Math 162A, Differential Geometry Homework 6, due 2/16/2021

Problem 1. (§2.3: 10)

Spherical curves. Let o be a unit-speed curve with k > 0,7 #£ 0.
(a) If a lies on a sphere of center c and radius r, show that
a—c=—-pN—poB,

where p = 1/k and o = 1/7. Thus r*> = p> + (p'o)>.
(b) Conversely, if r*> = p* + (p'0)? has constant value v and p' # 0, show that « lies

on a sphere of radius .

Solution:  Assume that « is on the sphere of radius . Then we have | — c||? = 2.
Taking the derivative, we get

(a—c)-a=(a—c)-T=0.
Thus we can write & — c as a linear combination of N and B:

a—c=alN + bB,

where a, b are functions of ¢. Taking the derivative again and using the Frenet formulas,

we get
T=d =dN+aN +bB+bB =dN +a(—kT +7B) + VB — brN.
From the above equation, we get the following equations
1+ax =0, a —br =0, ar +b =0.

We therefore have

Thus
la = ¢l® = p* + (plo)* = .

Conversely, if
a—c=—pN —poB,
then

o=l = p? + (o) =2

so « is on the sphere of radius 7.

Problem 2. (§2.3: 11)

Let 3,6 : I — R3 be unit-speed curves with nonvanishing curvature and torsion. If
T =T, then B and B are parallel (Ex. 10 of Sec. 2). If B = B, prove that B is parallel

to either 3 or the curve s — —[3(s).
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Solution:  We consider (3(s) — 3(s)) = T —T = 0. Thus 8(s) — 3(s) = cisa
constant. Thus 3 and 3 are parallel.
If B = B, then B’ = B’ and hence

—7N = —7N.
Thus since both N and N are unit vectors, we must have
N=+N, 71=47.

Thus we have
—kT+7B=N'"=N'=—gT +7B.

From the above, we conclude that T = T'. Thus £ is either parallel to 3 or —J3. |

Problem 3. (§2.4: 1)

Express the curvature and torsion of the curve a(t) = (cosht,sinht,t) in terms of arc

length s measured fromt = Q.

Solution:  We have
o' = (sinht,cosht, 1),
o = (cosht,sinht,0),
o = (sinht, cosht,0).
Thus we have
/|| = V2 cosht,
o x o = (—sinht, cosht, —1),
|/ x || = V2cosht,
(@' xa") " =1.

‘We then have
1

K=T= SooslZ 1

In order to find the arc-length reparametrization, we solve the differential equation
s'(t) = ||/ (t)|| = V2cosht, s(0)=0.

We then have

5(t) = V2sinht.

Therefore
1 1

- 2 cosh? t - 24 52’
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Problem 4. (§2.4: 4)

Show that the curvature of a regular curve in R? is given by

w2 = ||”||? = (dv/dt)2.

Solution:  Since v = ds/dt, we have
dv d

= —Vao o

dt - dt

Problem 5. (§2.4: 5)

If a is a curve with constant speed c > 0, show that

T=d/e, N=d/|a"], B=d xa"/(cla"]),
B o] B o x oo
C2 ) CQHaI/HQ

Problem 6. (§2.4: 6)

(a). If ais a cylindrical helix, prove that its unit vector u (Thm. 4.5) is
T K
T+ B
VEZ + 72 N

and the coefficients here are cos 0 and sin 6 (for 6 as in Def. 4.5).
(b). Check (a) for the cylindrical helix in Example 4.2 of Chapter 1.

u =

Problem 7. (§2.4: 12)

If a(t) = (z(t),y(t)) is a regular curve in R?, show that its plane curvature (Ex. 8 of

Sec. 3) is given by o J(el) D
~ Yy Yy
k= = .
s (@ WP

Problem 8. (§2.5: 1)

Consider the tangent vector v = (1, —1,2) at the point p = (1,3, —1). Compute VW
directly from the definition, where

(@) W = 22Uy + yUs,

(b) W = zU; + z'Uy — 22Us.

Problem 9. (§2.5: 3)

If W is a vector field with constant length |W||, prove that for any vector field V, the

covariant derivative Vy W is everywhere orthogonal to W.




