
ond 2.

D, -P(x,a,z)‘:%(”d’?) o +7€ (%9,2) b +£(x,;,;) C

&
V£ "’372 <Px}£a) —--———L -q—ia__{_—. ’a£)—:

Dw'g(X)a;Z\ * V'ﬁ(%d,%) . U\-
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Exomple: 144 f(x,g, Z)=A Siwg?}. (&) Find ‘l’k..aro.nl«'a\i' 0:? f ond (b) Aud the
direchiona) derivative a:? ? at (\,3,0) i The direchion efﬁ T-/LL... 23-K

V£‘<7P7f’£3’7£2>= { i3, x2CHYT , XY 0’353>
=> VF(1,30) =S ,3> =£0,0,3>

\ ; < \

Ve ivagote So The vk vechr o V(s U G# - K
N[ i (+4
ot 3o N
T e
:7@2:‘77@-& .—.<0,0,?>>. RIS S5 S 3 3
kW T i

Mcxot(W\{i\%(mé"fkg, direchional derivative

Suppose e K Simction of tuwo er Three Variables ond We Consider aAl possible
direchonal derivahives mp ¥ at a gven '\>o\‘VU(-- These f’q)(eSo/\j' The rate of dwgc

0? f n oM Poss.'b(e direchons- Now The ‘{“‘641'0'" S, m whch direchion does -P Change

‘Fo»S‘{(S"é what s The Max rate oA Chorge-

TI\.wrm-. [-e f(s o J"f&(m}[ﬁ'b‘e, ’P““\C/"lmq ’P tio or Theee van"a/bles . m Max
value o directimal derivakve s || and i+ occars whon & has The Seme

diorechon as The (1rad4;mf ve ctor-

Duf- UF- & = |0f]. |2l cno = |vf[ @16 So,mex valuss 2 DL i
@’}'idu \Vf\ ond + ocewrs whon

B0 &Y Ces8=\-
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E’Xample,: 1f f{x,y):xeg, ﬁvd The rafe o d‘"‘ﬁ" of f at peint (2,0) in The direchion
4 P—é wiTh Q(’/z,) 2): In what divechon does ﬁ have The maximum rate of Ch‘“"df?

what (s The Mox vate of Change

CJ’@PW l"\/

PQ g L 3 have &
PQ= P o2o 2 0 :<_3 3 Thr S M‘f‘awuj’\leulefmclwi e
< - > i > foud T ok vechor tn The direckion 4 PQ

gy 3 3 ‘ S S e
_T:P L = - P ¢ = <-__ A = _——< 7-7
|Pa | a 7,“1—"! ! > ,fzﬂs 5 )

Da,?(na);<s?,,£d>,; i, s
Difnal s < ey 2’y (-Luny 2 = WG Rid S =R gw )

z

L

gty '—:PL'D: ¥(2,o) < T{

ﬂccor&"“@ & The Theerem, f (ncresSes £03+¢5+ n The direchion of T~ grul‘w}“ Vector
V?(ﬂ,o):(\,a> and The Max rate (s |<1,29|2V5  ( when =0 sud D.£=\VF1)

EW“-""‘P(Q‘. SUﬂJoSe .t ‘f’k.‘l’&«?e!dure. aul' a Poin (X545 2) n Space S g ven loa. The fouodl'“a

V‘d"h—‘MSI’“P v Tz g 2= : lg: 3, it ) wheae T°& neasred J‘Jf'“—s
L st ;
Celsius amd x;9) 2 i mefers. Tn wk?c)\ ditechiom does The femperature (nCrRase fostest

QJ'TN_FO\O\:Q’ thhLA) 7 what ¢s Hhe Mox rate D’£ C'\crfuuk,?.

> -0 (2x) -2 (4y) : -R0(62) >
<(\+xz‘_ldz* 322)1’ k‘{»xz“’ 261* 322)1 (‘fxl‘,_zd).* 3?2)1
> Ur. x5 tay 3o 6
= X ,-2Y - o SR TR e -\,-2,6
(er’ 2924 32°)° < d > Wil 1+.1+g(,,2.,3(-,_;“< g
d

=P VT(1,-2)=2(-i- 234 6k)

7
The € (nCreases ‘f@qu‘ w Thay direch omn
T Mg M=\VTI:€_m o w4

?



Chapter I/ Direchona) Derivatkives and The Gradient vector Eabe g
Section 4.6

Taﬁﬂevd‘ planes 6 Swrfaces:
Suppese Sis o Surface W/ €4 Plxyg,2)= k) end let P(Xer g, 20) be @ point

o . let C be on4 curve ot lieS g0t The Su/'ﬁ:\c'e S and passes ﬂ»fouah The
Corve That! Com be descrd bed "5 o« Conrmows veclor

Po\'vd'P’ C is & Space
Z2(£)) . Since Curve C lees on Sur,%ce Sy any ?o.‘n}

Runchion T(8) =< x(t), YLt
(xtt1 36, 20) wush sahsfy Th- €9. ol To- Swrface »

F( xe), §ie) ) E)) =K
lets take T dervatives ,,-P both Swcles w/ fesPea‘/ﬁ' t (usg The chain vule)
dZ

?F i”__ E—F——'—'—:‘O___ 7 ’)'2/,:
%_5_.% +_:a—6— it X 2 dt =¥V <¥X,£a,£2>.<X(t))a(t) (t>0
=t YF"”'(t)-:o \
% Note: This QLIM;L-M s04s that af an arbitracy point & The s
ue'c}"( ot M?O(M (S PUPMOZ«CUJMK Mgl ‘f‘m«‘.’o\f Veckor
o S Yhat passes Theowgh P.

u-(’-‘ﬁ\.:ﬁ) m—' 3{0.4('41\1_
VA M('j curve <

VF (xg, ¥o» 20)

% Noter [f VF=£, we Com define 7. tangemt Plons
e The Su(?aqa ﬁx,a,z):k ot P(XosY0 5 Zo) &S The
Plone That Passes 'Throvdt\ P and Nas a nomal

Veckor TF(¥eydes20)- The 2q. of They Tosgend
Plane Would be n T Porm oFf:

tangent plane

F; (koa 5.,20) (x"’(°) + F} ('7(,, 5’720)(3'3') + Fi (7(07507 2,) (2‘20) =0

The nermael jm(, g ot 'P s 'ﬂ\._,&m ?aussa'v\? ﬁ/\foujlq FMd Per pendiculor A T~
‘f’a«ao«-’?‘ P\w. /}Jow'vx, y O QL‘redL'm a—g m nermal LWne & gt'uu\ ‘o;}_ The Jl‘o.t[xo\f
Ve&ﬁf VF \’xo)lao)Zc).

x-%¢ = 8—?{" Z2-Zs

F;(("(ndw%o} F& l'xa)‘ao) 20) 2 Fg "Xo;'do, 20)
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E}(azwple: Fnd Tkg.e7udz‘ms of The ‘haﬁu\,( PIW and netmal bne af The point
(-21,-3%) & T &N('PSO‘.J: 9(9\ -r 3—2} 2> .
¥ 9

VHME (2 8 2D 5 Bi(o ) €Lz 2y

E7. of fangent Plone —\(x+2)+2(9-1) -2 (243) =0
4[¥ we Sl'MF“% (ﬂ'ﬂé 3‘37-€a~1~22 + |8=0 A

sgmmetnic €4e of Tho normed line are:
x+ % > P 24+3
S = 77_S




