C,‘\QP{'E( "1 MA‘X\'MUM and M Values Paae \/
Sechion 4. F

In Mafle 2R, we caveshgated the comcept of Max ond Min Values o} o single
Vorcalde funchion n detnils . In Theo Sechion we g6 over to files, difimh,
o Theorems o¥ g‘nda'ﬂa Mox and Min Volue o} o mulhVorioable $amcfeon 4 form
Z: —P(x,a).‘ﬂ\._ process ¢s very similor & what we lamed ¢a Math 24 bt we
Just apply fuum on mulbivarioble Fun cle ons-

let's Je over The Theorems ond c/eﬁ'n;‘hbvs $or & S.'njlc
('TL;) (S 6 veview éffw Mot 9—*)

voriable Sunchon g= Fx)

Fermot’s Theorem: I€ £ has o loced Max or local Min at z=¢, nd f %")
excsts s Fhen f’(c):o.

n oTher words , (.? -f,(c);o or ¥,(x)=o,we do not necessari iy have o local Mox or
alocal Min ot 2-¢c. 2§ P 132" Plorzo bt we do Not howe o

/ locad Max or Min ot x=0

Definition: Acnhcn) nuwber (cr\thJ and')o—ﬁ £ (s onumber C - domosn
°'£ The ?W“U‘w"‘ swch That ’-?,(c):o ev ¥/(o) DNE. or §1x) DNE
mc.fcfe, erery Loco) M e Max (s & Crchicod number and 1?/(7():0\0\/)‘ fhat Pa\"d’
bat 0‘? Coorse , tha (s net cervect (n aauuw\. ( Agoin oo Con Wave ;’u\:o for

Points That are wot (oca| Max or locad M"“)
Nete: E;romP(e, Por @ local Min for tla Cose That ?l(x) does - Mot exist

% g=\x\
/ we hove a local ML'V\OJ’ xX=0

‘ bat ﬁfo) deeg MST Q‘XCS""

v

The Secomd Denvative Test:
) I £le) =0 and ¥,Zc)>o, Thn £ hos o lecad Min of €

b) £¥ ?f(C) =0 amd .?,,(c\<o, Them ¥ has & lecal Max ot C




C,Aa.P(‘ex l“\/ Maximum ond Miumuwmt Vo lueg P"‘ﬁe Q_/
Sechom 14-F

Now, [ets °‘PP'{) Similax Concepts o wse perftad dervafives & locate Mayima
and Mimma @ Funchons of fuwo Variohles .

Definction: # funchirn of 150 variables has o _local Maximam ot (a,b) ¢f
-)E('x,;j)g :?(a,b) wWhon (%99 ) ¢s near (gyb). The number %(a,b) (s Called a local

M&‘){\'MM‘VMM- T‘)e ﬁ(x,a) > ¢ ¥(Q,L) whan (x59) s W(aob), Then ? has o
loca) mentmum ot (a,b) and ¥(d,b) (s a lecal Mhimum Vadue -

Theorem: I£ £ hos o local Max or Min at (ayh) 5 ond e Ryst Poc el

deri vah ves 0‘? 4? exists ‘anc, “then :F‘x (&,b) -g omd f,??(a,b), g .
(T3 Theorem is Sinlar & Fermats ‘Tkwrem)

Note: A point (a,b) (s Called o O hical point or stafionacy Point of ¥ 4
%("‘75\=07 ond fg(%b)w, or iie one o These Pa,h'ul denvafives {oes
not e’Xt'S{'.

Exomple: Let finy) - xz,.az_ax-63+lq. Find Tl Orckical point of £ Poad ot

Whether this Point is o [ocad Max of o locak Min.

Fist pue set T packal derivahives equal & Zers

‘70= 2x_.2 =o =p x=| o TS0 e ealic Pciw}rg 5
Fedgeb co =328 supe
By Camf(ukwa T squeres we Wil hare :

Piosgle {x-0" w139 ¢4 (217 0 ond (3-3)"y0

= w9 3
50 The Pornt (1,3) ¢ fle abeolute minimum o the Funlthion

Natce U)L‘, (‘5))’_ .1 =5 = %(\;3\ !



Maxomom ond  Miumum Volue$ Page 2

Chopter H/
sechon 4.7

ExampPle . Find fhe extreme Values of ¥(1,3)= 32—72',
3?;(-- 2x {3:23 — (6,0) (s Th ondy erikies) print of ,Q(,c,a)
(0,0 (5 righk s T 8730 o Tl Gordinade systen { gust o ot §
Values). Z§ ve set xzo ond move alevy 4 ands
JQ\*;J): UL so (90) wenld act as The MM
if we set J=0 omd weove alory x - axS
"}W’a)z =X T 50 10,0) wenld act as Ho Maximuw
S0 loj0) s met om extreme valur ( Moy or M) Kor Lx4)-
s Thes ?oiw} is Called o Seddle pownt of 5.

o\ | A

P ¢

%
Secend Derivakive Test: Suppose The second poctial dercvatives of £ e cmbnuons

o @ disk with Cofer (65) and Soppete That Fr(ah)=0 and Fy(29) =0 [that
(s, (ab) (s a orhicad peint &P £].

Rnx 7?7:3 X
let D be \ﬁax %‘)‘3 = f,x'faa" (¥7(‘&)

o) If Dyo and £, (asb) Yo, Then ﬁ(a,b) (s a [ocal MMimuwmt.

b) 1€ Dro  and fru (05 4o, faun Flash) s & (ocal Moaximmm.

C\If DLo 5 Then Llayb) is not a local Max or locoal Mon. Ty point
(5 called a Saddle Point.



CI\"F'l'(J’ H/ Magimum omd Minimum Velues P"Oe"-l/
seckon /4-F

Nete : [fD:O, The test Geves he Cngsmo.ﬁw : 79 could Mave o [oca) Mn, or &
loco\ Moax at (ash) or (2yb) could be # saddle ’:o.’.d-.
E’YOMP(QA Rud Tlee (locan Max aud Min values and saddle Poild‘s b—:f.
'?(%d): ?(‘-{Ta l—\- l-fxa +|
let’s Poud T kel pornds o £ -

3
L*XS.-L‘ =0 = 7‘-3:0
7& :li.xs_l_(g ’ ﬁa: Lfds—b‘x =% ﬂ 3

. 453—47=o = JS—x:o
x :‘J =p (){3) LR SO

S ke ki ke e

X=o
Zoly . ‘x,f,@nﬁrwt‘sa@m.eq.
X=-\ | S The crihicad Poinds o (0,0), (1,1), (-1,-1)

Now, hets Calculate Tl Second pactiad derohies 6 gomstruct D -

‘f'xx - iy ) fgaﬂla,z . ’-ﬁ'xa=fayc:—4
g -9
L= g

X o) : D 14d(e)-16 =-16&0 5 (21°) (5 The Saddle poiuk by tw
% Q(o’ ) ( Sasond darcush e teit .

\ =p D= A" xzal_\é

.fo( ‘?’(\)“: D: ‘HL\U)—\G >0 ) ‘P?‘?(: l?\’)(z =\A e
S0 (‘)‘) (s & \erMMu_Mb‘? -?(vx,&)

& o
for f'(-l,_l) D= l"f“l(\)_,|5>@ - gx'x’ \1(-\) )o"‘.lfhxf_g e,

(415-1) (s adso & [ocal Minimum . f }
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Example: Find tia Shortest distonce From t— Prinf (1,0, -2) & Th plone
X+ 23—“‘ 2 :L“'.

The distonce befiseen (1,0,-2) and MNL:HUJ, Poi\d‘ on e P\m (%:4,%)

% odpaded 5 dale 2 el at aeal
-
- Q‘ = ('X-l)l-f 521—(212)2 ) We kKnow T‘(NJ' 2 (s o T P\@W-

W et xsticpalt o N 4 04
2

__t > 5

&k 0(1: k'x—\) +az-\- QL‘*—K—QJ 1—1)
. . - 2

New , Lef's &VLJ T Values a¥ Xy amd 3 W MM""“S‘S d

‘)'ox= 2(x-1) ¢ 2(-1) (4-x- 2540) _ 9x. 9 0% iy 12 =Hxily-14

‘fa = .23 > 2&_11 (6~_7;,23) < 23 _l"“ -\-"‘)6-7?3_ - LOJ 1—%6—7—‘*

e ma >[8:%|
§ & Zero \ Uxyiof =24 4x 3 = m
Hx + 20 :-—L-‘-i;—‘ =7"*7t—-—.§——17

59 ("‘)— s The criReal Fow‘-# o 1 M""
'fxx'-?q P ?aa - 10 ) f‘xa:‘fax—,q ﬁD—; \Li \0\ l’\o '6 = 9~L\>O

2
D 53 . i B Bl
|>,0, f?" >0 =3y %)-—5—) (S & hanamow & ( d) a 'hq,_

Secevsl derivethie fest.




Q\&PM m / Max'mum omd Mmoot Values chc,é/
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E;mmp(e,-. ﬁ'fec}acvuja/ box W/o o Lid (s & be made ﬁ”" (A mlo;P Card board .
Fud The Maximun VOIUMAQ._&:P- suedh box-

12-%Y
M\: 2X2‘+132+x3=‘1 = 2(7_7;-\—15\:\1-763 —._-72" Qkx*.a)
Bo\y—floes Not have alid .
Ao hii. = xaz_ 7 7( (\Q 7‘3 - |2¥a ..)(.Zdl
9~(x+d)
3( x+J)
(al:(\/xz 31(ll-lx&-71) , rav:,va: xi(lz-a\x;-az
ax ’1(7(1—3)7— 24 l(x-i—a)l
/VDK :'Va =0 (we Sef These 27‘(41 & Zvo G ﬁftcl 95 C(t‘HCM Fm'id‘ "‘p ’V)

X=J=0 (s sne Solubliom bed ot Jives Velvme =f 5o Ue fec)-{oj S

12-2x4 -4 %= 1‘ X=J (S &solufiom of thue egs.

(i -Zxg N’

2 2 = =
= \Q,XX(x)_X =0 =p |\2-3%x =0 =p X =H, x=12

bk we fegect x=-2 (leyhh Com net be nﬂajyz,)

wy 1,5 lo’r \x (L,a Q,Z—J’\Z’ i 5 9\K

3\(241)

We Com use The secomnd der'yohve test & Z _§ =
prove That This point is The Max Valur 4 v



0 and Mdnd Vedues
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In Math 28 we learned that in order o CalCalake The absolube Mox and Miu o
a fuuc,h‘m, g'rsf we Fnd The (ocal Max and The locod Min Values ¢£ 5 .PMQ,J-,_M snd
Hen wWe checlc The values oﬁ tm fumchon ot Thoe boundones of 41 geven
inkervay [ab]. Thon we Compore fla), f(4) end all Tl [ecad Moy and (pcal
Ming 5 Fond The absolute Values (Absolde Min ond absolufe Max values) of
'ﬂupr.ccss a—ﬁ %ML g Absolute Max and Absolude M{.\o-ﬂ ‘ﬁm(’,‘h‘ms af Teo
Variables (s Very Simdars
+ To %44 . absolude Max ond Min Values "P o Corfnuovs «KMC}LM «Q
oM o cloSc&, bounded set D
[- Fwd The Velues 0,9 ﬁ at the aitico) ?m‘vd‘s 0£ ¥ (n D ( Llocal waﬁ Local M«‘w\
2. Find e extremse Values #; on The boM.dJJ, o{’» D

3= The ‘MJ€S+ 0£ The values %ow\ S‘f’C»P ’/ and %/ S Th. a_,bSOqu‘c_ Mot mom ond
The Smallest of thase Values (s The obsolate nunimum Value .

Examples Find flo absohbe Max e d Min vahies of Punchim $(ng) =x~ 2xp + 2
on &Cp‘ﬁﬂ\dlf, D:% (%s9) \ 0\(7($ ?:) Oéa Sl} >

hPl: f (S a ’Po\amw so ¢+ (s MMOU_,S o @M{QD (({— (S Conflnmaons O«IRZ)

w21t ‘a0 =
yx- s e (L1) s & erchical Po:wf*t’—-?» £

4a= -Q_X-Q-z =0 =p X=|

ﬂ\,\\ ey 2(00) « 20) =)
step2: Nou, lets boole at the valuss of F on o bondary of I

~
(0,2 | __ __f_}_ ____-_1('5)"’

L'"t B ELL

(0,9) L' (3)°)

| Go & tho Next poge)
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Sechen 14.7

m«L‘ we have = , {Z(x,o)zxz, ogx¢ 3
=g ¥(x,o) mreaSes as w< o g'ow\ wel 1§ -Kxd 7?( 3,0): 9

6 Ly we hawe x-3 , 3?('5,5)_, . 65,.23 =9-9% 5 o3 <2

F(3s4) decresses as we Jo from 0 582 | $(3,2). |
MLy we e 94-4, £(2%2) = x_Yx+d, 0gx$3
fix,) - (76-1)2 So The Min Value o0 Thy howndary s .f(z,l)so
ond cts Max Value (s F(0,2)=4 -
OMLL' we l’LﬂAIL X =0 , og#éz} f(o’a): 2} wWihh Th- max. velue
beivg  £(0,2) : 4 aud The minimem Vslne on Ly boundory o] £(,0)2 0.
Step 3. We Gmpore The vadues (1 Steps Iy omd %
Crihcal Po{b\*: ¥(|,l):\
f('qu):ﬁ
f(32).
¥ (2,2).0
£(0,2) =4
£(°)°)=0
Conefus fon: ¥(0,o):'£(2,2—)=0:'f1\.. obsoluke Minimo

£(%0) -9 : The absolude Maximom .



