Chapter 1 Calculus on Euclidean Space

Introduction

[ Calculus on Euclidean space (A The wedge product
[ Tangent Vectors and tangent space (A The differential operator d
[ The space of differential forms [ The differential of a mapping

1.1 Euclidean Space

Definition 1.1

Euclidean 3-space R3 is the set of all ordered triples of real numbers. Such a triple

p = (p1,p2, p3) is called a point of R3,

)
By last chapter, R? is a vector space.
On R3, there are three natural real-valued functions x,y, z, defined by
x(p) =p1, y(P)=p2 2(pP)=ps
These functions are called natural coordinate functions of R3. a

Remark We shall also use index notation for these functions, writing

1=, T2=Y, I3==zZ.

Definition 1.3

A real-valued function f on R3 is differentiable (or infinitely differentiable, or smooth, or

of class C*°) provided all partial derivatives of f, of all orders, exist and are continuous.

As we know from the previous chapter, the space of smooth functions forms a vector space,

that is, let f, g be two smooth functions of R? and let A € R, we have

(f+9)P)=fP)+9P), Af)P)=Af(p)
In addition, we have

(f9)(p) = f(P)g(p)-

The space of smooth functions, with respect to the three operations: addition, scalar multiplica-

tion, and the multiplication forms an algebra.
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1.2 Tangent Vectors

1.2 Tangent Vectors

Definition 1.4

A tangent vector, or a vector Vp to R3 consists of two points of R3: its vector part v and

its point of application p.

&

Definition 1.5

Let p be a point of R3. The set Ty (R3) consisting of all tangent vectors that have p as

point of application is called the tangent space of R at p.

&

Tangent space is a vector space.

Definition 1.6

A tangent vector field, or a vector field V on R? is a function that assigns to each point p

of R? a tangent vector V (p) to R3 at p.
' 3

Vector field is one of the most important concepts in differential geometry. By the above
definition, a vector field is just a vector valued function. This is because R? is a flat space, and
hence there are global basis under which all tangent spaces can be identified as R3. In general,
a vector field defines a different type of “functions” comparing to the traditional one.

By definition, a vector field doesn’t have to be smooth. However, in this course, we

always assume it is smooth (or at least of C3) when regarding it as a vector-valued function.

The domain of a vector field doesn’t have to be on the whole R?: it could be an open set of
R3, or a curve or a surface in R3. In the latter to cases, we say that the vector field is along the
curve or surface.

The space of vector fields is obviously a vector space. However, it has finer structure than
that. It is a module over the algebra of smooth functions.

There are two operations on the space of vector fields: addition and scalar multiplication.

Let V, W be two vector fields such that V' = v;U;, W = w;U;. Let A € R. Then we can define

V+W= Z(Uz + wi)Ui

AV =" ()i

Moreover, let f be a smooth function of R3. Then we can define

(fV)(p) = f(P)V(P)

for all p. Of course, such kind of multiplication can be localized to the case when V" and f are
only defined on a subset of R3.
The scalar multiplication coincides with the above multiplication by regarding a scalar as

a constant function.



1.3 Directional Derivatives

@ Note We can also say that the space of vector fields is a module over the ring of smooth
functions. But the algebra of smooth functions carries more structure than the ring structure of
smooth functions: it has the additional scalar multiple structure. Therefore it is better to say the

module over the algebra of smooth functions than that over the ring of smooth functions.

Definition 1.7

Let Uy, Us and Us be the vector fields on R? such that

Ui(p) = (1,0,0)p
Uz(p) = (0,1,0)p
U3(P) = (0, 0, 1)p
for each p of R3. We call {Uy,Us, Us} the natural frame field of R3.

&

Remark For fixed point, {Uy, U, Us} provides the standard basis of R?, usually expressed as
{e].7 €2, e3}-

The following result is a generalization of what we have learned in linear algebra.

If V is a vector field of R3, then there are three uniquely determined real-valued functions

v1, V2, v3 on R3 such that

V = vU; + voUs + v3Us.

These three functions are called Euclidean coordinate functions of V.

@

Proof. For fixed p € R?, V(p) defines a vector in R3, therefore there is unique
numbers vy (p), v2(p), and v3(p) such that

V(p) = vi(p)Ui(p) + v2(p)U2(p) + v3(p)Us(p)-
Thus
V= ’UZ‘UZ‘

by definition. |

1.3 Directional Derivatives

Definition 1.8

Let f be a differentiable real-valued function on R3, and let vp € Tp (R3) be a tangent

vector to R3. Then the number

vp[f] = %(f(p + tv))]i=o0

is called the derivative of f with respect to vy




1.4 Curves in R?

It is called the directional derivative because p + tv for non-negative real number t
represents a ray starting from p in the direction v. We have encountered directional derivative
in Calculus. Here the emphasis is that “vector” (which is an algebraic concept) can be identified

as a “derivative” (which is a calculus concept).

Ifvp = (v1,v2,v3) is a tangent vector to R?, then

Z Ul 8:1@1

Let p = (p1,p2,p3): then

p + tv = (p1 + tvr, p2 + tva, p3 + tvs).

We then
d of
vplf] = 2, (f(P +1v))le=0 = o ~—(p)vi.
|

Example 1.1 Let f(z,y,2) = 2%yz. Let p = (1,1,0) and v = (1,0, —3). Then

% _ of _ » of _

or 22y, oy v 9. Y
Thus

of of of

5P =0 5.e)=0. ) =1
Thenfore

vplf] =0+0+1-(=3) = -3.

Let f and g be functions on R3, vp and wy, tangent vectors, a and b numbers. Then
o (avp + bwp)[f] = avp[f] + bwp[f];
o vp(af + bg) = avp|f] + buplg];
o vp[fgl = vplf]-9(P) + f(P) - vplg]-

Only the 3rd equation is new, which can be proved using Lemma 1.2: We

have

vplfg] = vi aéj;f) (p) = vif(p) gai (p) +vig(p) gai

(p)-
By definition, we have

vplfgl = vplf] - 9(P) + f(P) - vplg]-




1.4 Curves in R?

1.4 Curves in R?

One of the fundamental questions in curve theory is: how to define a curve? In Euclidean
geometry, only two kinds of curves are studied: straight line and circle. In analytic geometry,
we study parabola, ellipse, and hyperbola. These curves have quite explicit geometric meanings.
For example, an ellipse is the the set of all points in a plane such that the sum of the distances
from two fixed points (foci) is constant. If we want to study more general curves, we should not
expect them have clear geometric meanings.

In differential geometry, we define a curve in R? by a function
a:l =R at) = (ar(t), aa(t), as(t)),

where [ is an open interval. In order to use calculus, we usually assume that such a function is

smooth.

Definition 1.9

A curve in R3 is a differentiable function o : I — R3 from an open interval into R>.

&

We shall give a couple of examples of curves.
Example 1.2 (Straight Line) A straight line can be expressed best using the vector notations. Let

P, q be two vectors and let q # 0. Then we can use

a(t) =p+tq
to represent a curve with direction q.

Example 1.3 (Helix) The parameter equations for a circle (in R?) can be expressed by
t— (acost,asint,0).
If we allow this curve to rise , then we obtain a selix o : R — R3, given by the formula
a(t) = (acost,asint, bt),

where a > 0 and b # 0.

FIG. 1.7



1.4 Curves in R3

Definition 1.10

Let o : T — R3 be a curve in R3 with o = (a1, a0, 3). For each number t € I, the

velocity vector of a at t is the tangent vector
dOzl da2 da3
") = | ==(t), ==(t), —(¢
(0 = (. dto,dt())a(t)

at the point a(t) in R3,

a’(t)

Example 1.4 For the helix,
a(t) = (acost,asint, bt),

the velocity vector is

o/ (t) = (—asint,acost,b) ).

Definition 1.11

Leta: I — R3 be a curve. If h : J — I is a differentiable function on an open interval

J, then the composition function
B=a(h):J—R?

is a curve called a reparametrization of o by h.

)
@ Note The above definition is a key concept. See the next lemma.
If B is the reparametrization of « by h, then
d
B(s) = . ol(h(s).
@
Proof. This is a straightforward application of the chain rule.
|
Let o be a curve in R? and let f be a differentiable function on R3. Then
d(f(e))
o ()f] = — (@)
@

We end up this section by a discussion of dual space.

20
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1.4 Curves in R?

Dual Space

Definition 1.12

Given any vector space V, the dual space V* is defined as the set of all linear transforma-

tions ¢ : V. — R. The dual space is a vector space by the following definition of addition

and scalar multiplication.

(o +¥)(z) = o(z) + ¥(z)
(ap)(z) = a(e(z))
forall ;v € V* and a € R, © € V. Elements of V* is called a covector, or linear

functional, or a one-form.

&

Example 1.5 On R", any linear function
U(x) =ciz1 + -+ ey,

where x = (z1,- -+ ,x,) and ¢, - - - , ¢, being real numbers, is a liner functional.

Example 1.6 Let C([0, 1]) be the vector space of continuous functions over [0, 1]. Then

Fio /01 F)dz

defines a linear functional.

Example 1.7 Let p € R3. Let v, be a vector on T (R3). Then the directional derivative

= vplf]

is a linear functional on the vector space of differentiable functions.
Here is a good video of the dual space. The first 8 minutes is useful, and the

last part is beyond the scope of this course.

Let V be a finite dimensional vector space and let { , ) be an inner product of V.. Letx € V.
Then it defines a linear functional lx such that lx(y) = (X,y) foranyy € V; conversely,
let ¢ be a linear functional, then there is a unique x € V such that {(y) = (x,y) for any
yeV.

In order words, every linear functional can be represented, through a fixed inner product,
as an element of the vector space.

We elaborate the Riesz Representation Theorem in the context of the vector space R"
with the dot product. Let x € R", and let ¢ be a linear functional. By the above theorem, there
is a vector c such that

(x)=c-x=c1x1+ + cpTp.

In this way, the dual space of R™ can be identified to R™.

There is an infinite dimensional version of the Riesz Representation Theorem on normed

21


https://www.youtube.com/watch?v=SjCs_HyYtSo

1.5 1-forms

vector space, but the linear functional in question needs to be replaced by bounded linear
functional.
The linear algebra over infinite dimensional vector spaces is called Functional

Analysis.

1.5 1-forms

Definition 1.13

A 1-form ¢ on R3 is a real-valued function on the set of all tangent vectors to R? such that

¢ is linear at each point, that is,
d(av + bw) = ad(v) + bp(w)

for any number a, b and tangent vectors v, w at the same point of R3.%

“Recall in Definition 1.4, a vector on R? is a pair (p, v), where p € R? and v is the vector part.

&

As before, the space of 1-forms is a module over the algebra of smooth functions. Let ¢, ¢

be two 1-forms; let v be a vector on R?; let A € R. Then we can define

(e +¥)(v) = o(v) + ¥ (v); (Ap)(v) = Ap(v).
Note ¢(v) is a smooth function on R3. Let f be a smooth function. Let v, be the vector part of

V.

(fe)(vp) = f(P)p(vp).

In fact, there is a natural way to extend a 1-from as a function over vector fields. A 1-form
is a linear functional in two ways: first, it is a linear functional over the vector space of vector
fields, that is, if ¢ is a 1-form, for any vector field v, (p(v))(p) = ¢(vp) is a smooth function;

second, for any fixed point p, ¢ is a linear functional over Tp, (R?).

Definition 1.14

If f is a differentiable function on R3. Then df is a 1-form defined by
df (vp) = vp[f].

Example 1.8 1-forms on R3: by the above definition, we can define 1-froms dx1, dxo, dx3. Let
Vp = UiUZ'.
Then by definition,

dzi[vp] = vplzi] = v;.

Let’s consider the 1-form

Y = fidw,

22
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1.5 1-forms

where f; are functions. Then
Ylvp| = fidzilvp] = fi(p)vs.
Definition 1.15. Dual Basis

Let V be a vector space and let (e1,--- ,ey) be a basis of V. (f1,--- ,f£,) is called the
dual basis of (e1,--- ,ey,), iff; € V*, and if
fi(e;) = di;.
&

Theorem 1.3. Dual Basis Theorem

Using the above notations, then (dx1, dxy, dzs) is the dual basis of (Uy,Us, Us).

Q©
Proof. We have
8z,~
dz;(U;) = Ujlai] = oz, Oij-
|
If f is a differentiable function on R?, then
df = 8f d:lj'i = fldxz
8372‘
Q

af

@ Note As we have seen, we use f; to represent i differential geometry, this would greatly

simplify complicated computations. In general, whether f; is % or an arbitrary function
k3

depends on the context.

Proof. By definition, df [vp] = v, [f]. But vy, [f] = v fi(p) = (fidx;)[vp].

| .
From the definition of df, we observed that we can regard d as an operator, that would send

a function f to a 1-form df. Such an operator is called a differential operator, which plays one

of the center role in differential geometry.

Let fg be the product of differentiable functions f and g on R3. Then

d(fg) = gdf + fdg.

Proof. We have

d(fg) = (f9)idz; = (9fi + fgi)dx; = gfidr; + fgidx; = gdf + fdg.

23



1.6 Differential Forms

Let f be a function on R? and let h : R — R be a function of single variable. Then

d(h(f)) = ' (f)df.

d(h(f)) = (h(f))idzi = W'(f) fidz; = W' (f)df.

Example 1.9 Let f be the function

fla,y) = (® =Dy + (4 +2)z.
Then
df = 2zydz + (2% + 2yz — 1)dy + (y* + 2)dz=.

As a result, we have
df[v] = 2zyv1 + (2% + 2yz — Dy + (1% + 2)vs.
Thus
df [vp] = 2p1p2v1 + (P3 + 2paps — 1)va + (p3 + 2)vs.

We also have

Vp[f] = 2p1povy + (p% + 2pop3 — 1)1)2 + (p% + 2)1)3.

This verifies df [vp] = vp[f].

1.6 Differential Forms

The space of differential 1-forms is a vector space, or more precisely, it is a module over
the algebra of smooth functions. To get more information from tangent spaces where the space
of differential 1-forms are dual spaces of them at each point, we shall define multiplication of
differential 1-forms. Since all differential 1-forms are generated by dx1, dxo, dxs, we just need
to define their multiplications.

What is dx;dz;, or we called the wedge product dx; A dz; of them? We don’t know at this

moment. But we shall assume that
d.%'id.l‘j = —d:njdxi

for 1 <4, 4, < 3. Obviously, this would create a new kind of algebra. For multiplication of real
numbers, we have commutativity, which means, for any two real numbers a, b, we have ab = ba.
On the other hand, for two n X n matrics A, B, in general, we have AB # BA. The property
for the multiplication of 1-forms are different from both of the above two. It is called skew

commutativity. The algebra defined by the skew commutativity leads to the so-called exterior
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1.6 Differential Forms

algebra.

A first observation on the definition of the wedge product reveals that, since dz; A dx; =
—dx; N dx;, we must have dz; A dx; = 0. A quick counting shows that the only non-zero
independent products would be dxydx2, dx1dxs and dzodrs.

In general, we can define the whole system of p-forms. we have already encountered 0-
forms, which are smooth functions, and 1-forms. Taking multiplication of dx; with dx;, we
can define the space of two forms to be generated by dx1dxo, dx1dzs and dxadzrs over smooth

functions, that is, all two forms can be expressed by
fdxidxo + gdridxs + hdzadas,
where f, g, h are functions.

We can define the 3-forms in an obvious way: all three forms have the expressions

fdxldx2d1'3,
where f is a function.

In the high dimensional case, we can define the p-forms for p > 3. However, on R3,
all higher differential forms would be zero: consider, for example, a 4-form dz;dx;dxidz;.
Since the space is of 3 dimensional, at least two of the indices must be the same. By skew
commutativity, all 4-forms must be zero.

Example 1.10 Compute the Wedge products
(1). Let
¢ = xdx — ydy, Y = zdr + xdz.

Then

P AN = (xvdr — ydy) A (zdx + xdz)
= zzdede + v2dedz — yzdyde — zydydz
= yzdxdy + 2?dredz — xydydz.

(2). Let @ = zdy. Then

ONPNAY=—2zdedydz.

(3). Let n = ydzdz + xdydz. Then

o An = (zdx — ydy) A (ydzdz + xdydz)
= (2 + ¢°) dedydz.

It should be clear from these examples that the wedge product of a p-form and a q-form is

a (p + q)-form. Thus such a product is automatically zero whenever p + q > 3.

Let ¢, be 1-forms. Then
PAY=—¢p AN



1.6 Differential Forms

Let ¢ = f;dx;, v = g;dx;. Then

¢ Ny = fidzigjde; = figjduidr; = — figjdz;dr; = =y A .
|
The space of any p-forms forms a module over smooth functions!. However, given that
a p-form wedge a ¢-form to be a (p + ¢)-form, we can take the direct sum of the modules of all
p-forms. Obviously, this would give us a module over functions where the wedge product is well
defined.

In what follows we will define arguably the most important concept in differential geometry.

Definition 1.16

If ¢ = fidx; is a 1-form on R3. The exterior derivative, or differential, of ¢ is the 2-form

do = df; N dx;.
)

Example 1.11 If
¢ = fidr; = fidry + fodxs + fadzs,

then we have

_(9f2 Oh ofs Ofi afs  0fs
d¢ = (8;1;1 — 61'2) d.ﬂUldﬂfQ + (awl — 81;3) diUldl’g + (a$2 61‘3) d.ﬁUQdiEg.

Thus if we identify ¢ to a vector-valued function E' = (f f2, f3), then d¢ can be identified as

curl(E). In this sense, d¢ generalize the curl operator.

Let f, g be functions and ¢, be 1-forms. Then
1. d(fg) = df g+ fdg;
2. d(f6) = df A+ f do;
3. d(pNY) =dop ANy — P A dy”.

“This is more a definition than a property of the differential operator.

Property (1) is just the product rule We proved in Lemma 1.5. To prove (2),
we let ¢ = f;dz;. Then

d(f6) = d(ff) Ada; = df A fudwi + fdfs Ad; = df A+ [ do.

Property (3) is, straightly speaking, a definition rather than a property, since we have

never defined the differential of 2-forms before. Nevertheless, let’s work on it. First,

d(¢ A 1ﬂ) = d(figjdxid:z:j).
As in the case of 1-forms, we define

d(figjdzidz;) = d(fig;) A dx; A x;.

1For any p, even if p > 3 or p < 0, where we defined the module to be 0.
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1.7 Mappings

We then have
d(p NY) =dfig; N dx; ANdxj + fidgy A dxz; A dx;
=df; Ndx; N gjdx; — fi Ndx; Adgj A dx;
=dp ANy — ¢ Adi.

Example 1.12 Let
¢ = fidxodrs + fodrsdry + fsdridxs

be a 2-form. Then

_(0h 0f O
dgb = <ax1 + 8:752 + 8%3 dacldxgdxg.

Thus if we identify E' = (f1, f2, f3). Then d¢ can be identify to div(FE).
Example 1.13 Let f be a function, then

_9f or of
df = D2y dri + A dxo + 925 drs

can be identified as V f.
Example 1.14 If we identify ¢ = f;dx; to uand ¢ = g;dz; to v, then ¢ A ¢ can be identified to
uxv.

Exercise 1.1 Can you use exterior algebra to define the dot product?

1.7 Mappings

In this section we discuss functions from R" to R™. If n = 3 and m = 1, this is just a
function on R3. In the other extreme, if » = 1 and m = 3, then this is a single variable R3-valued
function, and by the previous sections, they can be used to represent curves in R3. All of these
functions have been studied in Calculus, but in this section, we shall study them using the idea
of linearization.

Recall that a linear transformation from R to R™ is a linear function from R" to R™.

Definition 1.17

Given a function F' : R™ — R™, let f1,- -+, fm denote the real-valued function on R"

such that

F(p) = (fi(p), f2(P), -, fm(P))

for all points p € R™. These functions are called the Euclidean coordinate functions of
F, and we can write F = (f1,- -+, fm)-
The functions F is differentiable provided its coordinate functions are differentiable in the

usual sense. A differentiable function F' : R™ — R™ is called a mapping from R™ to R™.
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1.7 Mappings

Definition 1.18

Ifa: I — R™isacurvein R" and F : R" — R™ is a mapping, then the composition

Sunction f = F(«) : I — R™ is a curve in R™ called the image of o under F.

&

@ Note Let B be the set of all curves in R™ and let € be the set of all curves in R™. Then a
mapping F' : R" — R™ induces a map # — €.

Definition 1.19

Let F : R™ — R™ be a mapping. If v* is tangent vector to R™ at p. Let F.(v) be the
initial velocity of the curve t — F(p + tv). The resulting function F sends a tangent
vectors to R to tangent vectors to R™, and is called the tangent map of F'.
“If v = 0, the straight line p + ¢v is degenerated to a point p. But the definition is still valid.
)
Proposition 1.1
Let F = (f1, -+, fm) be a mapping from R™ to R™. If v is a tangent vector to R™ at p,
then
F*(V) = (V[fl]v T ’V[fm])
at F(p).
[

Proof. We take m = 3 for simplicity. By definition, the curve ¢ — F(p + tv) can
be written as
B(t) = F(p+tv) = (filp+tv), fa(p + V), f3(p + tv)).

By definition, we have F,(v) = 3'(0). To get 3(0), we take the derivatives, at t = 0,
of the coordinate functions of 5. But

d

5 i(P +1v))le—0 = VIfi].
Thus

Fu(v) = (vfi], vIf2], vIfs])5(0)

where 3(0) = F(p).

|
Let p € R™. Then we have the linear transformation
Fip 1 Tp(R™) = Tpp)(R™)
called the tangent map of F' at p.
If F' : R" — R™ is a mapping, then at each point p of R", the tangent map Fp, :
Tp(R"™) = Tpp)(R™) is a linear transformation.
@
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1.7 Mappings

@ Note For any nonlinear function I, we can define a semi-linear function Fip, where for fixed p,
the function is a linear transformation. But the function F, : R" x R™ — R™, (p,Vv) — Fip(Vv)
is nonlinear with respect to p.

@ Note Let f(t) be a function of single variable. Then f, : R x R — R, (t,s) — sf’(t) is the

tangent map of f. Such a tangent map can be identified to the derivative f'(t).

Let F : R™ — R™ be a mapping. If 3 = F(«) is the image of a curve o in R", then

@
Corollary 1.4
IfF = (f1,-- ,fm)isa mappingfrom R™ to R™, then
0 f2 =
p)Ui(F
> 52, PIOHF()
where {U;}, fori=1,--- ,m are naturalframeﬁelds of R™,
@
Definition 1.20
The matrix
afi
J = (8_9; (P))
J 1<i<m,1<j<n
is called the Jacobian matrix of F at p.
&
In terms of matrix notations, we have
E[UL(p), -, Un(p)] = [U1(F(P)), -, Un(F(p))] - J.
Definition 1.21
A mapping F : R" — R™ is regular provided that at every point p of R” the tangent map
Fip is one-to-one.
&

Remark By linear algebra, the following are equivalent

(1) Fip is one-to-one.

(2) Fip(vp) = 0implies vp = 0.

(3) The Jacobian matrix of F' at p has rank n, the dimension of the domain R" of F'.
Remark If m = n, then we know that, by the Invertible Matrix Theorem, that Fi, is one-to-one

if and only if it is onto.
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1.7 Mappings

Definition 1.22

Let %,V be two open sets of R". We say that % and ¥V are diffeomorphic, if there is

a differentiable map F : % — V¥ which is one-to-one and onto. Moreover, the inverse
mapping: F~ 1 % — V¥ is also differentiable. We also say that F is a diffeomorphism

of U to V.
)

Theorem 1.5. (Inverse Function Theorem)

Let F : R™ — R™ be a mapping between Euclidean spaces of the same dimension. If

F.p is one-to-one at a point p, there is an open set % containing p such that F restricted

to % is a diffeomorphism of % onto an open set V.

Q©
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