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Preface to the Second Edition

Who is this book for?

This textbook is aimed at doctoral students, advanced master’s students, and
beginning researchers in mathematics, statistics, computer science, electrical en-
gineering, and related fields, who seek to deepen their understanding of proba-
bilistic methods commonly used in modern data science research. It can be used
for self-study or as a textbook for a second probability course with data science
applications.

Why this book?

Data science is evolving rapidly, and probabilistic methods are key to these ad-
vances. A typical graduate probability course no longer provides the mathemat-
ical sophistication needed for early-career data science researchers. This book
aims to fill that gap, presenting essential probabilistic methods and results for
mathematical data scientists.

What is this book about?

High-dimensional probability studies random objects in R™ — like random vec-
tors and matrices — where the dimension n can be very large. This book builds
some foundational tools for analyzing such objects, including concentration in-
equalities, covering and packing, decoupling and symmetrization, chaining and
comparison for stochastic processes, empirical processes, VC theory, and more.

The theory is integrated with applications to covariance estimation, semidef-
inite programming, networks, elements of statistical learning, error-correcting
codes, clustering, dimension reduction, and more.

This book covers only a fraction of high-dimensional probability, with just a
few data science examples. Each chapter ends with a Notes section that points
to other resources on the topic.

Are you ready?

To read this book, you will need a solid knowledge of probability theory (at the
masters or doctoral level), strong undergraduate linear algebra, and some famil-
iarity with metric, normed, and Hilbert spaces. Measure theory is not required.

Exercises and hints

Each chapter ends with exercises, most of which have hints in the back of the
book. The difficulty of exercises is indicated by coffee cups you need to solve

vi



Preface to the Second Edition vii

e

them, ranging from trivial (#) to challenging (sseses). If you are studying this
book on your own, make sure to work through the exercises — they will help build
your skills and reveal many extra storylines you won’t find in the main text!

What’s new in the second edition?

I thoroughly revised the book with the student — you — in mind. The text is
now better suited for beginners: more streamlined, self-contained, and focused.
Here are the major updates:

1. This edition adds 200 new exercises, many covering tools and applications
beyond the main text — such as expanders, Le Cam’s method, entropy, the
cut norm and its semidefinite relaxation, Gaussian mixture models, matrix
sketching, the nuclear norm, one-bit quantization, the small ball method,
Lasso regression, and much more.

2. All exercises have been moved to the end of each chapter. The book is now
more self-contained and the material flows more smoothly.

3. Hints are now more extensive and are provided for most nontrivial problems.

4. To help beginners, Chapter 1 (on analysis and probability) has been signif-
icantly expanded and Section 4.1 (on linear algebra) fully rewritten.

5. The final three chapters are now merged into a streamlined Chapter 9, with
minimal content loss.

6. The entire text has been revised for a friendlier tone and clearer focus.

But it’s still the same book. I worked hard to keep it thin — short enough for one
semester or so.

Acknowledgements
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Appetizer: Using Probability to Cover a Set

Let’s begin with an elegant example of how probabilistic reasoning can help in
geometry — feel free to skip it if you’d rather jump to the main content.

A convex combination of points zi,..., 2z, € R" is a linear combination with
coefficients that are nonnegative and sum to 1, i.e. it is a sum of the form

> Xz where A >0 and Y A\ =1 (0.1)
=1 =1

The convex hull of a set T' C R™ is the set of all convex combinations of all finite
collections of points in T":

conv(T") := {convex combinations of zi,...,z, € T for m € N};

see Figure 0.1 for illustration.

Figure 0.1 The shaded area is the convex hull of the U.S. cities.

The number m of elements defining a convex combination in R™ is not restricted
a priori. However, the classical Caratheodory theorem states that one can always
take m <n + 1:

Theorem 0.0.1 (Caratheodory theorem). Every point in the convex hull of a set
T C R™ can be expressed as a conver combination of at most n + 1 points from
T.

The bound n + 1 is tight — for example, it is exactly what you need for a
simplex (a set of n + 1 points in general position). But what if we are okay with
just approximating the point instead of representing it exactly? Then we can
actually get away with using way fewer points — and surprisingly, the number
does not even depend on the dimension!

1



2 Appetizer: Using Probability to Cover a Set

Theorem 0.0.2 (Approximate Caratheodory theorem). Consider a set T C R"
that is contained in the unit Euclidean ball. Then, for every point x € conv(T)
and every k € N, one can find points x1,...,x, € T such that*

1
<

1k
HJ} - = Z X5 S .
k = 2~ Vk
This result is surprising for two reasons: first, the number of points k£ does

not depend on the dimension n; and second, all the convex weights are equal.
(Though repetitions among the points z; are allowed.)

Proof This argument is known as the empirical method of B. Maurey.

Fix z € conv(T) and write it as a convex combination of zy,...,2,, € T as in
(0.1). Let us interpret (0.1) probabilistically. Define a random vector Z taking
values z; with probabilities \;:

]P){Z:Zi}:Ai, zzl,,m

(This is possible because the coefficients \; are nonnegative and sum to one, so
they can be interpreted as probabilities.) The expected value of Z is

i=1

Consider independent copies Z1, Z,, ... of Z, i.e. independent random vectors
with the same distribution as Z. The strong law of large numbers tells us that

k
Z Z; — x almost surely as k — oo.
j=1

=

For a more quantitative result, let’s compute the mean squared error:

1< 2] k : 1 & )
Ble— 230 2|, = E[X -0, = 15 Bz -«
= 2 =1 2 i=1

The last identity is just a higher-dimensional version of the fact that the variance
of a sum of independent random variables equals the sum of their variances (check
this in Exercise 0.3!).

It remains to bound the variances of the terms. We have

2 2
E|Z; - =|[; = E|Z - E Z]|,
=E||Z|2 - |EZ|> (by another variance identity, see Exercise 0.1(a))
<E[Z|2<1 (since Z € T and by the assumption on T'.)

I Here and elsewhere in this book, ||u||2 denotes the Euclidean norm of a vector u € R™, thus

fluld =u3 +-- +ui.



Appetizer: Using Probability to Cover a Set 3
We showed that

2
<
2

| =

1k
Ble - 5322
j=1
Therefore, there exists a realization of the random variables Z;, ..., Z; such that
1k
|- %222
j=1

Since by construction each random variable Z; takes values in 7', the proof is
complete. O

2
<.
2~ k

0.0.1 Covering geometric sets

Let’s give a geometric application of Theorem 0.0.2. To cover a given set P C R"
with balls of a given radius, finding the minimal number is often tricky. Six balls
cover the polygon in Figure 0.2, but is it clear that five balls won’t suffice?

Figure 0.2 The covering problem

Theorem 0.0.2 can help us find economical coverings for polyhedra in high
dimensions, called polytopes:

Corollary 0.0.3 (Covering polytopes by balls). Let P be a polytope in R™ with N
vertices, contained in the unit Fuclidean ball. Then, for every k € N, the polytope
P can be covered by at most N* Buclidean balls of radii 1//k.

Proof Consider the set

k
N = {% ij : x; are vertices of P}.

Jj=1

We claim that the family of balls with radii 1/v/k centered at points in A satisfy
the conclusion of the corollary. To check this, note that P C conv(P) = conv(T)
where T = {vertices of P}. Thus we can apply Theorem 0.0.2 to any point = €
P C conv(T) and deduce that z is within distance 1/v/k from some point in N.
This shows that the balls with radii 1/v/k centered at N indeed cover P.



4 Appetizer: Using Probability to Cover a Set

To bound the cardinality of A/, note that there are N* ways to choose k out
of N vertices with repetition. Thus |[N] < N*. The proof is complete. O

Covering techniques are helpful in several settings. We relate covering to pack-
ing in Section 4.2, to entropy and coding in Section 4.3, and to random processes
in Chapters 7-8. But for now, let us show how to use covering to study volume.

You may remember the formula for the volume of some special shapes like a
parallelopiped or a prism. But computing the volume of a general polyhedron in
not easy, especially in high dimensions. Nevertheless, we have a simple bound:

Theorem 0.0.4 (Volume of a polytope). Let P be a polytope with N vertices,
which is contained in the unit Fuclidean ball of R™, denoted by B. Then

Vol(P) _ (3 logN>n.

0.2

Vol(B) — n 02)
Proof Corollary 0.0.3 says that the polytope P can be covered by at most N¥
balls of radius 1/v/k. The volume of each ball is (1/v/k)" Vol(B). (This is because
of the particular way the volume scales in dimension n: increasing the radius of
the ball by a factor of r increases the volume by a factor of 7".) The volume of
P is bounded by the total volume of the balls that cover P, thus

Vol(P) < N*(1/Vk)" Vol(B),
and rearranging the terms gives
Vol(P) N k
Vol(B) — kn/2’

This bound is true for every £ € N. So let us find the optimal k, the one that
minimizes the right hand side. To do this, we take the logarithm, differentiate,
and set the derivative to zero. This produces the optimal value

(0.3)

_on
~ 2log N’
(Check!) Substitute k = ko into (0.3), simplify the expression, and get

Vol(P) < [2elog N "
Vol(B) — n '
This bound is even better than we claimed. But there is a slight inaccuracy in
our proof. Can you spot it without reading further?
The value of k needs to be integer, and there is no guarantee that the optimal

value (0.4) is integer. To fix this inaccuracy, we can take k = [ko|. Substitute
this k into (0.3), use that ky < k < ko + 1 and get the corrected bound

ko1 n
Vol(P) < N <N [2elog N '
Vol(B) = g/ — n

If N < e™/? then the right had side is bounded by (3\/10g(N)/n>n, and the proof

(0.4)

0




FExercises 5

is complete. (Check!) On the other hand, if N > e"/?, then the right hand side of
the bound (0.2) is greater than 1, and such a bound holds trivially since P C B.
So either way, the proof is complete. O

Remark 0.0.5 (A high-dimensional surprise). Theorem 0.0.4 leads to the coun-
terintuitive conclusion: polytopes with a modest number vertices have extremely
small volume. Indeed, if you remember from the beginning of the proof how the
volume scales, you can read the bound (0.2) as follows: the polytope P has volume
as small as the Euclidean ball of radius 3y/log(/N)/n, and maybe even smaller. So
if N grows slower than exponentially in n, that radius shrinks to zero, meaning
P takes up a tiny fraction of the unit ball.

You will encounter other surprising phenomena in this book. As you develop
more insight into high dimensions, such facts will begin to make intuitive sense.

Now, your turn — verify the variance formulas we used in the proof of Theorem
0.0.2 (Exercises 0.1, 0.3), make your own probabilistic proof of a deterministic
result (Exercise 0.4), show that approximate Caratheodory is tight (Exercise 0.5),
check a very handy bounds on binomial sums (Exercise 0.6 — don’t miss that one!),
discover another counterintuitive fact about high dimensions (Exercises 0.7-0.8)
and improve the bound on the volume of polytopes (Exercise 0.9).

Notes

In this section we gave an illustration of the probabilistic method, where one employs randomness
to construct a useful object. The book [17] presents many illustrations of the probabilistic
method, mainly in combinatorics.

The empirical method of B. Maurey presented in this section was originally published in [271]
and has found many applications since then. B. Carl used it to get bounds on covering numbers
[76], as we did in Corollary 0.0.3.

A weaker version of the approximate Caratheodory theorem (Theorem 0.0.2), in which we
do not insist that all weights of the convex combination be equal, is still non-trivial. It can be
proved without using probability, instead employing a version of the Frank-Wolfe algorithm-a
deterministic, iterative, greedy algorithm, see [43, Lemma 2.6].

Like Caratheodory theorem, several other results in combinatorial geometry can be made
dimension-free by allowing them to be approximate rather than exact [10].

Theorem 0.0.4 and its strengthening in Exercise 0.9 was first proved by B. Carl and A. Pajor
[77]. By considering random polytopes, N. Dafnis, A. Giannopoulos and A. Tsolomitis [90]

showed that the bound in Exercise 0.9 is optimal in the entire interesting range n < N < e".

Exercises

0.1 s (Two variance formulas)

(a) Recall that the variance of a random variable X satisfies Var(X) = E(X —E X)? =
EX? - (E X)2. Let us prove a higher-dimensional version of this identity. Check
that any random vector Z in R™ satisfies

EllZ - EZz|3 =E|Zz|5 - |E Z|3.
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Appetizer: Using Probability to Cover a Set

(b) Let Z be a random vector in R™, and Z’ be an independent copy of Z, i.e. a random

vector independent of Z and with the same distribution as Z. Check that
1

E|Z -EZ|l; = 5 E|Z - Z'||;-

weww (Expectation minimizes the mean squared error) The variance of a random vari-
able X has the following extremal property:

Var(X) = Emin(X — a)z.
a€R

Let us prove a more general, high-dimensional version of this fact. Check that a random
vector Z in R™ with finite EHZHE satisfies

2 . 2
E|Z -EZ|; = min E|Z - al;-

we (Variance of a sum) Recall that the variance of a sum of independent random
variables equals the sum of variances. Let us prove a higher-dimensional version of this
identity. Check that any independent mean-zero random vectors Z1, ..., Z;, in R™ satisfy

k 2 k )
B>z = Yo Ellzil;
j=1 j=1

W
-

(Balancing vectors) Let x1,...,2n be vectors in R™ that lie within the unit Eu-
clidean ball centered at the origin.

(a) Prove that it is possible to assign a sign £ to each vector such that the sum +z; +
T9 £ - - £ xy lies within a Euclidean ball of radius \/ﬁ centered at the origin.
(b) Explain why the value /n cannot be reduced in general.

JIVIITIIT]

sdw (Approximate Caratheodory is asymptotically tight) Demonstrate by example
that the bound in Theorem 0.0.2 is almost tight. Specifically, for every n find a set T C R"
such that for any convex combination Z?:l Ajx; of any k points x1,...,z} € T, one has

k 1 1

- X»H>Mf—<

Hw 21 v 2= Vk n
]:

Let n — oo while keeping k fixed to see that Theorem 0.0.2 is asymptotically tight in high
dimensions.

e (Bounds on binomial coefficients) Prove the inequalities
n\* n " n en\Fk
) =5 =)= (%)
k k , J k
7=0
for any integers 1 < k < n.

W

% (Thin shell phenomenon) Let us prove a counterintuitive fact that most of the
volume of the high-dimensional ball lies near the surface. Consider the points inside the
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unit Euclidean ball of R™ that lie within distance 5/n from the surface of the ball, see

Figure 0.3. Prove that such points make up over 99% of the volume of the ball.

v/
5/n/

Figure 0.3 Over 99% of the volume of the unit ball in R” lies within
distance 5/n from the surface (Exercise 0.7)

W

s%  (Thin shell phenomenon, continued) Let X be a random vector that is uniformly
distributed? in the Euclidean unit ball of R™. Prove that

n
n+1

Bl Xl =

wew (Carl-Pajor theorem) Let’s improve Theorem 0.0.4 by replacing N with N/n.
Let P be a polytope with N > n vertices, which is contained in the unit Euclidean ball of
R"™, denoted by B. Prove that

Vol(P) _ (C log(eN/n) )

Vol(B) n

where C' > 0 is an absolute constant.>

2 This means that X takes values in the unit ball B, and P{X € A} = Vol(A N B)/ Vol(B) for any
measurable subset A C B.

3 Feel free to choose any absolute constant C' — even something huge like 100 or 100 —whatever

makes things easier. You can even leave C unspecified. Just make sure that C does not depend on

anything like N, n, or P.



1

A Quick Refresher on Analysis and
Probability

Most of the material we recall in this chapter is taught in basic analysis and
probability courses. You may wish to skip this chapter altogether, or skim through
it, if you are well prepared. Either way, try the exercises at the end of the chapter,
especially the more difficult ones.

1.1 Convex sets and functions

A subset K C R™ is a convex set if, for any pair of points in K, the line segment
connecting these two points is also contained in K:

A+ (1-Nye K Vr,ye K, Ae|[0,1].
Let K C R™ be a convex subset. A function f : K — R is a convez function if
FO@+(1=Ny) AM@)+ (- Nfy) Yoyek Ae1].  (L1)

In other words, f is convex if, when restricted to a line segment connecting any
pair of points in K, the graph of f lies below the line segment connecting these
two points. Figure 1.1 illustrates the definitions of convex sets and functions.

/

x Ar+(1—=Ny y

Figure 1.1 Definitions of a convex set and a convex function

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd
Edition by Roman Vershynin. This pre-publication version is free to view and download for personal
use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.

If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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1.2 Norms and inner products 9

Concave functions are defined similarly, except that the inequality in (1.1) is
reversed. Equivalently, f is concave if and only if —f is convex.

The mazimum principle states that a convex function defined on the convex set
K = conv(zy,...,x,) attains its maximum at some point x; (try Exercise 1.4).

1.2 Norms and inner products

You should already be familiar with the definitions of metrics, norms, and inner
products. To see if you remember them well, take a minute to prove that (a) a
norm is a convex function and (b) the unit ball of a normed space is a convex
set.

The most popular example of a norm and an inner product on R" is the Eu-
clidean norm and the dot product, defined as

n 1/2 n
x|l = (fo) and (m,y) =2y = leyl (1.2)

i=1 i=1

The Euclidean norm agrees with the dot product in the sense that ||z|2 = (z, ).
More generally, for any exponent p € [1,00], we can define the ¢Z norm on R"
by

n 1/p
x|, = (;\xl]p) for pe[l,00), and ||z]. = 151Sa5<|:ci\.

The Minkowski inequality states that the triangle inequality holds for the ¢? norm:
for any vectors x,y € R™ we have

[z +yllp < llzll, + llylp-

It follows that the ¢” norm indeed defines a norm on R™ for every p € [1, 00].
(Check!)

The best way to visualize the geometry of an ¢ norm is to look at the unit
ball of the space (R", ||-||,), that is

Bl ={zeR": ||, <1}.

For example, BY is the unit Euclidean ball — a round ball with unit radius, BZ is
a cube, and B} a cross-polytope — a high-dimensional version of an octahedron:

Bl =[-1,1]", By =conv ({£ey,...,%e,}), (1.3)

where ey, ..., e, denotes the standard basis of R" (Exercise 1.6). Figure 1.2 illus-
trates the unit ¢7 balls for different exponents p.
The #? norms of a given vector x are decreasing in p:

[zllq < llzll,  whenever p < g, (1.4)

see Exercise 1.17. Equivalently, the unit ¢? balls are increasing in p, that is B} C
By whenever p < q. (Why?)



10 A Quick Refresher on Analysis and Probability

1
0.5 7 \\
0
.
1 05 0 0.5 1
(a) £P balls for p =1,1.4,2,4, 00 (b) £P balls for p = 1,2, 00

Figure 1.2 Some unit ¢? balls in dimensions n = 2 (left) and n = 3 (right)

The Cauchy-Schwarz inequality states that for all vectors z,y € R™ we have

[z, 9)| < llzll2llyll2-
The Holder inequality generalizes this result to the /P norms:
1
A pair of numbers p, p’ € [1, 00| satisfying the condition in (1.5) is called conjugate
exponents.!
The Holder inequality is tight. In Exercise 1.19 you will check that for any

vector x one can find a vector y # 0 for which the Holder inequality becomes an
equality. In other words, the following duality formula holds for the ¢? norms:

max {(z,y) : y € B} = ||z, (1.6)

1
[z, )| < llzllpllylly  if o (1.5)

1.3 Random variables and random vectors

In a basic course in probability theory, we learned about the two most important
quantities associated with a random variable X, namely the expectation® (also
called mean), and variance. They are be denoted by®

EX  and Var(X) = E(X —E X)>. (1.7)
The linearity of expectation guarantees that for any random variables X1, ..., X,,,
whether independent or not, and for any fixed numbers a4,...,a,, we have

E[ale—i—---—i—aan]:alEXl—i—--'—l—anEXn.

We agree that % = oo and é = 0 to make (1,00) and (oo, 1) pairs of conjugate exponents.

If you have studied measure theory, you know that the expectation E X of a random variable X on
a probability space (2,3, P) is defined as Lebesgue integral of the function X : @ — R. This allows
all Lebesgue integration theorems to apply for expectations of random variables.

3 Throughout this book, we drop the brackets in the notation E[f(X)] and simply write E f(X)
instead. Thus, nonlinear functions bind before expectation.
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Variance generally does not satisfy a similar property. However, if the random
variables X; are independent (or even uncorrelated), then

Var (a; X, + -+ + a,X,,) = a3 Var(X;) + - - + a’ Var(X,,). (1.8)

The simplest example of a random variable is the indicator of a given event F,
which is denoted by 1g. The random variable 15 takes value 1 if event E occurs
and 0 if £ does not occur. The expectation of an indicator obviously satisfies

Elp =P(E). (1.9)
The moment generating function of X is defined as
Mx(t) =Ee™, teR.

For p > 0, the p-th moment of X is defined as E X?, and the p-th absolute moment
is E|X 7. If we take p-th root of the absolute moment, we arrive at the notion of
the L? norm of a random variable:

1X || = (B|X[?)"? for p € (1,00), and || X[z~ = esssup|X], (1.10)

where esssup denotes the essential supremum.
The normed space consisting of all random variables on a given probability
space that have finite L? norms is called the L space:

L? = {X . ||X||Lp < OO}

Minkowski inequality, which we recall in (1.21), implies that the LP norm indeed
defines a norm on the space L? for each p € [1, o0].

The exponent p = 2 is special: L? is not only a normed but also an inner
product space. The inner product is given by

(X,Y);: = EXY, (1.11)

and it agrees with the L? norm in the sense that | X||7. = (X, X)e.
The standard deviation of a random variable X is

o(X) = \/Var(X) = || X — E X .. (1.12)

The covariance of random variables of X and Y is
cov(X,Y)=EX -EX)(Y —-EY)=(X-EX,Y —EY)/-. (1.13)

The concept of a random variable can be generalized to higher dimensions. We
can define a random vector X = (Xi,...,X,) taking values in R" as a vector
whose all n coordinates X; are random variables. The expected value of X is
defined coordinate-wise, that is

EX=(EX,,...,EX,).

What about wvariance in high dimensions? If we want the traditional definition
of variance (1.7) to make sense for random vectors, we have to decide how to
square vectors x € R", or how to multiply vectors x by themselves. This can be
done in two ways: as a dot product, or “inner product” z'z = ||z||3, and as an
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“outer product” xx'. The first interpretation leads to defining the variance of
X as E|| X — E X||2, the quantity that played a prominent role in the Appetizer.
The second interpretation leads to a more informative result: it gives rise to the
notion of the covariance matriz

cov(X)=E(X —EX)(X -EX)"

which is an n x n matrix whose (4, j)-th entry equals cov(X;, X;). We will work
with covariance matrices in Section 3.2.

1.4 Union bound
If E; are disjoint events, then the additivity axiom of probability tells us that

P(O E) - i}P’(E,»).

If the events FE; are not disjoint, this identity may fail: each point belonging to
several events F; is counted as one on the left hand side, but several times on the
right hand side. Thus, instead of an equality, we get an inequality:

Lemma 1.4.1 (Union bound). For any events Ey,..., E,, we have

P(_Lnj E) < _anP(Ei).

Proof 1If the event |J;_, E; occurs, then at least one of the events E; occurs.
Thus the indicators satisfy

1y, 6 <> 1p,. (1.14)
=1

(The right hand side counts how many F; occur.) Now take expectations and use
(1.9) and linearity of expectation to complete the proof. O

The union bound is typically used to bound the probability of a bad event.

Example 1.4.2 (Dense random graphs have no isolated vertices). Imagine that
n > 2 freshmen arrive on campus. Friendships form randomly, with each pair
of students becoming friends with probability p independent of all other pairs.
Let us show that if p > 4In(n)/n then there are no friendless students with
probability at least 1 — 1/n.

Proof Call the students 1,...,n, and let F; denote the event that student i is
friendless. This means that none of the other n — 1 students are friends with i,
and these n — 1 sad events are independent and have probability 1 —p each. Thus
P(E;) = (1 -p)"

We would like to bound the probability of the bad event

B = {there exists a friendless student} = U E;.

i=1
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The union bound gives
P(B) <> P(E;) =n(l—p)" "
i=1

To simplify this bound, use the inequality 1 —p < e~ and recall the assumptions
on n and p. A little computation yields n(1—p)"~*' < 1/n. Thus, the complement
of the bad event B happens with probability at least 1 — 1/n. O

1.5 Conditioning

The conditioning trick often helps us to calculate probabilities and expectations.
This method is based on the concept of conditional probability of an event F given
event F', denoted by
P(ENF)

P(F)
and the concept of conditional expectation of a random variable X given another

random variable Y, denoted by E[X|Y].
The law of total expectation says that

P(E|F) =

EX =E [E[Xm] (1.15)

Informally, this identity says that in order to compute the expectation of X, we
can first average with respect to X while keeping the value of Y fixed, and then
average the result with respect to Y. This is the essence of the conditioning trick.

The conditioning trick can also help us compute probabilities. If F is any event
and Y is a random variable, we can define the conditional probability of E given
Y as

P(E|Y) = E [15]Y],

where 1z denotes the indicator of the event E. Since E1x = P(E), the law of
total expectation in this case reads as

P(E)=E []P(E | Y)] (1.16)

Thus, in order to compute probabilities using the conditioning trick, we first need
to find the probability while keeping the value of Y fixed, and then average the
result with respect to Y.

Suppose we have a decomposition of the sample space €2 into mutually disjoint
events I, Fy, ... In other words, suppose that each outcome belongs to one, and
only one, event F;. Then the law of total probability allows us to compute the
probability of any event E as follows:

P(E) =Y P(E|F)P(F,). (1.17)

The law of total probability can be quickly deduced from the law of total expecta-
tion. To do so, apply (1.16) for the random variable Y that takes value i if event F;
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occurs. Note that the random variable P(E|Y) takes value P(E|Y = i) = P(E|F)
with probability P{Y = i} = P(F}).

Everything we said here about random variables X and Y is also true for
random vectors.

Example 1.5.1 (Probability of a perfect cancelation). Let ay,...,a, be real
numbers, not all of which are zero. What is the probability that

ta;£---+a, =0

where the signs are chosen at random? Let us show that this probability is always
bounded by 1/2. To state this problem rigorously, we can model the random signs
as independent Rademacher random variables X1, ..., X,, i.e. random variables
that take values —1 and 1 with probability 1/2 each. We claim that

1 n
P{S, =0} < 5 where S, = ;a,Xz.

Proof We can assume without loss of generality that a, # 0 by rearranging
the terms if necessary. The proof is by exposing the last term a,X,, of the sum,
while keeping all the previous terms fixed by conditioning. So let us condition
on the random variables Xi,..., X,,_1, or to be pedantic, on the random vector
(X1,...,X,_1). The conditioning fixes the values of X,..., X,,_;, and therefore
it fixes the value of S,,_; = Z?:_ll a; X;. All randomness is now left with X,,. Since
S, = S,_1+ a,X,, we have

Snfl

n

1
Xl,...,X,H}§§.

P{S, :o|X1,...,Xn,1}:P{Xn S

The inequality holds because X,, is independent of X,..., X,_;, the value u =
—S,_1/a, is fixed by conditioning, and the definition of the Rademacher distri-
bution implies that P{X, = u} < 1/2 for any fixed value u € R.

We can finish the proof by applying the law of total expectation (1.16):

11
P{Sn:o}:E[P{Sn:0|X1,...,Xn,1}] <EZ=5 O

By the way, the result in Example 1.5.1 is sharp. If there are exactly two nonzero
coefficients a; and they are equal to each other, then we have P{S, =0} = 1/2.
(Check!)

1.6 Probabilistic inequalities

Jensen inequality states that for any random variable X and a convex function
f R — R, we have

FEX) <Ef(X). (1.18)
More generally, (1.18) holds for any random vector X taking values in R"™ and

any convex function f : R®™ — R. In Exercise 1.3, you will prove this for ran-
dom vectors taking finitely many values; the general case can be deduced by
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approximation. In particular, since any norm on R” is a convex function, Jensen
inequality yields

IEX]| < || X]. (1.19)
The LP norms of a given random variable X are increasing? in p:
| Xl r < ||X||ze whenever p < ¢, (1.20)

see Exercise 1.11.
Minkowski inequality states that for any p € [1,00] and any random variables
X,Y € LP, we have

X + Yo <[ X[lze + Y] o (1.21)

In other words, the L? norm satisfies the triangle inequality.
Cauchy-Schwarz inequality states that for any random variables X, Y € L?, we
have

XY e < ([ X2 1Y [l

The Hélder inequality generalizes this result to the LP norms. For any pair of
conjugate exponents p,p’ € [1,00] (introduced in (1.5)) and any pair of random
variables X € L? and Y € L?', we have

[ XYl < X 2o Y]] 2o (1.22)
As we recall from a basic probability course, the distribution of a random vari-
able X is, intuitively, the information about what values X takes with what

probabilities. More rigorously, the distribution of X is determined by the cumu-
lative distribution function (CDF) of X, defined as

Fx(t)=P{X <t}, teR.
It is often more convenient to work with tails of random variables, namely with
P{X >t} =1— Fx(t).
The following result allows us to compute expectation in terms of the tails.

Lemma 1.6.1 (Integrated tail formula). Any nonnegative random variable X
satisfies

E X :/ P{X > t} dt.
0

The two sides of this identity are either finite or infinite simultaneously.

4 This might sound a little bit confusing when we recall from (1.4) that the P norms are decreasing in
p. There is no contradiction because the ¢ and LP norms are normalized differently. The ¢ norm of
a vector = (21,...,%n) i ||z|lep = (Z?:1|a:i|p)l/p, while the LP norm of a random variable X

that takes values z1,...,z, with probabilities 1/n each is | X||Lr = (% Z?:ﬂxi\p)l/p.
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Proof We can represent any nonnegative real number x via the identity

.%'—/ 1dt—/ 1{t<z} dt.
0 0

Replace x with the random variable X and take the expectation on both sides.
This gives

0 0 0

To change the order of expectation and integration in the second equality, we
used Fubini-Tonelli theorem. The proof is complete. O

Conversely, Markov inequality bounds the tails in terms of expectation:

Proposition 1.6.2 (Markov inequality). For any nonnegative random variable
X and t > 0, we have

EX
P{X >t} < =~

Proof Fix t > 0. We can represent any real number x via the identity
T =xlp>n + 2lpay-
Replace = with the random variable X and take expectation:
EX =EX1lix>y +EX1ixcy >Etlix>y +0=1-P{X >t}
Divide both sides by ¢ to complete the proof. O

Markov’s inequality gives the best possible tail bound if all we know is E X.
But if we also know the variance, we get a better bound that decays quadratically
in ¢t — and learn how tightly X concentrates around its mean:

Corollary 1.6.3 (Chebyshev inequality). Let X be a random variable with mean
w and variance 0. Then, for any t > 0, we have

2
g
PX —ul 2t} < T

Proof Square both sides of the bound |X — u| > ¢ and apply Markov inequality
for the random variable (X — p)?. O

1.7 Limit theorems

The study of sums of independent random variables lies at the heart of classical
probability theory. Let X;,..., Xy be independent and identically distributed
(i.i.d.) random variables with mean p and variance o?. Then the formula for the
variance of a sum (1.8) gives

2

1 & o
Var (N ;X) =% (1.23)
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Thus, the variance of the sample mean % Zf\; X; of the sample {X;,..., Xy}
shrinks to zero as the size of the sample N increases to infinity. This indicates
that for large N, we should expect that the sample mean concentrates tightly
about its expectation p. One of the most important results in probability theory
— the law of large numbers — states precisely this.

Theorem 1.7.1 (Strong law of large numbers). Let Xi, Xs,... be a sequence of
1.9.d. random variables with mean p. Consider the sum

Sy =X+ Xn.

Then, as N — 00,
SN
—_— = Imost ly.
~ u almost surely

The central limit theorem makes one step further. It identifies the limiting
distribution of the (properly scaled) sum Sy as a normal distribution, sometimes
also called a Gaussian distribution.

Definition 1.7.2 (Normal distribution). A random variable X is a standard
normal random variable, denoted by

X ~ N(0,1),
if X has density

f<m)::x22reﬁ/{ z eR. (1.24)

The random variable X has mean zero and variance 1.
More generally, a random variable X has a normal distribution
X ~ N(p,0°)

if X can be expressed as X = u + 0Z for some fixed numbers u € R and o > 0,
and where Z ~ N(0,1). The density of X equals
1 _(e=w)?
flz) = =2z EeR
o 271'

The random variable X has mean u and variance o2.

Theorem 1.7.3 (Lindeberg-Lévy central limit theorem). Let X, Xs,... be a
sequence of i.i.d. random variables with mean pu and variance 0. Consider the
sum

Sv=X1+-+Xpn
and normalize it to obtain a random wvariable wz’th zero mean and unit variance:
Sy —ES
pm B s x
Var(Sy) o

Then, as N — 00,
Zyxy — N(0,1) in distribution.
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Convergence in distribution means that the CDF of Zy converges pointwise to
the CDF of g ~ N(0,1). In terms of tails, this means that for every ¢t € R,

—x2/2

P{Zy >t} - P{g >t} = dx as N — oo.

1 / o
— e
V2 Jy
Example 1.7.4 (Bernoulli and binomial distributions). One remarkable special
case of the central limit theorem is where X, are Bernoulli random variables with
some fixed parameter p € (0,1), denoted

X; ~ Ber(p).

This means that X; take values 1 and 0 with probabilities p and 1 —p respectively.
One can easily check that

E X, = p and Var(X;) = p(1 — p)

The sum Sy := X; +---+ Xy of independent Ber(p) random variables X is said
to have the binomial distribution, denoted

Sy ~ Binom(N, p).
The central limit theorem (Theorem 1.7.3) yields that as N — oo,
Sy — Np
Np(1 =p)

This special case of the central limit theorem is called de Moivre-Laplace theorem.

— N(0,1) in distribution. (1.25)

Now consider independent random variables X; ~ Ber(p;) whose parameters p;
decay to zero as N — oo so fast that the sum Sy has mean O(1) instead of being
proportional to N. The central limit theorem fails in this regime. A different
result we are about to state says that Sy still converges, but to the Poisson
distribution instead of the normal distribution.

Definition 1.7.5 (Poisson distribution). A random variable Z has Poisson dis-
tribution with parameter A > 0, denoted

Z ~ Pois(\),

if Z takes values in {0, 1,2, ...} with probabilities

)\k

— — A

P{Z=k}=e R

Theorem 1.7.6 (Poisson limit theorem). Consider independent random vari-
ables Xn; ~ Ber(pyi) for N=1,2,... and 1 <i < N. Let

Sy=Xy1+-+Xnyn.

k=0,1,2,... (1.26)

Assume that, as N — oo,

Ig%(pmi—)o and ESy =pyi+ - +Dvny = A< 00
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Then, as N — 00,
Sy — Pois(\) in distribution.

The probability mass function (1.26) of the Poisson distribution includes the
factorial k!, which is not an easy function to work with. For large k, we can
simplify it using Stirling approximation:

Lemma 1.7.7 (Stirling approximation). We have
nl = 27m(ﬁ) (I4+0(1)) asn— oo.
e

Using Stirling approximation in (1.26), we see that for any fixed parameter
A > 0, a Possion random variable Z ~ Pois(\) satisfies

P{Z =k} = \52_%7 (‘?) (14 0(1)) ask — oo, (1.27)

so this decays roughly as k=% — slightly faster than exponentially.

There are non-asymptotic versions of Stirling approximation which hold for
any given value of n as opposed to the limit as n — oco. Here is one of them:
Lemma 1.7.8 (Bounds on the factorial). For any n € N, we have

n n n n
(%) <nt<en(Z). (1.28)
e e

Proof If we recall the Taylor series for e* and drop all terms except n-th, we get
e’ > ™ /nl. Substitute x = n and rearrange the terms to obtain the lower bound
in (1.28). To prove the upper bound, note that

In(n!) = Zlnk < / Inzder+Inn=n(lnn—-1)+1+Inn. (1.29)
k=1 !

(The inequality in (1.29) follows by comparing the areas as in the usual proof of
the integral test — do it!) Exponentiating and rearranging the terms yields the
upper bound in (1.28). O

Remark 1.7.9 (Gamma function). The gamma function extends the notion of
factorial for all real numbers, and even for all complex numbers z whose real part
is positive. It is defined as follows:

[(z) = / t*"le 'dt. (1.30)
0
Repeated integration by parts (do it!) reveals that
F'(n+1)=n! foralln=0,1,2,...

Stirling approximation (Lemma 1.7.7) remains valid for the gamma function:

z+1) = QWZ(E)Z (I+0(1)) asR>3z— o0. (1.31)



20 A Quick Refresher on Analysis and Probability

1.8 Notes

The question we raise in Example 1.5.1 is known as the Littlewood-Offord problem. Originally
considered by Littlewood and Offord [217] and Erdés [122], this problem and its variants was
studied extensively since then; see the surveys [318, 291, 258].

Proofs of the strong law of large numbers (Theorem 1.7.1) and Lindeberg-Lévy central limit
theorem (Theorem 1.7.3) can be found e.g. in [116, Sections 1.7 and 2.4] and [42, Sections 6 and
27).

Both Proposition 1.6.2 and Corollary 1.6.3 are due to Chebyshev. However, following the
established tradition, we call Proposition 1.6.2 Markov inequality.

In modern language, Example 1.4.2, Exercises 1.9, and Exercise 1.10 identify the threshold
for the existence of isolated vertices in the Erdés-Rényi model G(n,p). This problem was first
studied in seminal paper of Erdés and Rényi [121]. There are now more general and more
precise results about the degrees of random graphs, see [47, Chapter 3] and [131, Chapter 3]. The
second moment method showcased in Exercise 1.10 is ubiquitous in combinatorics and theoretical
computer science, see [17, Chapter 4]. The result of Exercise 1.8 is asymptotically optimal: the
largest cardinality of an independent set in an Erdés-Rényi random graph G ~ G(n,p) is
approximately 2log, n where b = 1/(1 — p), see [131, Section 7.2].

A short proof of Stirling approximation (Lemma 1.7.7) can be found in [286] and [123, IL.9].
This proof yields the following non-asymptotic result, which holds for every any n € N:

n\" 1 __ n\" _1_
27rn(7) eT2nFT < pl < \/27rn<f) et2n,
e e

This result implies the asymptotic form of Stirling approximation (Lemma 1.7.8) and also im-
proves upon Lemma 1.7.8. Short proofs of the Stirling approximation for the gamma function

(1.31) can be found in [44, 101]; for non-asymptotic versions, see [172].

Exercises

1.1 s Consider any subset T'C R™. Check that conv(T') is a convex set.

1.2 s Check that the pointwise maximum of a finite number of convex functions is a convex
function.

1.3 s (Jensen inequality)

(a) The definition of a convex function (1.1) involves convex combinations of two points
z and y. Let us extend it to arbitrarily many points. Let K C R"™ be a convex
subset. Prove that a function f : K — R is convex if and only if the following holds.
For any m € N, any vectors x; € K and any numbers \; > 0 with Zgl A =1, we
have

f(i )\zxi) < i Aif (i)
i=1 i=1

(b) Let X be arandom vector in R™ that takes finitely many values, and let f : R — R
be a convex function. Deduce from part (a) Jensen inequality:

SEX) <Ef(X).

1.4 # (A maximum principle) Prove for any convex function f and a subset 7' C R™:

sup  f(z) = sup f(x).

zeconv(T) zeT
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s (Expressing a cube as a convex hull of its vertices) It seems almost obvious that the
cube is the convex hull of its vertices:

[—1,1]" = conv ({-1,1}").

Prove this by expressing any point in the cube as a convex combination of the vertices.

e (Expressing a cross-polytope as a convex hull of its vertices) Check that the unit
ball corresponding to the 2! norm in R™ is the absolute convezr hull of the standard basis
e1,...,en in R™, that is

BT = conv ({%e1,...,xen}).

Write down a formula that expresses any point z € B]' as a convex combination of the
vectors Feq,...,Len.

W
- W

(Random graphs with random number of vertices) Suppose that in Example 1.4.2,
the number n of freshmen who arrive on campus is a random variable that has Poisson
distribution with mean A. As before, each pair of students becomes friends with probability
p independent of all other pairs. Show that if p > 21In(\)/\ then there are no friendless
students with probability at least 1 — 1/A.

e (Independent sets in random graphs) Call a group of people independent if no
two members are friends. Suppose n > 7 students enroll in a class on high-dimensional
probability, with each pair becoming friends independently with probability 1/2. Show
that, with probability at least 1 — 1/n, this class has no independent subsets of more than
2logg n students.

W

# (Dense random graphs have no isolated vertices) Let us refine the result of Exam-
ple 1.4.2. Suppose n freshmen arrive on campus, with each pair becoming friends inde-
pendently with probability pn. Fix any € > 0 and assume that

(1+¢)lnn
n

pn > for every n € N.

Prove that there are no friendless students with probability that converges to 1 as n — oo.

weww (Sparse random graphs have isolated vertices) Let us prove a converse to Ex-
ercise 1.9. Fix any € > 0 and assume that

1—¢)1
pn<w for every n € N.
n

Then there exists at least one friendless student with probability that converges to 1 as
n — 0o. You will prove this result using the so-called second moment method:

(a) Denote the number of friendless students by Sy, and express it as S, = X1+...+Xn
where X is the indicator of the event that student 7 is friendless. Show that

Hn :ESn — OQ.
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Thus the expected number of friendless students is large. But this does not auto-
matically imply that there exists even one friendless student with high probability!

(Why?)
(b) Compute the second moment IES,QI by expanding the square. Conclude that
Lw(f n) —0.
Hn

(c) Use Chebyshev inequality to complete the proof.

¥ (Monotonicity of the LP norm)

(a) Let X be a random variable. Show that || X||z» is an increasing function in p:
I XlLe <||X||pa forany 0 <p<g<oo.

(b) Demonstrate that the inequality in part (a) can not be reversed: for any 0 < p <
q < 00, find an example of a random variable X with || X||z» < oo and || X ||« = oo.

# (Interpolation between L' and L°°) We know the LP norm of any random variable
X is bounded by the L® norm. We can get an even better bound if we also know that
the L' norm of X is small. Show that

1

1 1—
XN e < IXNZ2 X" for any 1 <p < oo

W

s (Expectation of a maximum) Let Xi,..., X, be nonnegative random variables.

(a) Prove that
maxE X; < Emax X; <n- -maxEX;.
i<n i<n i<n
(b) Demonstrate that both inequalities in part (a) may be optimal. Specifically, find
random variables X1,..., X, satisfying max; E X; = Emax; X; > 0 and random
variables Y; satisfying Emax; Y; = n-max; EY; > 0.
(¢) Demonstrate that the upper bound in part (a) may be approximately optimal even
for independent random variables. Specifically, find independent random variables

X1,...,Xn satisfying Emax; X; > cn - max; E X;, where ¢ > 0 is an absolute
constant.”
e Let X1,..., X, be nonnegative random variables. Prove that for any 1 < p < oo,
we have

n 1/p n 1/p n 1/p
( (E Xi)P> <E (Z Xf) < <Z]E (Xf)) .
i=1 i=1 i=1

# (Integrated tail formulas) Prove the following more general versions of Lemma 1.6.1.

5 You are free to choose any value for ¢ > 0 as long as it is an absolute constant, which means that ¢
must not depend on anything, in particular on the distribution of the random variables Y; or their
number n. From the context it should be clear that choosing a small value such as ¢ = 0.001 would

make your job easier than choosing a large value such as ¢ = 1000.
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(a) Let X be any random variable, not necessarily nonnegative. Then

[eS) 0
]EX:/ P{X>t}dt—/ P{X < t}dt.
0 —o0o
(b) Let X be a nonnegative random variable. Let f : RT — R be an increasing,
differentiable function satisfying f(0) = 0. Then

Ef(X)= /OOO P{X > t}f'(t)dt.

(¢) Let X be a random variable, not necessarily nonnegative. Deduce that for every
p € (0,00) we have

o0
E\X|p:/ P{|X| > t}pt? " dt
0

1.16 ses (Paley-Zygmund inequality) Markov inequality says a random variable is unlikely
to be much bigger than its expectation. But what about the reverse? Can a nonnegative
random variable be much smaller than its expectation with high probability? In general,
yes (example?), but not if the second moment isn’t too large. Let X be a nonnegative
random variable with finite variance. Show that for any ¢ € [0, 1]:

2 (E X)?
E[X?]"

P{X >:EX}>(1—¢)

1.17 sw# (Comparison of the £ norms) Let 0 < p < ¢ < co.
(a) Prove that for any vector z € R™ we have
11
zllg < flzllp < nv™aflzllg.

(b) Demonstrate that both inequalities in part (a) can be optimal. Specifically, find

1 1
nonzero vectors z,y € R" satisfying ||z||, = ||z|lq and ||y]lp = n? ™ 7 yllq.

1.18 s (The £°° norm is the limit of the ¢¥ norms) Consider any vector € R™.
(a) Prove that
[zllp = [lzlloc as p — oo

(b) In fact, p does not need to be too large for the £ norm to get reasonably close to
the £*° norm. Show that if p > Inn, then

[zlloo < llzllp < el[[loo-

1.19 sesese (Duality of the £, norms) Let p,p’ € [1,00] be conjugate exponents.

(a) Show that Holder inequality is tight: for any vector x there exists a vector y # 0 for

which (z,y) = [|lz[p[lyllp-
(b) Conclude that for every vector z € R™, we have

max{(:c,y) Y€ Bg/} = [|z||p-
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Concentration of Sums of Independent
Random Variables

In this chapter, we step into the vast world of concentration inequalities. We start
with some motivation in Section 2.1, then move on to key results — Hoeffding
inequality (Sections 2.2 and 2.7), Chernoff inequality (Section 2.3), Bernstein
inequality (Section 2.9) and Khintchine inequality (Section 2.7).

We also introduce two important classes of distributions: subgaussian (Sec-
tion 2.6) and subexponential (Section 2.8). They are “natural habitats” for many
results in high-dimensional probability and its applications.

We give two applications of concentration inequalities: for robust mean esti-
mation in Section 2.4, and for random graphs in Section 2.5. More applications
appear later in the book.

Be sure to try the exercises at the end of this chapter! They offer a guided
tour of many more concepts, methods, results, and applications: the Mills ratio
(Exercise 2.3), small ball probabilities (Exercise 2.7), a version of Le Cam’s two-
point method (Exercise 2.17), the expander mixing lemma for random graphs
(Exercise 2.20), stochastic dominance (Exercises 2.27 and 2.28), Orlicz norms
(Exercise 2.42), Bennett inequality (Exercise 2.48), and more.

2.1 Why concentration inequalities?

Concentration inequalities measure the deviation of a random variable X from
its mean E X = p. They typically provide two-sided bounds on the tails of X — p
such as:

P{|X — p| > t} < something small.

The simplest concentration inequality is Chebyshev inequality (Corollary 1.6.3).
It is very general but often too weak. Let us illustrate this with the example of
the binomial distribution.

Question 2.1.1. Toss a fair coin N times. What is the probability that we get
at least %N heads?

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd
Edition by Roman Vershynin. This pre-publication version is free to view and download for personal
use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.

If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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2.1 Why concentration inequalities? 25

Let Sy denote the number of heads. Then Sy has binomial distribution: Sy ~
Binom(V, 1/2), and thus

N

=T

Chebyshev inequality bounds the probability of getting at least %N heads as
follows:

N
ESNZE, V&I‘(SN)

3 N N 4
P{sv >IN} <P{|sv- 2| > T} <+ 2.1
e e A S S 1)
Thus, the probability converges to zero at least linearly in N.
Is this the right rate of decay, or should we expect a faster convergence? Let
us approach the same question using the central limit theorem. To do this, we

express Sy as a sum of independent random variables:

N
Sv=) X
i=1

where X; are independent Bernoulli random variables with parameter 1/2. (These
X, are the indicators of heads.) De Moivre-Laplace central limit theorem (1.25)
states that the distribution of the normalized number of heads

Sy —N/2

A
N N/4

converges to the standard normal distribution N (0, 1). Thus we should anticipate
that for large IV, we have

IP’{SN > ZN} = ]P{ZN > \/N7/4} ~ P{g > N/4} (2.2)

where g ~ N(0,1). Sadly, the Gaussian tail P{g > ¢t} cannot be calculated ana-
lytically for general values of t. It is one of those “special functions” that cannot
be expressed in terms of elementary functions. However, accurate approximations
exist for the Gaussian tail:

Proposition 2.1.2 (Gaussian tails). Let g ~ N(0,1). Then for all t > 0, we
have

t 1 .2 1 1 2
e e P2 Pl > < D e tT/2
e e .
Pl Ve SHeztsgem
In particular, for t > 1 the tail is bounded by the density:
1 2
P{g >t} < —e /2 2.3
(021 < (2.3

Proof To obtain an upper bound on the tail

1 ° 2
P{gzt}:m/ e " /2 dx,
t
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make a change of variables: x = t 4+ y. This gives

1 /OO —t2/2 —ty _—y?/2 1 42 /oo _
— e e eV 2dy < ——e /2 e "dy,
V2 Jo v= V2T 0 Y
where we used that e=¥’/2 < 1. Since the last integral equals 1/t, the desired upper
bound on the tail follows. You will prove the lower bound in Exercise 2.2. O

P{g >t} =

Remark 2.1.3 (Tighter bounds). Proposition 2.1.2 is sufficient for most pur-
poses. If you ever need a more precise approximation, check out Exercise 2.3.

Returning to (2.2), we should expect the probability of having at least %N
heads to be bounded by

L _ns
me . (2.4)
This quantity decays to zero exponentially fast in N, far better than the linear
decay in (2.1) that follows from Chebyshev inequality.

However, the bound (2.4) does not rigorously follow from the central limit
theorem. While the normal approximation in (2.2) is valid, the approximation
error decays too slowly. This can be seen in the following quantitative version of
the central limit theorem:

Theorem 2.1.4 (Berry-Esseen central limit theorem). In the setting of Theo-
rem 1.7.3, for every N € N and every t € R we have

P

VN

[P{Zy >t} —P{g > t}] <

where g ~ N(0,1) and p = E|X; — p]?/o3.

So, the approximation error in (2.2) is of the order of 1/ V/N, which ruins the
desired exponential decay (2.4).

Can the approximation error in the central limit theorem approximation error
be improved? Generally, no. For even N, the probability of exactly half the flips
being heads equals

P{Sy = N/2} =2~ (N%) ~ %

The last estimate follows from Stirling approximation (Lemma 1.7.7). (Check!)

Hence
[ 2 .

the last equality holds because the normal distribution is continuous. Thus the
approximation error has to be of the order of 1/v/N.

In summary, the central limit theorem approximates Sy = X; + -+ + Xy by
a normal distribution, which is known for its light, exponentially decaying tails.
However, the approximation error decays too slowly, hindering the proof that
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Sy has such light tails. To address this problem, we will develop an alternative
approach to concentration that bypasses the central limit theorem.

2.2 Hoeffding inequality

We start with a particularly simple concentration inequality for sums of inde-
pendent Rademacher random variables. Recall that a random variable X has the
Rademacher distribution if it takes values —1 and 1 with probability 1/2 each:

1

P{X=-1}=P{X =1} = 3
Theorem 2.2.1 (Hoeffding inequality). Let Xi,..., Xy be independent Rade-
macher random variables, and let a = (ay,...,ay) € RN be fized. Then, for any

t > 0, we have

N t2
A ez ) e ()
i=1

Proof This argument might be called the exponential moment method.

Remember how we proved Chebyshev inequality (Corollary 1.6.3): we squared
both sides and applied Markov inequality. Let us do something similar here. But
instead of squaring both sides, let us multiply by a fixed parameter A > 0 (whose
exact value we will choose later) and exponentiate. This gives us

P{ﬁ: a; X; > t} = ]P’{exp ()\iv:aiXi) > exp()\t)}

<e M Eexp ()\ zN: aiXi). (2.5)

i=1

In the last step we applied Markov inequality (Proposition 1.6.2).

We have reduced the problem to bounding the moment generating function
(MGF) of the sum Y.~ a;X,. As we remember from a basic probability course,
the MGF of the sum is the product of the MGFs of the terms; this follows from
independence. So

N N
E exp (x\ Z aiXi) = H E exp(Aa; X;). (2.6)
i=1 =1

Let us fix 4. Since X; takes values —1 and 1 with probabilities 1/2 each, we
have
1 1
Eexp(Aa; X;) = 5 exp(Aa;) + 5 exp(—Aa;) = cosh(Aa;).
Now we use the numeric inequality

cosh(z) < exp(2?/2) for all x € R, (2.7)
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which can be verified by comparing the Taylor expansions of both sides (Exer-
cise 2.5). This gives

Eexp(Aa; X;) < exp(N\’a?/2).

Substituting into (2.6) and then into (2.5), we obtain

N N e
IF’{Z a; X; > t} <e ™M Hexp()\Qa?/2) = exp ( — At + 1 Za?)
=1 i=1 =1
)\2
= exp ( — M+ Euaug). (2.8)

This bound holds for any A > 0. Let us choose the best value of A, the one
for which the expression (2.8) is smallest. The minimum of (2.8) is attained for
A = t/||a]|3, and it equals equals exp(—t?/2||a||3). (Check!) This completes the
proof of Hoeffding inequality. O

Remark 2.2.2 (Exponentially light tails). Hoeffding inequality can be seen as a
concentration version of the central limit theorem. With normalization ||al|s = 1,
it gives exponentially light tails et°/2, nearly matching the standard normal tail
in (2.3).

Remark 2.2.3 (Non-asymptotic theory). Unlike the classical limit theorems of
probability theory, Hoeffding inequality is non-asymptotic in that it holds for all
fixed N as opposed to N — oco. As we will see later, non-asymptotic results are
attractive for applications in the data sciences, where N often corresponds to the
sample size.

Remark 2.2.4 (The probability of %N heads). Using Hoeffding inequality, we
can now return to Question 2.1.1 and bound the probability of at least %N heads
in N tosses of a fair coin. Note that if Y ~ Ber(1/2), then 2Y — 1 is Rademacher
random variable. Since number of heads Sy is a sum of N independent Ber(1/2)
variables, 25y — IV is a sum of N independent Rademacher variables. Hence

IP’{at least EN heads} = IP’{SN > z]\/} = IF’{QSN — N> g} < exp(—N/8).

In other words, the probability is exponentially small in the number of tosses. We
have obtained a rigorous bound that is quite close to our heuristic guess (2.4).

We can easily extend Hoeffding inequality for two-sided tails P{|Sx| > t} where
Sy = 32N a;X;. To do this, express the event, |Sy| > ¢ as the union of two events:
Sy >t and —Sy > t. The union bound gives

P{|Sy| >t} < P{Sy >t} + P{—Sy > t}.

Applying Hoeffding inequality twice, for random variables X; and — X, we obtain
a two-sided tail after paying only a factor of 2:
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Theorem 2.2.5 (Hoeffding inequality, two-sided). Let X,..., Xx be indepen-
dent Rademacher random variables, and a = (ai,...,ay) € RY. Then, for any

t > 0, we have
N 2
P ‘ a; X;| >ty < 2exp (—) .
{ ; } 2[|al3

The exponential moment method we used to prove Hoeffding inequality is
quite flexible. It applies far beyond the canonical example of the Rademacher
distribution. For example, in Exercise 2.10 you will prove the following extension
of Hoeffding inequality for general bounded random variables:

Theorem 2.2.6 (Hoeffding inequality for bounded random variables). Let X,..., Xn
be independent random variables such that X; € [a;,b;] for every i. Then, for any
t > 0, we have

P{Z(Xi -EX;) > t} < exp (—M) .

i=1 i=1

2.3 Chernoff inequality

Hoeffding inequality is quite sharp for Rademacher random variables, but it may
be too conservative for general bounded random variables. For example, when
Bernoulli random variables X; have small means p;, their sum approximates a
Poisson distribution (Theorem 1.7.6). Hoeffding inequality (Theorem 2.2.6) does
not account for small p;, yielding a Gaussian bound that is far from the true
Poisson tail. Let’s prove an inequality that is sensitive to the sizes of p;:

Theorem 2.3.1 (Chernoff inequality). Let X; be independent Bernoulli random
variables with parameters p;. Consider their sum Sy = Zf\il X, and denote its
mean by u =ESy. Then

t
P{Sy >t} < e‘“(%) for any t > p.

Proof We will use the same exponential moment method as in the proof of Ho-
effding inequality (Theorem 2.2.1). Just like before, we multiply the inequality
Sy >t by A > 0, exponentiate, then apply Markov inequality and use indepen-
dence to get (2.6):

N
P{Sy >t} <e M HEexp()\Xi). (2.9)
i=1

It remains to bound the MGF of each Bernoulli random variable X;. Since it
takes value 1 with probability p; and 0 with probability 1 — p;, we have

Eexp(AX;) =e*pi+ (1 —p;) =14 (e* — 1)p; < exp [(eA —1)pi] -
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In the last step, we used the inequality 1 4+ x < e*. So,

HEeXp(AXi) < exp l(eA -1) Zpi] = exp [(e* = Dy .

Substituting this into (2.9), we obtain
P{Sy >t} <e Mexp[(e* —1)u] =exp [-At + (e* — 1)u].

This bound holds for any A > 0. The minimum of the expression on the right hand
side is attained for A = In(¢/u) (check!), which is nonnegative by the assumption
that ¢ > p. Substitute this value of A and simplify to complete the proof. O

Remark 2.3.2 (Chernoff inequality: left tails). By slightly modifying the proof
of Chernoff inequality, we can also obtain a bound on the left tail:

t
P{Sy <t} < e‘”(%) for every 0 < t < p.

You will prove this bound in Exercise 2.11.

Remark 2.3.3 (Poisson tails). Does the expression e *(eu/t)" in Chernoff in-
equality seem obscure? Think about what happens for very small p;. The Poisson
limit theorem (Theorem 1.7.6) suggests Sy & Pois(u). Using Stirling approxima-
tion as in (1.27), we expect that

et reu\t .
P{Sy =t} = (—) for every fixed integer ¢ > 0.
Chernoff inequality gives a similar result, but rigorous and non-asymptotic. It
essentially bounds the entire tail P{Sx >t} by one value P{Sy = t} in that tail!

The Poisson tails are heavier than Gaussian, decaying as t~¢ = e~t1°8¢ which
2
exceeds e for large t. Fortunately, this occurs only for ¢ much larger than the
mean p. For small deviations, the Poisson tail resembles the Gaussian:

Corollary 2.3.4 (Chernoff inequality: small deviations). In the setting of The-
orem 2.5.1, we have
5

P{|Sn — p| > ou} < 2exp (—3) for every 0 < 4§ < 1.

Proof Using Theorem 2.3.1 with ¢t = (1 + ) and simplifying, we get
P{Sy > (1+&)u} <exp[—p((1+8)n(1+45)—4)]. (2.10)
Now expand the expression inside exponent into a Taylor series:
52 53 54 5°
1 In(1 —0=— — —
(146)In(1408) -0 5" 33Vt3 21 135"
(To check the last bound, subtract /3 from both sides — this makes a series
with alternating signs and decreasing terms.) Plug this into (2.10) and get

P{Sy > (1 +9)u} < exp <_5;,u> :

52
cee>
-3
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The left tail P{Sy < (1 —6)u} can be bounded similarly, using Remark 2.3.2.
(Try it! You should get even a better bound: exp(—d2u/2).) Combine the two
tails by a union bound to complete the proof. O

To see a Gaussian tail in Corollary 2.3.4, try normalizing Sy roughly as in the
central limit theorem. If we set Zy = (Sy —p)//Ht, we can rewrite the conclusion
of Corollary 2.3.4 as follows:

P{|Zy| >t} < 2exp (—t*/3) for every 0 <t < \/p.

Remark 2.3.5 (Small and large deviations). Figure 2.1 shows the probability
mass function of Binom(N, p1/N) with N = 200 and p = 10. Near the mean y, the
bell-shaped curve reflects Gaussian behavior. Far to the right, the slower decay
reflects Poisson behavior. These two regimes align with the central limit theorem
and the Poisson limit theorem, respectively.

Gaussian here Poisson here

0 5 10 15 20 25 30 35

Figure 2.1 The probability mass function of the distribution
Binom(N, u/N) with N = 200 and g = 10. It is approximately normal near
the mean p, but it is heavier far from the mean.

2.4 Application: median-of-means estimator

A fundamental data science problem is learning an unknown distribution from a
sample — for example inferring a country’s income distribution from a survey of

N people.
The most basic task is estimating the mean. Let X be a random variable
with mean p and variance o2 (representing a population), and let X,,..., Xy

be independent copies' of X (representing a sample). We would like to find an
estimator i = fi(Xy, ..., Xy) that satisfies i ~ p with high probability.
The simplest and most popular mean estimator is the sample mean

1 N
fi = N;X,-. (2.11)
The expected value and variance of this estimator are
1 Y o?
En=p; Var(p) = Nz ;Var(Xi) =~ (2.12)

I Independent copies of X are independent random variables that have the same distribution as X.
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Then Chebyshev inequality gives

t 1
P{\ﬁ —pu| > \/—%} < o for every t > 0. (2.13)

For example, (2.13) ensures the error is at most 100/v/N with at least 99%
probability — an acceptable solution to the mean estimation problem.

But is this solution optimal? Is it possible for the probability in (2.13) to
decay more quickly than 1/t>? For the Gaussian distribution, the answer is yes.
If X ~ N(u,0?), then i ~ N(u,0?/N), and Uﬁ/?/”ﬁ ~ N(0,1). Using the Gaussian
tail bound (2.3) twice (for the right and left tails) gives

to 2 2
P —p > ——=t </ et/ f t>1.
{]u M’_\/ﬁ}_ —e or every t >

For example, the error is at most 30/ V/N with at least 99% probability.

One might suspect that such a strong, Gaussian tail decay requires Gaussian-
like assumptions. But surprisingly, a mean estimator exists with Gaussian tail
decay that works for any distribution with finite variance!

Theorem 2.4.1 (Median-of-means estimator). Let X be a random variable with
mean p and variance 0%, and let X4, ..., Xn be independent copies of X. For any
0 <t <N, there ezists an estimator i = i(X1,...,Xy) that satisfies

to

]P{“— > }§2e‘“2,
i = p Wii

where ¢ > 0 is an absolute constant.

The estimator iz we will construct is known as the median-of-means estimator.
A median of a finite set of real numbers {z1,...,z,}, denoted

Med(z1,...,z,),

is a value M such that at least half the numbers? satisfy x; < M and at least
half the numbers satisfy x; > M.

While the median lacks some convenient properties of the mean, such as lin-
earity, it has a major advantage: robustness. If you send one sample point x; off
to infinity, the mean becomes infinite — but the median stays put or just shifts a
bit (at most to the next point — why?).

Proof of Theorem 2.4.1 Assume for simplicity that N = BL for some integers
B and L. Divide the sample X4, ..., Xy into B blocks of length L, compute each
block’s sample mean, and take their median:
1 bL
hy = — Z X, p=Med(p,...,uns).

i=(b—1)L+1

2 The median may not be unique: for the set {1,2, 3,4}, any value in [2, 3] is a median. This ambiguity
can be resolved by taking the midpoint of the interval of all possible medians, like 2.5 in this case.
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Arguing as in (2.12) we see that each random variable p;, has expected value
p and variance o?/L. Then Chebyshev inequality yields

B S 4 to < N B 1

fo=BTUNSTPL T e T

if we choose the number of blocks to be B = t?/4. By definition of median,

to to
— < > R
\/N} < P{at least half of the numbers py,...,up are > u + \/N}
We are looking at B independent events, each occurring with probability at most
1/4. The probability that at least half of them occur is bounded by exp(—cyB)
for some absolute constant ¢y > 0, following from Hoeffding inequality (Theo-
rem 2.2.6) — check! Hence

P{ﬁ2u+

N to
p{ii > p+ TN} < exp(—cyB) = exp(—cot?/4).

Similarly, the probability that g < p— % has the same bound. Combining these
two bounds completes the proof.

There is a slight inaccuracy in our argument though. The number of blocks B
must be an integer that divides N, while our choice B = t*/4 ensures only that
0 < B < N by assumption on t. You will fix this issue in Exercise 2.16. O

2.5 Application: degrees of random graphs

We apply Chernoff inequality for a classic combinatorial object: a random graph.

The simplest model of a random graph is the Erdds-Rényi model G(n, p), which
is constructed on a set of n vertices by connecting every pair of distinct vertices
independently with probability p. Figure 2.2 shows two examples. The Erdés-
Rényi model model often serves as the simplest stochastic model for large real-
world networks.

° ° ° ° °
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Figure 2.2 Examples of random graphs in the Erdds-Rényi model G(n, p)
with n = 200 vertices and connection probabilities p = 0.03 (left) and
p = 0.01 (right).
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The degree of a vertex in a graph is the number of edges connected to it. The
expected degree of every vertex in G(n,p) equals

(n—1)p=:d.

(Why?) We will show that relatively dense graphs, those where d 2> logn, are
almost reqular with high probability, meaning the degrees of all vertices are ap-
proximately equal to d.

Proposition 2.5.1 (Dense graphs are almost regular). There is an absolute
constant C such that the following holds. Consider a random graph G ~ G(n,p)
with expected degree satisfying d > C'logn. Then, with probability at least 0.99,
the following event occurs: all vertices of G have degrees between 0.9d and 1.1d.

Proof The argument is a combination of concentration with a union bound. Let
us fix a vertex i of the graph. The degree of i, which we denote d;, is a sum of
n — 1 independent Ber(p) random variables (the indicators of the edges incident
to 7). Applying Chernoff inequality (Corollary 2.3.4) we get

P{|d; — d| > 0.1d} < 2e~“.

This bound holds for each fixed vertex i. Next, we can “unfix” ¢ by taking the
union bound (Lemma 1.4.1) over all n vertices. We obtain

P{Fi<n: |d—d| >0.1d} <> P{|d; —d| >0.1d} <n-2e .
i=1
If d > Clogn for a sufficiently large absolute constant C, the probability is
bounded by 0.01. This means that with probability 0.99, the complementary
event occurs: Vi < n: |d; — d| < 0.1d. The proof is complete. O

Remark 2.5.2 (Sparse graphs are far from regular). You may wonder if the
condition d > logn in Proposition 2.5.1 is optimal. It is: if d < (1 — ¢)Inmn,
an isolated vertex appears (“a friendless student” in Exercise 1.10), making the
minimum degree zero. If you have not done Exercises 1.9 and 1.10 yet, give them
a try them now, along with Exercises 2.18-2.20.

2.6 Subgaussian distributions

Let us take a fresh look at Hoeffding inequality for sums of independent random
variables X;:

N
]P’{‘; a; X;

This result holds for Rademacher random variables X; (Theorem 2.2.1), more
generally for any mean-zero bounded random variables X; (Theorem 2.2.6), and
for standard normal random variables X; (why?).

This makes us wonder: what is the largest class of distributions for which

2
> t} < 2exp <— Hzt”%> for all ¢ > 0. (2.14)
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Hoeffding inequality holds? If the sum vazl a; X; consists of a single term X,
(2.14) becomes

P{|X;| >t} < 2e for all t > 0. (2.15)

We will soon show that this condition is also sufficient.

Distributions that satisfy (2.15) are referred to subgaussian distributions. They
represent a natural and often canonical class for deriving results in high-dimen-
sional probability theory and its applications.

Because of the importance of subgaussian distributions, it would be useful to
find other ways to express (2.15). For inspiration, let us turn to the standard
normal random variable X ~ N(0,1). Its moment generation function is

Eexp(AX) = /2 for all A € R, (2.16)
and in Exercise 2.22 you will check that the absolute moments of X satisfy
| X ||zr = (B|X|P)/? < C\p forall p > 1. (2.17)

It turns out that these properties — the subgaussian tail decay like in (2.15), the
growth of the moment generating function like in (2.16), and the growth of mo-
ments like in (2.17) — are all equivalent for general distributions. They all convey
the same message: a given distribution is bounded by a normal distribution.

Proposition 2.6.1 (Subgaussian properties). Let X be a random variable. The
following properties are equivalent, with the parameters K; > 0 differing by at
most an absolute constant factor.’

(i) (Tails) There exists K; > 0 such that
P{|X| >t} < 2exp(—t*/K}) for allt > 0.
(i) (Moments) There exists Ky > 0 such that
1X1 = (BIXP)' < Kov/p for allp > 1.
(iii) (MGF of X?) There exists K3 > 0 such that
Eexp(X?/K3) < 2.
Moreover, if EX = 0 then properties (i)—(iii) are equivalent to the following one:
(iv) (MGF) There exists K, > 0 such that
Eexp(AX) < exp(K;\*) for all X € R.

Proof The proof is a bit long but very instructive: you will learn how to trans-
form one type of information about random variables into another.

3 The precise meaning of this equivalence is as follows: There exists an absolute constant C such that
property ¢ implies property j with parameter K; < CKj; for any two properties 4,5 = 1,...,4.
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(i)=(ii) Assume property (i) holds. Rescaling X to X/K; we can assume that
K; = 1. (Check!) The integrated tail formula (Lemma 1.6.1) for | X|? gives

E| X :/ P{IX| > u} du
0
= / P{|X| >t} pt’!~'dt (change of variables u = t?)
0
S/ 2¢ " ptP~1dt  (by property (i))
0

=pl'(p/2) (set t* = s and use definition (1.30) of Gamma function)
< 3p(p/2)"/* (since T'(x) < 3z° for all x > 1/2. Check!)

Taking the p-th root yields property (ii) with K, < 3.
(ii)=-(iii) Assume property (ii) holds. Rescaling X to X /K, we can assume that

K, = 1. (Check!) Using the Taylor series expansion of the exponential function,
we obtain

Eexp(\>X?) =

1+Z)\2;(2)] _1+§:M.

p!

p=1 p=1
Property (ii) guarantees that E[X?!] < (2p)?, while p! > (p/e)? by Lemma 1.7.8.
Substituting these two bounds, we get

oo

1

Eexp(A\2X?) < Z (2eN?)P = ———— =2
— T 1 2ex

p=1
if we choose A = 1/2y/e. This yields property (iii) with K3 = 2+/e.

(iii)=(i) Assume property (iii) holds. As before, we may assume that K3 = 1.
Then, exponentiating and using Markov inequality, we get

P{X|>t} =P{eX >} <e " Ee¥ <277,
This proves property (i) with K; = 1.
To prove the “moreover” part, we show that (iii) = (iv) and (iv) = (i).

(iii)=(iv) Assume that property (iii) holds. As before, assume that K3 = 1.
Let us use the numeric inequality

.172

which follows from the Taylor theorem with the Lagrange form of the remainder.
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Substitute z = AX to get
22
Eer <1+ ?]EXQe"\X‘ (since EX = 0 by assumption)

AQ 2 2 2
gl—i—?e’\ PR (since 2% < e” /% and |Az| < A\?/2 + 27/2)

A2 (since 1+ 2 < €7).

This proves property (iv) with K, = /3/2.

(iv)=-(i) Assume property (iv) holds; we can assume that K, = 1. Let us
apply the exponential moment method, which we first learned in the proof of
Hoeffding inequality (Theorem 2.2.1). Let A > 0 be a parameter to be chosen
later. Exponentiating and applying Markov inequality, we get

P{X >t} =P{eM > M} <eMEeM < e MeN = gAY
Optimizing in A and thus choosing A\ = ¢/2, we conclude that
IFD{X 2 t} S eft2/4'

Repeating this argument for —X, we obtain P{X < —t} < e *'/4. Combining
these two bounds yields P{|X| > t} < 2e~*/4. Thus property (i) holds with
K, = 2. The proposition is proved. O

Remark 2.6.2 (Zero mean). You might wonder why we assumed EX = 0 in
property (iv). In Exercise 2.23 you will show that any random variable X satis-
fying (iv) must have zero mean.

Remark 2.6.3 (On constant factors). The constant 2 in properties (i) and (iii)
does not have any special meaning; it can be replaced with any absolute constant
greater than 1. (Check!)

2.6.1 The subgaussian norm

Definition 2.6.4 (Subgaussian distributions). A random variable X is called
subgaussian if it satisfies any of the equivalent properties (i)—(iii) in Proposi-
tion 2.6.1. Its subgaussian norm, denoted || X||,,, is the smallest K3 satisfying
property (iii). In other words, we define

1X]|,, =inf {K >0: Eexp(X?/K?) < 2}. (2.18)
In Exercise 2.42, you will confirm that |||, indeed defines a norm on the space

of subgaussian random variables. A key part of this statement is the triangle
inequality: any random variables X and Y, not necessarily independent, satisfy

X+ Yy, < AX s + 1Y [,

Example 2.6.5. The following random variables are subgaussian; you will com-
pute their subgaussian norms in Exercises 2.24, 2.33:
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a) normal,

(a)
(b)
()

)

(d) Binomial,

Rademacher,
Bernoulli,

(e) any bounded random variable.

Conversely, the exponential, Poisson, geometric, chi-squared, Gamma, Cauchy,
and Pareto distributions are not subgaussian (Exercise 2.25).

In light of the definition of the subgaussian norm, Proposition 2.6.1 yields:

Proposition 2.6.6 (Subgaussian bounds). Every subgaussian random variable
X satisfies the following bounds.
(i) (Tails) P{|X| >t} < 2exp (—ct?/||X|3,) for all t > 0.
(it) (Moments) || X | » < C||X||y,/D for all p > 1.
(i) (MGF of X?) Eexp (X?/||X||7,) < 2.
(w) (MGF) IfEX =0 then Eexp(AX) < exp (CX*||X|3,) for all X € R.

Here C,c > 0 are absolute constants. Moreover, up to absolute constant factors,
| X ||, @s the smallest possible number that makes each of these statements valid.

There is a number of other equivalent ways to describe subgaussian distribu-
tions — discover some of them in Exercises 2.26-2.28, 2.39. Also, there is a sharper
way to define a subgaussian norm, useful if you don’t want to lose any absolute
constant factors — try Exercise 2.40 now!

2.7 Subgaussian Hoeffding and Khintchine inequalities

After our hard work characterizing subgaussian distributions in the previous sec-
tion, let us explore how these results are useful.

The fundamental property of variance (1.8) implies that independent mean-
zero random variables X7,..., Xy obey the Pythagorean theorem:

N
X
i=1

A similar but slightly weaker property holds for the subgaussian norm:

2 N )
=YX (219)
i=1

Proposition 2.7.1 (Subgaussian norm of a sum). Let Xi,..., Xx be indepen-
dent, mean-zero, subgaussian random variables. Then

N
X
i=1

where C' is an absolute constant.

2 N )
<O Xl
Ve i=1
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Proof Let us compute the moment generating function of the sum Sy = vazl X;.
For any A € R, we have

N
Eexp(ASy) = H Eexp(AX;) (by independence)

=1

N
< Hexp (C/\zHXiHiZ)) (by Proposition 2.6.6(iv))
i=1

N
= exp(A\?K?) where K? = CZHXiHiZ-
i=1

Due to (iii)<(iv) in Proposition 2.6.1, this gives
Eexp(cSy/K?) <2

where ¢ > 0 is an absolute constant. By definition of the subgaussian norm (2.18),
it follows that || Sy||y, < K/+/c, finishing the proof. O

Remark 2.7.2. (Is there a reverse bound?) Given the Pythagorean identity
(2.19), you might wonder if the inequality in Proposition 2.7.1 can be reversed.
You will show in Exercises 2.33 and 2.34 that the answer is “yes” for identical
distributions of X;, but “no” in general.

2.7.1 Subgaussian Hoeffding inequality

We can rephrase Proposition 2.7.1 in terms of subgaussian tails, using Proposi-
tion 2.6.6(1):

Theorem 2.7.3 (Subgaussian Hoeffding inequality). Let Xi,..., Xx be inde-
pendent, mean-zero, subgaussian random variables. Then, for every t > 0, we

have*
N Ct2
]P’{’ X; 2t}§26xp <—2> .
z‘Z:; ZZ\L1HXZH¢2

Example 2.7.4 (Recovering classical Hoeffding). Let X; follow the Rademacher
distribution, and apply Theorem 2.7.3 to the random variables a;X; instead of
X;. Noting that ||a; X;||y, = |ai| - || Xil|y, and that || X;||,, is an absolute constant
(why?), we get

ct?

> t} < 2exp <> . (2.20)

lall3

N
P{’; a; X;

This is our old friend — Hoeffding inequality for the Rademacher distribution
(Theorem 2.2.1), just with a different absolute constant ¢ instead of 1/2. The same
reasoning can be used to recover Hoeffding inequality for general bounded random
variables (Theorem 2.2.6), again up to an absolute constant (Exercise 2.29).

4 From now on, we will occasionally omit the phrase “where ¢ > 0 is an absolute constant,” as this is
always implied.
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2.7.2 Subgaussian Khintchine inequality

Let us establish another classic result: a two-sided bound on the LP norms of
sums of independent random variables.

Theorem 2.7.5 (Khintchine inequality). Let Xi,..., Xy be independent sub-
gaussian random variables with zero means and unit variances, and let ay,...,an €
R. Then, for every p € [2,00), we have

N 1/2 N
(Xat) =[Xax
=1 =1

where K = max; || X;l|,, and C is an absolute constant.

L= orvp (L)

i=1

Proof For p = 2, we actually have an equality, since the Pythagorean identity
(2.19) combined with the unit variance assumption gives

N N 12 N "
HZa,-Xi Lo = (ZCL?HXZH;) = (Za22> )
i=1 i=1 Pt

Then the lower bound in the theorem follows from the monotonicity of the LP
norms (1.20). For the upper bound, use Proposition 2.7.1:

Héaz)ﬁ " < C(ia?”XHl)l/Z < CK(Zcﬁ)l/Q’

i=1
and finish by applying Proposition 2.6.6(ii). O

You will extend Khintchine’s inequality for p € [1,2] in Exercise 2.36.

2.7.3 Maximum of subgaussians

So far, we have focused on sums of random variables. But what about other,
possibly nonlinear, functions? We will explore them in depth in Chapter 5. For
now, let us give one example: a version of Proposition 2.7.1 for the mazximum.

Proposition 2.7.6 (Maximum of subgaussians). Let X, ..., Xy be subgaussian
random variables for some N > 2, that are not necessarily independent. Then
Hrirg\)f(Xinz < Cy/log N r%%(HXinQ- (2.21)

In particular, we have

E%%(Xi < CK+/log N (2.22)
where K = max;<n || Xill,,,- The same bounds obviously hold for max;| X;|. (Why?)

Proof We give two different proofs of (2.21); pick the one you prefer.
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First proof is based on the union bound. Without loss of generality, we can
assume that max;||X,||,, = 1. (Why?) For any ¢ > 0, we have

N
2
P{I%%‘Xi >t} < ;P{Xi > 1} < 2N exp(—ct?)

where the subgaussian tail comes from Proposition 2.6.6(i). If N < exp(ct?/2),
then the probability above is bounded by 2 exp(—ct?/2), which is stronger than
we need. If N > exp(ct?/2), then the probability of any event is trivially bounded
by 2exp(—ct?/31n N), since this quantity exceeds 1. Thus, in either case,

2

ct
IP{ Xi>t}<2 -
(R eXp( 3N

Due to (i)« (iii) in Proposition 2.6.6, we get |[max;<y X;|,,, < CvIn N as claimed.

) for any t > 0.

Second proof of (2.21) is based on replacing the maximum by the sum. Assume
as before that max;||X,[[,,, = 1 and denoting Z = max;<y|X;|, we have

N N
EeZ = Eni%(eX'? < EZ@XE = ZIEIeXi2 < 2N.
1=

i=1 i=1

Since M := /2In(2N) > 1, Jensen inequality yields
2 2 2 1/]\/12 1
E e?*/M g(Eez) < (2N)7=% = \/e < 2.

This gives ||max;<n|X[||,,, < M = /2In(2N), proving (2.21).
The bound (2.22) follows from (2.21) via Proposition 2.6.6(ii) for p = 1. O
Remark 2.7.7 (Gaussian samples have no outliers). The factor \/log N appear-

ing in Proposition 2.7.6 is unavoidable: in Exercise 2.38 you will see that i.i.d.
random variables g; ~ N(0,1) satisfy

Erri%(]gJ ~V2InN.

The good news is that the logarithmic factor grows slowly and is often negligible.
This is great for sampling because it helps prevent extreme outliers. On average,
the farthest point in an N-point sample from a normal distribution is only +/21n N
standard deviations away from the mean!

2.7.4 Centering

Many results in probability, such as the subgaussian Hoeffding inequality, require
the random variables X; to have zero mean. When they do not, we can center X;
by subtracting their means. Such centering can only reduce the L? norm:

X = EX]| . < [IX][L.- (2.23)

This follows from an extremal property of the variance (Exercise 0.2). Let us
check that centering also does not destroy the subgaussian norm:
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Lemma 2.7.8 (Centering). Any subgaussian random variable X satisfies
IX —EX],, <X,
Proof Since |||y, is a norm (Exercise 2.42), triangle inequality gives
X —EX]|, < [1XIl,, + [EX],,- (2.24)

We only need to bound the second term. Note that for any constant random
variable a, we trivially have® ||al|y, < |a| (Exercise 2.24(b)). Using this for a =
E X and using Jensen inequality for f(z) = |z|, we get

IE X, S EX| <EIX]=[IX] S [1X]],

where in the last step we used Proposition 2.6.6(ii) with p = 1. Substitute into
(2.24) to complete the proof. O

2.8 Subexponential distributions

The class of subgaussian distributions is natural and quite broad. Nevertheless,
it leaves out some important distributions whose tails are heavier than Gaussian.
For example, consider a standard normal random vector g = (g1,...,9n) € R,
whose coordinates g; are independent N(0,1) random variables. Let us look at
the Euclidean norm of g:

N 1/2
loll, = (> 6?)
=1

Does ||g||, concentrate around its expected value? On the one hand, [|g||, is a sum
of independent random variables ¢g?, so we might expect some concentration. On
the other hand, while g; are subgaussian random variables, g7 are not. Indeed,
recalling how the Gaussian tails behave (Proposition 2.1.2), we can see that®

P{g; >t} = P{]g[ > \/i} ~ exp (—(\/E)2/2) = exp(—t/2).

So the tails of g7 behave like those of the exponential distribution, and are strictly
heavier than subgaussian tails. This prevents us from using the tools we have
established so far, like Hoeffding inequality (Theorem 2.7.3), when studying the
concentration of ||g||,.

2.8.1 Subexponential properties

With this in mind, let us look at distributions with exponential or lighter tail
decay, known as subexponential distributions. Our analysis will be pretty similar
to what we did for subgaussian distributions in Section 2.6, so we will move a bit
quicker. Here is a version of Proposition 2.6.1:

5 In this proof and later, the notation a < b means that a < Cb where C is some absolute constant.
6 Here we ignored the prefactor 1/t, as it has little impact on the exponent for large t.
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Proposition 2.8.1 (Subexponential properties). Let X be a random variable.
The following properties are equivalent, with the parameters K; > 0 differing by
at most an absolute constant factor.”

(i) (Tails) There exists K; > 0 such that

P{|X| >t} <2exp(—t/K;) forallt>D0.
(i) (Moments) There exists Ky > 0 such that

1X]l,0 = (BIX)Y? < Kap for allp > 1.
(i) (MGF of | X|) There exists K3 > 0 such that

Eexp(|X|/K3) < 2.
Moreover, if EX = 0 then properties (i)-(iii) are equivalent to the following one:
(iv) (MGF) There exists K, > 0 such that
Eexp(AX) < exp(K:\?) for all X such that |\ < I;'

Proof The equivalence of properties (i)—(iii) can be proved just like in Propo-
sition 2.6.1; you will tackle this in Exercise 2.41. The equivalence of (iv) to the
other properties is somewhat different, so we will prove it now.

(iii)=(iv) Assume that property (iii) holds. Without loss of generality we may
assume that K3 = 1. (Why?) Let us use the numeric inequality
1.2
e’ < 1+x+?e|“"‘
which follows from the Taylor theorem with the Lagrange form of the remainder.
Assume that [A| < 1/2 and substitute z = AX to get
)\2
EeM <1+ > E X2 (since EX = 0 by assumption)
<14 222 EX (since z? < 4el*1/2 and el < e‘””‘/Q)
<144X? (since Ee*! < 2 by assumption (iii))
< 64)\2.
This yields property (iv) with K, = 2.

(iv)=(i) Assume that property (iv) holds with K, = 1 without loss of gener-
ality. Exponentiate, apply Markov inequality and use (iv) for A = 1 to get

P{X >t} = IP’{eX >e'} < e tTEeX <e' .

In a similar way, we get P{—X >t} < e'~*. By the union bound, we conclude
that P{|X| >t} < 2e!'~!, which is further bounded by 2e~%/3 if ¢ > 3/2. And

7 The precise meaning of this equivalence is as follows: There exists an absolute constant C such that
property ¢ implies property j with parameter K; < CK; for any two properties 4,5 = 1,...,4.
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if + < 3/2, we have 2¢/3 > 1 and the probability is trivially bounded by this
quantity. This establishes property (i) with K; = 3. O

Remark 2.8.2 (MGF near the origin). You may be surprised to see the same
bound on the MGF near the origin for subgaussian and subexponential distribu-
tions (property (iv) in Propositions 2.6.1 and 2.8.1.) But this is actually expected
for any random variable X with mean zero. To see why, assume for simplicity
that X is bounded and has unit variance. Approximate the MGF using the first
two terms of the Taylor expansion:

2v2

Eexp(AX)~E |14+ X + 5

A2 2
=1 7%)\/2
+2 e

as A — 0. For the standard normal distribution N (0, 1), this approximation be-
comes an equality, see (2.16). For subgaussian distributions, Proposition 2.6.1(iv)
says that a bound like this holds for all A, characterizing subgaussians. And for
subexponential distributions, Proposition 2.8.1(iv) says that says that a bound
like this holds for small )\, characterizing subexponentials.

Remark 2.8.3 (MGF far from the origin). For subexponentials, the MGF bound
can only be guaranteed near zero. Indeed, the MGF for an exponential random
variable X ~ Exp(1) is infinite for A > 1. (Check!)

2.8.2 The subexponential norm

Definition 2.8.4 (Subexponential distributions). A random variable X is called
a subexponential if it satisfies any of the equivalent properties (i)—(iii) in Proposi-
tion 2.8.1. Its subezponential norm, denoted [ X{|,, , is the smallest K in property
(iii). In other words,

IX|l,, = inf{K >0: Eexp(|X|/K) < 2}. (2.25)

In Exercise 2.42, you will confirm that [|-||,, indeed defines a norm on the space
of subexponential random variables.

Subgaussian and subexponential distributions are closely connected. Their def-
inition directly imply the following (check!):

Lemma 2.8.5 (Subexponential is subgaussian squared). X is subgaussian if and
only if X? is subexponential, and

1521, = 15X,

More generally:

Lemma 2.8.6 (Subgaussian x subgaussian = subexponential). If X and Y are
subgaussian then XY 1is subexponential, and

XY, < 11X, 1YL,
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Proof Without loss of generality, we may assume that || X]|, = [[Y],, = 1.
(Why?) By definition, this implies that Eexp(X?) < 2 and Eexp(Y?) < 2. Then
X? Y2> a* b

Eexp(|XY]) < Eexp <2 +4 (since |ab| < 5+ 5)

efen(F)ee(5)]

1 2 2
< 3 E [exp(X?) + exp(Y?)] (using that ab < % + 3 again)
1
< 5(2 +2) =2 (by assumption).
By definition, it follows that | XY, <1. O

Example 2.8.7. The following random variables are subexponential (check it!):

(a) any subgaussian random variable,

(b) the square of any subgaussian random variable (Lemma 2.8.6),
(c) exponential,

(d) Poisson,

(e) geometric,

(f) chi-squared,

(g) Gamma.

Conversely, the Cauchy and Pareto distributions are not subexponential. (Check!)

Many properties of subgaussian distributions extend to subexponentials. One
of such properties is centering (Lemma 2.7.8), whose subexponential version is

X —EX], <CIx],, (2.26)
You will check this and some other properties in Exercise 2.44.

Remark 2.8.8 (All the norms together). We have introduced many properties
of random variables. How do they all fit together? Here is a chain of implications:
X is bounded a.s. = X is subgaussian = X is subexponential

= X has moments of all orders = X has finite variance = X has finite mean.
Quantitatively, this corresponds to the following chain of inequalities:
1X T < N X2 < MK STy, S TX Ny, S I1X .-

This holds for each p € [2,00), where the < signs hide an O(p) factor in one of the
inequalities and absolute constant factors in the other two inequalities. (Explain
why each inequality holds!)

Remark 2.8.9 (Going more general: 1), and Orlicz norms). Subgaussian and
subexponential distributions are part of the broader family of ¢, distributions.
An even more general framework is provided by Orlicz spaces and norms. You
will explore this in Exercises 2.43 and 2.42.
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2.9 Bernstein inequality

We are ready to state and prove a version of Hoeffding’s inequality (Theo-
rem 2.7.3) that works for subexponential distributions:

Theorem 2.9.1 (Subexponential Bernstein inequality). Let Xi,..., Xx be in-
dependent, mean-zero, subexponential random variables. Then, for every t > 0,
we have

N
P{‘;Xi

where ¢ > 0 18 an absolute constant.

t? t
> t} < 2exp |—cmin ,
[ (zﬁiluw maxz-uxz-uwl)]

1

If this bound seems a bit intimidating, do not worry—we will break it down
and simplify it after the proof.

Proof We use the exponential moment method, which we learned in the proof
of Hoeffding and Chernoff inequalities (Theorems 2.2.1 and 2.3.1). Denote Sy =
Zf\;l X;, multiply both sides of the inequality Sy > t by a parameter A > 0,
exponentiate, and use Markov inequality and independence. This leads to (2.9):

N
P{Sy >t} < e M [ Eexp(AX;). (2.27)
i=1
To bound the MGF of each term X, we use property (iv) in Proposition 2.8.1.
It says that if A is small enough so that

Al <

C
S (2.28)
max; HX’L le

then® Eexp(AX;) < exp (C)‘2||Xi||12bl)‘ Substituting this into (2.27), we obtain

N
P{Sy >t} <exp (—At + CX\°0°), where o” = ZHX,Hil
i=1
Now we minimize this expression in A subject to the constraint (2.28). The

optimal choice is A = min (2022, max-ucxu ), for which we obtain
illAilly,

P{Sy >t} <exp [— min (4502, 2maxic|7Xi||wl )}

Repeating this argument for —X; instead of X;, we obtain the same bound for
P{—Sy > t}. Combining these two bounds completes the proof. O

To make Theorem 2.9.1 more handy, let us apply it for a;X; instead of X;. This
gives us a version of (2.20) for subexponential distributions:

8 Recall that by Proposition 2.8.1 and definition of the subexponential norm, property (iv) holds for a
value of Ky that is within an absolute constant factor of || X, -
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Corollary 2.9.2 (Subexponential Bernstein inequality, simplified). Let X;,..., Xy
be independent, mean-zero, subexponential random variables, and a = (ay,...,ax) €
RY. Then, for every t > 0, we have

P{’ia?{‘ >t}<2exp [cmin( e ! >]
i=1 ST K2|all3’ Kllaw

where K = max; || X, -

Remark 2.9.3 (Why two tails?). Unlike Hoeffding inequality (Theorem 2.7.3),
Bernstein inequality (Theorem 2.9.1) has two tails — gaussian and exponential.
The gaussian tail is not surprising: it is what we would expect from the central
limit theorem. The exponential tail is also necessary, since even a single subex-
ponential term X; can have tail as large as exp ( — ct/|| X[, ), which is strictly
heavier than a gaussian tail. What is surprising (and amazing) is that the expo-
nential tail in Theorem 2.9.1 is no worse than what you would get from a single
term X; — the one with the largest subexponential norm.

Remark 2.9.4 (Small and large deviations). Normalizing the sum in Corol-
lary 2.9.2 like in the central limit theorem, we get®

P{’\/lﬁé& > t} < {Qexp(—ct2), t<+/N

2exp(—ct\/ﬁ), t>+/N.
In the small deviations range (t < v/N), we get a gaussian tail bound. This range
grows with N, reflecting the increasing strength of the central limit theorem.
Meanwhile, in the large deviations range (t > v/N), the tail bound remains heavy
and exponential, driven by a single dominant term X;. This is illustrated in
Figure 2.3; we observed a similar phenomenon in Remark 2.3.5.

Exponential tails | Gaussian tails | Exponential tails

VN VN

Figure 2.3 Bernstein inequality exhibits a mixture of two tails: gaussian for
small deviations and exponential for large deviations.

To conclude this chapter, we mention a version of Bernstein inequality that is
sensitive to the variances of the terms X,;. However, this comes at the cost of a
stronger assumption that the terms X; are bounded a.s.

9 For simplicity, we suppressed the dependence on K by allowing the constant ¢ > 0 depend on K.
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Theorem 2.9.5 (Bernstein inequality for bounded distributions). Let X, ..., Xy
be independent, mean-zero random variables satisfying |X;| < K alli. Then, for
every t > 0, we have

P{‘iXi >t} < 2exp (_152/2>

o2+ Kt/3

N . .
where o =", | EX? is the variance of the sum.

You will prove this version of Bernstein inequality in Exercise 2.47.

2.10 Notes

Concentration inequalities cover a broad area, and we will explore them further in Chapter 5.
Various forms of Hoeffding, Chernoff, and Bernstein inequalities, as well as related results, can
be found in [52], [344, Chapter 2], [17, Appendix A], [249, Chapter 4], [210], [127, Chapter 7],
[21, Section 3.5.4], [284, Chapter 1], [24, Chapter 4].

The proof of the upper bound on the Gaussian tails in Proposition 2.1.2 is borrowed from
[116, Theorem 1.4]. To learn more about the Mills ratio mentioned in Exercise 2.3, see [133].

Berry-Esseen central limit theorem (Theorem 2.1.4) with an extra factor 3 on the right hand
side can be found e.g. in [116, Section 2.4.d]; the best currently known factor is &~ 0.47 [302].

The exponential moment method, used to derive the concentration inequalities in this chapter,
was pioneered by S. Bernstein [38, 39, 40]. Early forms of Chernoff inequality (Theorem 2.3.1)
appear in [83]. Hoeffding inequality (Theorem 2.2.6) was first proved in [161].

The survey [219] explores various approaches to the mean estimation problem introduced in
Section 2.4. Median-of-means estimators have been employed since the 1980s, they appear in
the early work of A. Nemirovsky and D. Yudin [256] and M. Jerrum, L. Valiant, and V. Vazirani
[177]. The analysis of the median-of-means estimator in Theorem 2.4.1 largely follows [219].
Various impossibility results of the type presented in Exercise 2.17 can be found in [99, 219].

Section 2.5 scratches the surface of the rich theory of random graphs. The books [47, 174, 131]
present comprehensive introductions to random graph theory. Vertex degrees of random graphs,
which we discuss in Section 2.5 and in Exercises 2.18 and 2.19, have been extensively explored.
For many asymptotically sharp results, see [131, Chapter 3]. The expansion property explored
in Exercise 2.20 is most closely related to the expander mixing lemma. To explore a rich theory
of expander graphs, refer to the survey [164].

Subgaussian distributions, discussed in Section 2.6, were introduced by J. P. Kahane [179].
Some of their basic properties discussed in Sections 2.6-2.7 were initially established in [179, 68].
In those early works, subgaussian distributions required mean zero, and the definition of subgaus-
sian norm corresponds to the notion of the exact subgaussian norm discussed in Exercise 2.40.
For a modern exposition of basic properties of the exact subgaussian norm (Exercise 2.40) and
its relation with Orlicz norms (Exercise 2.42), see [285]. The presentation in Sections 2.6-2.9
mostly follows [340].

The original version of Khintchine inequality (Theorem 2.7.5, Exercise 2.36) for Rademacher
distributions appears in [183, 216]. Sharp versions of Khintchine inequality for Rademacher
distributions and related results can be found in [311, 152, 192, 252, 160], as well as [127,
Theorem 8.5]; see [21, Section 3.7] for historical remarks.

Several forms of Bernstein inequality appeared in the original work of S. Bernstein’s work
[38, 39, 40]; see [21, Section 3.7] for a historical account of S. Bernstein’s contributions. The
dependence on the subexponential norm in Bernstein inequality (Corollary 2.9.2) can often be
improved [176]. Concentration inequalities for general 1, distributions can be found e.g. in [79,
Theorem 1.2.8] and [210].

Bennett inequality (Exercise 2.48) was likely first published in [35, 36]; see also [161].
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Exercises

W

s (Products of i.i.d. random variables do not concentrate) Many random variables
concentrate around the mean; in particular, the probability of exceeding the mean is
usually constant. Here is an example of poor concentration, where this probability is ex-
ponentially small. Let X1,..., X, be independent random variables uniformly distributed
in [0,1]. Prove that their product Yy := X - - - X, satisfies

(0.5)" < P{Y,, > EY,} < (0.95)".

m

# (Gaussian tails: a lower bound) The lower bound in Proposition 2.1.2 was left un-
proved; let us prove it now. Let g ~ N(0,1). Show that for all ¢ > 0, we have

t 1642/2
t2+1 or '

To do this, consider the difference between the left and right hand sides as a function of

P{g >t} >

t. Check that this function decreases to 0 as ¢ increases to infinity.

swdew (Mills ratio) Although the Gaussian tail P{g > ¢} for g ~ N(0,1) cannot be
calculated analytically for all ¢, it can be expanded into series as follows:

P{g>t} 1 1  1-3 1.3.5

- - =+ - <o fort > 1, 2.29
[0 t B H o T o (2.29)
where f(t) = \/%eftz/z is the density of g. Moreover, the ratio is sandwiched between
any pair of consecutive partial sums of this series. For example,
1 1 Plg>t} 1 1 3
S o< I < - 4+ = fort>0. 2.30
tTBES T STt et ™ (2.30)

Prove (2.30) by doing the following steps:
(a) Check that f/(x) +xf(z) = 0 for all x.
(b) Use the equation from part (a) to integrate P{g > t} = ftoo f(z)dz by parts.
Repeat.

it

#® (Truncated gaussian moments) Show that g ~ N(0, 1) satisfies:
1 42/
a) Egl = e for all ¢t > 0.
( ) gL{g>t} /o

) 1\ 1
(b) Eg™1iynyy < (t+ z)\/T—W

eft2/2 for all t € R.

w% (Completing the proof of Hoeffding inequality) Prove the numerical bound (2.7):

cosh(z) < exp(x?/2) for all z € R.

# (Gaussian tail by the exponential moment method) Use the exponential moment
method to prove that g ~ N(0, 1) satisfies

P{g >t} < eit2/2 for all t > 0.

Although this bound has a larger constant factor than (2.3), it is still sufficient for many
purposes.
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e (Small ball probability) Let X1,..., Xy be nonnegative independent random vari-
ables with continuous distributions. Assume that the probability density functions of X;
are all uniformly bounded by K. Show that for any € > 0 we have

N
P{ZXi < EN} < (eKs)N.
i=1

JIVIITIT]

s (An MGF comparison inequality) Let X and Y be random variables with the
same mean. Assume that X takes values in an interval [a, b], while Y takes values in the
two-point set {a,b}. Prove that

EM <EeY  for all A € R.

W

www (Hoeffding lemma) Prove that any random variable X that takes values in an
interval [a, b] satisfies

207 N2
EMYEX) < exp (%) for all A € R.

To prove this, follow these steps:

(a) Argue that we may assume without loss of generality that X has mean zero, that
b—a =1, and that X takes values in the two-point set {a, b}.

(b) Compute the cumulant generating function K(\) = logE X and check that
K(0) = K'(0) = 0 and K”()\) < 1/4. Conclude that K(\) < A?/8 for all X € R.

W

#® (Hoeffding inequality for bounded random variables) Deduce Theorem 2.2.6 from
Hoeffding lemma (Exercise 2.9).

W

# (Chernoff inequality: left tails) Prove the result mentioned in Remark 2.3.2: under the
assumptions of Theorem 2.3.1, we have

t
P{Sy <t} < ef”(%) for every 0 < t < p.

www (Reverse Chernoff) Show that a Binomial random variable Sy ~ Binom(N, p1/N)
satisfies the “reverse Chernoff” inequality”:

t
P{Sy =t} >e* (%) for every integer t € [u, NJ.

w% (Poisson tails) Thanks to the Poisson limit theorem (Theorem 1.7.6)), it is reason-
able to expect that Chernoff inequality works for Poisson variables too. And it does! Use
the exponential moment method to prove the following tail bounds for X ~ Pois(u):

(a) (Version of Theorem 2.3.1) P{X >t} < e H(eu/t) for every t > pu.

(b) (Version of Remark 2.3.2) P{X <t} < e #(ep/t)! for every 0 < t < pu.

(¢) (Version of Corollary 2.3.4) P{|X — p| > 6u} < 2exp(—62p/3) for every 0 < 6 < 1.
(d) (Version of Exercise 2.12) P{X =t} > e *(u/t)! for every integer t > 0.
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e (Chernoff inequality: small deviations) Let’s extend Corollary 2.3.4. Let X; be in-
dependent Bernoulli random variables with parameters p;. Consider their sum Sy =
Zi]il X; and denote its mean by pu = E Sy. Show that

62u

246

]P’{\SN—MZ(SM}SQexp(— ) for every § > 0.

# (Chernoff inequality for bounded random variables) Argue that all versions of Chernoff
inequality (Theorem 2.3.1, Remark 2.3.2, and Corollary 2.3.4) are valid for any indepen-
dent random variables X; that take values in the interval [0, 1] and have means p;.

w# (Median-of-means: fixing the proof) The proof of Theorem 2.4.1 is slightly flawed:
B = t2/4 may not be an integer that divides N. Fix this.

JITIITIT]

sdw (No mean estimator is subgaussian everywhere) You may wonder if Theorem 2.4.1
holds for all ¢ > 0. It does not. In fact, no mean estimator can provide subgaussian
confidence for all quantiles. Disprove the following claim:

“There exists an absolute constant ¢ > 0 such that the following holds. For any integer
N > 0 and every ¢ > 0, one can find a function i : RY — R satisfying

~ t e
P{‘/L(Xl,...,XN)—,u’ > \/—‘]’V} < 9e

for all i.i.d. random variables X1, ..., Xy with mean p and variance a2

Do this by working out a version of Le Cam’s two-point method:

(a) Consider two random vectors X = (X1,...,Xy) and Y = (Y7,...,Yn) with inde-
pendent Laplace!'® coordinates: X; ~ Lap(0,1) and Y; ~ Lap(u, 1) for some pu > 0.
Check that P{X € B} < e P{Y € B} for any measurable subset B ¢ R".

(b) Assume for contradiction that the claim holds. Apply it to bound the probabilities
of the events |a(X)| > p/2 and |a(Y) — p| > p/2.

(¢) Choose 1 large enough and replace Y with X using (a) to make both events |(X)| <
u/2 and |@(X) — p] < p/2 likely. Use triangle inequality to arrive at a contradiction.

w

® (Most degrees of sparse random graphs are OK) In Exercise 1.10, we saw that a
typical sparse random graph G ~ G(n,p) has isolated vertices (“friendless students”),
resulting in a minimum degree of zero. However, most vertex degrees are still close to the
expected degree d = (n — 1)p. Prove that there exists an absolute constant C' > 0 such
that if d > C, then with probability at least 0.99 the following event holds: at least 99%
of the vertices have their degrees between 0.9d and 1.1d.

wewwew (Maximum degrees of sparse random graphs) In Exercise 1.10, we observed
that a typical sparse random graph G ~ G(n,p) has the minimum degree zero. But what
about the maximum degree (“the number of friends of the most popular student”), denoted

10 The Laplace distribution Lap(u, 1) has probability density function %e*“*“‘ for z € R. The mean

is 4 and the variance is 2. (Check!)
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A(G)? Show that there exist absolute constants ¢, c1, ca > 0 such that the following holds:
If n > 3 and the expected degree d = (n — 1)p satisfies d < c(log n)o,997 then

logn logn

“ loglogn

<A(G) L e

loglogn
with probability at least 0.99.

2.20 ses (Expansion property of random graphs) Random graphs G(n,p) exhibit a remark-
able property: the number of edges'! e(S,T) connecting any two vertex subsets S and T
is proportional to the sizes of these sets, provided they are not too small. Prove that there
exists an absolute constant C' > 0 such that, with probability at least 1 — 2", the following
event occurs:

7§|;) < 1.1p for all disjoint subsets of vertices S, T with |S||T"| > @
p

0.9p <

2.21 ses (Boosting randomized algorithms) Imagine we have an algorithm for solving some
decision problem, like checking if p is prime. Suppose the algorithm makes decisions ran-
domly, giving the correct result with probability % + ¢ for some € > 0, only slightly better
than pure guessing. To improve the performance, run the algorithm N times and take the
majority vote. Show that, for any ¢ € (0,1), the answer is correct with probability at least

1 -9, as long as
1 1
N> 1 (7)
=2:2"\5

2.22 w (Absolute moments of the normal distribution) Let g ~ N(0,1).
(a) Express the absolute moments of g in terms of the gamma function as follows:

p+1

Bl = 2r (24

7=

(b) Deduce that the LP-norm of g satisfies

) for each p > 1.

lgll o = (Elg?)"/? = \/g(l +o(1)) asp—oo.

2.23 ww (Subgaussian MGF requires zero mean) You might wonder why we assumed that
E X = 0 in property (iv) of Proposition 2.6.1. Show that any random variable X satisfying
this property must have zero mean.

224 = (Examples of subgaussian distributions) Check the following.

(a) (Constant) If X = c a.s. for some constant c, then || X||,,, =¢/vIn2.
(b) (Bounded) If X bounded a.s. then [ X|[,,, < [|X||o/vIn2.

Normal) X ~ N(0,0?) satisfies Xy, =o/8/
Bernoulli) X ~ Ber(p) satisfies || X[, = 1/\/ln (1+1/p).

11 Formally, e(S,T) denotes the number of edges between pairs of vertices s € S and t € T.

) (
) (
(c) (Rademacher) A Rademacher random variable X satisfies || X[, =1/ vIn2.
) (
) (
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# (Examples of non-subgaussian distributions) Explain why the exponential, Poisson,
geometric, chi-squared, Gamma, Cauchy, and Pareto distributions are not subgaussian.

W
-=

(Subgaussian characterization: MGF of X2) In Proposition 2.6.1 we saw a few
equivalent ways to describe subgaussian distributions. Here is one more. Prove that a
random variable X is subgaussian if and only if there exists K > 0 such that

Eexp()\zXQ) < exp()\zKQ) for all A such that |A\| < % (2.31)

More precisely, show that if X is subgaussian, then (2.31) holds with K = [|X|[,,. Con-
versely, prove that if (2.31) holds, then X is subgaussian with [ X, < 2K.

#% (Subgaussian characterization: almost stochastic dominance) For two random vari-
ables X and Y, let us say that X <Y if

P{X >t} <2P{Y >t} forallteR. (2.32)
(a) Prove that X is subgaussian if and only if there exists K > 0 such that
|X| X Kl|g| where g ~ N(0,1). (2.33)

More precisely, show that if X is subgaussian, then (2.33) holds with some K
C||X][y, - Conversely, prove that if (2.33) holds, then X is subgaussian with | X||,,,
CK. As always, C stands for an absolute constant of your choice.

(b) Show by example that part (a) may fail if the factor 2 in (2.32) is replaced with 1.

<
<

# (Subgaussian characterization: convex dominance) For two random variables X
and Y, let us say that X S Y if E®(X) < E®(Y) for any convex, increasing function
® : R — R. Prove that X is subgaussian if and only if there exists K > 0 such that

TR
- W

|X| 2 Klg| where g ~ N(0,1). (2.34)

More precisely, show that if X is subgaussian, then (2.34) holds with some K < C||XH¢2.
Conversely, prove that if (2.34) holds, then X is subgaussian with [|X{[,, < CK.

W

# (Hoeflding inequality for bounded random variables) Deduce Hoeflding inequality for
bounded random variables (Theorem 2.2.6) from the subgaussian Hoeflding inequality
(Theorem 2.7.3), possibly with some other absolute constant instead of 2 in the exponent.

w# (A reverse Hoeffding inequality) Let X1,..., Xy be independent subgaussian ran-
dom variables with zero means and unit variances, and let a1,...,ay € R. Prove that
N N
P{\Zlaixi > (Xed) 2 g
i= i=

where K = 1(11&)(151\;“)(1-||w2 and ¢ > 0 is an absolute constant. This result is a general,
quantitative version of Example 1.5.1, though it does not attain the exact probability of
1/2.
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2.31 wswe (Hoeffding requires zero mean) Let X1, X, ... bei.i.d. random variables that satisfy
the Hoeffding-like inequality (2.14) for any IV, any coefficient vector a € RY, and for some
¢ > 0 independent of N and a. Prove that E X; = 0.

2.32 ww (Subgaussian norm of a sum) Prove that any two independent, mean-zero, subgaus-
sian random variables X and Y satisfy

X+ Yy, =< NXNy, + 1Yy,

2

(NS4

where “<” indicates equivalence up to absolute constant factors.!

2.33 wsewe (Subgaussian norm of i.i.d. sums) In light of the Pythagorean identity (2.19), it is
natural to ask if the inequality in Proposition 2.7.1 can be reversed. In this and the next
exercise, you will demonstrate that the answer is “yes” for identical distributions of X,
but “no” in general.

(a) Let X, X, Xo,...,XxN be iid. mean-zero, subgaussian random variables. Prove
that

= VN[ Xy,
2

N
IR
=1

where the sign “<” indicates equivalence up to absolute constant factors.
(b) Deduce that the binomial random variable Sy ~ Binom(N, p) satisfies

N
S8 = Nplly, <4/ log2/p)”

2.34 wdspw (Subgaussian norm of non-i.i.d. sums)

(a) Find independent, mean-zero, subgaussian random variables X1, Xs,... such that
for any N and any coefficient vector a = (ay,...,an) € RY . we have

N
HZ a; X;
i=1

where “<” indicates equivalence up to absolute constant factors.
(b) Conclude that the inequality in Proposition 2.7.1 cannot be reversed in general.

= ||a
" llallo

2.35 weese (Interpolating between L' and L°°) In Exercise 1.12, we showed how to bound
the LP norm of a random variable X using bounds on its L' and L™ norms. Now, let us

prove a similar result for the subgaussian norm.
(a) Prove that if || X||;1 = a and || X ||« = b, then
Cb
XNy, £ ——=
log(2b/a)

where C' is an absolute constant.
(b) Give an example showing that the bound in part (a) is tight (up to an absolute
constant) for any a and b.

12 We write a < b to indicate that ¢1b < a < cab where ¢1, ca > 0 are absolute constants.
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2.36 wese (Khintchine inequality for p < 2) In Theorem 2.7.5, we proved Khintchine inequality
for p € [2,00). Let us now extend it to p € [1,2].

(a) (Extrapolation) Show that any random variable Z with finite L norm satisfies the

inequality
1/4 3/4
1212 < 121150 12155
(b) Let X1,..., Xy be independent subgaussian random variables with zero means and
unit variances, and let a1,...,any € R. Prove that

N

_3N21/2 N._ 2\ 1/2
cK (;az) SE‘;ale < (;az) .

where K = max;||X;||,, and ¢ > 0 is an absolute constant.
(¢) Conclude that the same inequality holds for the LP norm of the sum for any p € [1, 2].

2.37 sese#e (A maximal inequality) Prove the following strengthening of Proposition 2.7.6. Let
X1, Xa,... be a sequence of subgaussian random variables, not necessarily independent.
Then

X
sup ————
k +/log(2k)

where C is an absolute constant.

< C'sup|| X[y,
k
2

2.38 wesw (Maximum of Gaussians) Let us prove an asymptotically sharp version of the
maximal inequality (2.22) for standard normal random variables.

(a) Let g1,...,9n be N(0,1) random variables for some N > 2, that are not necessarily
independent. Prove that

Emaxg; < vV2InN and Emax|g)| <+/2In(2N).
I<N i<N

(b) Prove that if g1, g2, ... are independent N (0, 1), then we have as N — oo:

Ené%(gi =v2InN (14 0(1)) and Erri%dgﬁ =v2InN (1+0(1)).
1S 1S

2.39 we# (Subgaussian characterization: a maximal inequality) Prove that a random vari-
able X is subgaussian if and only if there exists K > 0 such that

Ené%Xm\ < Ky/logN forany N =23,... (2.35)
(S

where X; are independent copies of X. We have already proved half of this statement:
Proposition 2.7.6 shows that if X is subgaussian, then (2.35) holds with K < C||X|y,-
Now prove the converse: if (2.35) holds, then X is subgaussian and || X||y, < CK.

240 wsesew (A surgeon’s view: the exact subgaussian norm) You may have noticed that
most results involving the subgaussian norm hold up to an absolute constant factor rather
than exactly. To refine these results, we can redefine the subgaussian norm using the
equivalent property (iv) from Proposition 2.6.1. For motivation, recall that the MGF of
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a normal random variable X ~ N(u,o?) satisfies EerX =1 = ¢7"3*/2 g1 all A € R.
Inspired by this, we can define the subgaussian variance of a random variable X as

Varg(X) = inf {02 : B EX) < N2 for all A e R}.

Recall that the L? norm of X can be expressed as ||XH%2 = E[X?] = Var(X) + (EX)%
Inspired by this, define the exact subgaussian norm of a random variable X by the identity

|1X[[% = Varg(X) + (E X)*.

Prove the following.

(a) The exact subgaussian norm indeed defines a norm on the space of subgaussian
random variables.

(b) The exact and standard subgaussian norms are equivalent up to absolute constant
factors: c1[| X[y, < 1 Xla < c2l| X ||yp,-

(¢) We have Var(X) < Varg(X) and || X||;2 < || X||g, with equalities holding if X is
normally distributed.

(d) If Xy,..., XN are independent and mean-zero, then

N N
Varg (ZXl) < ZVarg(Xi).
i=1 i=1

Rewriting this as ”Zzlil XlH?; < Z£1HX1H2G gives an exact version of Proposi-
tion 2.7.1.
(e) An exact version of centering (Lemma 2.7.8): || X —EX||o < || X||4-

W

s (Subexponential properties) Prove the equivalence of properties (i)—(iii) in Propo-
sition 2.8.1 by modifying the proof of Proposition 2.6.1.

s (A bird’s eye view: Orlicz norms) Here is a general framework that covers most
norms we have seen so far. Let v : [0,00) — [0,00) be a nondecreasing, convex function
with ¢ (0) = 0. The Orlicz norm of a random variable X is defined as

X
Xy =inf {K >0: E (L)<1}.
X0y = in {K > 0: By () <
(a) Verify that this indeed defines a norm on the set of all random variables (on the
same probability space) for which || X[, is finite.
(b) Explain why the following are examples of Orlicz norms: the LP norm for any
p € [1,00), the subgaussian norm || X||,,, and the subexponential norm || X/, .

TR
- W

(o distributions) Consider the distributions whose tails decay at a rate of exp(—ct®)
or faster, where a € (0,00) is a fixed parameter. When a = 2, these are subgaussian
distributions, and when « = 1, they are subexponential. State and prove a version of

Proposition 2.8.1(i)—(iii) for such distributions, and define the ¥ norm.

W

=% Many properties of subgaussian distributions extend to subexponential distribu-
tions, with some modifications. State and prove for subexponentials:

(a) A version of centering (Lemma 2.7.8), already stated in (2.26).
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(b) A version of the maximal inequality (Exercise 2.39).
(c) A version of convex dominance (Exercise 2.28).

# (Restating Bernstein inequality) Here is a popular way to state results like Theo-
rem 2.9.1. Let Xq,..., Xy be independent, mean-zero, subexponential random variables.
Check that, for every u > 0, we have

{3

=1

>C (ovu+ Ku)} < 2exp(—u)
N
where 02 = Zi=1||X,-Hi1 and K = max;[| X[, -

W

% (Subexponential Khintchine inequality) Prove the following subexponential version
of Theorem 2.7.5. Let Xi,..., Xy be independent, mean-zero, subexponential random
variables, and a = (a1,...,an) € RY. Then, for every p € [2,00), we have

N
HZ a; X;
i=1

where K = max;||X;||,,, and C' is an absolute constant.

L, < CK(Vplallz + plalloc)

W

sd (Bernstein inequality for bounded distributions)

(a) Let X be a mean-zero random variable satisfying |X| < K a.s. Prove the following

bound on the MGF of X:
Eexp(AX) < ex ( ()\)]EX2> where g(\) = N2

provided that |\ < 3/K.
(b) Deduce Theorem 2.9.5 by the exponential moment method.

sdpw (Bennett inequality) Let us prove the following strengthening of Bernstein in-
equality (Theorem 2.9.5). Let Xi,..., Xy be independent, mean-zero random variables
satisfying | X;| < K all . Then, for every t > 0, we have

P{‘%Xi > t} < 2exp [—;‘:2 h (g)] (2.36)
=1

where o2 = vazl E X? and h(u) = (14 u)In(1 + u) — u. Prove this result as follows:
(a) Let X be a mean-zero random variable satisfying | X| < K. Show that the MGF of
X satisfies the following bound for any A > 0:

2
Eexp(AX) < exp {Eé (eAK —1- )\K)} .

(b) Use the exponential moment method to deduce (2.36).

(¢) Check that in the small deviations range, where u = Kt/o? &~ 0, we have h(u) ~
u? /2, so Bennett inequality gives approximately the Gaussian tail bound exp(—t2 / 02).

(d) Check that we always have h(u) > %uln u, so Bennett inequality gives a Poisson
tail bound 2(c2/Kt)"/?X in the large deviations range, similar to Exercise 2.13.
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Random Vectors in High Dimensions

In this chapter, we study random vectors X = (Xi,...,X,) € R", where the
dimension n is typically very large. High-dimensional distributions are common
in data science. For instance, computational biologists study gene expressions for
n ~ 10* genes in the human genome, modeling these as a random vector, with
each coordinate X; representing the expression of a specific gene in a randomly
selected individual from a population.

Life in high dimensions presents new challenges because there is exponentially
more room in higher dimensions than in low dimensions. For instance, a cube
in R"” with side 2 has 2" times the volume of a unit cube (see Figure 3.1). This
abundance of room makes many algorithms exponentially harder, a phenomenon
known as the curse of dimensionality.

Figure 3.1 The abundance of room in high dimensions: the volume of the
larger cube is exponentially bigger than the volume of the smaller cube.

High dimensional probability often helps bypass these difficulties. We start by
studying the Euclidean norm of a random vector X with independent coordinates,
showing in Section 3.1 that it tightly concentrates around its mean. Sections 3.2,
3.3 and 3.4 introduce basic concepts, results and examples of high-dimensional
distributions, with an application to principal component analysis, a powerful
data exploration tool. In Section 3.5, we give a probabilistic proof of the classical
Grothendieck inequality and apply it to semidefinite optimization. In Section 3.6,
we explore a semidefinite relaxation for the classical hard optimization problem
— maximum cut — and present the celebrated Goemans-Williamson randomized

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd
Edition by Roman Vershynin. This pre-publication version is free to view and download for personal
use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.

If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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approximation algorithm. In Section 3.7, we provide an alternative proof of the
Grothendieck inequality with nearly the best known constant using the kernel
trick, a method widely used in machine learning.

Don’t miss the exercises! You will compute the 2 norm of a random vector
(Exercises 3.5 and 3.6); explore classical invariant ensembles in random matrix
theory (Exercises 3.18 and 3.19), get introduced to entropy (Exercise 3.46), and
dive into the fantastic Grothendieck inequality (Exercise 3.57) and its role in
semidefinite programming (Exercise 3.58).

Along the way, you will come across some surprising facts: the Gaussian distri-
bution is close to the uniform distribution on the sphere (3.16), a huge number
of random points are typically in convex position (Exercise 3.23), a random vec-
tor is likely to get close to a cube but unlikely to hit a cube even 100 times
larger (Exercise 3.28), there are exponentially many almost orthogonal vectors
(Exercise 3.41), and more.

3.1 Concentration of the norm

Where in the space R™ is a random vector X = (X3,...,X,,) likely to be found?
Assume the coordinates X, are independent random variables with zero mean
and unit variance. What is the typical length of X? We have

E|X[;=EY X?=) EX?=n.
i=1 i=1
So we should expect the length of X to be

1X[l, ~ v/n.
We will now show that X is indeed very likely to be close to \/n.

Theorem 3.1.1 (Concentration of the norm). Let X = (X4,...,X,) € R" be a
random vector with independent, subgaussian coordinates X; that satisfy E X? =
1. Then

11, = v/

where K = max; || X, |, and C is an absolute constant.!

< COK? (3.1)
2

Proof Using Proposition 2.6.6, we can rewrite (3.1) as the gaussian tail bound:
2

P{|I X, — vn| >t} <2exp <—;§4) for all ¢t > 0. (3.2)

We are going to prove this tail bound using Bernstein inequality. First, look at

S 1 &
X —1==) (X2 -1
Xy 1= Y (X - ),

i=1

1 From now on, we will always denote various positive absolute constants by C, C1, ¢, ¢1 without
saying this explicitly.
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which is a sum of independent, mean-zero random variables. Since X; are sub-
gaussian, X? — 1 are subexponential. More precisely, applying centering (2.26)
and using Lemma 2.8.5, we see that

X2 -1l < Xz, = CIXIE, < R

I,

Applying Bernstein inequality (Corollary 2.9.2) for N = n and a; = 1/n, we
obtain for any u > 0 that

1 5  (uPn un
P{‘nHXHQ — 1‘ > u} < 2exp {—cl min (K‘“ K2>}
cn
< 2exp [_ﬁ min(u?, u)} (3.3)
(In the last step, we used that K is bounded below by an absolute constant, since
1= [|Xy]|. < C[X4],, < CK by Proposition 2.6.6(ii).)

We obtained a concentration inequality for || X||5, and will now use it to deduce
one for || X|,, using on the following simple observation valid for all z,é > 0:

|z—1] >§ implies |2z* — 1| > max(6,5?). (3.4)
(Check it!) We obtain for any ¢ > 0 that

P{| X0 -1 2 o) < {211 - 1] 2 maxe. o | by .0)
< 2exp (—%52) (by (3.3) for u = max(é, §2)).

Change variables to t = d1/n to obtain the desired subgaussian tail (3.2). O

Remark 3.1.2 (Thin shell phenomenon). Theorem 3.1.1 shows that random
vectors in R™ mostly stay in a shell of constant thickness around the sphere of
radius v/n. This might seem surprising, so let’s give an intuitive explanation. The
square of the norm, S, := || X3, has mean n and standard deviation O(y/n)
(why?) Thus || X, = v/S, ought to deviate by O(1) around +/n, because

VnEO0(/n) =vn+0(1);

see Figure 3.2 for an illustration. To get a better feel for the thin shell phe-
nomenon, try Exercises 3.1-3.3 to find out that, typically,

Var(||X]2) = ©(1) and E[X[>=+vn—6(1/vn).

3.2 Covariance matrices and principal component analysis

Assuming a random vector has independent coordinates is not always realistic.

So to handle more general cases, let’s quickly review basic concepts about high-

dimensional probability distributions — points we covered briefly in Section 1.3.
The covariance matriz of a random vector X taking values in R” is defined as

cov(X)=EB(X —pu)(X —p)" =EXXT — uu", where u=FEX.
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y=vz

vt jon

Figure 3.2 Concentration of the norm of a random vector X in R™. While
| X3 deviates by O(y/n) around n, || X||2 deviates by O(1) around /n.

(Check the identity above!) Thus, cov(X) is an n x n symmetric, positive semidef-
inite matrix. It is a high-dimensional generalization of the notion of variance of
a random variables Z, which is

Var(Z) =E(Z — p)* =EZ* — p*, where u=EZ.

The entries of the covariance matrix cov(X) are the covariances of the pairs of
coordinates of X = (Xy,...,X,):

cov(X),; = E(X, —EX,)(X, —EX;). (3.5)

It is sometimes helpful to disregard the mean of X and thus to consider the
second moment matriz

S(X)=EXXT,

a higher dimensional generalization of the second moment E Z? of a random
variable Z. By translation (replacing X with X — p), many problems can be
reduced to the mean-zero case, where the covariance and second moment matrices
are the same:

cov(X) = 3(X).

Thus, we will mostly focus on the second moment matrix ¥ = 3(X) in the future.

3.2.1 What can we learn from the covariance matrix?

The covariance matrix can tell us much more about the random vector X than
just the covariances of its coordinates. The next result shows how to gain access
to: (a) the variance of one-dimensional marginals of X, i.e. the random variables
(V,v) obtained by projecting X onto a given direction v € R"; (b) the Euclidean
norm of X, and (c) the angle between two independent copies of X.

Proposition 3.2.1 (Covariance matrix helps compute interesting quantities).
Let X be a random vector in R™ with second moment matriz ¥ =E X X". Then
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(a) (1D marginals) For any fized vector v € R™, we have
E(X,v)” = v"Yv. (3.6)
(b) (Norm)* E||X||3 = tr(X).
(¢) If Y is an independent copy of X, then? E(X,Y)? = ||Z||5.
Proof (a) Using the linearity of expectation, we have
E(X,v)’ =E (vTX) (XT0) =v"E[XXT]v =020

(b) The diagonal entries of the second moment matrix are ¥;; = E X?2. Thus

E|X|?=E [ZXE] =Y ExY] =Y %,
i=1 =1 =1

(c) Do it yourself: write the inner product as a sum and expand the square. [

3.2.2 Principal component analysis

The most interesting insight into a random vector X lies in the eigenvalues and
the eigenvectors of its covariance matrix ¥ = cov(X). Since X is symmetric, the
spectral theorem tells us that the eigenvalues A; of 3 are real, and there exists an
orthonormal basis of R™ consisting of eigenvectors v; of 3. Writing the identity
matrix in R™ as I, = ;" v;v] (check!), multiplying on both sides by ¥ and
using that Yv; = A\;u;, we obtain the spectral decomposition of >:

i=1

We usually arrange the eigenvalues \; in (weakly) decreasing order.

There is a handy optimization-based approach to eigenvalues. The largest
eigenvalue \; can be obtained by maximizing the quadratic form v"Xv over all
unit vectors v € R", and the maximum is attained at the top eigenvector v = v;.
Once we remove v; and maximize the quadratic form over the unit vectors that
are orthogonal to v, we get the second largest eigenvalue A5, and the maximum
is attained at the eigenvector vy, and so on. More formally:

Proposition 3.2.2 (Optimization-based characterization of eigenvalues). Let X

be an n X n symmetric matrix with eigenvalues \y > Ay > --- > A\, and corre-
sponding unit eigenvectors vi,...,v,. Then, for every k =1,....,n, we have
A = max v Y, (3.8)

vl{vi,...,;vp—1}, ||v]2=1
and the mazximum is attained at vy,.

2 Here tr(X) = Y7 | Xy is the trace of X.

3 Here ||Z||p = (Z?,jzl Efj)l/2 is the Frobenius norm of 3.
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Proof Consider any unit vector v € R™ that is orthogonal to {vi,...,v5_1}.
Using spectral decomposition (3.7), we get

v =" ( i )\ivivg)v = i (0T ;) (v v)
=1 =1

= Z Ai(v,v;)° (due to the orthogonality assumption)
i=k

Ak Z(v, v;)?  (since \; are weakly decreasing)
i—k

IN

< Ax (by Bessel inequality, since v; are orthonormal)
Moreover, we have v] Yv, = vl (Ayvy) = Ap. The proof is complete. O

Combining (3.8) with (3.6), we get the following interpretation of the eigenval-
ues and eigenvectors of the covariance matrix:

Corollary 3.2.3 (Principal component analysis). Let X be a random vector

i R™ whose covariance matrix has eigenvalues Ay > Ay > -+ > X\, > 0 and
eigenvectors uy, . .., U,. Then
A = max Var ((X,v)),

vJ_{'ul,...,'uk_l}, ”'UH2:1

and the maximum is attained at vy.

Imagine that a random vector X € R™ represents data, like the genetic data on
p- 58. According to Corollary 3.2.3, the top eigenvector v; of the covariance ma-
trix gives the first principal component, indicating the direction where the data
spreads out the most, with \; as the variance in that direction. The next eigen-
vector vy shows the second-best direction for capturing the remaining variance
of the data, which is Ay, and so on (see Figure 3.3). Try Exercise 3.4 for a more
general interpretation of explained variance.

Figure 3.3 This plot shows 200 points sampled from a distribution, with
the top two principal components v; scaled by the standard deviations v/ A;.

Remark 3.2.4 (Dimension reduction). It often happens with real data that
only a few eigenvalues A; are large and informative, while the rest are small and
treated as noise. In such cases, just a few principal components capture most of
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the data’s variability. Even though the data lives in a high-dimensional space R",
it is essentially low-dimensional, clustering around the subspace E spanned by
the few top principal components v;.

Principal Component Analysis (PCA) is a basic data analysis method that finds
the first few principal components v; and projects the data onto the subspace F
they span. This reduces the data’s dimension and makes analysis easier. And if
E is two- or three-dimensional, PCA can help visualize the data.

3.2.3 Isotropic distributions

You may remember from a basic probability course how it is helpful to assume
that random variables have zero mean and unit variance. This idea extends to
higher dimensions, where isotropy generalizes the concept of unit variance.

Definition 3.2.5 (Isotropic random vectors). A random vector X in R" is called
isotropic if

EXXT =1,
where I,, denotes the identity matrix in R™.
Proposition 3.2.1 implies that X is isotropic if and only if
E(X,v)” = ||[v]|? for any fixed vector v € R". (3.9)

(Check the “only if”!) Since the right-hand side does not depend on the direction of
v, (3.9) basically says is that isotropic distributions spread equally in all directions.

Recall that any random variable X with positive variance can be reduced by
translation and dilation to the standard score — a random variable Z with zero
mean and unit variance, namely

X —p
Z=———"1__ sowecan write X = pu+ Var(X)V%Z.
/ Var(X) a 0

This idea extends to higher dimensions. Any random vector X with invertible
variance matrix can be reduced by translation and dilation to the standard score*

Z = cov(X) V3 X — p), sowe can write X = p+cov(X)V2Z.  (3.10)

This often allows us to assume, without loss of generality, that random vectors

have zero means and are isotropic. And even if the covariance matrix is not

invertible, the idea still holds. Any random vector X can still be written as

X = ptcov(X)2Z for some mean-zero, isotropic random vector Z (Exercise 3.10

— try it now!)

4 If you are unfamiliar with the concept of the square root of matrix, define it using the spectral
decomposition: if & = 3", A\jvsv] set »i/2 = > A;/Qvivz—. This idea extends beyond the square

root: for example, £~1/2 = Zl )\i_l/Qviv;r. We will explore “matrix calculus” in Section 5.4.1.
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3.3 Examples of high-dimensional distributions

Let’s give a few basic examples of high-dimensional distributions.

3.3.1 Standard normal

The most iconic high-dimensional distribution is Gaussian, or multivariate nor-
mal. A random vector Z = (Zy,...,Z,) has the standard normal distribution in
R", denoted

Z ~ N(0,1,),

if the coordinates Z; are independent standard normal random variables N(0,1).
The density of Z is the product of the n standard normal densities (1.24):

1

n 1 2 2
fz(2) =] —=e %% = e I=2/2 o e R™, (3.11)
g /27'{' (27-[-)71/2

The standard normal distribution is isotropic. (Why?)

Note that f7(z) depends only on the length of the vector z, not its direction.
So, the standard normal density is rotation invariant — it stays the same under
any rotation. Formally, this means:

Proposition 3.3.1 (Rotation invariance). Consider a random vector Z ~ N (0, I,,)
and a fired n X n orthogonal matrix U. Then

UZ ~ N(0,1,).

In particular, if we focus on the first coordinate of UZ, we obtain (UZ); =
(Uy,Z) ~ N(0,1), where U; denotes the first row of U. Since this row can be an
arbitrary unit vector in R", we conclude that all 1D marginals of the standard
normal distribution are standard normal. More generally, after rescaling we get:

Corollary 3.3.2 (1D marginals of the standard normal distribution). Consider
a random vector Z ~ N(0, 1) and a fized vector v € R™. Then

2
(Z,v) ~ N(O, [|v]3)-
This yields a classic result you might remember from a basic probability course:

Corollary 3.3.3 (The sum of independent normals is normal). Consider inde-
pendent random variables X; ~ N(u;,02). Then

i

zn:Xi ~ N(u,0%) where p= zn:,ui and o® = znzaf.
i=1 i=1 i=1

Proof We can write X; = u; + 0;Z;, where Z; are independent standard normal
random variables. Then

ZXi:M+ZUiZi:M+<Z7U> where v = (01,...,0,).
i=1 i=1

By Corollary 3.3.2, we have (Z,v) ~ N(0,0?), so u+ (Z,v) ~ N(u,0?). O
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3.3.2 General normal

Recall from Section 1.7 that a random variable X is called normally distributed
if X can be obtained by translating and dilating some standard normal random
variable Z ~ N (0, 1), i.e. if X can be represented as

X=pu+oZ

2

for some fixed ¢ € R™ and ¢ > 0. Such X has mean p and variance ¢, and we

write X ~ N(u,0?). Let us extend this idea to higher dimensions:

Definition 3.3.4 (General normal distribution). A random vector X in R” is
normally distributed if it can be obtained by an affine transformation of some
standard normal random vector Z ~ N (0, I,), i.e. if X can be expressed as

X=p+AZ

for some fixed vector p € R™ and n x k matrix A. Such X has mean p and
covariance matrix ¥ = AAT (check!), and we write X ~ N(u,Y).

Proposition 3.3.5 (Uniqueness). The distribution of X is uniquely determined
by p and X. Specifically, X has the same distribution as

Y =pu+XSY27" where ¥ = AAT and Z' ~ N(0,1,,). (3.12)

Proof We will use a version of the Cramér-Wold device, which says that the
distributions of all 1D marginals uniquely determine the distribution in R™. More
formally, if X and Y are random vectors in R™ and (X, u) and (Y, u) have the
same distribution for every v € R", then X and Y have the same distribution.’

We want to check that AZ and X'/2Z’ have the same distribution. By Corol-
lary 3.3.2, for each v € R” we have

(AZ,v) = (Z,ATv) ~ N(0,|AT0[3) and (SY2Z",0) ~ N(0,[|S0]]3).
Moreover, ||ATv[|2 = ||X1/%v]|3 since X = AAT. (Check!) So, all 1D marginals of
AZ and £Y2Z' match, and Cramér-Wold device completes the proof. O

If ¥ is invertible, the density of X exists and is can be computed it in terms
of p and X.. The formula may look complicated, but it simply says that a general
normal density is an affine transformation of the standard normal density (3.11):

Proposition 3.3.6 (General normal density). If ¥ is invertible, the probability
density function of a random vector X ~ N(u,X) equals

— 1 1 Ty—1 n
f(CL”)—WGXP(*i(I‘fM) by (x—u)), x € R™. (3.13)
Here |X| denotes the determinant of X.

You will prove this in Exercise 3.15 by a change of variables. Figure 3.4 shows
examples of two densities of multivariate normal distributions.
5 The Cramér-Wold device works because the characteristic function uniquely determines the

distribution in R™, thanks to the Fourier inversion formula. If you do not want to use Cramér-Wold,
try proving (3.12) with linear algebra instead (hint: use the singular value decomposition of A).
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.

y =

Figure 3.4 The densities of the isotropic distribution N (0, I3) and an
anisotropic distribution N(0,X). One is obtained by affine transformation of
the other. The level sets of the isotropic density are circles, and the level sets
of the anisotropic distribution are ellipses.

You might remember that independent random variables are always uncorre-
lated (why?), but the reverse is not always true (example?) However, the reverse
is true for jointly normal random variables:

Corollary 3.3.7 (Jointly normal random variables). Random variables Xy, ..., X,
are called jointly normal if the random vector X = (X, ..., X,,) is normally dis-
tributed. Jointly normal random variables are independent if and only if they are
uncorrelated.

Proof 1f X; are uncorrelated, the covariance matrix of X is diagonal. Then
the density (3.13) factors, i.e. can be expressed as f(x) = fi(z1) - fu(z,) for all
x = (z1,...,2,) € R". (Check!) Now recall a classic criterion of independence: the
joint density of random variables X; factors if and only if X; are independent. [

Warning: some normal random variables are not jointly normal, and can be
uncorrelated but not independent (Exercise 3.17).

3.3.3 Uniform on the sphere

The coordinates of an isotropic random vector are always uncorrelated, but not
necessarily independent, such as in this example:

Proposition 3.3.8 (A sphere is isotropic). The uniform distribution® on the
FEuclidean sphere in R™ with radius \/n centered at the origin, i.e. Unif(y/nS™™1),
18 1sotropic.

Proof Let X = (X1,...,X,) ~ Unif(S"!). By symmetry, each pair of coor-
dinates (X, X;) with distinct 4, j has the same distribution as (—X;, X;). So,
EX,X; = —EX,X,, hence E X;X; = 0. Next, we always have || X||, =1, so

1=E|X|5=EX?+---+EX2
Since X; are identically distributed, all n terms in this sum are the same, which

6 We say that a random vector X is uniformly distributed on a sphere if, for every (Borel) subset E of
the sphere, the probability P{X € E} is the fraction of the (n — 1)-dimensional area of E relative to
the sphere.
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yields EX? = 1/n. So, the coordinates of \/nX are uncorrelated with second
moment equal 1, making /nX isotropic. O

Isotropic random vectors are almost orthogonal

High-dimensional spaces can be counterintuitive. Pick two random points, and
they will probably be almost orthogonal!

To be more concrete, let X,Y be independent random vectors uniformly dis-
tributed on the unit sphere S"~!. Then \/nX and /nY are independent, identi-
cally distributed, and isotropic by Proposition 3.3.8. By Proposition 3.2.1(c), we
have E(y/nX,/nY)? = tr(I,) = n. Dividing by n?, we obtain

1
E(X,Y)* = —.
(X V)=
Then Markov inequality yields
{X,Y)| =0O(1/y/n) with high probability, (3.14)

showing that X and Y typically are almost orthogonal. This contrasts with low
dimensions, where a pair of random directions in the plane have the (smaller)
angle averaging 7/4. (Check!) In higher dimensions, there is more room, so vectors
spread out like lone stars in the sky.

Gaussian and spherical distributions are similar

Both the uniform distribution on S™~' and the standard normal distribution
are rotation-invariant. So, if g ~ N(0,I,), the normalized vector g/||g||, has a
rotation-invariant probability distribution on S™~!'. But such a distribution is
unique (why?), so:

g

g1l

The density (3.11) of the standard normal distribution N (0, I,,) is highest at
the origin (Figure 3.4), which might suggest that g ~ N(0, I,,) is concentrated
near the origin. However, as we saw in Section 3.1, that is not the case! Instead,
the normal distribution is concentrated around a thin spherical shell at radius

Vn:

g~ N(0,I,) = ~ Unif (§"71). (3.15)

lgll2 & v/n with high probability. (3.16)

Combining this with (3.15), we can informally say that the standard normal
distribution is roughly like the uniform distribution on the sphere of radius /n:

N(0,1,) ~ Unif (vnS" ). (3.17)

This defies our low-dimensional intuition (see Figure 3.5). The catch? There is
almost no volume near the origin. A ball of radius o(y/n) has exponentially small
volume (you will compute it in Exercise 4.27), offsetting the density peak and
keeping random vectors away from 0. Try Exercise 3.7 to see this in action.
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Figure 3.5 Sampling from the standard normal distribution in 2D (left)
and its heuristic visualization in high dimensions (right). In high dimensions,
the standard normal distribution closely resembles the uniform distribution
on a sphere of radius /n.

1D projections of the sphere are approrimately normal

A rigorous take on the heuristic (3.17) is that 1D marginals of the uniform dis-
tribution on the sphere are approximately normal. Even though we won’t need
this beautiful fact later, let us prove it, thinking of it as a “spherical” version of
the Berry-Esseen central limit theorem 2.1.4.

Theorem 3.3.9 (Projective central limit theorem). Let X be a random vector
uniformly distributed on the unit sphere on R™, i.e X ~ Unif (S"~!). Then

Vvn(X,v) — N(0,1) in distribution
as n — 0o. In fact, the CDFs converge uniformly:

sup sup|P{v/n(X,v) <t} —P{g; <t}| -0

veSn—1 teR
where g1 ~ N(0,1).
Proof By (3.15), we can assume X = g/||g||, with g ~ N(0,1,). By rotation

invariance, the distribution of (X, v) is the same for all v, so we can choose
v=1(1,0,0,...,0) and get

g1
(X,v) = .
gl

The heuristic (3.16) will let us swap ||g||, with \/n, completing the proof. To do
this rigorously, we use a decomposition trick: split into a “good event” where the
heuristic holds (so we use it) and a “bad event” where it does not (which happens
with small probability and can be ignored). By (3.2), the “good event”

Eni={[llgle = V| < lan} s likely: p, = P(E;) - 0.

If E,, occurs and ¢ > 0 (which we can always assume by symmetry — check!), then
the event of interest y/n(X,v) <t implies

t 1
glswg(wﬂ) —t,,.

Vn Vn
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Splitting the event based on whether E, occurs, we get

P{v/n(X,v) <t} <P{/n(X,v) <tand E,} +P(E)
<P{g1 <tn} + Dn-
Hence
P{vn(X,v) <t} —P{g <t} <P{g1 € [t,tn]} + Pn. (3.18)

t2/2

The density of ¢g; on [t,t,] is bounded by e™"/2, so

2 2 Inn Clnn

3.18) < e /%(t, —t A

(B18) € 30, — 1)+ p, = T 4, < S

The right-hand side does not depend on v or ¢, and it goes to zero as n — co. A
similar argument gives a bound on P{g; <t} — P{\/n(X,v) <t} that also goes
to zero. (Do it!) Combining the two bounds completes the proof. O

+ Pn-

Remark 3.3.10 (The density of the 1D marginals of the sphere). The density of
the 1D marginals of the uniform distribution on the sphere of radius /n can be

n—3

computed. As you will see in Exercise 3.27, it is proportional to (1 — z?/n) = .
For large n, this approximates e~* /2, consistent with the Gaussian limit.

3.3.4 Uniform on a conver set

This example comes from convex and computational geometry. A bounded convex
set K C R" with a non-empty interior is called a convez body. Let X be a random
vector uniformly distributed in K:

X ~ Unif(K).
The density of X equals 1/ Vol(K) on K and zero elsewhere. The mean of X,

1
—EX=— [ 2d
a Vol(K)/Kx x’

is the center of gravity of K. If ¥ = cov(X) is the covariance matrix of K, then
the standard score Z := ¥ 71/2(X — 1) is an an isotropic random vector, as we
noticed in (3.10). Also, Z is uniformly distributed in the affinely transformed
copy of K:

Z ~ Unif (E’W(K - ,,L)) .

(Why?) In summary, we found an affine transformation 7' that makes the uniform
distribution on T'(K) isotropic. The convex body T'(K) is often itself called an
isotropic convex body.

In algorithmic convex geometry, we can think of the isotropic convex body
T(K) as a well-conditioned version of K, with T" acting like a preconditioner (see
Figure 3.6). Algorithms such as finding the volume of K usually work better when
K is well-conditioned.
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Figure 3.6 A convex body K (left) is transformed into an isotropic convex

body T'(K) (right). The preconditioner is 7' = X ~1/2, where ¥ is the
covariance matrix of K.

3.3.5 Frames

The notion of a frame, widely used in signal processing, extends the concept of
a basis but drops the requirement of linear independence. Frames are intimately
connected to discrete isotropic distributions:

Proposition 3.3.11 (Parseval frames). For any vectors ui,...,uy € R™, the
following are equivalent:

(i) (Parseval identity) Htz =N (ug,z)? for each x € R".

(it) (Frame expansion) v = S (u;, x)u; for each x € R™.
(iii) (Decomposition of identity) I, = S~ | usu; .

(iv) (Isotropy) The random vector X ~ Unif{v/Nuy, ...,V Nuy} is isotropic.
A set of vectors satisfying these equivalent properties is called a Parseval frame.

Proof (i)=(iv) The identity in (i) can be written as

1 2
lz]l5 = NZ<\/NU1‘,$> =E(X,z)%.
i=1

Since this holds for all € R", the random vector X is isotropic by (3.9).
(iv)=-(iii) because isotropy of X means that

I, —EXXT = NZ(\FU)( ) Zuu

(iii)= (ii) follows by multiplying on both sides by x. Finally, (ii)= (i) comes from
taking the inner product with z. O

Example 3.3.12 (Coordinate distribution). The standard basis {ey,...,e,} in
R™ is a Parseval frame. Therefore, a coordinate random vector

X ~ Unif {V/ney,...,Vne,},

is isotropic. Among all high-dimensional distributions, Gaussian is often the eas-
iest to work with — think of it as “the best.” The coordinate distribution, being
highly discrete, is often “the worst.”

Example 3.3.13 (The Mercedes-Benz frame). An iconic example of a Parseval
frame that is not linearly independent is the set of N equispaced points on the
circle of radius y/2/N, such as the one in Figure 3.7 (try Exercise 3.30).
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Figure 3.7 A Mercedez-Benz frame: three equispaced points on the circle
of radius 1/2/3 form a Parseval frame in R2.

Finally, here are two more examples of isotropic distributions.

Example 3.3.14 (Uniform on the discrete cube). A Rademacher random vector
X = (Xy,...,X,) has independent Rademacher coordinates X;. Equivalently, X
is uniformly distributed on the unit discrete cube in R™:

X ~ Unif ({-1,1}").
The Rademacher distribution is isotropic. (Check!)

Example 3.3.15 (Product distributions). More generally, any random vector
X = (Xy,...,X,) whose coordinates X; are independent random variables with
zero mean and unit variance is isotropic. (Why?)

3.4 Subgaussian distributions in higher dimensions

Let’s extend the concept of subgaussian distributions, introduced in Section 2.6,
to higher dimensions. To get inspired, note that the multivariate normal distri-
bution is fully determined by its one-dimensional marginals, or projections onto
lines: a random vector X in R™ is normal if and only if (X, v) is normal for any
v € R™ (see Exercise 3.16). This suggests a natural way to define multivariate
subgaussian distributions:

Definition 3.4.1 (Subgaussian random vectors). A random vector X in R” is
called subgaussian if the one-dimensional marginals (X, v) are subgaussian ran-
dom variables for all v € R™. The subgaussian norm of X is defined by taking the
maximal subgaussian norm of (X, v) over all unit vectors v:

X1, = sup [|(X,v)

veSn— ||¢2

Let’s look as some basic examples.

3.4.1 Gaussian, Rademacher, and more

Random vectors with independent subgaussian coordinates give a lot of examples:

Lemma 3.4.2 (Distributions with independent subgaussian coordinates). Let
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X = (Xy,...,X,) be a random vector in R™ with independent, mean-zero, sub-
gaussian coordinates X;. Then X is a subgaussian random vector, and

max||Xqly, < [1Xll,, < Cmax| X,

Proof The lower bound comes from picking v as a standard basis vector in
Definition 3.4.1. For the upper bound, fix any v = (vy,...,v,) € S"'. Then

n 2 n
(X, W), = szixi LS O JleiXil,  (by Proposition 2.7.1)
i=1 2 i=1
n 5 5 ) n
= C’vaHXin < C’r%a;x|]Xin2 (using that va =1).

i=1 =1
Since v is arbitrary, the proof is complete. O

Example 3.4.3 (Rademacher). As a consequence, a Rademacher normal random
vector (which we introduced in Example 3.3.14) is subgaussian, and

a <X, <e
where ¢, co > 0 are absolute constants.

Example 3.4.4 (Normal). The same goes for the standard normal random vector
X ~ N(0,1,). In Exercise 3.38 you will sharpen and generalize this to N(0,X).

3.4.2 Uniform on the sphere

The projective central limit Theorem 3.3.9 tells us that the uniform distribution
on the sphere of radius y/n in R" has approximately Gaussian 1D marginals. So
the next natural question is: are these marginals subgaussian, with their sub-
gaussian norm bounded by a constant? Let us show that they are. We can think
of this fact as a concentration version of the projective central limit theorem,
similar to how Hoeffding’s inequality in Section 2.2 is a concentration version of
the classical central limit theorem.

Theorem 3.4.5 (The uniform distribution on the sphere is subgaussian). Let
X be a random vector uniformly distributed on the unit sphere on R", i.e X ~
Unif (S™1). Then, for any v € S"* and t > 0, we have

t’n

P{(X,v) >t} < 2exp ( - 7). (3.19)

In particular, X is subgaussian, and || X||,, < C/y/n.

Proof By rotation invariance, we can assume
9
gl

as we mentioned in (3.15). By the same reason, the distribution of (X, v) does
not depend on v, so we can take v = (1,0,0,...,0), which makes (X, v) = X;.

where g ~ N(0, I,,),
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Thus, the inequality (X,v) > t becomes g; > t|g||,. Squaring both sides,
moving g7 from the right to the left hand side and simplifying gives

91> sllgll, where s = and g = (g2, gn).

1—¢2
To find the probability of this event, we apply the conditioning trick from Sec-
tion 1.5. First, we fix ||g||, by conditioning on g, which does not alter the distri-
bution of g; since g; and g are independent. Then we “uncondition” by taking
the expectation over g. The law of total expectation (1.16) yields

P{(X,v) 2t} = P{gs = s[gll,} = E [P{gs = sllgl | 3} (3:20)

Since s||g||, is fixed by conditioning, the conditional probability in (3.20) reduces
to a Gaussian tail. Using the bound P{g; > u} < exp(—u?/2) from Exercise 2.6
(if you haven’t done it yet, give it a try — it is simple!), we get

(3.20) < Eexp ( - 32”29”;) - {E exp ( - Szg%)r_l . (3.21)

To get the last identity, write [|g]|3 = g5 + --- + ¢ and note that all g; are
independent and distributed identically with g, ~ N(0,1). Now, check that

Eexp(—sg7/2) = 1/V1 + 52
by expressing the expectation as an integral and changing variables. Thus
1\ n_1 t?(n —1)
3.21 :( ) =(1=-¢t)"7% < (_7»
62D =133 (1=6) 7 exp 2

since 1 — x < e~ ® for all . To finish the proof, note that the probability in
(3.19) is zero for ¢ > 1 since the Cauchy-Schwarz inequality always gives (X, v) <
| X]l,/|v|l, = 1, while for ¢t < 1 we have exp(—t?(n—1)/2) < e'/2exp(—t?n/2). O

3.4.3 Non-examples

Some distributions in R™ are subgaussian but have a huge subgaussian norm,
making it impractical to work with them as subgaussian. Here are a few examples.

Example 3.4.6 (Uniform on a convex body). Let K is a convex body in R" and
X ~ Unif(K)

be isotropic as in Section 3.3.4. Qualitatively, X is always subgaussian since K is
bounded. But what about quantitatively — is the subgaussian norm of X bounded
by an absolute constant?

This is true for some isotropic convex bodies like the unit cube [—1, 1] (thanks
to Lemma 3.4.2) and the Euclidean ball of radius v/n + 2 (see Exercises 3.25 and
3.42). But for other convex bodies like the isotropic cross-polytope (a ball in the
¢* norm), the subgaussian norm of X may grow with n (Exercise 3.44).
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Even so, a weaker result always holds: X has subexponential marginals, and

(X0, <C

[
for all unit vectors v. This comes from C. Borell’s lemma, which follows from the
Brunn-Minkowski inequality, see [134, Section 2.2.bs].

Example 3.4.7 (Coordinate distribution). Recall “the worst” isotropic distri-
bution from Example 3.3.12, given by a random vector

X ~ Unif {V/ney,...,Vne,}

where {ej,...,e,} is the standard basis of R™. Is X subgaussian? In a qualitative
sense, yes: any distribution with finitely many values is. But the subgaussian
norm of X grows with n: you will see in Exercise 3.43 that

n
T

So, quantitatively, it is not really useful to think of X as subgaussian.

Example 3.4.8 (Discrete distributions). Some isotropic discrete distributions
have subgaussian norm bounded by a constant, like the Rademacher distribution
in Example 3.4.3. However, such distributions must take exponentially many
values (Exercise 3.46 — go try it!)

In particular, this rules out frames (see Section 3.3.5) as good subgaussian
distributions, unless they have exponentially many terms, in which case they are
mostly useless in practice.

3.5 Application: Grothendieck inequality and semidefinite
programming

In this section and the next, we use high-dimensional Gaussians to tackle prob-
lems that do not seem related to probability at all. We start with a probabilistic
proof of Grothendieck inequality, a remarkable result which we will use later in
the analysis of computationally hard problems.

Theorem 3.5.1 (Grothendieck inequality). Consider an m x n matriz (a;;) of
real numbers. Assume that

‘ E Qi TilY;

]

<1 for any numbers x;,y; € {—1,1}.

Then, for any Hilbert space H, we have:
’Z aij{ui, v;)
,J

Here K < 1.783 s an absolute constant.

< K for any unit vectors u;,v; € H.
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There is nothing random in the statement of this theorem, but our proof will
be probabilistic. In fact, we will give two proofs of Grothendieck inequality. The
one here gives a much worse bound, K < 14.1, while an alternative approach in
Section 3.7 improves it to K < 1.783 as stated in Theorem 3.5.1.

Before diving into the first argument, let us note a simple observation.

Remark 3.5.2 (A homogeneous form of Grothendieck inequality). The assump-
tion of Grothendieck inequality can be equivalently stated as

‘ E Qij TiY;j
4,3

for any real numbers z; and y;. (You will check this in Exercise 3.47.) The con-
clusion of Grothendieck inequality can be equivalently stated as

‘Zaij<ui,1}j>

2%

< max|z;| - max|y;| (3:22)
i J

< K max]u;]| - max]|o| (3.23)
i J

for any Hilbert space H and any vectors u;,v; € H. (Check this by rescaling.)

Proof of Theorem 3.5.1 with K < 288. Step 1: Reductions. Note that Gro-
thendieck inequality becomes trivial if we allow the value of K depend on the
matrix A = (a;;). (For example, K = 3~ |a;;| would work — check!) Let K =
K (A) be the smallest number that makes the conclusion (3.23) hold for a given
matrix A and any Hilbert space H and any vectors w;,v; € H. Our goal is to
show that K is actually independent of A and the dimensions m and n.

Without loss of generality,” we may show this for a specific Hilbert space H,
namely for RY equipped with the Euclidean norm |[|-||o. By definition of K =
K(A), there exist vectors u;,v; € RY satisfying

D aiunv) = K,y = lloll, = 1.
i

Step 2: Introducing randomness. The key idea of the proof is to express
the vectors u;, v; using Gaussian random variables

Ui = (g,u;) and V;:=(g,v;), where g~ N(0,Iy).

Then U; and V; are standard normal random variables whose correlations follow
exactly the inner products of the vectors u; and v;:

EUL‘/] = <Ui, 'Uj).

This comes directly from Corollary 3.3.2 and Exercise 3.9. (If you haven’t done
this exercise yet, try it now!) Thus

K = Zaij<u,»,vj) = EZG’UUl‘/.; (324)
53 ,J
7 This works because we can first replace H with the subspace spanned by the vectors u; and vy,
which has dimension at most N = m + n and inherits the norm from H. Then, we use the basic fact
that all N-dimensional Hilbert spaces are isometric to R with the usual Euclidean norm ||-||2. This
isometry can be built by matching a given orthonormal basis of H with the canonical basis of RV
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Suppose for a moment that the random variables |U;| and |V;| were almost
surely bounded by some constant, say R. Then, from the assumption (3.22), we
would get |, ; a;;U;Vj| < R? almost surely. Plugging this into (3.24) would give
K < R?, finishing the proof.

Step 3: Truncation. This reasoning is flawed, of course, because the Gaussian
random variables U;, V; ~ N (0, 1) are unbounded. But their tails are light enough
that they are close to being bounded. To act on this heuristic, we use a truncation
trick. Pick a level R > 1 and split the random variables like this:

U =U; +U;" where U =U;1lqu,<ry and U =U; 1y, >r)-

We similarly decompose V; = V™ + Vj+. Now U;” and V;~ are bounded by R, as
desired. The remainder terms U;" and VjJr are small in the L? norm: a Gaussian
tail bound (Exercise 2.4(b)) gives

+]|2 IV L mp o 4
U5, < 2(R+ R>me < 25 (3.25)
A similar bound holds for Vj+.

Step 4: Breaking up the sum. Replacing U;V; with (U, + U;")(V;” +V;")
in (3.24) and expanding the sum, we get

K = EzaijUii‘/;-i +EZ(IUU;F‘/;—7 +EZG’UUZ'7‘/]'+ +EzaijUi+‘/j+ .

2 2 2 2

S Sy S+ Sy

Now let us bound each term. S_ is the easiest: by construction, |U;" | and [V} |
are bounded by R, so just as we explained in Step 2, we get

S_ < R

We cannot use the same reasoning for S., since the random variable U;" is un-
bounded. Instead, let us treat the random variables U;" and V" as elements of
the Hilbert space L? with inner product (X,Y )2 = EXY, and thus write

Si - Zaij<Ui+7 ‘/.;_>L2'
i

We have [|U;||> < 2/R by (3.25) and ||V, |2 < ||V;||l> = 1 by construction.
Then, applying the conclusion (3.23) for the Hilbert space H = L?, we find that®

)
S, <K-=.
*=""1R

The last two terms, S and Sy, can be bounded just like Si. (Check!)

8 It might seem odd that we are using the inequality we are trying to prove. But remember, we picked
K = K(A) at the start as the smallest value to make Grothendieck inequality work. That is the K
we are using here.
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Step 5: Putting everything together. Plugging the bounds on all four
terms into (3.24), we conclude that

6K
K<R>+—.
<R+ 7

Setting R = 12 and rearranging the terms gives K < 288. A little finer analysis,
skipping the rough 4/R? bound in (3.25), yields K < 14.1 (Exercise 3.48). O

Remark 3.5.3 (Quadratic Grothendieck: z; = y;). The assumption of Grothen-
dieck inequality can often be relaxed by assuming x; = y;, letting us bound a
quadratic instead of a bilinear form. Let A = (a;;) be an n x n matrix, either
symmetric positive-semidefinite or diagonal-free. Assume that

‘ E aija:ixj

.3

<1 for any numbers z; € {—1,1}.

Then, for any Hilbert space H, we have:

‘Z a; (Ui, vj)

,J

< 2K for any unit vectors u;,v; € H.

Here K is the absolute constant from Grothendieck inequality. You will check
this in Exercises 3.49 and 3.50 — go ahead and try them now!

3.5.1 Semaidefinite programming

Some hard computational problems can be relaxed into easier, more computa-
tionally tractable problems. Relaxation is often achieved through semidefinite
programming, and Grothendieck inequality can help guarantee the its quality.
Let’s see how.

Definition 3.5.4. A semidefinite program is an optimization problem of the
following type:

maximize (A4, X): X >0, (B;,X)<bfori=1,...,N. (3.26)

Here A and B; are given n x n matrices, and b; are given numbers. The “variable”
X is an n x n symmetric positive semidefinite matrix, indicated by the notation
X = 0. The inner product is the standard one on the space of n x n matrices:’

1,j=1

Note that if we minimize instead of maximize in (3.26), we still get a semidef-
inite program. Same goes for replacing any “<” signs by “>" or “=". (Why?)

Remark 3.5.5 (An SDP program is a convex program). Every semidefinite
program is a convex program because it involves maximizing a linear function

9 Think of matrices as long vectors in R to see why (3.27) makes sense.
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(A, X) over a convex set of matrices. (The set of positive semidefinite matrices
is indeed convex (check!), and so is its intersection with the half-spaces defined
by the constraints (B;, X) < b;.) This is good news because convex programs are
generally algorithmically tractable. There are efficient solvers for general convex
programs, and specifically for semidefinite programs.

Semidefinite relazations

Semidefinite programs can provide efficient relaxations of computationally hard
problems, such as this one:
maximize Z Ajjee;: x;=x1lfori=1,...,n (3.28)

ij=1

where A is a given n X n symmetric matrix. This is an quadratic integer opti-
mization problem, whose feasible set consists of 2" vectors z = (z;) € {—1,1}".
Finding the maximum by exhaustive search takes exponential time. Is there a
smarter way? Not likely: (3.28) is a computationally hard problem (NP-hard).

Still, we can relax problem (3.28) into a semidefinite program that approxi-
mates the maximum within a constant factor. To do this, we replace in (3.28)
the numbers x; = 41 by their higher-dimensional analogs — unit vectors X; in
R”™. This leads to the following optimization problem:

maximize Z Ai( X, X5) - | X, =1fori=1,...,n. (3.29)
ij=1
Proposition 3.5.6 (The relaxation is an SDP). The optimization problem (3.29)
1s equivalent to the following semidefinite program.:

maximize (A, Z): Z»=0, Zy=1fori=1,...,n. (3.30)

Proof Recall that the Gram matriz of vectors Xy, ..., X, is the n X n matrix Z
with entries Z;; = (X;, X;). Then the two problems are equivalent thanks to two
linear algebra facts: (a) the Gram matrix of any set of vectors is symmetric and
positive-semidefinite, and (b) conversely, any symmetric and positive-semidefinite
matrix is a Gram matrix of some set of vectors (see Exercise 3.51). O

The guarantee of relaxation
Let us check that the semidefinite relaxation is accurate by showing that SDP
(3.29) approximates (3.28) within a constant factor:

Theorem 3.5.7 (The guarantee of relaxation). Let A be an n X n symmetric,
positive-semidefinite matriz. Let int(A) denote the maximum in the integer op-
timization problem (3.28) and sdp(A) denote the maximum in the semidefinite
problem (3.29). Then

int(A) <sdp(A) < 2K -int(A)

where K < 1.783 is the constant in Grothendieck inequality.



80 Random Vectors in High Dimensions

Proof The first bound follows with X; = (2;,0,0,...,0)T. The second comes
from the quadratic Grothendieck inequality in Remark 3.5.3. (Why can we drop
the absolute values?) O

Although Theorem 3.5.7 helps us approximate the maximum value in (3.28), it
is not obvious how to find the actual solution x4, ..., z, that attain this approx-
imate value. Can we convert the vectors X, that give a solution of SDP (3.29)
into labels z; = £1 that approximately solve (3.28)7

Yes, we can! But first, let us do this for another remarkable NP-hard problem
— the max cut problem. Once we have done that, you will be ready to handle
(3.30) on your own, achieving an even better approximation constant than 2K
(Exercise 3.58.)

3.6 Application: Maximum cut for graphs

Let us see how semidefinite relaxations can be useful for tackling one of the well
known NP-hard problems: finding the mazimum cut of a graph.

An undirected graph G = (V, E) is defined as a set of vertices V' together with
a set of edges F; each edge is an unordered pair of vertices. We focus on finite,
simple graphs — finite, with no loops or multiple edges. For convenience, we label
the vertices by integers, setting V' = {1,...,n}.

Definition 3.6.1 (Maximum cut). If we partition the vertices of a graph G into
two disjoint subsets, the cut is the number of edges between them. The mazimum
cut of G, denoted maxcut(G), is the largest possible cut over all partitions of
vertices. See Figure 3.8 for illustration.

Figure 3.8 The dashed line shows the maximal cut of this graph, splitting
the vertices into black and white and giving maxcut(G) = 7.

Finding the maximum cut is generally a computationally hard problem (NP-
hard).

3.6.1 A simple 0.5-approximation algorithm

Let us relax the maximum cut problem to a semidefinite program, using the
approach from Section 3.5.1. To do this, we first translate the problem into the
language of linear algebra.
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Definition 3.6.2 (Adjacency matrix). The adjacency matriz A of a graph G
with vertices V' = {1,...,n} is a symmetric n x n matrix where A;; = 1 if
vertices ¢ and j are connected by an edge, and A;; = 0 otherwise.

A partition of the vertices into two sets can be described by a vector of labels
L= (331) € {_17 1}71’

where the sign of z; shows which subset vertex ¢ belongs to. For example, in
Figure 3.8, the three black vertices might have x; = 1 and the four white vertices
x; = —1. The cut of G for this partition is simply the number of edges between
vertices with opposite labels:!°

cut(G,x) = % Z A” = Z Ai; (1 — zizy). (3.31)

1,5: TiTj=— i,j=1

The maximum cut is found by maximizing cut(G,z) over all partitions x:

maxcut(G) = — max{ Z Ai;(1—zzy) s oy =+1 Vi}. (3.32)

i,j=1

Let us start with a simple 0.5-approximation algorithm for the maximum cut
— one that finds a cut with at least half of the edges of G.

Proposition 3.6.3 (0.5-approximation algorithm for maximum cut). If we split
the vertices of G into two sets at random, uniformly over all 2" partitions, the
expected cut is at least 0.5 maxcut(G).

Proof A random cut is generated by a Rademacher random vector x, a vector
whose coordinates are independent Rademacher random variables (recall Exem-
ple 3.3.14). Then, in (3.31) we have Ez;x; = 0 for i # j and A;; = 0 for i = j
since the graph has no loops. Thus, by linearity of expectation, we get

1
E cut(G, Ay = E P t(Q),
cu x) ;1 y 2 5 maxcu (G)
where E denotes the number of edges of G. This completes the proof. Ul

3.6.2 Semidefinite relaxation

Now we will do better and give a 0.878-approximation algorithm for max cut,
due to Goemans and Williamson. It is based on a semidefinite relaxation of the
NP-hard problem (3.32). Given (3.29), the relaxation should be easy to guess —
we consider the semidefinite problem

sdp(G) == max{z Ay(1— (X, X;)): X, €RY, Hxiuﬁwz}. (3.33)

i,j=1

10 The factor % in (3.31) prevents double counting the edges (¢,7) and (j, ).
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(Again — why is this a semidefinite program?)

We will show that the sdp(G) approximates maxcut(G) within a 0.878 factor,
and how to turn the solution (X;) into labels z; = 41 for an actual partition
of the graph. We do this by randomized rounding: pick a random hyperplane
through the origin in R™ and assign x; = 1 to the vectors X; on one side, x; = —1
to the other (see Figure 3.9). More formally, consider a standard normal random
vector'! g ~ N(0,I,) and define

x; = sign(X,,g9), i=1,...,n. (3.34)

Figure 3.9 We do randomized rounding of these vectors X; € R" into
labels z; = +1 by choosing a random hyperplane with normal vector g
(shown in bold) and assigning xo =23 = x4 =1 and 21 = a5 = 2 = —1.

Theorem 3.6.4 (0.878-approximation algorithm for maximum cut). Let G be a
graph with adjacency matriz A. Let (X;) be a solution of the semidefinite program
(3.33), and x = (x;) be the result of a randomized rounding of (X;). Then

Ecut(G,z) > 0.878sdp(G) > 0.878 maxcut(G).

The proof is based on an elementary inequality. In proving Grothendieck in-
equality (Theorem 3.5.1), we relied on the fact that if g ~ N(0, 1,,), then

E(g, u)(g,v) = (u,v)

for any fixed vectors u,v € R". (Exercise 3.9). We will need a slightly more
advanced version of this identity, which you will prove in Exercise 3.53:

Lemma 3.6.5 (Grothendieck identity). Consider a random vector g ~ N(0,1,).
Then, for any fized vectors u,v € S" !, we have

2
Esign(g, u) sign(g, v) = — arcsin(u, v).
s

11 Instead of the normal distribution, we could use any other rotation invariant distribution in R™, like

the uniform distribution on the sphere S™~1.
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A downside of the Grothendieck identity is the nonlinear function arcsin, which
is hard to work with. We can replace it with a linear bound using the inequality

2 2
1 — —arcsint = —arccost > 0.878(1 —t), te[-1,1], (3.35)
m m

which can be checked easily with software (see Figure 3.10).

2
2
— arccost
m
1
0.878(1 — t)
0
-1 0 1

Figure 3.10 The inequality 2 arccost > 0.878(1 —¢) holds for all t € [-1,1].

Proof of Theorem 3.6.4 By (3.31) and linearity of expectation, we have
E cut(G, x) Z A;;(1 —Ezx;).
zj 1
The definition of labels z; in the rounding step (3.34) gives
1 —-Ezx; =1— Esign(X,, g) sign(X,, g)
2
=1— —arcsin(X;, X;) (by Grothendieck identity, Lemma 3.6.5)
T
> 0.878(1 — (X;, X;)) (by (3.35)).
Therefore
Ecut(G,z) > 0.878 - Z Ay (1— (X, X;)) = 0.878sdp(G).
z] 1

This proves the first inequality in the theorem. The second inequality is trivial
since sdp(G) > maxcut(G). (Why?) O

Try Exercises 3.56-3.58 now to get a better feel of randomized rounding,
Grothendieck identity, and semidefinite relaxations.

3.7 Kernel trick, and tightening of Grothendieck inequality

Our proof of Grothendieck inequality given in Section 3.5 yields a very loose
bound on the absolute constant K. Now, we will take a different approach to get
(almost) the best known bound: K < 1.783.
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Our new argument will build on Grothendieck identity (Lemma 3.6.5), but
the non-linearity of the function arcsin(z) presents a challenge. If, hypothetically,
there were no nonlinearity, and we had the ideal identity Esign(g, u) sign(g,v) =

2(u,v), then Grothendieck inequality (Theorem 3.5.1) would easily follow:

% Z a;j(u;,v;) =E Z a;j sign(g, u;) sign(g, v;) < 1.
" " @i Yj

(The bound follows from the assumption of Grothendieck inequality since z;, y; €

{—1,1}.) This would give Grothendieck inequality with K < 7/2 ~ 1.57.

This argument is, of course, wrong. To properly handle the nonlinear function
of an inner product (u,v), we can use a remarkably powerful trick: rewrite it as
a (linear) inner product (u’,v’) of some other vectors v/, v’ in some Hilbert space
H. In the literature on machine learning, this is known as the kernel trick.

We will explicitly construct the non-linear transformations v’ = ®(u), v =
U(v) that will do the job. The best way to describe them is using tensors, which
generalize matrices to higher dimensions.

3.7.1 Tensors

A tensor can be described as a multidimensional array. A matrix has two dimen-
sions (rows and columns), while a tensor can have any number of dimensions.

Definition 3.7.1 (Tensors). An order k tensor (a;, ;) is an ny X ng X -+ X ny
array of real numbers a;, ;. The canonical inner product on R"***"* defines
the inner product of tensors: for A = (a;, ;) and B = (b;, 4, ), we set

(A,B) = Z @iy i Uiy i (3.36)

T15eeslk

Example 3.7.2 (Vectors and matrices). Vectors are order 1 tensors, and matrices
as order 2 tensors. The inner product for tensors (3.36) generalizes the inner
product for vectors (1.2) and matrices (3.27).

Example 3.7.3 (Rank-one tensors). For a vector u € R", the order k tensor
product u ® - - - ® u is the tensor whose entries are the products of all k-tuples of
the entries of u:

UR - Ru = U®k = (uil .. uzk) c Rnx"'Xn‘

For example, if £k = 2, the tensor product u ® w is the n x n matrix

u®@u = (uuy)_y = uu'.

Lemma 3.7.4 (Powers). For any vectors u,v € R™ and k € N, we have

k

B0 = (u, v)".

(u
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Proof Let’s check this for n = 3:

n

(u®3, v®?) = Z (wiwjug) (vivjor) = (iulvl) (Z:uj%) (éuwo = (u,v)>.

,5,4=1
The general case is similar (write it!). O

Lemma 3.7.4 reveals something interesting: non-linear expressions like (u,v)*

can be written as a standard linear inner product in a different space. Specifically,
there is a Hilbert space H and a transformation ® : R® — H such that

(®(u),®(v)) = (u,v)* for any u,v € R™.

In fact we can take H = R™", the space of k-th order tensors and ®(u) = u®*.
Now that we learned how to handle the power function, we can move on to
more general non-linearities:

Example 3.7.5 (Polynomials with nonnegative coefficients). There exists a Hilbert
space H and a transformation ® : R® — H such that

(®(u), ®(v)) = 2(u,v)* + 5{u,v)® for all u,v € R".
We can take
d(u) = (V2u@u) ® (Viu®u @ u)
where @ denotes concatenation.!'? So, the target space is H = R+’

Example 3.7.6 (General polynomials). Polynomials with negative coefficients
can make our task impossible since (®(u), ®(u)) is always nonnegative. But here
is a neat workaround: we can find two transformations ®, ¥ : R® — H, possibly
different, such that

(®(u), ¥(v)) = 2(u,v)* — 5(u,v)* for all u,v € R™.
We can take
d(u) = (V2ueu) & (Viu®u® u),
T(v) = (V2u®u) @ (—V5u @ uu).

Note that the transformations keep the lengths of vectors under control. For any
unit vector u, we have [®(u)[; = [IW(u)l5 = 2(u, u)* + 5(u,u)* = 2+5 =7,
which is just the sum of absolute values of the coefficients.

Following this approach, we can handle any polynomial f(x) = Z,ivzl apx®.
And by taking limits of polynomials, we can handle even more functions:

Lemma 3.7.7 (Real analytic functions). Consider a function f(z) =3 - araz®

12 Just think of ®(u) as a long vector obtained by listing the entries of the tensor V2u ® u as a vector
in R”2, followed by those of VBuQ@u®u € R"S.
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where the series converges for all x € R. There exists a Hilbert space H and
transformations ®, ¥ : R — H such that

(B(u), W) = F((w,0)) for all u,v € R,
Also, for any unit vector u, we have ||®(u)||3 = [T (uw)|3 = Yo, lax].
You will formally check this step in Exercise 3.55 — do it now!

Example 3.7.8 (Sine). Let ¢ > 0. The function f(x) = sin(cx) is real analytic:

: B (cx)®  (ex)® (cx)T
sin(cx) = cx — 3l + I +--

Thus, there exists a Hilbert space H and transformations ®, ¥ : R® — H such

that

(®(u),¥(v)) =sin(c(u,v)) for all u,v € R".
Also, ® and ¥ map unit vectors to unit vectors if

N e +e ¢
crytmtat 2

Solving this equation yields ¢ = In(1 + v/2).

3.7.2 Proof of Theorem 3.5.1
We are ready to prove Grothendieck inequality (Theorem 3.5.1) with constant

T
K< —— — =~1.783.
~ 2In(1 +/2)

We can assume without loss of generality that u;,v; € RY with N = n + m,
just like in our first proof of Grothendieck inequality in Section 3.5. Then, by
Example 3.7.8 with ¢ = In(1 + v/2), we can find unit vectors u},v} in some
Hilbert space H that satisfy

(uj, vy = sin(c({u,,v;)) for all 4, j. (3.37)

1) 7Y

Again, we can assume H = RY without loss of generality. Applying Grothendieck
identity (Lemma 3.6.5), we get

2c

Esign(g, u;) sign{g, vj) = — arcsin{uj, v;) = — (u;, v;).
™ T
Thus
2
=3 agtunvy) =EY ay,sign(g, ul) sign(g, ) < 1.

Ti Yj

The last step follows from the assumption of Grothendieck inequality since X;,Y; €
{—1,1}. The proof is complete since ¢ = In(1 + 1/2). O
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Remark 3.7.9 (An algorithmic viewpoint). This proof gives a randomized al-
gorithm that takes a matrix (a;;) and unit vectors u;, v; and finds labels z;,y; €
{—1,1} satisfying

1
E Z aijxiyj Z E Z Clij <’U,i, ’Uj>.
N 2]

Here is how it works: First, find unit vectors u;,v; € R™™ with prescribed
inner products (3.37) (which can be set up as a semidefinite program — how?).
Then, use randomized rounding: pick g ~ N(0,1,) and set z; = sign(g, u;) and

yi = sign(g, v;).

3.7.3 Kernels and feature maps

Since the kernel trick worked so well for Grothendieck inequality, we might wonder
— what other nonlinearities can it handle? Given a function of two variables
K : X xX — R on some set X, when can we find a Hilbert space H and a
transformation ® : X — H so that

(®(u), ®(v)) = K(u,v) forall u,v e X? (3.38)

The answer is given by Mercer theorem and, more precisely, Moore-Aronszajn
theorem. The necessary and sufficient condition is that K be a positive semidefi-
nite kernel, meaning that for any points uy, ..., uy € &, the matrix (K (u;, uj))f\fj:l
is symmetric and positive semidefinite. The transformation ® is called a feature
map, and the Hilbert space H is called a reproducing kernel Hilbert space (RKHS).

Popular positive semidefinite kernels in machine learning include the Gaussian

and polynomial kernels, given by:

=3

202
where 0 > 0, 7 > 0, and k£ € N are parameters. The kernel trick (3.38), which
expresses a kernel K (u,v) as an inner product, is widely used in machine learning
because it lets us handle non-linear models (determined by K') with techniques
designed for linear models. The exact details of the Hilbert space H and feature
map & are not usually needed. To compute the inner product (®(u), ®(v)) in H,
you don’t even need to know ® — the identity (3.38) lets you calculate K (u,v)
directly.

K(u,v):exp< ), K(u,v):(<u,v)+r)k, u,v € R,

3.8 Notes

Theorem 3.1.1 and its proof come from [213], though some versions of this result are folklore. The
dependence on K in this theorem is not optimal. Jeong, Li, Plan, and Yilmaz [176] improved it
from K? to K+/log K and showed this is the best possible in general. This also sharpens several
other results in the book that use Theorem 3.1.1.

A natural question related to Theorem 3.1.1 is how the norm || X||2 concentrates when the
coordinates of a random vector X are not independent. For X uniformly distributed in a con-
vex set K, this is a key problem in geometric functional analysis; see [150, Section2] and [61,
Chapter 12].
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The “projective central limit theorem” (Theorem 3.3.9) goes back to Borel in some form [49,
Chapter V]; see [102] for its history, quantitative versions, and extensions for higher-dimensional
marginals.

Section 3.3.4 and Example 3.4.6 discuss random vectors uniformly distributed in convex sets.
The books [21, 61] study this topic in detail, and the surveys [303, 336] explore algorithmic
aspects of computing convex set volumes in high dimensions.

For more on frames introduced in Section 3.3.5, see [78, 193].

There are a few proofs of Theorem 3.4.5 and related results; for a simple geometric one, see
[23]. The bound can be refined a bit based on an explicit density formula (Exercise 3.27); see
[52, Exercise 7.9] based on [62].

Grothendieck inequality (Theorem 3.5.1) was originally proved by A. Grothendieck in 1953
[149] with a bound K < sinh(w/2) & 2.30; a version of this original argument appears in [215,
Section 2]. Many alternative proofs exist, some with better or worse bounds on K ; see [60]
for a historical overview. Surveys [185, 273] cover the impact of Grothendieck inequality across
mathematics and computer science.

Our first proof (Section 3.5) follows [14, Section8.1] and was kindly brought to my attention
by Mark Rudelson. Our second proof (Section 3.7) is due to J.-L. Krivine [195]; versions of
this argument can be found in [16] and [205]. Krivine’s approach gives the best known ezplicit
bound K < m ~ 1.783. The actual optimal bound is strictly smaller [60], but an explicit

expression remains unknown.

In Section 3.5.1, we explored semidefinite relaxations of combinatorial optimization problems.
For an introduction to convex optimization and semidefinite programming, see [58, 64, 205, 51].
For the use of Grothendieck inequality in analyzing semidefinite relaxations, see [185, 16, 151].

Our presentation of the maximum cut problem in Section 3.6 follows [64, Section 6.6] and
[205, Chapter 7]. The semidefinite approach (Section 3.6.2) was pioneered by M. Goemans
and D. Williamson [139]. The approximation ratio %minggggﬁ #@ ~ 0.878 is still the
best known. If the Unique Games Conjecture holds, no better ratio is possible: any better
approximation would be NP-hard to compute [184].

In Section 3.7, we presented Krivine’s proof of Grothendieck’s inequality [195] following its
exposition by Alon and Naor [16], and touched on kernel methods. For more on kernels, repro-
ducing kernel Hilbert spaces, and their role in machine learning, see [162].

Exercise 3.13 can be improved for the standard normal distribution: E max;<n || X:|l2 < v/n+
V21Inn, which generalizes Exercise 2.38; see [127, Proposition 8.2].

The expected ¢7 norm of a gaussian random vector (Exercises 3.5 and 3.6) was first computed
by G. Schechtman and J. Zinn [296]; they attribute the lower bound (Exercise 3.6) to J. Bourgain.

The probability that random points are in convex position (Exercise 3.23) traces back to
Sylvester’s problem in stochastic geometry [29]. Related questions include the probability that
the convex hull contains the origin [348] (see [297, Theorem 8.2.1]) and the broader study of the
geometry of random polytopes [170, 297].

Examples 3.18 and 3.19 introduce two classical ensembles of random matrices: Ginibre and
GOE. For these and other invariant ensembles, see the classic [231] and a thorough introduction
to random matrix theory [20]. We will dive deeper into random matrices in Chapter 4.

In Exercise 3.57, we prove Grothendieck inequality for positive semidefinite matrices with
constant K < /2. This result is originally due to Rietz [283], and Grothendieck showed that
the constant 7/2 is optimal [149]. Exercises 3.56, 3.57 and 3.58, follow the exposition from the

seminal paper [16].

Exercises

3.1 dese (Thin shell) Let X = (X1,...,Xn) € R" be a random vector with independent,
subgaussian coordinates X; that satisfy ]EXi2 = 1. Deduce from Theorem 3.1.1 that

Var (]| X||,) < CK*.
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3.3

3.4

3.5

3.6
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sesew (Thin shell, generalized) Let us relax the assumptions in Exercise 3.1 and prove

the variance bound for any distribution with a bounded fourth moment. Let X = (X1,...,Xn) €
R™ be a random vector with independent coordinates X; that satisfy EX? = 1 and

E X} < K*. Show that

4
Var (| X]l,) < K4 and i - % <E||X[, < V7.

W

sedpsde (Thin shell, reversed) Let us show reverse bounds in Exercise 3.2. Let X =
(X1,...,Xn) € R™ be a random vector with independent coordinates X; that satisfy
IEXi2 =1, Var(Xi2) > « and IEXi6 < B for some «, 8 > 0. Prove that if n is large enough
(depending on « and ) then

ca

N

Explain why a lower bound on the variance is an essential assumption.

Var (HXHQ) >ca and E||X|y<+vn—

JIVIITIT]

s (PCA maximizes the explained variance) Let X be a mean-zero random vector
X in R™ whose covariance matrix has eigenvalues A\ > Ao > -+ > A\, and eigenvectors

Vly.ne,Un.
(a) Prove that the orthogonal projection Py onto the span of vy, ..., v satisfies

k k

E|PpX |5 =) Var((X,v;)) = > A

i=1 i=1
(b) Prove that any rank-k orthogonal projection P in R™ satisfies
2 2
E[|PX|; < E[P.X]5-

Interpret these results as follows: PCA maximizes the explained variance of the data, with
the explained fraction given by sj/sn, where s = A1 + ... + A\p.

W

www (Expected F norm of a random vector) Let n € N and p € [1,00]. Consider a
random vector X = (X71,..., X,) whose coordinates are independent subgaussian random
variables. Show that

E|x|, < JCKVP'P, p<logn
P7 lCK\logn, p>logn

where C'is an absolute constant and K = max;||X;||, -

wwww (Expected F norm of a Gaussian vector) Show that the bounds in Exercise 3.5
can be reversed for the standard gaussian random vector. Specifically, let n € N and p €
[1,00]. Consider a random vector X = (X7q,...,Xn) whose coordinates are independent
N(0,1) random variables. Show that

1/p

ceypn’?, p<logn
Elx1, =
cy/logn, p>logn

where ¢ > 0 is an absolute constant.
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3.7 dese (Small ball probability) Let X = (X1,...,Xn) € R" be a random with independent
coordinates with continuous distributions, whose densities are all bounded by K.

(a) Let us show that X is very unlikely to land in any given ball of radius o(y/n).
Specifically, for any fixed a € R™ and € > 0, prove that

P{IX — all, < ev/n} < (V2reKe)".

We will see in Exercises 4.28-4.29 that this is asymptotically sharp for small e.
(b) Deduce for n > 2 that
{ 1 } < CK
1Xl2] = v

Explain why for n = 1 the expected value can be infinite.

3.8 s (Expectation of an isotropic random vector)

(a) Prove that any isotropic random vector X in R™ satisfies ||E X||, < 1.
(b) Demonstrate that this bound is optimal in general: for each n € N, find an isotropic
random vector X in R™ that satisfies ||E X ||y = 1.

3.9 wd (1D marginals of an isotropic distribution) Let X be an isotropic random vector in
R™. For any vector v € R", consider the random variable X,, := (X, u). Check that

EXuXy = (u,v) and || Xu— Xo|p2 =|u—2s.

JIVIITIIT]

3.10 sesese (The standard score of a random vector)

(a) Let u € R™ be a fixed vector, ¥ be a fixed n x n symmetric positive semidefinite
matrix, and Z be a mean-zero, isotropic random vector in R". Check that the
random vector X = p + 227 has mean 4 and covariance matrix 3.

(b) Conversely, let X be a random vector with mean p and covariance matrix X. Find
a mean-zero, isotropic random vector Z that satisfies X = p+ /27 almost surely.

3.11 sese#e (A randomly permuted vector) Let X be a random vector obtained by randomly

permuting the coordinates of a given vector x = (x1,...,2n) € R® with 1+ +xn, =0
and :c% + -+ :c% = 1. Specifically, let o be a random permutation of {1,...,n} chosen
uniformly from the set of all n! permutations, and set X; = Ty (4) foreachi=1,...,n.

(a) Compute the mean and covariance matrix of X.
(b) You will find that the coordinates of X are negatively correlated. Can you heuristi-
cally explain why?

3.12 s (Distance between independent isotropic random vectors) Let X and Y be indepen-
dent, mean-zero, isotropic random vectors in R™. Check that

E|X - Y3 = 2n.

3.13 s (Maximum norm of random vectors) Let’s prove is a high-dimensional version of
(2.22).
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(a) Let Xi,...,Xn € R" be random vectors, not necessarily independent. Assume that
the coordinates X;; of each random vector X; are independent, subgaussian, and
satisfy IEXZ-QJ- = 1. Prove that

E max|| Xl < v/n+ CK?\/log N
S

where K = maxij||Xij||w2.
(b) Show that this bound is tight for i.i.d. standard normal random vectors. Specifically,

if X1,...,Xn ~ N(0,I) are independent, prove that

Enéa}%(HXZHQ > c(\/ﬁ—i— \/logN) .
(S

3.14 # (1D marginals of a normal distribution) Show that if X ~ N(u,X), then
(X,0) ~ N ({1,007 50)

for any fixed vector v € R".

3.15 wse (General normal density) Prove Proposition 3.3.6 by doing the following steps.
(a) Recall the definition of the density of a random vector X: it is a function fx

satisfying P{X € B} = [ fx(z) dz for any (Borel) subset B C R".

Argue that we can assume that p =0 and X = /27 where Z ~ N(0,1Iy).

Compute P{X € B} =P{Z ¢ 2_1/2(3)} by the change of variable z = $/22 to

express the result as an integral over B, and use the formula for the standard normal

—_~
o o
NN

density (3.11). By part (a), you can read off the density of X from the integrand.

3.16 sesese (A characterization of a joint normal distribution)

(a) Show that a random vector X in R™ is normally distributed if and only if all one-
dimensional marginals (X, u), u € R", are normally distributed.

(b) Deduce that random variables X1, ..., X, are jointly normal if and only if all linear
combination of them ai; X; + --+ + anXn with fixed coefficients a; are normally
distributed.

3.17 = (Normal, uncorrelated, but dependent) Find normal random variables X and Y that
are uncorrelated but not independent.

3.18 ss (Ginibre random matrices) A basic model for random matrices is the Ginibre
ensemble. A Ginibre random matrix is an n X n matrix G with independent N(0,1)
entries. Prove that the Ginibre distribution is invariant under multiplication by orthogonal
matrices, that is, for any fixed n x n orthogonal matrix U, both UG and GU have the
same distribution as G.

3.19 se# (GOE random matrices) A basic model for symmetric random matrices is the
Gaussian orthogonal ensemble (GOE). A GOE random matrix is an n X n symmetric
matrix A with independent normal entries on and above the diagonal, where the diagonal
entries are N(0,2) and the off-diagonal entries are N(0,1).
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3.20

3.21

3.22

3.23

3.24
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(a) Check that A has the same distribution as (G+GT)/v/2 where G is a Ginibre random
matrix from Exercise 3.18. This explains the different scaling of the diagonal and
off-diagonal entries of A in the definition.

(b) Prove that the GOE distribution is invariant under orthogonal conjugation, that is,
for any fixed n x n orthogonal matrix U, the matrix UAU " has the same distribution
as A. This explains the name “Gaussian orthogonal(-invariant) ensemble”.

% (A Gaussian random matrix makes orthogonal vectors independent) Let G be an
m x n random matrix with independent N(0,1) entries. Let u,v € R™ be fixed unit
orthogonal vectors. Prove that Gu and Gv are independent N (0, I;n) random vectors.

# Let X and Y be independent N (0, I,) random vectors. Prove that X—\'/%Y and X7\7§Y

are independent N (0, I;) random vectors.

# (Length and direction of a normal random vector) Prove that the length | g||; and
the direction g/||g|| of a standard normal random vector g ~ N(0, I,) are independent.

sdse (Many random points are in convex position) A finite set of points in R" is
in convex position if no point lies in the convex hull*® of the others (see Figure 3.11).
Let N < e“". Following the steps below, prove that with probability at least 1 — e~ ",
independent Gaussian random vectors ¢1,...,9n ~ N(0,I,) are in convex position.14

Surprisingly, this shows that exponentially many random points are in convex position!

(a) Show that, with high probability, g; is linearly separated15 from the other points,

i.e. there exists © € R™ (possibly random) satisfying (g1, ) > max;—a . n(g;, ).
(b) Deduce that, with high probability, g1 is not in the convex hull of the other points.
(¢) Conclude by the union bound.

Figure 3.11 The five points on the left are in convex position, while the five on
the right are not.

ww (Polar decomposition of the uniform distribution on a ball) Let X be uniformly
distributed on the unit Euclidean ball centered at the origin in R™. Decompose X as

X =rZzZ

13 We introduced the convex hull in the Appetizer, see (0.1).

14 Here, as usual, ¢ > 0 is an absolute constant of your choice.

15 A picture in R2? might help visualize this condition, which means there exists a line separating gi
from the other points. In higher dimensions, a line becomes a hyperplane.
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where Z ~ Unif(S™ ') and r is a random variable in [0, 1] with density nz" ', and r and
Z are independent.

W

# (A ball is isotropic) Let Y be a random vector uniformly distributed on the Euclidean
ball in R" with center at the origin and radius y/n + 2. Check that Y is isotropic.

W
-

s (Delocalization of random vector on the sphere) The most “spread out” or “delo-
calized” unit vector z in R™ has all coordinates with the same magnitude, i.e. |z;| = 1/y/n
for all 7. It turns out that a random vector is almost delocalized. Show that a random
vector X uniformly distributed on the unit Euclidean sphere in R™ satisfies

logn
EJIX 0 = |/ 2.

As always, “<” means equivalence up to absolute constant factors. 16

W
- W

(1D marginals of the sphere) Let X and Y be random vectors uniformly dis-
tributed on the Euclidean unit sphere and the Euclidean unit ball in R™.

n—1

(a) Prove that the density of any 1D marginal of Y is proportional to (1 —z2) 2 for
z € [-1,1].

(b) Prove that the density of any 1D marginal of X is proportional to (1 — :c2)nT_3 for

€ [—1,1]. Surprisingly, the 1D marginals of a 3D sphere are uniformly distributed!

W

s (Large cube probability) Let us establish a surprising fact: a standard normal
random vector in R” is likely to be very close to a cube with constant side length, yet it
is highly unlikely to land in a cube even a hundred times larger!

(a) Let mq denote a metric projection onto the cube [—a,a]™, which returns a point
y = ma(z) in the cube closest to the input point  in the Euclidean distance. Show
that the metric projection can be obtained by soft thresholding the coordinates of
z as follows: y; = x; if |z;| < a and y; = asign(x;) otherwise, for each i = 1,...,n.

(b) Show that there exists an absolute constants ng and a such that for every n > ng,
a random vector g ~ N(0, I,) satisfies the following with probability at least 0.99:

dist (g,[—a,a]") < 0.01||g], and g ¢& [-100a,100a]".

Here dist(x,T) = infyer||z — y||, denotes the distance from a point = to a set T

# (Frames and orthogonal matrices) Show that vectors uj,...,uy € R" form a Parseval
frame if and only if the n X N matrix with columns u; has orthonormal rows.

s# (The Mercedes-Benz frame) Consider N equispaced points on a circle of radius
\/2/N (see Figure 3.7 for N = 3). Show that they form a Parseval frame in R?,

# (Turning any isotropic distribution into a frame) Consider an isotropic random vector

16 Recall that a < b means c1b < a < cab for some absolute constants c1,ca > 0.
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X in R™ that takes values z1, ...,z with probabilities p1, ..., pn. Check that the vectors
/P1T1,...,/DNTN form a Parseval frame in R".

3.32 # (Subgaussian norm of 1D marginals) Let X be a subgaussian random vector in R".
Check that

14X, 0}y, < IX]ly, o]l for any vector v € R™.

3.33 w=® (Subgaussian rotation invariance) Proposition 3.3.1 showed that the standard nor-
mal distribution is rotation invariant. Subgaussian distributions are not necessarily ro-
tation invariant, but the subgaussian norm is. For any orthogonal n X n matrix U and
subgaussian vector X € R", show that UX is also subgaussian, and

1UX [y = 1X s,

3.34 s# (Subgaussian quadratic forms) Let A be an m X n random matrix with independent,
mean-zero, subgaussian rows A;. For any fixed u € R™ and v € R", show that u Avis a
subgaussian random variable, and

.
lu” Avlly, < Cllull2]lvllz max]|Ailly, -

Explain why the result still holds if the same assumptions are made about the columns of
A instead of the rows.

3.35 sd# (Subgaussian norm of a sum) Proposition 2.7.1 extends to higher dimensions. Let
X1,..., Xy be independent, zero-mean subgaussian vectors in R™. Show that

DIRS

where C is an absolute constant.

5 N
2
<C E 1113,
2 i=1

3.36 wwe (Vectors with subgaussian coordinates) What happens if we drop the independence
assumption in Lemma 3.4.27 X stays subgaussian, but the bound gets way worse:

(a) Let X = (X1,...,Xn) be a random vector with subgaussian (not necessarily inde-
pendent) coordinates X;. Show that X is subgaussian, and

max|| Xilly, < Xy, < Vimax|Xilly,.

(b) Show by example that both bounds in part (a) are optimal in all dimensions n.

3.37 wse (The norm of subgaussian vectors needs not concentrate) It is tempting to con-
jecture that the norm concentration (Theorem 3.1.1) might apply more generally to any
isotropic subgaussian random vector X with K = | X||,;,, so that coordinate independence
would not be necessary. Show with an example that this is false.!”

17 However, we will prove an upper bound for the norm in Proposition 6.2.1.
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3.38 s (A normal random vector is subgaussian) In Exercise 2.24(c), we showed that the
subgaussian norm of a normal random variable N (0, 02) equals /8/3 0. Extend this result
to higher dimensions: show that a random vector X ~ N(0, X)) satisfies

8 1/2
11, = /1m0

where ||| denotes the largest eigenvalue'® of ¥.

3.39 # (The Euclidean norm of a subgaussian random vector)

(a) Let X1,...,Xn besubgaussian random variables, not necessarily independent. Prove

that
n 1/2 n 1/2
[(2) ™, = (o) ™
i=1 v2 1

i=
(b) Let X be a subgaussian random vector in R™. Show that || X||, is a subgaussian
random variable, and

1], < vanxily,.
2

Explain why +/n is the best scaling factor in general. In Proposition 6.2.1, we will
prove a more informative bound.

W

3.40 seseeede (Random vectors are almost orthogonal — sometimes.) In (3.14), we saw that
two independent random vectors from the uniform distribution on the sphere "1 are
likely almost orthogonal. Let’s generalize this observation.

(a) Let X be a random vector in R" with independent, zero-mean, unit-variance coor-
dinates, all with subgaussian norms bounded by K. Define 0 = X/|| X5 if X # 0,
and 0 = 0 otherwise. Let  be an independent copy of 6. Prove that

16, m)] < $E8)

with probability at least 0.99,

where C(K) may depend only on K.

(b) Show that the independence of coordinates is crucial in part (a). Find independent,
identically distributed, isotropic random vectors X and Y in R, whose subgaussian
norms bounded by an absolute constant, and which satisfy X =Y with probability
at least 0.99.

3.41 s (Exponentially many almost orthogonal vectors!) From linear algebra, we know
there cannot be more than n orthogonal vectors in R™. But surprisingly, there are ex-
ponentially many that are almost orthogonal! For any integer N < e, follow the steps
below to find points X1,...,Xx € S~ ! that satisfy

|(Xi, X;)| <0.01 for all distinct i, j. (3.39)

(a) Argue that independent random vectors X, Y ~ Unif(S™™!) satisfy [(X, V)] < 0.01
with probability at least 1 — 4exp(—con), where cq is an absolute constant.

18 ||13|| is known as the operator norm of ¥. We will formally introduce this notion in Definition 4.1.8,
and it will play a prominent role in many results later.
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(b) Take a union bound over all pairs (i, j), ¢ # j, and conclude that the event in (3.39)
holds with positive probability.

3.42 # (The uniform distribution on a ball is subgaussian) Let Y be a random vector uni-
formly distributed in the Euclidean unit ball centered at the origin in R™. Argue that Y
satisfies the conclusion of Theorem 3.4.5.

3.43 sese (Subgaussian norm of the coordinate distribution) Let X be a random vector uni-
formly distributed on the standard vector basis of R™ for n > 2. Prove that

1
Viegn

As always, “<” means equivalence up to absolute constant factors.!

X1y, =<

9

3.44 weeswe (The ¢! ball is poorly subgaussian) Consider a ball in the ' norm?° in R™:
K = {x eER™: ||z|l; < r}.

Let X be a random vector uniformly distributed in K.

(a) Compute the density of X1, the first coordinate of X.
(b) Show that the random vector X is isotropic for some r < n.
¢) For this value of r, show that || X > ¢y/n where ¢ > 0 is an absolute constant.
P2

3.45 = (The probability mass function of a subgaussian random vector) Let X be a subgaus-
sian random vector in R"™. Prove that

2
[l
K2

P{X ==z} <2exp ( - ) for any x € R",

where K = [|X[[,,, -

3.46 sesese (Isotropic subgaussian distributions have high entropy) The entropy of a discrete
random vector X that takes values x; with probabilities p; is defined as

H(X) = —Zpi In p;.
B

Heuristically, H(X) is proportional to the expected number of bits needed to encode?! X.

(a) (Very discrete distributions have low entropy) For any random vector X that takes
N values, prove that H(X) <InN.
(b) (Isotropic subgaussian distributions have high entropy) For any discrete, isotropic,
subgaussian random vector X in R™, prove that
n
K2

(c) (Isotropic subgaussian distributions have huge support) Conclude that any random

H(X)> —In2, where K =|X[,,.

vector as in (b) must take at least %exp(K ~2p) different values.

19 Recall that a < b means c¢1b < a < cab for some absolute constants c1,ca > 0.
20 For a refresher on the unit ¢! ball, check Section 1.2; it is the cross-polytope shown in Figure 1.2.
21 This is formally established by the Shannon source coding theorem. Look it up if interested!
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3.47 wee (Rewriting the assumption of Grothendieck inequality) Let A be an m x n matrix.
Prove that the following properties are equivalent:

T Ay <1 for any vectors z € {—1,1}" and y € {—1,1}™.

TAy <1 for any vectors z € [-1,1]" and y € [~1,1]™.

(a) =
(b) =
) T Ay < |z]|oo||¥|loc for any vectors x € R™ and y € R™.
)

(c

(d) Any of the three properties above but with \mTAy| replacing xTAy.

3.48 w (Tightening the probabilistic proof of Grothendieck inequality) Tighten the proof of
Theorem 3.5.1 by skipping the rough 4/R2 bound in (3.25) and optimizing R numerically
at the end. Conclude that K < 14.1.

3.49 seswwe (Quadratic Grothendieck for PSD matrices) In this and next exercise, we relax
the assumption of Grothendieck inequality by assuming x; = y;, as announced in Re-
mark 3.5.3.

(a) (Polarization identity) Show that for any n x n symmetric matrix A and vectors
22

z,y € R™ we have
Tty r—y

2 Ay=7' Az —§' Ay where 7= 5 U=

(b) (Quadratic Grothendieck) Let A = (a;;) be an n xn symmetric positive-semidefinite
matrix. Assume that Zi’j a;jxiz; < 1 for any numbers x; € {—1,1}. Prove that for
any Hilbert space H, we have |Zi’j a;;(u;, v)| < 2K for any unit vectors u;, v; € H,
where K is the absolute constant from Grothendieck inequality.

(c) Show the result in part (b) may fail without the positive-semidefinite assumption.

3.50 s (Quadratic Grothendieck for diagonal-free matrices)

(a) (Separate convexity) A function f(zi,...,xn) is called separately convez if it is
convex in each variable z;. (Such function might not be convex — example?) Show
that a separately convex function f : [—1,1]" — R attains its maximum at some
extremal point of the cube, i.e. at a point in {—1,1}".

(b) (Quadratic Grothendieck) Let A = (a;;) be an n x n diagonal-free matrix. Assume
that [}, ; ajjziz;| < 1 for any numbers z; € {—1,1}. Prove that for any Hilbert
space H, we have |Z” a;;(us,vj)| < 2K for any unit vectors u;,v; € H, where K
is the absolute constant from Grothendieck inequality.

3.51 ® (Gram matrices) The Gram matriz of vectors v1,...,vn is the n x n matrix ({v;, v;)).
Prove the following.

(a) The Gram matrix of any set of vectors is symmetric and positive-semidefinite.

(b) Conversely, any symmetric and positive-semidefinite matrix is a Gram matrix of
some set of vectors.

22 Note that if A = I,,, the polarization identity just becomes the familiar parallelogram law.
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3.52

3.53

3.54

3.55

3.56

3.57

Random Vectors in High Dimensions

w# (SDP relaxation of a bilinear integer program) Consider the following integer opti-
mization problem:

n
maximize Z Ajjriy; 0 x,y; = £1 for i, j (3.40)
ij=1

where A is an m X n matrix. Just like in (3.29), let us relax it to the following problem:

maximize » A;;(X;,Y;): [ Xill2 = ||Yjll2 = 1 for all i, 5, (3.41)
4,J

where the maximum is over all unit vectors X;,Y; in R* with some fixed dimension k € N.

(a) Express (3.41) as a semidefinite program.
(b) Show that the relaxation approximates the original problem (3.40) within an abso-
lute constant factor.

% (Grothendieck identity) Prove Grothendieck identity (Lemma 3.6.5).

JIVIITIT]

sdew (Approximating a max cut: deterministic outcome, random runtime) Goemans-
Williamson Theorem 3.6.4 finds a cut that is large only in expectation. For any € > 0, give
an (0.878 —¢)-approximation algorithm for the maximum cut that always finds a valid cut
but may have random running time. Bound the expected runtime.

W

# (Kernel trick for real analytic functions) Let’s prove Lemma 3.7.7. For that, we need an
infinite-dimensional version of R™. A perfect choice is 42, the space of all square-summable
sequences = (x1,2,...). It comes with the same norm and inner product as R", but
with finite sums replaced by (convergent) series:

00 ) 1/2 o]
ol = (Da2) " and (@) =Y
=1 i=1

Now define ®, ¥ : R™ — ¢2 that make Lemma 3.7.7 work.

W

weww (Linearizing Grothendieck identity) Let’s get rid of the nonlinearity “arcsin” in
Grothendieck identity (Lemma 3.6.5) by adding a correction term. Prove the following for
a random vector g ~ N(0,1,) and any fixed unit vectors u,v € R"L:

(a) Edg,u)sien{g,v) = /2 (u,v).

(b) Esign(g, u)sign(g,v) = 2 (u,v) + E[ZuZy], where Zy = \/g<g7 w) — sign{g, w).

W
-=

(A sharper PSD Grothendieck) For positive semidefinite matrices, Grothendieck
inequality (Theorem 3.5.1) holds with a better constant 7/2 ~ 1.571, with a simpler
proof. Let’s discover it. Let A = (a;;) be a n x n symmetric positive-semidefinite matrix.
Suppose Zz § Qif T < 1 for any numbers z; € {—1,1}. Use Exercise 3.56 to show that
for any Hilbert space H, we have ), j @ij (us,u;) < /2 for any unit vectors u; € H.
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3.58 wwe (SDP relaxation using Grothendieck inequality) Let’s use the solution of Exer-
cise 3.57 to improve Theorem 3.5.7. Let A be an n X n symmetric, positive-semidefinite
matrix. Let int(A) denote the maximum in the integer optimization problem (3.28) and
sdp(A) denote the maximum in the semidefinite problem (3.29).

(a) Show that int(A) < sdp(A) < % -int(A).
(b) Design a randomized algorithm to turn a solution (X;) of (3.29) into labels z; = +1
that approximately solve (3.28) in expectation.
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Random Matrices

We begin to study the non-asymptotic theory of random matrices, with more to
come in later chapters. We start with matrix refresher in Section 4.1 — skip what
you know (like SVD) and focus on new topics like perturbation theory.

Section 4.2 introduces key geometric concepts — nets, covering and packing
numbers — and links them to volume and error correction codes (Section 4.3). In
Sections 4.4 and 4.6, we develop the e-net argument for the analysis of random
matrices, first proving bounds on the operator norm (Theorem 4.4.3) and then
giving a stronger, two-sided bound on all singular values (Theorem 4.6.1).

We explore three applications: community detection in networks (Section 4.5),
covariance estimation (Section 4.7) and spectral clustering for point sets (Sec-
tion 4.7.1).

Don’t miss the end-of-chapter exercises — you will explore the power method
to compute the top singular value (Exercise 4.6), give Schur bound on the op-
erator norm (Exercise 4.8), introduce Hermitian dilation (Exercise 4.14), con-
struct Walsh matrices (Exercise 4.9), develop matrix perturbation theory (Ex-
ercises 4.13, 4.15, 4.16), compute more general norms for for random matrices
(Exercise 4.18-4.20, 4.44), estimate the cut norm with an SDP relaxation (Exer-
cise 4.21, 4.22), compute the volume of high-dimensional balls in three ways (Ex-
ercises 4.27-4.30), find covering numbers for low-rank matrices (Exercise 4.50),
analyze Gaussian mixture models (Exercise 4.51), and more!

4.1 A quick refresher on linear algebra

Let’s review some basic material about matrices. You have likely covered much
this in linear algebra — so skip what you already know — but later parts might be
new to you.

4.1.1 Singular value decomposition

Spectral decomposition (3.7) is a great tool, but it only works for symmetric

matrices. Singular value decomposition (SVD) extends this idea to all matrices:

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd
Edition by Roman Vershynin. This pre-publication version is free to view and download for personal

use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.
If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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Theorem 4.1.1 (Singular value decomposition). Any m x n matriz A with real
entries can be written as

A= Z s;uv;  where r = min(m,n). (4.1)
i=1

Here s; are nonnegative numbers called the singular values of A, u; € R™ are
orthonormal vectors called the left singular vectors of A, and v; € R are or-
thonormal vectors called the right singular vectors of A.

Proof Without loss of generality, we can assume that m > n. (Why?) Since ATA
is an n X n symmetric positive-semidefinite matrix, the spectral theorem tells us

that it has real, nonnegative eigenvalues s?, ..., s? and orthonormal eigenvectors
V1, ...,0, € R", so that AT Av; = s?v;. The vectors Av; are orthogonal:
(Av;, Avj) = (AT Avg,v;) = s (vi,v) = 8785, i=1,...,n. (4.2)
Therefore, there exist orthonormal vectors uq,...,u, € R™ such that
Av; = sy, 1=1,...,n. (4.3)

(For all 4 with s; # 0, (4.3) uniquely defines the vectors u; and (4.2) ensures they
are orthonormal. If s; = 0, then (4.2) (for j = i) gives Av; = 0, so (4.3) holds
trivially. In this case, we can pick any w; while keeping orthonormality.)

Since vy, . .., v, form an orthonormal basis of R", we can write I,, = >, v;0].
Multiplying by A on the left and using (4.3) gives the desired SVD:

A= Z(Avi)viT = Z siuij.
i=1 i=1
Ask yourself: at what point in this argument did we need m > n? O

Remark 4.1.2 (What does a matrix do?). From (4.3) we see how SVD gives a
geometric view of matrices: A first “stretches” each orthogonal direction v; by s;
and then “rotates” the space, mapping the orthonormal basis (v;) into (u;).

Remark 4.1.3 (SVD in matrix form). For convenience, we often set s, = 0 for
i > r and arrange s; in (weakly) decreasing order. We can also extend (u;) and
(v;) to orthonormal bases in R™ and R”, letting us rewrite the SVD (4.1) as

A=UxV" (4.4)

where U is the m x m orthogonal matrix with left singular vectors u; as columns,
V' is the n x n orthogonal matrix with right singular vectors v; as columns, and
> is the m x n diagonal matrix with singular values s; on the diagonal. We can
similarly express the spectral decomposition of a symmetric n X n matrix A:

A=) Nuu] =UAUT

i=1
where U is the n x n orthogonal matrix with eigenvectors u; as columns and A
is the n x n diagonal matrix with eigenvalues A; on the diagonal.
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Remark 4.1.4 (Spectral decomposition vs. SVD). The spectral and singular
value decompositions are tightly connected. Since

AAT = Z stu;u; and ATA = Z s2vv,
i=1 i=1
(check!), the left singular vectors u; of A are eigenvectors of AAT, the right
singular vectors v; of A are eigenvectors of ATA, and the singular values s; of A
are the square roots of the eigenvalues \; of both AAT and AT A:

5:(A) = N (AAT) = /A, (4T A). (4.5)

Example 4.1.5 (Orthogonal projections). Consider the orthogonal projection
P in R” onto a k-dimensional subspace E. The projection of a vector x onto F is
given by Px = Zf:1<“i7 x)u; where uy, ..., u; is an orthonormal basis of E. We
can rewrite this as a spectral decomposition of P:

k
P = ZuluzT =UUT,
i=1

where U is the n x k matrix with orthonormal columns u,. In particular, P is a
symmetric matrix with eigenvalues 1,...,1,0,...,0.
—— N——

k n—k

4.1.2 Min-mazx theorem

We saw one optimization-based description of eigenvalues (Proposition 3.2.2).
Here is another, very useful one:

Theorem 4.1.6 (Min-max theorem for eigenvalues). The k-th largest eigenvalue
of an n X n symmetric matriz A can be written as

Me(A) = max min 2"Az = min max z' Az, (4.6)
dim E=k z€S(E) dim E=n—k+1 z€S(E)

where the mazimum (resp. minimum) is over all subspaces E of dimension k
(resp. n — k + 1) and S(E) denotes the Euclidean unit sphere of E, i.e. the set
of all unit vectors in E.

Proof Let us focus on the first equation. To prove the upper bound on A, =
Ar(A), we need to find a k-dimensional subspace E such that

xT Az > )\, for all x € S(E).

How do we find such E? Take the spectral decomposition A = >"""  \u;u; and
pick the subspace where A is “largest”: E = span(uq,...,u;). The eigenvectors
Uy, ..., u; form an orthonormal basis of E, so any vector € S(F) can be written
as x = Ele a;u;. Orthonormality of u; and monotonicity of \; give

k k
x' Az = Z )\ia? > A\ Za? = A\,
i=1 i=1
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and we are done with the upper bound. To prove the lower bound on A, we
need to find a vector x € S(E) in any k-dimensional subspace E such that
2T Az < \;. How do we find such 2? We look where A is “smallest” — inside the
subspace F' = span(ug, ..., u,). Since dim(F) + dim(F) = n + 1, the intersection
is nontrivial, so there is a unit vector x € EN F. Writing = = ", a;u;, we get

n n
' Ax = Z Na? < g Za? = \.
i=k i=k

So we've got the lower bound and thus the first equation in (4.6). The second
equation follows if we apply the first for —A instead of A, with eigenvalues re-
ordered in the opposite way. (Check!) O

Applying Theorem 4.1.6 to ATA and using (4.5), we immediately get:

Corollary 4.1.7 (Min-max theorem for singular values). Let A be an m x n

matriz with singular values sy > s9 > -+ > s, > 0. Then
sp(A) = max min ||Az|s = min max || Ax||2,
dim E=k 2€S(E) dim E=n—k+1 zeS(E)

where the mazimum (resp. minimum) is over all subspaces E of dimension k
(resp. n —k+1) and S(E) denotes the Euclidean unit sphere of E.

4.1.3 Frobenius and operator norms

The linear space of m x n matrices has several classic norms. The simplest is the
Frobenius norm, or Hilbert-Schmidt norm, which is just the £ norm on R™*":

m n

A= (03 42)"

i=1 j=1

In short, the Frobenius norm is just the Euclidean norm of the vectorized matrix.
Likewise, the inner product for matrices is just the usual dot product on R™*":

m n

(A,B)=> "> A;B; =tr(A"B). (4.7)

i=1 j=1
The inner product of a matrix with itself gives the norm squared:
IA[l7 = (A4, A) = tr(ATA). (4.8)

Another key matrix norm is the operator norm (or spectral norm), which mea-
sures how much the linear transformation A stretches vectors at most:

Definition 4.1.8 (Operator norm). The operator norm of an m x n matrix A is
the smallest number K such that

|Az||s < K||z||z for all z € R™.
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Equivalently,
||Al| = max 1421, = x ||Az||s = max ||Az|, = max |y"Az|. (4.9)
220 ||z|le lzla<1 llzll2=1 zll2=lyll2=1

The first three equations follow by rescaling (check them!), and the last one
follows because from the duality formula (1.6): ||Az| = max,|,=1(Az,y). You
can drop the absolute value in (4.9) or keep it; the result is the same (why?) In
Exercise 4.2, you will check that || Al is indeed a norm.

Remark 4.1.9 (Other operator norms). We can replace the ¢2 norm in Defini-
tion 4.1.8 with other norms to get a more general concept of the operator norm.
Discover it in Exercises 4.18-4.22.

4.1.4 The matrixz norms and the spectrum

Lemma 4.1.10 (Orthogonal invariance). The Frobenius and spectral norms are
orthogonal invariant, meaning that for any matriz A and orthogonal matrices )
and R (of proper dimensions) we have

|QAR||r = ||[Allr and [QAR|| = | All.
Proof The first part follows from (4.8) and the cyclic property of trace:
|QAR||3 = tr(RTATQTQAR) = tr(RTATAR) = tr(RRTAT A)
= tr(ATA) = [|Al5
For the second part, (4.9) says that ||QAR]| is obtained by maximizing the bilinear
form y"QARz = (Qy)" A(Rx) over all unit vectors z and y. But since Q and R

are orthogonal matrices, v = Qy and u = Rx range over all unit vectors, so we
maximize v’ Au over all unit vectors and get || A]|. O

Lemma 4.1.11 (Matrix norms in terms of singular values). For any mxn matriz
A with singular values s(A) > ... > s,(A), we have

" 1/2
JAllr = (3 si(4)?) 7 and (Al = s:(4).
i=1
Proof To prove the part about the Frobenius norm, let’s use SVD (4.4) and
orthogonal invariance (Lemma 4.1.10): ||A|lr = |[USV ||z = ||Z]|r; now recall
that the only nonzero entries of 3 are si,...,s,. The part about the operator
norm follows directly from the min-max theorem (Corollary 4.1.7) for k =1. O

Remark 4.1.12 (Symmetric matrices). For a symmetric matrix A with eigen-
values A\ (A), we have

|A|l = m]?x])\k.(A)] = max|z' Az|, (4.10)

llzll=1

so we can take x = y in the operator norm definition (4.9). The first equation in
(4.10) comes from Lemma 4.1.11 since the singular values of A are |A\y(A)|. The
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min-max theorem (Theorem 4.1.6) gives |\;(A)| < max),=1|z’ Az|, proving the
upper bound in (4.10). The lower bound is clear by taking z =y in (4.9).

Take a moment to sharpen your skills with Frobenius and operator norms in
Exercises 4.2-4.10.

4.1.5 Low-rank approximation

Suppose we want to approximate a given matrix A by a matrix B with a given
rank k. How do we construct the best B, and what is the smallest approximation
error measured in the operator norm? The answer is: get B by truncating the
SVD of A; the approximation error is the (k + 1)-th singular value of A:

Theorem 4.1.13 (Eckart-Young-Mirsky theorem). Let A be an m X n matriz
with SVD A =>"" | s;uv]. Then for any 1 < k < n we have:

in ||[A— Bl =
ran{(r(lg:k\l | = Skt

L. . . k
and the minimum is attained for B =Y., s;u;v; .

Proof If B is any m x n matrix with rank k, its kernel E' = ker(B) has dimension
n — k. Then the min-max theorem (Corollary 4.1.7) for k + 1 instead of k gives

A—B|| > A—B)z|, = Az|ly > sp1(A).
| II= max |i( Jzllz = max [[Azla 2 si1(4)

In the opposite direction, setting B = Zle siuv; gives A— B = > 80, .
The maximal singular value of this matrix is sy 1, which is the same as its operator
norm by Lemma 4.1.11. O

4.1.6 Perturbation theory

Perturbation theory strudies how eigenvalues and eigenvectors change under ma-
trix perturbations. For eigenvalues, an application of min-max theorem (Theo-
rem 4.1.6 and Corollary 4.1.7) gives the following (check!):

Lemma 4.1.14 (Weyl inequality). The k-th largest eigenvalues of symmetric
matrices A and B (of the same dimensions) satisfy

[Ae(A) = Ae(B)| < [|[A = B.
Similarly, the k-th largest singular values of general rectangular matrices satisfy
se(A) = se(B)| < [|A - BJ|.

A similar result holds for eigenvectors, but we need to be careful to track the
same eigenvector before and after perturbation. If the eigenvalues are too close, a
small perturbation can swap them, leading to huge error since their eigenvectors
are orthogonal and thus far apart. To avoid this, we assume that the eigenvalues
of A are well separated.



106 Random Matrices

Theorem 4.1.15 (Davis-Kahan inequality). Consider two symmetric matrices
A and B with spectral decompositions A = Y ;| Nuwu] and B = Y7 pv0],
where the eigenvalues are (weakly) decreasing. Assume the k-th largest eigenvalue
of A is 0-separated from the rest:

min|A, — Ai| =9 > 0.
i#k

Then the angle between the eigenvectors uy, and vy, (as a number between 0 and
7/2) satisfies

- 2||A - B||
sin Z (ug, vg) < 5 :

We will derive this from a stronger result that lets us target multiple eigenvec-
tors at once. We will be looking at spectral projections — the orthogonal projections
onto the span of some subsets of eigenvectors.

Lemma 4.1.16 (Davis-Kahan inequality for spectral projections). Consider two
symmetric matrices A and B with spectral decompositions A =" Nuu] and
B = Z?Zl ujvjv;r. Let I,J be two d-separated" subsets of R, with I being an
interval. Then the spectral projections
_ T _ T : |A— B
P= Z wu, and Q= Z vjv;  satisfy [|QP < .

1)
N ET Jiui€J

Proof Without loss of generality, assume that the interval I is finite and closed.
Adding the same multiple of identity to A and B, we can center [ as [ = [—r,r],
so that |\;| < for \; € I and |pu;| > r+ 6 for p; € J. The idea is to study how
P and @ interact through H := B — A:

|H|| > |QHP| = |@BP — QAP|| > |QBP|| - [|QAP]. (4.11)
The spectral projection ) commutes with B, so
|QBP| = |BQP|| = (r +6)[|QP]. (4.12)

To see the last inequality, note that the image of @) is spanned by orthogonal
vectors v; with |p;| > 7 4+ d. The matrix B maps each such vector v; to p;v;,
thus scaling it by at least r + §. Thus, B expands the norm of any vector in
the image of @ by at least r + 4, giving |BQPzx|ls > (r + 0)||QPxz||» for any z.

Taking the supremum over unit vectors z gives the inequality in (4.12). Also,
AP = PAP =Y, c; \iugug , SO

QAP = [QPAP| < [|QP] - |AP| < r[|QP], (4.13)

because ||AP| = max;.,er|\;|] < 7. Putting the bounds (4.12) and (4.13) into
(4.11), we get [|H|| > d||QP]|, which completes the proof. O

1 Subsets I and J are d-separated if |z —y| > & forallz € [ and y € J.
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Proof of Theorem 4.1.15 We can assume that ¢ == ||A — B|| < §/2, otherwise
the conclusion is trivial. By Weyl inequality (Lemma 4.1.14), |\; — p;| < € for
each j, so

min | Ay — ;| > min|Ay — ;| —e=8§ — > 6/2.
j:j;ék| k :uJ|—j:j¢k| k J| = /

Apply Lemma 4.1.16 for the §/2-separated subsets I = {A\;} and J = {u; :
J # k} to get |QP| < 2¢/6. To finish the proof, recall that P and I,, — Q are
the orthogonal projections on the directions of u; and v, respectively, so a little
computation gives |QP|| = ||Qukll2 = sin Z(ug, vi.). (Check!) O

Explore more versions of Davis-Kahan inequality in Exercises 4.11-4.16.

4.1.7 Isometries

The extreme singular values s; and s, of an m x n matrix A have key geometric
meaning. By the min-max theorem (Corollary 4.1.7), they can be expressed as
s1(A) = [max |Az||; and s,(A) = min ||Az],. (4.14)

mHg:l ZEH2:1
Applying this inequality for x — y instead of x gives
sa(A)l = ylls < |4z — Aylls < s1(A) | —ylls for all z € R".

So the extreme singular values set the limits on how much the linear map A
distorts space. The condition number k(A) = s1(A)/s,(A) measures the worst-
case distortion factor and is key in numerical algorithms.

A matrix that exactly preserve distances, meaning

|Az||2 = ||z]l2 for all z € R",

is called an isometry. A basic example is an m x m orthogonal matrix U. More
generally, any m X n matrix made of n columns of U is an isometry, giving an
“isometric embedding” of R™ into R™. In fact, all isometries are of this form,
because for m x n matrix A with? m > n, the following properties are equivalent:

(a) the columns of A are orthonormal, i.e. ATA = I,;;
(b) A is an isometry;
(c) all singular values of A equal 1.

Let’s prove a stronger result where these properties hold approximately instead
of exactly; this will come handy when dealing with random matrices:

Lemma 4.1.17 (Approximate isometries). For an m x n matriz A with m > n
and a number € > 0, the following properties are equivalent:
(a) IATA— L] <.
(b) (1=e)llzll5 < |Az[|3 < (1 +&)[[z[|3 for any x € R".
(c)1—e<s,(A)?<s(A)?<1+e.

2 Note that an m X n matrix can be an isometry only if it is “tall”, meaning m > n. Why?
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Proof (a)<(b) By rescaling, we can assume that ||z|s =1 in (b). We have
JATA = IJ| “2” max |27 (ATA - I,,)z| = max [ a3 — 1],
1 xr 2:1

|ll2= ll=l

and this being bounded by ¢ is equivalent to (b) for all unit vectors x.
(b)<(c) follows from (4.14). O

Remark 4.1.18. Here is a more handy version of the key implication (a)=(c)
in Lemma 4.1.17. For any numbers z,d > 0, we have

|22 — 1| < max(d,6%) = |z—1]<§
(check!) Then, substituting ¢ = max(4, §?), we get:
|ATA — I,|| < max(6,6%) = 1-03<s,(4)<s(A)<1+6. (4.15)
Try Exercise 4.17 to add another handy equivalent property to Lemma 4.1.17.

4.2 Nets, covering and packing

We are going to develop a simple but powerful method — an e-net argument —
and illustrate its usefulness for the analysis of random matrices. In this section,
we recall the concept of an e-net, something you might have come across in
real analysis, and connect it to other basic notions — covering, packing, entropy,
volume, and coding.

Definition 4.2.1 (e-net). Let (T, d) be a metric space. Consider a set K C T
and a number € > 0. A subset N C K is called an e-net of K if every point in K
is within distance ¢ of some point of N/, i.e.

Ve e K xg € N @ d(z,20) <e.

Equivalently, AV is an e-net of K if balls of radius & centered at points in N cover
K, like in Figure 4.1a.

(b) P(K,e) > 6 means that there exist six e-
(a) This covering of a polygon K by six e-balls separated points in K; the £/2-balls centered
shows that NV (K,e) < 6. at these points are disjoint.

Figure 4.1 Covering and packing



4.2 Nets, covering and packing 109

If this generality is feeling overwhelming, keep in mind a key example. Let
T = R" with d being the Euclidean distance:

d(m,y) = H:U - y||2a T,y € R™. (4‘16)

In this case, we cover a subset K C R" with round balls, like in Figure 4.1a. We
already saw an example of this kind of covering in Corollary 0.0.3 where K was
a polytope.

Definition 4.2.2 (Covering numbers). The smallest cardinality of an e-net of
K is called the covering number of K and is denoted N (K, d,¢). Equivalently,
N(K,d,e) is the smallest number of closed balls with centers in K and radii e
whose union covers K.

Remark 4.2.3 (Compactness). An important result in real analysis says that a
subset K of a complete metric space (T, d) is precompact (i.e. the closure of K is
compact) if and only if

N(K,d,e) < oo for every € > 0.

Thus we can think about the covering number NV (K, d, ¢) as a quantitative mea-
sure of compactness of K.

Closely related to covering is the notion of packing.

Definition 4.2.4 (Packing numbers). A subset A of a metric space (T,d) is
e-separated if

d(xz,y) > e for any distinct points z,y € N.

The largest possible cardinality of an e-separated subset of a given set K C T is
called the packing number of K and is denoted P(K,d,¢).

Remark 4.2.5 (Packing balls into K). If N is e-separated, the closed &/2-balls
centered at points in N are disjoint by the triangle inequality.® So, we can always
“pack” into K at least P(K,d,¢) disjoint €/2-balls like in Figure 4.1b.

Lemma 4.2.6 (Nets from separated sets). Let N be a maximal® e-separated
subset of K. Then N is an e-net of K.

Proof Let x € K; we want to show that there exists 2o € A such that d(z, zo) <
e. If z € N, the conclusion is trivial by choosing xy = x. Suppose now = & N.
The maximality assumption implies that AU {z} is not e-separated. But this
means precisely that d(z,z,) < e for some 2y € N. O

Remark 4.2.7 (Constructing a net). Lemma 4.2.6 gives an iterative algorithm
to construct an e-net of a given set K. Pick a point z; € K arbitrarily, then
pick x5 € K that is farther than ¢ from x,, then pick x3 that it is farther than e

3 Otherwise we could find distinct =,y € A" and z € T such that d(z, z) < ¢ and d(y, z) < €. Triangle
inequality would give d(z,y) < €, contradicting the separability assumption.
4 Here by “maximal” we mean that adding any new point to N destroys the separation property.
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from both x; and x5, and so on. If K is compact, this process stops in finite time
(why?) and gives an e-net of K.

The covering and packing numbers are essentially equivalent:

Lemma 4.2.8 (Equivalence of covering and packing numbers). For any set K C
T and any € > 0, we have

P(K,d,2¢) < N(K,d,e) < P(K,d,e).

Proof The upper bound follows from Lemma 4.2.6. (How?)

To prove the lower bound, take any 2e-separated subset P = {z;} in K and
any e-net N' = {y,} of K. By definition, each point x; is in the e-ball centered
at some point y;. Since any closed e-ball cannot contain two 2e-separated points,
each e-ball centered at y; may contain at most one z;. The pigeonhole principle
gives |P| < |N|. Since P and N are arbitrary, the lower bound follows. O

Get some practice with covering and packing in Exercises 4.23-4.26.

4.2.1 Covering numbers and volume

Let’s now study covering numbers in the most important example: 7' = R" with
the Euclidean metric
d(z,y) = [z -yl
as in (4.16). To ease the notation, we often omit the metric when it is understood,
thus writing
N(K,e) =N(K,d,e).

If the covering numbers measure the size of K, how are they related to the
most classical measure of size, the volume of K in R™? There could not be a full
equivalence between these two quantities, since “flat” sets have zero volume but

non-zero covering numbers. Still, there is a useful partial equivalence, which is
often quite sharp. It is based on the notion of Minkowski sum of sets in R™.

Definition 4.2.9 (Minkowski sum). Let A and B be subsets of R". The Minkowski
sum A + B is defined as

A+B={a+b: ac A, be B}.

Figure 4.2 shows an example of Minkowski sum of two sets on the plane.
Proposition 4.2.10 (Covering numbers and volume). Let K be a subset of R™
and € > 0. Then

< Vol(K + (¢/2)BY)

Vol(K)
Vo) = N9 S PE ) < 0o B

Here By denotes the unit Euclidean ball’ in R™, so e By is a Fuclidean ball with
radius €.

5 Thus BY = {z € R*: ||z|2 < 1}.
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Figure 4.2 Minkowski sum of a square and a circle is a square with
rounded corners.

Proof The middle inequality follows from Lemma 4.2.8, so all we need to prove
is the left and right bounds.

(Lower bound) Let N := N(K,¢). Then K can be covered by N balls with
radii e. Comparing the volumes, we obtain

Vol(K) < N - Vol(eBy),

proving the lower bound.

(Upper bound) Let N := P(K,¢). Then we can find N disjoint closed ¢/2-
balls with centers x; € K (Remark 4.2.5). While these balls may not fit entirely
in K (see Figure 4.1b), they do fit in a slightly inflated set, namely K + (¢/2)B}.
(Why?) Comparing the volumes gives

N -Vol((e/2)By) < Vol(K + (¢/2)By).
which leads to the upper bound in the proposition. O

An important consequence of the volumetric bound (4.18) is that the covering
(and thus packing) numbers are typically exponential in the dimension n:

Corollary 4.2.11 (Covering numbers of the Euclidean ball). The covering num-
bers of the unit Fuclidean ball B} satisfy the following for any e > 0:

(})” < N(B}e) < (g + 1) (4.17)

€
The same upper bound is true for the unit Euclidean sphere S™ .
Proof The lower bound follows immediately from Proposition 4.2.10, since the

volume in R” scales as Vol(¢BY) = €™ Vol(BY). The upper bound follows from
Proposition 4.2.10, too:

Vol((1+¢/2)BY)  (1+¢/2)" 2 n
B} e) < = =(-4+1) .
NBLA S Ry = o =G
The upper bound for the sphere can be proved in the same way. O

To simplify (4.17), note that in the non-trivial range € € (0, 1] we have

(é)n < N(BI,e) < (g)n (4.18)
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In the trivial range where € > 1, one e-ball covers the unit ball, so N(Bj,e) = 1.

Remark 4.2.12 (The volume of the ball). The proof of Corollary 4.2.11 works
with the volume of Euclidean ball, but it cleverly avoids calculating the actual
volume! Try computing it yourself in three ways—geometric, probabilistic, and
analytic—in Exercises 4.27-4.29, extend it to £P balls in Exercise 4.30.

Remark 4.2.13 (How to construct a net?). Remark 4.2.7 describes a general
iterative algorithm to building an e-net, but for the Euclidean ball, you can just
use a scaled integer lattice (Exercise 4.31) or even random points (Exercise 4.39).

The volumetric argument we just gave is pretty flexible and works in many
other settings. Here is an important example.

Definition 4.2.14 (Hamming distance). The Hamming cube {0,1}" consists
of all binary strings of length n. To turn it into a metric space, we define the

Hamming distance dg(z,y) as the number of bits where the strings = and y
differ:

du(z,y) = #{i: z(@) #y(@)}, =,ye{0,1}".
(Check that this is actually a metric!)

Proposition 4.2.15 (Covering and packing numbers of the Hamming cube).
The covering and packing numbers of the Hamming cube K = {0,1}™ satisfy the
following for any integer m € [0,n]:
A 2m
=y SN(K,dy,m) <P(K,dg,m) < s
> o (1) o (3)
The proof is just a tweak of the volumetric argument, replacing volume with

cardinality — give it a try in Exercise 4.32. For more practice with the volumetric
argument, compute the covering numbers for low-rank matrices in Exercise 4.50.

4.3 Application: error correcting codes

Covering and packing arguments frequently appear in applications to coding the-
ory. Here we give two examples that relate covering and packing numbers to
complexity and error correction.

4.83.1 Metric entropy and complexity

Intuitively, the covering and packing numbers measure the complexity of a set
K. The logarithm of the covering numbers log, N (K, ¢) is often called the metric
entropy of K. As we will see now, the metric entropy is equivalent to the number
of bits needed to encode points in K:

Proposition 4.3.1 (Metric entropy and coding). Let (T,d) be a metric space,
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and consider a subset K C T. Let C(K,d,c) denote the smallest number of bits
sufficient to specify every point x € K with accuracy € in the metric d. Then

log, N(K,d,e) < C(K,d,e) < [log, N(K,d,e/2)] .

Proof (Lower bound) Assume C(K,d,e) < N. This means that there exists
a mapping (“encoding”) of points x € K into bit strings of length N, which
specifies every point with accuracy . This gives a partition of the domain K into
at most 2V subsets, each consisting of the points represented by the same string
(see Figure 4.3). Each subset has diameter® at most €, so it can be covered by a
ball centered in K and with radius e. (Why?) Therefore, K can be covered by at
most 2V balls with radius ¢, meaning NV (K, d,e) < 2V. Taking logarithms gives
the lower bound.

(Upper bound) Assume log, N(K,d,e/2) < N for some integer N. This
means that there exists an (¢/2)-net N of K with at most 2V points. For each
point x € K, assign a closest point zy € A. Since there are at most 2 such
points, N bits are sufficient to specify xy. Let’s show that the encoding x — x,
represents points in K with accuracy €. If both x and y are encoded by the same
zo then by triangle inequality,

() < d(x,x0) +d(y,@0) < 5 + 5 =
This shows that C(K,d,e) < N. This completes the proof. O]

Figure 4.3 Encoding points in K as N-bit strings induces a partition of K
into at most 2V subsets.

4.3.2 Error correcting codes

Suppose Alice wants to send Bob a message with k letters, such as
x = “fill the glass”.

Suppose further that an adversary can corrupt Alice’s message by changing up
to 7 letters. For example, Bob may receive

y = “bill the class”

6 The diameter of a subset K of a metric space is defined as diam(K) := sup{d(z,y) : =,y € K}.
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if r = 2. Is there a way to protect the communication channel between Alice and
Bob, a method that can correct adversarial errors?

A common approach uses redundancy. Alice encodes her k-letter message into
a longer n-letter message (n > k), hoping that the extra information helps Bob
recover the message, even if up to r errors occur.

Example 4.3.2 (Repetition code). Alice may just repeat her message several
times, thus sending to Bob

E(x) := “fill the glass fill the glass fill the glass fill the glass fill the glass”.

Bob can use majority decoding: he checks the received copies of each letter in E(x)
and picks the one that appears most often. If the original message x is repeated
2r + 1 times, majority decoding will recover = correctly, even if r letters in F(x)
are corrupted. (Why?)

The problem with majority decoding is that it is inefficient: it uses
n=2r+1)k (4.19)

letters to encode a k-letter message. As we will see shortly, there exist error
correcting codes with much smaller n.

But first let us formalize the notion of an error correcting code — an encoding
that turns k-letter strings into n-letter strings capable of correcting r errors. For
simplicity, we will use the binary alphabet, consisting of just the letters 0 and 1,
instead of the English alphabet.

Definition 4.3.3 (Error correcting code). An error correcting code that encodes
k-bit strings into n-bit strings and can correct r errors consists of encoding map
E :{0,1}* — {0,1}" and decoding map D : {0,1}" — {0, 1}* that satisfy

D(y)==

for any word x € {0,1}* and any string y € {0,1}" that differs from F(z) in at
most 7 bits.

We now relate error correction to packing numbers of the Hamming cube {0, 1}"
equipped with the Hamming metric introduced in Definition 4.2.14.

Lemma 4.3.4 (Error correction and packing). Assume that positive integers k,
n and r are such that

log, P({0,1}",dy,2r) > k.

Then there exists an error correcting code that encodes k-bit strings into n-bit
strings and can correct r errors.

Proof By assumption, there exists a subset N’ C {0,1}" with || = 2*, where
the closed balls of radius r centered at the points in N are disjoint (see Re-
mark 4.2.5). Let the encoder E : {0,1}¥ — N be any one-to-one mapping, and
let D:{0,1}" — {0,1}* be a nearest neighbor decoder.”

7 Formally, we set D(y) = zo where E(zq) is a closest codeword in A to y; break ties arbitrarily.
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If y € {0,1}™ differs from E(z) in at most r bits, it lies in the closed ball
of radius 7 centered at E(zx). Since such balls are disjoint by construction, y is
strictly closer to E(x) than to any other codeword E(z’). So, nearest-neighbor
decoding correctly decodes y, meaning D(y) = x. O]

Let us substitute into Lemma 4.3.4 the bounds on the packing numbers of the
Hamming cube from Proposition 4.2.15.

Theorem 4.3.5 (Guarantees for an error correcting code). Assume that positive
integers k, n and v are such that

n —k > 2rlog, (%)

Then there exists an error correcting code that encodes k-bit strings into n-bit
strings and can correct r errors.

Proof Passing from packing to covering numbers using Lemma 4.2.8 and then
using the bounds on the covering numbers from Proposition 4.2.15 (and simpli-
fying using Exercise 0.6), we get

n

n n 2 n 2r\2r
P{0,1}", dy, 2r) > N ({0, 1}, dy, 2r) > NG] >0 <&> _

By assumption, this quantity is further bounded below by 2¥. An application of
Lemma 4.3.4 completes the proof. O

Remark 4.3.6 (Extra bits grow nearly linearly with errors). Theorem 4.3.5
shows that we can correct r errors with n — k growing nearly linear in r (ignoring
a logarithmic term). This is way more efficient than the repetition code (4.19),
and is optimal (Exercise 4.33).

4.4 Upper bounds on subgaussian random matrices

We are now ready to enter the non-asymptotic theory of random matrices. Ran-
dom matrix theory is concerned with m x n matrices A with random entries. The
central questions here are about the distributions of singular values, eigenvalues
(if A is symmetric), and eigenvectors.

Theorem 4.4.3 will give us the first bound on the operator norm (or the largest
singular value) of a random matrix with independent subgaussian entries. It is
neither the sharpest nor the most general result; we will improve and extend it
in Sections 4.6 and 6.4.

But before that, let us take a moment to learn how e-nets can help us compute
the operator norm of a matrix.

4.4.1 Computing the norm on an c-net
The operator norm of an m X n matrix A, introduced in Definition 4.1.8, is

[A]l = max [|Az].

resSn—1
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To evaluate ||A||, we need to control ||Az|y uniformly over the sphere S™~' —
sometimes a daunting task. We will show that instead of the entire sphere, it is
enough to control just an e-net of the sphere (in the Euclidean metric).

Lemma 4.4.1 (Computing the operator norm on a net). Let A be an m X n
matriz and € € [0,1). Then, for any e-net N of the sphere S"~', we have

1
sup||Azls < [|A] < ——— - sup | Az]]..
zEN 1—¢ szen

Proof The lower bound is trivial since N' C S"~!. To prove the upper bound, fix
a vector z € S"! for which ||A|| = ||Az||> and choose xy € N that approximates
x so that ||z — zg||2 < €. By the definition of the operator norm, this implies

Az — Azoll> = [[A(z — o) 2 < [[Allllz — zoll2 < €| Al
Using triangle inequality, we find that
[Azolls = [[Az|[z — [|[Az — Axol[2 = [|A]] — e[| All = (1 — &) || Al
Dividing by 1 — €, we complete the proof. O

Lemma 4.4.1 is quite flexible; here is a useful version of it. From (4.9), we
know that the operator norm of an m x n matrix A can be found by maximizing
a quadratic form:

[All = max — [(Az,y)l,

zeSn-1, yesSm-1

and if A is symmetric, we can take z = y, see (4.10). We can replace the two
spheres by their nets:

Lemma 4.4.2 (Maximizing quadratic forms on a net). Let A be an m X n matriz
and € € [0,1/2). Then, for any e-net N of the sphere S™~' and any e-net M of
the sphere S™~ 1, we have

sup  [(Az,y)| < |4 < sup  [(Az, y)|.
zEN, yeM 1—2¢ zeN, yeM

Moreover, if m = n, A is symmetric and N = M, then we can take v = y.

One can prove this by tweaking the proof of Lemma 4.4.1 — try Exercise 4.36.
For a different method, see Exercises 4.34, and for more practice, do Exercise 4.37.

4.-4.2 The norms of subgaussian random matrices

We are ready for our first result on random matrices. It says that the operator
norm of an m X n random matrix A with independent subgaussian entries satisfies

| 4]l < v/m++/n  with high probability.
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Theorem 4.4.3 (Norm of matrices with subgaussian entries). Let A be an m xn
random matriz with independent, mean-zero, subgaussian entries A;;. Then, for
any t > 0 we have®

|A| < CK (Vm+vn+1)
with probability at least 1 — 2exp(—t?). Here K = max; ;|| Aij|ly,-

Proof This proof is an example of an e-net argument. We need to control (Ax, y)
for all vectors x and y on the unit sphere. To this end, we will discretize the
sphere using a net (approximation step), establish a tight control of (Ax,y) for
fixed vectors x and y from the net (concentration step), and finish by taking a
union bound over all z and y in the net.

Step 1: Approximation. Choose ¢ = 1/4. Using Corollary 4.2.11, we can find
an e-net A of the sphere S"~! and e-net M of the sphere S™~! with cardinalities

IN]<9" and |M]|<9™. (4.20)
By Lemma 4.4.2, the norm of A can be bounded using these nets as follows:

< . .
1Al <2 _max [{Az,y)] (4.21)

Step 2: Concentration. Fix x € A and y € M. The quadratic form

(Azx,y) Z Z Ay,

i=1 j=1

is a sum of independent, subgaussian random variables. Proposition 2.7.1 states
that the sum is subgaussian, and

H<A3«"ay>Hi2 < CZZ |Aijziy;lls, < CEK*Y > aty?

—CK2<Z )(Zy) = OK?.

Recalling Proposition 2.6.6(i), we can restate this as the tail bound
P{|[(Az,y)| > u} < 2exp(—cu’/K?), u>0. (4.22)

Step 3: Union bound. Next, we unfix £ and y using a union bound. The
event max,en, yem|(Az, y)| > u means that there exist z € N and y € M such
that |(Ax,y)| > u, so the union bound gives

P{ max [(Az,y)|>u}< D P{{Azy)| > u}.

€N, yeM
Y zeN, yeM

Using the tail bound (4.22) and the estimate (4.20) on the sizes of N" and M, we
bound the probability above by

9"t ™ . 2 exp(—cu®/K?). (4.23)

8 In results like this, C' and c will always denote some positive absolute constants.
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Choose
u=CK(vVn+vm+1). (4.24)

Then u? > C*K?*(n + m + t?), and if the constant C' is chosen sufficiently large,
the exponent in (4.23) is large enough, say cu?/K? > 3(n + m) + t*. Thus

P{Iej\r}%)éMHAx,y)] >u} < 9" . 2exp (=3(n+m) — t*) < 2exp(—t?).

Finally, combining this with (4.21), we conclude that
P{| Al > 2u} < 2exp(—t?).
Recalling our choice of u in (4.24), we complete the proof. O

Remark 4.4.4 (Expectation). High-probability bounds like Theorem 4.4.3 can
usually be turned into simpler (but less informative) expectation bounds using
the integrated tail formula (Lemma 1.6.1). Try Exercise 4.41 to get

E|A|l < CK (Vi + Vi)

Remark 4.4.5 (Optimality). Theorem 4.4.3 is typically tight since the matrix’s
operator norm is bounded below by the Euclidean norm of any row or column
(Exercise 4.7). For example, if A has Rademacher entries, its columns have norm

v/m and rows y/n, so
Al > max (vVim, V) > 5 (Vi + Vi)

with probability 1. For a fully general lower bound, try Exercise 4.42.

Remark 4.4.6 (Relaxing independence). The independence assumption in The-
orem 4.4.3 can be relaxed: we just need the rows (or columns) of A to be inde-
pendent, even with dependent entries (Exercise 4.43).

4.4.3 Symmetric matrices
Theorem 4.4.3 extends easily for symmetric matrices, giving the bound
|A|l £ v/n  with high probability.

Corollary 4.4.7 (Norm of symmetric matrices with subgaussian entries). Let A
be an n x n symmetric random matriz with independent, mean-zero, subgaussian
entries A;; on and above the diagonal. Then, for any t > 0 we have

|A| < CK (vn +1)
with probability at least 1 — 4exp(—t?). Here K = max; ;|| Aij||y,-

Proof Split A into the upper-triangular part A* and lower-triangular part A~.
The diagonal can go either way; let us include it in AT to be specific. Then

A=A+ A".
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Theorem 4.4.3 applies for each part A* and A~ separately. By a union bound,
with probability at least 1—4 exp(—t?) both of these bounds hold simultaneously:

AT < CK (Vn+t) and ||[A7||<CK (Vn+t).
Since by the triangle inequality ||A|| < [|AT|| + ||A~||, the proof is complete. [

To practice more with norms of random matrices, try Exercise 4.44.

4.5 Application: community detection in networks

Random matrix theory has many applications. Here we give an example in net-
work analysis.

Real-world networks often have communities, or clusters of tightly connected
nodes. Identifying them accurately and efficiently is a main challenge known as
the community detection problem.

4.5.1 Stochastic Block Model

Let’s explore community detection in a simple probabilistic network model with
two communities. It’s a straightforward extension of the Erdés-Rényi model ran-
dom graph model, which we described in Section 2.5.

Definition 4.5.1 (Stochastic block model). Split n vertices into two groups
(“communities”) of size n/2 each. Build a random graph G by connecting each
pair of vertices independently with probability p if they are in the same com-
munity and ¢ if they are in different communities. Self-loops are included under
this rule. This random graph model is called the stochastic block model,” denoted

G(n,p,q).

When p = ¢, we get a version of the Erdés-Rényi model G(n, p) with self-loops.
But when p > ¢, edges are more likely to form within communities than between
them, creating a community structure (see Figure 4.4).

4.5.2 The expected adjacency matrix holds the key

A graph G can be conveniently represented by its adjacency matrix A, which we
introduced in Definition 3.6.2. For a random graph G ~ G(n, p, q), the adjacency
matrix A is a random matriz, and we can analyze A using the tools we developed
earlier in this chapter.

Let’s split A into deterministic and random parts:

A=D+ R where D=EA

and think of D as the signal (informative part) and R as “noise”.
To see why D is informative, let us compute its eigenstructure. The entries

9 The term stochastic block model can also refer to a more general model of random graphs with
multiple communities of variable sizes.
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Figure 4.4 A random graph following the stochastic block model G(n, p, q)
with n = 200, p = 1/20 and ¢ = 1/200.

A;; have a Bernoulli distribution, either Ber(p) or Ber(g), depending on the com-
munity membership of vertices ¢ and j. So, the entries of D are either p or ¢,
depending on the membership. For example, if we arrange vertices by community,
then for n = 4, the matrix D look like:

p
D=EA= |2
q
q

q
q
p
p

q
q
p
p

Take a look at the simpler, 2 x 2 matrix [§ 7]: it has eigenvalues 234 and 234
with eigenvectors [1] and [ Y] (check!). The matrix D is similar but with p and
g replaced by n/2 x n/2 blocks of the same values. So, D also has rank 2, and its

nonzero eigenvalues and eigenvectors are:

1 1
(D) = (224 n, (D) = any ra(D) = (B, wa(D) = )

(Check!) The key object here is the second eigenvector us(D), which holds all the
information about the community structure. If we knew uy (D), we could identify
the communities based on the signs of its coefficients.

4.5.3 The actual adjacency matrix is a good approximation

But we don’t know the expected adjacency matrix D = E A, so can’t access
ug(D). Instead, we know the actual adjacency matrix A = D + R, which is a
noisy version of D. The level of the signal D is

ID|| =X <n
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while the level of the noise R can be estimated using Corollary 4.4.7:
|R|| < Cy/n with probability at least 1 — 4e™". (4.25)

So for large n, the noise R is much smaller than the signal D. It means that A is
close to D, so we can use A instead of D to extract the community information.
Let’s justify this using matrix perturbation theory developed in Section 4.1.6.

4.5.4 Perturbation theory

Apply Davis-Kahan inequality (Theorem 4.1.15) to D and A, focusing on the
second-largest eigenvalue. We need to check that \y(D) is well separated from
the rest of the spectrum of D, that is from 0 and A (D). The distance is

2

Recalling the bound on R = A— D from (4.25), the Davis-Kahan inequality gives
a bound on the angle between the unit eigenvectors of D and A (indicated here
by bars on top of the vectors):

5:mm@gDyMan—AﬂD»:mm<p_?q)n:ﬂn

2| R 1
sin £ (3(D), ay(4)) < AL < v o 1
) un ~ puy/n
If the sine of the angle between two unit vectors is small, the vectors are close up

to a sign (Exercise 4.16), so there exists § € {—1,1} such that
1
m.
We already computed the eigenvector uy(D) of D, but it wasn’t a unit vector —

it had norm +/n since its coefficients were +1. Multiplying both sides by 1/n, we
get

[42(D) — Oz (A2 S

lus(D) — Bus (A)]s < —.

This implies that that the signs of most coefficients of vo(D) and fvy(A) must
agree. Indeed, rewriting the bound as

n 1
N lus(D); — Gua(A),* < —
=1 H

and noting that all coefficients of us(D) are +1, we see that each disagreement
between the signs of us(D); and Qus(A); contributes at least 1 to the sum. There-
fore, the number of disagreeing signs is < 1/p?.

4.5.5 Spectral Clustering

In summary, we can use the vector uy(A) to accurately estimate the vector uy =
us(D), whose coefficients are +1 and identify the two communities. This method
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for community detection is usually called spectral clustering. Let’s now state the
method and the guarantees we have just derived.

Spectral Clustering Algorithm

Input: graph G
Output: a partition of the vertices of G into two communities
1: Compute the adjacency matrix A of the graph.
2. Compute the eigenvector vy(A) for the second largest eigenvalue of A.
3: Split vertices into two communities based on the signs of v5(A)’s coefficients.™

We have proved:

Theorem 4.5.2 (Spectral clustering for the stochastic block model). Let G ~
G(n,p,q) and min(q,p — q) = p > 0. Then, with probability at least 1 —4e™™, the
spectral clustering algorithm identifies the communities of G with at most C/u?
misclassified vertices.

Summarizing, the spectral clustering algorithm correctly classifies all but O(1)
number of vertices, as long as the random graph is dense enough (¢ > const)
and the probabilities of within- and across-community edges are well separated
(p—q > const). The condition g > const is not essential; try removing it by doing
Exercise 4.45.

Remark 4.5.3 (Sparsity). The sparsest graphs for which Theorem 4.5.2 is non-
trivial, meaning C'/u? < n, have expected average degree

n(p+q) _
Tﬁx/ﬁ'

With more tools, we will handle much sparser graphs in Section 5.5.

4.6 Two-sided bounds on subgaussian matrices

Let us revisit Theorem 4.4.3, which gives an upper bound on the singular values
of an m x n subgaussian random matrix A. It tells us that

s1(4) = Al < C(Vm + Vn)

with high probability. Now, we will prove sharper two-sided bounds on the entire
spectrum of A:

vm —Cyvn < si(A) < Vm+ Cv/n.

In other words, we will show that a tall random matrix \/%A (with m > n) is an
approximate isometry (see Section 4.1.7).

10 To be specific, if v2(A); > 0 put vertex j into first community, otherwise in the second.
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Theorem 4.6.1 (Two-sided bound on subgaussian matrices). Let A be an m X
n random matriz with independent, mean-zero, subgaussian, isotropic rows A,.
Then for any t > 0 we have

Vm — CK?*(Vn+1t) < s,(A) < 51(A) < vVm+ CK*(yn +1t) (4.26)
with probability at least 1 — 2 exp(—t?). Here K = max;|| 4|y, -

We will prove a slightly stronger conclusion than (4.26), namely that

H% max(d,6%) where = C(\/Z-F \/tm) (4.27)

Using (4.15), one can check that (4.27) indeed implies (4.26). (Do this!)

Proof We will prove (4.27) using an e-net argument, like in Theorem 4.4.3, but
with Bernstein concentration inequality instead of Hoeffding.

Step 1: Approximation. Using Corollary 4.2.11, we can find an i—net N of
the unit sphere S™~! with cardinality

V] < 9.

Using Lemma 4.4.2, we can evaluate the operator norm in (4.27) on the N:
I

m

So to prove (4.27), it’s enough to show that, with the required probability,

<( ATA— 1)z, >’—2max—HAxH2 (

zeEN EN

max \*HAsz - 1\ < - where &= K?max(d,6?).

Step 2: Concentration. Fix z € A/ and express || Az||2 as a sum of indepen-
dent random variables:

|Az|)3 = Z (A, z)? ZX2 (4.28)
=1

By assumption, the rows A; are independent, isotropic, and subgaussian random
vectors with || A;||y, < K. Thus X; = (A;, z) are independent subgaussian random
variables with E X? = 1 and || X;||y, < K. This makes X? —1 independent, mean-
zero, and subexponential random variables!! with

1A = 1y, < CK*.

11 This reasoning mirrors a step in the proof of Theorem 3.1.1.
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Thus we can use Bernstein inequality (Corollary 2.9.2) and obtain

1 € 1 & €
}P‘fA 2_1‘>7 :IP’)—E X?—l‘>f
{mH 'T||2 —2} {mi:1 i —2}

2

< 2exp [— c; min (%, %)m}

= 2exp [— 6152m} (since % = max(J, 6%))

<2exp [ —aC*(n+t%)].

The last bound follows from the definition of § in (4.27) and using the inequality
(a+0)* > a*+b* for a,b > 0.

Step 3: Union bound. Now we can unfix x € N using a union bound.
Recalling that |NV| < 9™, we get

1 € N
Blmay| L |Az]3 - 1] > 5} <0 2exp [~ o1 C2(n + )] < 2exp(—1)

if we chose the absolute constant C' in (4.27) large enough. As we noted in Step 1,
this completes the proof of the theorem. O

Remark 4.6.2 (Expectation). As we noted in Remark 4.4.4, high-probability
bounds can be converted into expectation bounds. Do Exercise 4.41 to get the
following expected form of Theorem 4.6.1:

]EH%ATA —1,

cor(yZ+2)

Try Exercise 4.46 for an alternative proof of Theorem 4.6.1.

4.7 Application: covariance estimation and clustering

Suppose we want to analyze some high-dimensional data, given as points X1, ..., X,,
sampled from an unknown distribution in R™. A basic tool for exploring such data
is principal component analysis (PCA), which we touched on in Section 3.2.2.

PCA finds the “principal components” as top eigenvectors of the data’s covari-
ance matrix. Although we do not know the covariance matrix of the underlying
distribution (the “population covariance matrix”), we can approximately estimate
it using the sample Xy, ..., X,,. The Davis-Kahan theorem 4.1.15 then helps us
estimate the principal components of the underlying distribution.

How do we estimate the covariance matrix from the data? Let X denote the
random vector from the unknown distribution. For simplicity, assume X has zero
mean,'? and let’s denote its covariance matrix by

Y=EXX".

12 Qur analysis doesn’t actually require zero mean, in which case ¥ is simply the second moment
matrix of X, as we explained in Section 3.2.
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To estimate X, we use the sample covariance matrix ¥,,, computed from the
sample X,...,X,, as follows:

1o
S = — ; XX
We just replaced the population average with the sample average here.
Since X; and X are identically distributed, our estimate is unbiased:
E>,, =3.
By the law of large numbers (Theorem 1.7.1) applied to each entry of X, we get
Ym — 2 almost surely

as the sample size m increases to infinity. This leads to the quantitative question:
how big does the sample size m need to be to make sure that

Y, &= % with high probability?

For dimension reasons, we need at least m > n sample points. (Why?) Let’s show
that m =< n is enough.

Theorem 4.7.1 (Covariance estimation). Let X be a subgaussian random vector
in R"™. More specifically, assume that there exists K > 1 such that'3

X, z) |y < K|(X,x)||z2 for any x € R™. (4.29)

Then, for every positive integer m, we have

E|S, — 2|l < CK2(y/ = + ) |I2].

Proof Let’s first bring the random vectors X, Xi,...,X,, to the isotropic po-
sition. For simplicity, assume that X is invertible (you can drop this condition
later, like in Exercise 3.10). Setting Z = ¥~Y/2X and Z; = ©~Y2X;, we see that
Z, 72, ..., 2, are independent and isotropic random vectors satisfying

X =37 and X,=3%Z,.
The assumption (4.29) then implies that

1Z0 <K and | Zill, < K.
(Check!) Then

1 m
IS0 — 2| = [SV° Ry S| < IR | S]] where Ry, = — > Z,Z] —1,,. (4.30)
m =1

13 Here we used the notation for the L? norm of random variables from (1.10), so that
||(X,r>||i2 =E(X,z)? = 2 Sz due to (3.6).
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Consider the m x n random matrix A whose rows are Z;. Then
1 .+ 1 & T
—ATA- 1, == 77 —1,=R,,.
m mi3

Applying Theorem 4.6.1, we get

E||R.| < CK2<\/Z+ %)

(see Remark 4.6.2). Substituting this into (4.30), we complete the proof. O

Remark 4.7.2 (Sample complexity). Theorem 4.7.1 shows that for any € € (0,1),
we can estimate the covariance matrix with a small relative error:

E[[Xm — X[ < el|Z,
as long as the sample size is
m < e *n.

So, the sample covariance matrix gives a good estimate for the population co-
variance matrix if the sample size m is proportional to the dimension n.

Remark 4.7.3 (High-probability bound). Our argument also gives a high-prob-
ability bound: for any u > 0, we have

n+u n+u
120 — Sl < OK?(y) ==+ =) |Z|

with probability at least 1 — 2e~*. Check this! (Exercise 4.49).

We will revisit covariance estimation later, handling heavy-tailed and approx-
imately low-dimensional distributions in Sections 5.6 and 9.2.3. For now, try
Exercise 4.48 to capture all 1D marginals with small relative error.

4.7.1 Application: clustering of point sets

Let us illustrate Theorem 4.7.1 with an application to clustering. This follows
a similar idea to Section 4.5, but this time we will find clusters in point sets in
R™ instead of networks. Although the notion of a cluster is not strictly defined,
common sense says points in the same cluster should be closer together than
those in different ones.

As we did for networks, we begin by building a simple probabilistic model for
point sets in R™ with two clusters:

Definition 4.7.4 (Gaussian mixture model). Generate m random points in R"
like this. Flip a fair coin; if it comes up heads, draw a point from N (u, I,,), and if it
comes up tails, from N(—pu, I,,). This distribution is called the Gaussian mixture
model with means £u.
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Equivalently, consider a random vector
X=0u+g

where 0 is a Rademacher random variable, g ~ N(0,I,,), and € and g are inde-
pendent. Draw a sample X1,...,X,, of independent random vectors identically
distributed with X. Then the sample is distributed according to the Gaussian
mixture model; see Figure 4.5 for illustration.

Figure 4.5 m = 3000 points drawn from the Gaussian mixture model with
means —pu and g shown as two big black dots, for p = (—1.6,0).

Given m sample points from the Gaussian mixture model, our goal is to figure
out which points belong to which cluster. To do this, we can use a variant of the
spectral clustering algorithm we introduced for networks in Section 3.2.2.

To see why a spectral method might work here, notice that the distribution
of X is not isotropic, but rather stretched along p (the horizontal direction in
Figure 4.5.) Thus, we can approximately find x4 by computing the first principal
component of the data — the eigenvector corresponding to the largest eigenvalue
of the sample covariance matrix. Next, we can project the data points onto the
principal component and classify them based on which side of the origin the lie
on. Here is the algorithm:

Spectral Clustering Algorithm

Input: points Xq,...,X,, in R"”
Output: a partition of the points into two clusters
1: Compute the sample covariance matrix ¥, = £ 5" X; XT.
2: Compute the top eigenvector v = v1(%,,).
3: Split the points X; into two communities based on the sign of (X;, v).

Theorem 4.7.5 (Spectral clustering for the Gaussian mixture model). Take
points Xi,...,X,, € R™ from the Gaussian mizture model with means p and
—p. If m > Cn and ||pl|ls > C, then with probability at least 0.99, the spectral
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clustering algorithm identifies the communities, with at most 1% of misclassified
points.

Now it’s your turn! Prove Theorem 4.7.5 in Exercise 4.51.
It is remarkable that accurate classification is possible even when the cluster
separation |||z is much smaller than their diameter, which is =< /n.

4.8 Notes

The min-max theorem (Theorem 4.1.6) is also known as Courant-Fischer-Weyl min-maz prin-
ciple.

The Davis-Kahan theorem (a form of Theorem 4.1.15, Lemma 4.1.16) was originally proved
in [95] and is now an indispensable tool in numerical analysis and statistics. There are numer-
ous extensions, variants, and different proofs of this theorem, see in particular [346, 352], [41,
Section VII.3], [306, Chapter V]. For random perturbations, Davis-Kahan can be improved, see
[343, 120, 262, 263, 345].

Section 4.2 introduced covering numbers, packing numbers, and metric entropy. For a deeper
dive, see [21, Chapter 4] and [272]; for an exposition with a view toward applications, see [280].

Section 4.3.2 covers some basic results about error correcting codes. The book [334] offers
a more systematic introduction. Theorem 4.3.5 is a simplified version of the landmark Gilbert-
Varshamov bound on the rate of error correcting codes, and the converse result (Exercise 4.33)
is a simplified version of the Hamming bound.

In Section 4.5 we gave an application of random matrix theory to networks. For a compre-
hensive introduction into the interdisciplinary area of network analysis, see e.g. the book [257].
Stochastic block models (Definition 4.5.1) were introduced in [163]. The community detection
problem in stochastic block models has attracted a lot of attention: see the book [257], the
surveys [1, 126], papers including [229, 353, 254, 153, 2, 48, 86, 206, 151, 175, 120] and many
others.

In Section 4.7 we discussed the covariance estimation problem; more general results will appear
in Sections 5.6 and 9.2.3. This topic has been extensively studied in high-dimensional statistics,
see e.g. [340, 284, 190, 69, 211, 82, 320, 238, 4, 261].

In Section 4.7.1 we gave an application to the clustering of Gaussian mixture models. This
problem has been studied in statistics and computer science communities, see [250, Chapter 6]
and [181, 251, 33, 165, 19, 146, 212).

The power method (Exercise 4.6), also called von Mises iteration, can also be used to find the
top eigenvector. Schur bound, also known as Schur test (Exercise 4.8), was originally proved by
I. Schur [298, p. 6].

The Walsh matrices (Exercise 4.9) are a special case of Hadamard matrices — orthogonal
matrices with +1 entries. The exercisebuilds Hadamard matrices for all sizes 2%, and it is con-
jectured they exist for all 4k.

The equation that connects the norms of the difference and the product of orthogonal pro-
jections (Exercise 4.12) is sometimes called Krein-Krasnoselskii-Milman formula, attributing it
to the work [194]. This formula is explicitly proved in the work of Wedin [347]. A geometric
proof is given in [264] and a linear-algebraic proof can be found in [239, p.454]; the hint for
Exercise 4.12 points to this latter proof.

Wedin theorem (a form of Exercise 4.15) was established in [346].

Hermitian dilation (Exercise 4.14) is a simple but powerful trick with many applications [306,
Chapter I, Section 4].

The cut norm (Exercise 4.21) is important in theoretical computer science [16], combinatorics
[173], numerical approximation [130], etc. The equivalence of the cut norm to the co — 1 norm
(Exercise 4.21) and an SDP relaxation for computing the cut norm (Exercise 4.22) are borrowed
from the seminal paper by N. Alon and A. Naor [16].

The idea of the e-net expansion (Exercises 4.34, 4.35) traces back to [246].

Exercise 4.48 is about direction-aware covariance estimation; for deeper results on this prob-
lem, see [3].
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The bound on the covering numbers of low-rank matrices in Exercise 4.50 is due to E. Candes
and Y. Plan [71].

Exercises

41 s (SVD of the inverse) Let A be an n X n matrix with singular value decomposition
A= Z?Zl siuiv;r . Show that A is invertible if and only if all singular values s; are nonzero.
In this case, check that A~1 =37 s_lviu;r.

=17

4.2 sw (Basic properties of the operator norm)

(a) Prove that the operator norm ||A|| introduced in Definition 4.1.8 is indeed a norm
on the space of m X n matrices.

(b) For any matrix, show that
1ATI] = 11411
(¢) For any two matrices of appropriate dimensions, show that
IAB| < l1A]l- B

Find an example where the left side is zero, but the right side is not.
(d) Prove that the operator norm of any submatrix is bounded by the operator norm
of the matrix.

4.3 s (Operator norm: simple examples) The operator norm is usually tricky to express in
terms of entries, but here are couple of exceptions.

(a) (Rank-one) For any vectors u € R™ and v € R", check that
T T
Jww || = [lww " |7 = [lull2 l|v]l2-
(b) (Diagonal) For any diagonal matrix A with diagonal entries aq,...,an, check that

JA]l = max]ai.

44 e (Operator norm vs. Frobenius norms) Let A be an m X n matrix.

(a) If A has rank r, prove that
Al < [1AllF < VrllAll

Show that both bounds are achievable for any m, n and 1 < r < min(m, n).

(b) If Z is an isotropic random vector in R", show that
2 2
ElAZ]z = |All%-
(¢) If B is an k X m matrix, prove that

IBAllp < |IBIl [ All#-
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(d) If A is a diagonal matrix, improve (c) to
IBAllF < |IBlli-2 Al 7,

where the ||B||1_2 denotes the maximal Euclidean norm of columns'* of B.

swew (Power method) Here is a computationally friendly way to approximate the op-
erator norm of a matrix without computing the spectrum. Consider an m X n matrix A
and a random vector x ~ N (0, I,). Show that, with probability 1, we have

v |Akz||2 — || A as k — oo.

W
- W

(Operator norm vs. the norms of columns) The operator norm of a matrix is hard
to express in terms of the entries, but in this and next exercises, you will prove some useful
bounds. Let A be an m X n matrix with columns Aq,..., An.

(a) Show that

IAll > max]|As]l2,

with equality when A; are orthogonal.
(b) Prove that if ||A|| = ||4;||2 for some 4, then A; is orthogonal to all other columns.
(c) Argue that the same is true for the rows.

www® (Schur bound) For an m x n matrix A with rows A;. and columns A.;, prove
that

(1Al < \/m?XHAi:Hl 'm?XHA:jHl-

% (Walsh matrices) Let’s construct the “most spread” orthogonal matrices, whose all
entries have the same absolute value. Start with the 2 x 2 matrix Wy := H _11] and then
iteratively define the block matrix

1% W,
Wi = {Wz _V[];k] , k=1,2,...

Thus Ws is a 4 X 4 matrix, W3 is a 8 X 8 matrix, and so on. These matrices, all with +1
entries, are called Walsh matrices. Prove that ﬁWk is an orthogonal matrix for each k.

ww (Matrices with 1 entries) Prove that any n x n matrix A with +1 entries satisfies
Vi <lA] <,

and both bounds are achievable for infinitely many n.

14 We will explore the 1 — 2 norm and general p — ¢ norms in Exercise 4.18, 4.19.
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ww (Difference of orthogonal projections) Prove that any two orthogonal projections P
and @ in R" satisfy ||P — Q|| < 1. And if you are up for a challenge, try the next exercise
for a refined bound.

wewwwe (Difference vs. products of orthogonal projections) For any two orthogonal pro-
jections P and @ in R™, prove the following.

() |1P = QI = max ([(PLQI, [|PQLI), where P, = In — P and Q1 = In — Q.

(b) If the ranks of P and Q are different, then ||[P — Q|| = 1.

(c) If the ranks of P and Q are the same, then ||P — Q|| = |P. Q| = [|PQL||.

w# (Davis-Kahan for spectral projections) Let us prove a version of Davis-Kahan the-
orem (Theorem 4.1.15) for projections on the top k eigenvectors. Consider two symmetric
matrices A and B with spectral decompositions A = ZZ )\iuiu;r and B = ZZ Mviv;r,
in which the eigenvalues are (weakly) decreasing. Prove that the spectral projections
Py = Zle uzu;r and Pg = Zle viv;r satisfy

2[A - B

|Pa — Ppll < ———.

Ak — Ak+1
sed (Hermitian dilation) Two common ways to turn any mXxn matrix A into a symmetric
one are: (1) use ATA or AAT, or (2) take its Hermitian dilation, defined as the (m+n) x

(m + n) block matrix
0 A
H= .

Hermitian dilation has several advantages: it is a linear transformation and it preserves
sparsity. Let A = >, siuiviT be a singular value decomposition. Prove that the only
nonzero eigenvalues of H are of the form +s;, with corresponding eigenvalues [ﬂ{,l ]

W

(Wedin theorem) Davis-Kahan inequality (Theorem 4.1.15) applies for symmetric
matrices. Let’s prove a version for general rectangular matrices. Let A and B be m x n
matrices with singular value decompositions A =", siuiUiT and B =), tiwiz;r , where
the singular values are (weakly) decreasing. Prove that the projections on the top k left

singular vectors Py = >, uzu] and Pg = Zle wiw,] satisfy
2||A-B
R
Sk — Sk+1

Get a similar bound for the projections on the top k right singular vectors. Also, prove a
version of Davis-Kahan inequality (Theorem 4.1.15) on the k-th singular vectors.

W

# (Angle and distance between vectors) Let’s simplify the conclusion of Davis-Kahan
inequality (Theorem 4.1.15). Suppose the angle between two unit vectors u,v € R" (as a
number between 0 and 7/2) is small, i.e.

sin Z(u,v) < e for some £ > 0.
Show that u and v are close up to a sign, i.e.

lu—6v|ly < V2e for some 0 € {—1,1}.
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4.17 sesew (Approximate projections) Let’s add one more equivalent property to Lemma
4.1.17. Let A be an m X n matrix A with m > n, and € > 0.
(a) Prove that A is an isometry if and only if AAT is an orthogonal projection in R™
onto a subspace of dimension n.
(b) More generally, prove that that A is an e-approximate isometry (i.e. the three equiv-
alent properties in Lemma 4.1.17 hold) if and only if
|44 — Pl < e
for some orthogonal projection P in R" with rank(P) = n.

4.18 % (p — g norm) The operator norm of an m x n matrix A, defined in (4.9), measures
how much A can stretch vectors. To measure the “stretch”, we used the 2 norm, any two
norms work, like ¢ and ¢? for p,q € [1,00]. Define the ¢¥ — ¢? operator norm of A, or
simply the p — q norm, as

A
JAllposg = max 1AZle e T ag), (4.31)
220 lzllp  llzll=lylly=1
where ¢ is the conjugate exponent of ¢ defined in (1.5).
(a) Extend the equations in (4.9) for the p — ¢ norm and justify them.
(b) Verify that this indeed defines a norm on the space of m X n matrices.
(¢) (Duality) Prove that ||AT||p—q = | Allg'—p where p’ and ¢’ are the conjugate ex-
ponents of p and q.
419 s (1 — ocoand 1l — 2norms) Let A be an m x n matrix. For most p and g, it is hard
to express ||A|lp—¢ in terms of the entries, but here are some exceptions.
(a) Prove that the 1 — oo norm equals the maximal absolute value of the entries:
lAll1—500 = I?&;X\Aiﬂ-
(b) Prove that the 1 — 2 norm equals the maximal Euclidean norm of the columns A.;,
and the 2 — co norm equals the maximal Euclidean norm of the rows A;.:
Al = max]| Ay, and 4200 = max| Ayl
420 seep® (0o — 1 norm) We have seen this norm before! It was implicit in the assumption

of Grothendieck inequality (Theorem 3.5.1). Let A be an m x n matrix.

(a) Prove that

A = TAy). 4.32
l[Alloo—1 xe{nf?‘ﬁ}mlw vl (4.32)
ye{-1,1}"
(b) (Duality) Prove that
[Alloo—s1 = sup (A, Z)|

[|Z]|oo <1, rank(Z)=1

where the supremum is over all rank-one m X n matrices Z whose all entries are
bounded by 1 in absolute value, and the matrix inner product is defined in (4.7).
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(c) Demonstrate that the identity in (4.32) does not generalize to quadratic forms: find
an n X n symmetric matrix A for which

max |xTAm|7é max |atTA;c\.
z€[—1,1]" ze{-1,1}"

swsee (Cut norm) This norm is important in theoretical computer science and graph
theory. To find the cut norm of an m x n matrix A, we sum the entries of each submatrix
of A, take the absolute value, and maximize over all submatrices. Formally, we define

Z Aij‘»

el jed

[|A|lcut = max
I,J

where the maximum is over all subsets I C {1,...,m} and J C {1,...,n}. Prove that the
cut norm is equivalent to the oo — 1 norm up to a constant factor:

[Allcut < [Alloo—s1 < 4l|Allcut.

W

# (SDP relaxations) Let A be an m X n matrix. Argue that ||A|/cc—1, the cut norm,
|Al|lco—2, and the cut norm of A (Exercise 4.21) can be approximated up to an absolute
constant factor by solving a semidefinite program.

# (Transitivity of e-nets) If A is an e-net of M and M is an d-net of K, show that N
is an (¢ + J)-net of K.

ssd (Packing balls) In Remark 4.2.5, we noted that if A/ is an e-separated subset of a
metric space (T, d), then the closed £/2-balls centered at points in A are disjoint.

(a) Show that the converse is false in a general metric space (7', d),

(b) but is true in any normed space (7', d).

JIVIITIT]

s (External covering numbers) In defining covering numbers of K, we required that
the ball centers z; lie in K. Relaxing this, the external covering number N (K, d, €) allows
centers outside K. Prove that the usual and external covering numbers are essentially
equivalent:

N(K,d,e) < N(K,d,e) < N(K,d, e/2).

VIVt

s (Monotonicity of covering numbers) Although the covering numbers are monotone
in e

in ¢ (why?), they are not monotone in K.

(a) Show by example that, in general,
LCcK #= WN(L,de)<N(K,de).
(b) Prove an approximate version of monotonicity:

LCcK = WN(L,de) <N(K,de/2).

W

sed (Volume of the Euclidean ball: a geometric argument) In this and next two exercises,
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we compute the volume of the unit Euclidean ball in R™ in three different ways: geometric,
probabilistic, analytic. Let’s start with geometric.

(a) The canonical simplex Ay, shaded in Figure 4.6, consists of all points in R™ with
nonnegative coordinates that sum to at most 1. Show that

1
Vol(Ay) = o

(b) Recall that the unit ! ball in R™ is BY := {& € R : ||z||; < 1}. Partition it into
simplices as in Figure 4.6 to show that

2n 2e\"
Vol(B) = = < (f) .

(c) Sandwich the unit Euclidean ball By between the appropriately scaled cube and
the ¢! ball as in Figure 4.6 to conclude that

(%)n < Vol(BY) < (%)n (4.33)

So, the volume of the unit ball in high dimensions is exponentially smalll Even
though there is some slack in the bounds, they are good enough for most purposes.

Figure 4.6 The shaded shapes are the canonical simplices in R? and R?.

4.28 sse (Volume of the Euclidean ball: a probabilistic argument) Let us tighten up the
upper bound in (4.33). Deduce from the small ball probability (Exercise 3.7) that

Vol(B}) < (\/%)”

This bound is asymptotically sharp, as we will see from the next exercise.

4.29 sesew (Volume of the Euclidean ball: an analytic argument) Finally, let us compute the
volume of the Euclidean ball ezactly.

(a) Let ||| be a norm on R™. Consider the unit ball of this normed space, B =
{z €R™: ||z]| <1}. Let f : RT — RT be a decreasing, differentiable function
satisfying limg— 40 f(z) = 0. Check the following identity:

/ 7 (llz]) dz = — Vol(B) / £ 1 (1),
R™ 0
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(b) Substitute f(t) = ¢~t"/2 and conclude that
n/2
Vol (B}) = ——————.
ol (BZ) T(n/2+ 1)
(c) Denote by Ry the radius of a Euclidean ball with volume 1. Show that

n
=4/—(1 1 .
Ry 27re( +0o(l)) asn— oo

The fact that R, is large indicates that the volume of the unit ball BY is small.

4.30 ssewe (Volume of the ¢F ball) Let p € [1, o).
(a) Repeating the geometric argument from Exercise 4.27, deduce the following bounds:

(=2:)" <vasy < (55"

nl/p nl/P

(b) Using the analytic argument from Exercise 4.29, compute the volume exactly:

n

Vol(5g) = X021

(n/p+1)

4.31 sedesw (A lattice is an e-net) The construction of an e-net (Remark 4.2.7) is not very
efficient, since nets tend to be exponentially large and hard to store. Instead, let A/ be the
set of points in the scaled integer lattice ﬁZ” that lie inside the unit ball Bj. Check
that N forms an e-net of B in the Euclidean metric, and

IV §6n<§ + )n

This bound nearly matches the one in Corollary 4.2.11. Also mention how to quickly
approximate any given vector in the unit ball by a vector in N.

4.32 % (Covering and packing numbers of the Hamming cube) Prove Proposition 4.2.15 by
adapting the volumetric method.

4.33 spsew (A limitation of error correcting codes) Let us prove a converse to Theorem 4.3.5.
For any error correcting code that encodes k-bit strings into n-bit strings and can correct
r errors, prove that the

n —k > rlogy (n)

r

4.34 sse (An e-net expansion) e-nets help approximate vectors — here is how to use them for
exact representation.

(a) Let NV be an e-net of the unit sphere S"~! of R™. Show that any vector z € S"~!
can be written as a convergent series

o0
T = Z Az for some coefficients 0 < A\, < k.
k=0

(b) Use the e-net expansion to give an alternative proof of Lemma 4.4.1.
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# (Computing the norm on an e-net) Let € R™ and A be an e-net of the sphere S" 1.
Show that

1
sup (2,3 < a2 < T sup (z.1).
yeN — € yeN

W

www (Maximizing quadratic forms on an e-net) Prove Lemma 4.4.2 by modifying the
proof of Lemma 4.4.1.

W

www (Deviation of the norm on an e-net) Let A be an m X n matrix, u € R and
e € [0,1/2). Show that for any e-net A of the sphere S"~!, we have

- sup ‘IIAIHz - u‘.
zeN

C
Azlls — ‘<
sup ‘II zll2 —p| < 752

zesSn—1

% (The convex hull of an e-net) Let’s show that an e-net of a sphere “absorbs” a
slightly smaller sphere, see Figure 4.7. Let N be an e-net of the unit sphere 5™~ for some
€ € (0,1). Prove that

(1 —¢)By C conv(N).

Here as ususal By denotes the unit Euclidean ball in R", and conv(-) denotes the convex
hull introduced in the Appetizer.

Figure 4.7 The convex hull of an e-net of a sphere contains a slightly
smaller (dashed) sphere (Exercise 4.38).

swewde (Random points form an e-net) Let g1, ..., gn be independent N (0, I,) random
vectors. For any R,e > 0, show that with probability at least 1 — e™“", the set

g1 gN n
= .., = B
{\/ﬁ’ ’\/ﬁ}”R 2

forms an e-net of RBY (the centered ball of radius R), as long as N > ¢“(%*)" Here
C(R,¢) is allowed to depend only on R and e.

e (Too many random points are not in convex position) In Exercise 3.23 we saw that
independent Gaussian random vectors g1, ...,gn5 ~ N(0, ) are in convex position with
high probability if N < e“"*. Show the converse: with probability at least 1 — e™ ", these

vectors are not in convex position if N > ¢“".
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441 sesew (Expected operator norm of a random matrix)

(a) Deduce from Theorem 4.4.3 that
E|A| < CK (Vm+ vn).

(b) Deduce from Theorem 4.6.1 that
EHiATA - or?(y 2+ ).
m m m

Vvm — CK*n < Esn(A) <Esi(A) < vVm+ CK?/n.

and

4.42 sew (Norm of random matrices: a lower bound) Let’s prove a matching lower bound for
Theorem 4.4.3. Let A be an m X n random matrix whose entries A;; are independent,
subgaussian random variables satisfying EA?J- = 1. For any ¢t > 0, show that

141l > 5 (Vi + v~ 1)

with probability at least 1 — 2exp(—ct?/K*). Here K = max; ;|| A, -

4.43 ses (Upper bounds on subgaussian matrices: relaxing independence)

(a) Show that Theorem 4.4.3 holds without any independence assumptions if A is a
subgaussian matrix (meaning that A is a subgaussian random vector in R"**" see
Definition 3.4.1), with K = [|A]|,.

(b) In particular, show that Theorem 4.4.3 holds if A has independent, mean-zero,
subgaussian rows (or columns) A;, with K = max;||A;]|y, -

444 see (Some p — g norms of random matrices) In Theorem 4.4.3, we looked at the 2 — 2
operator norm of random matrices. But what about other p — ¢ operator norms? (We
defined them in Exercise 4.18 and gave some examples in Exercises 4.19, 4.20, 4.21.) Let
A be an m x n matrix with independent, mean-zero, variance-one subgaussian entries A;;.

Denote K = maXij||Ainwz~
(a) Show that

JAlli-soe < CK (Viogm + /logn) .

(b) Show that
[Al1s2 = [|ATla—00 < v/m + CK2\/logn.

Later, with more advanced tools, we will be able to handle all p — ¢ norms (see

Exercise 8.41).
(c) Let’s check that the bounds in (a) and (b) are essentially optimal. If A has inde-
pendent standard normal random entries, check that

[Ah—=oo > ¢ (\/logm—i— logn) and ||All1s2 >c (\/m—i— s/logn) .
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wewww (Community detection) The guarantee of the spectral clustering algorithm for
community detection (Theorem 4.5.2) assumes not only that p — ¢ is not too small, but
also g, the probability of across-community edges, is not too small. Let’s remove the latter
assumption. Design a version of the spectral clustering algorithm that results in at most
C/(p — q)* misclassified vertices.

W

w# (An alternative proof of two-sided bound on random matrices) Give a simpler proof
of Theorem 4.6.1, using Theorem 3.1.1 to obtain a concentration bound for ||Az|2 and
Exercise 4.37 to reduce to a union bound over a net.

w# (Intermediate singular values of random matrices) Deduce from Theorem 4.6.1 the
following bound on intermediate singular values. For any fixed 1 < k <n and ¢t > 0,

sk(4) > Vm — CK*(Vk + )

with probability at least 1 — 2 exp(—t2).

W

ww (Covariance estimation with a relative error) Let’s give a more sensitive version of
covariance estimation (Theorem 4.7.1) with relative, rather than absolute, error. Show

that
< CKQ(,/E + ﬁ),
m m

assuming X is invertible. In other words, we get a uniform, relative approximation of the

UTEmv

—_— -1
vTSw

E sup
vER™

variance of 1D marginals of X (recall (3.6)).

W

# (Covariance estimation with high probability) Check the high-probability guarantee
on the covariance estimation mentioned in Remark 4.7.3.

weew (Covering numbers of low-rank matrices) An m x n matrix of rank r can be
described with (m + n + 1)r parameters via its SVD: mr for the left singular vectors,
nr for the right singular vectors, and r for the singular values.'® Since covering numbers
are typically exponential in the dimension (see Corollary 4.2.11), we can guess that the
covering numbers of the set

Mmn,r = {m X n matrices A of rank r and ||A||r < 1}

is exponential in (m + n + 1)r. This is indeed the case!

(a) Consider the set O, consisting of m x r matrices with orthonormal columns.
Prove'® for every € > 0:
O mnr
NOmr sz < (Z) -

(b) Prove for every € > 0:

C (m+n+1)r
N (M, ||Il7re) < (;) .

15 This is only an upper bound; what is the exact number of parameters determining such a matrix?

16 Recall that the 1 — 2 norm of a matrix is the maximal Euclidean norm of columns
(Exercise 4.19(b)).
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(c) Conversely, show for every £ > 0:

1 (m+n)r
N M Hlmse) 2 (£)77

4.51 spspswpsp (Spectral clustering of the Gaussian mixture model) Prove Theorem 4.7.5,
which guarantees that spectral clustering learns the Gaussian mixture model. Here is
how:

(a) Compute the covariance matrix ¥ of X and note that the top eigenvector w is
collinear with p.

(b) Conclude that the signs of (X;, u) classify most points X; correctly.

(c) Use results about covariance estimation to show that the sample covariance matrix
3m approximates X.

(d) Use the Davis-Kahan inequality (Theorem 4.1.15) to deduce that the top eigenvector
v = v1(2m) approximates u.

(e) Using (b), conclude that the signs of (X;, v) classify most points X; correctly.
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Concentration Without Independence

So far, our approach to concentration inequalities relied crucially on independence
of random variables. Now, we will explore other approaches to concentration
that do not rely on independence. In Section 5.1, we introduce an isoperimetric
approach using the Euclidean sphere as an example, then cover other settings in
Section 5.2.

In Section 5.3, we use concentration on the sphere to derive the classical
Johnson-Lindenstrauss Lemma, a key result on dimension reduction for high-
dimensional data.

Section 5.4 introduces matrix concentration inequalities, focusing on the matrix
Bernstein inequality, which extends the classical Bernstein inequality to random
matrices. We then apply it in Sections 5.5 and 5.6, extending our analysis of
community detection and covariance estimation problems to sparse networks and
more general distributions in R”.

Don’t miss the exercises! We explore dimension reduction with binary coins in
Exercise 5.14, matrix calculus in Exercise 5.16-5.19, build various matrix concen-
tration inequalities in Exercises 5.20-5.24 and apply them for matrix sketching
(Exercise 5.32), community detection (Exercise 5.25), and more.

5.1 Concentration of Lipschitz functions on the sphere

For a random vector X in R" and a function f : R™ — R, when does the random
variable f(X) concentrate, i.e.

f(X)~Ef(X) with high probability?

If X is normal and f is linear, this is easy: f(X) is normal (Corollary 3.3.2) and
concentrates well (Proposition 2.1.2).

What about non-linear functions f? We can’t expect good concentration for
just any f (why?), but if f does not oscillate too wildly, we might expect concen-
tration. To make this precise, we introduce Lipschitz functions — they help rule
out extreme oscillations.

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd

Edition by Roman Vershynin. This pre-publication version is free to view and download for personal

use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.
If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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5.1.1 Lipschitz functions

Definition 5.1.1 (Lipschitz functions). Let (X, dx) and (Y, dy ) be metric spaces.
A function f: X — Y is called Lipschitz if there exists L € R such that

dy (f(u), f(v)) < L-dx(u,v) for every u,v € X.

The infimum of all L in this definition is called the Lipschitz norm' because of f
and is denoted || f||Lip-

In other words, Lipschitz functions don’t stretch distances too much. When
|| fllLip < 1, they are contractions since they can only shrink distances. The class
of Lipschitz functions sits between differentiable and uniformly continuous:

f is differentiable = f is Lipschitz = f is uniformly continuous,

and in Exercise 5.1 you will even quantify the first implication for f : R™ — R:
[flleip < sup [V f(@)]2-
rzER™

Example 5.1.2. Vectors, matrices and norms define natural Lipschitz functions:
(a) For a fixed vector § € R", the linear functional
f(z) = (x,0) has Lipschitz norm || f||Lip, = [|0]|2-
(b) More generally, any m x n matrix A, the linear operator?
f(z) = Az has Lipschitz norm || fl|Lip, = | 4]

(¢) For any norm ||-|| on R™, the function
fx) = ||l
has Lipschitz norm equal to the smallest L such that
llz|| < L||z||. for all z € R".

These claims should be easy to verify — try it in Exercise 5.2.

5.1.2 Concentration via isoperimetric inequalities

We will now prove that any Lipschitz function on the Euclidean sphere S"~! =
{z € R": ||z||2 = 1} concentrates:

Theorem 5.1.3 (Concentration of Lipschitz functions on the sphere). Let X be
a random vector uniformly distributed on the Euclidean sphere of radius \/n, i.e.
X ~ Unif(y/nS™1). Then for any Lipschitz function® f :/nS" ' — R we have

1F(X) = Ef(Xlly, < ClFluip-

1 Technically, || f||Lip is only a seminorm, since it vanishes on nonzero constant functions — but we will
call it a norm for brevity.

2 Here we consider the linear operator as a map from (R™, ||-||2) to (R™,||-||2)

3 This theorem works for both the geodesic metric (shortest arc length) and the Euclidean metric
d(z,y) = ||z — y||2. We will prove it for the Euclidean case — try Exercise 5.4 to extend it to geodesic
distance.
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By the definition of the subgaussian norm, Theorem 5.1.3 can be written as
ct?
P{If(X) = Ef(X)| >t} < 2exp (- W) for any ¢ > 0.
Lip

We already proved Theorem 5.1.3 for linear functions. Theorem 3.4.5 tells us that
X is a subgaussian random vector, and this by definition means that any linear
function of X is a subgaussian random variable.

To fully prove Theorem 5.1.3, we need to argue that any Lipschitz function
concentrates at least as well as a linear function. Instead of comparing them
directly, we will compare the areas of their sublevel sets — regions of the sphere
where f(z) < a for a given level a. For linear functions, these regions are just
spherical caps. To compare the areas of general sets and spherical caps, we can
use a remarkable geometric principle — the isoperimetric inequality.

The most familiar form of the isoperimetric inequality is for subsets of R* (and
also in R"):

Theorem 5.1.4 (Isoperimetric inequality on R™). Among all subsets A C R™ with
given volume, the Fuclidean balls have minimal area. Moreover, for any € > 0,
the Euclidean balls minimize the volume of the e-neighborhood of A, defined as*

A.={x € R": Jy € A such that ||z —yl|ls < e} = A+ eBj.

Figure 5.1 illustrates the isoperimetric inequality. Note that the “moreover”
part of Theorem 5.1.4 implies the first part; to see this, let £ — 0.

A A

Figure 5.1 The isoperimetric inequality says that among all sets A with a
given volume, Fuclidean balls minimize the volume of their e-neighborhood
A..

A similar isoperimetric inequality holds for subsets of the sphere S"~!, and in
this case the minimizers are the spherical caps — neighborhoods of a single point.®
To state this principle, we use ,,_; to denote the normalized area on the sphere
S™=1 (the n — 1-dimensional Lebesgue measure).

Theorem 5.1.5 (Isoperimetric inequality on the sphere). Let e > 0. Then,
among all sets A C S™~1 with given area c,_1(A), the spherical caps minimize
the area of the neighborhood o, _1(A.), where

A, ={xeS"": Ty € A such that ||z — y|, < e} .

4 Here we used the notation for Minkowski sum introduced in Definintion 4.2.9.
5 More formally, a closed spherical cap centered at a point a € S"~! and with radius ¢ is
Cla,e) ={x € S" 1. ||z —all2 <€}
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We do not prove isoperimetric inequalities (Theorems 5.1.4 ans 5.1.5) in this
book; the bibliography notes for this chapter refer to several known proofs of
these results.

5.1.3 Blow-up of sets on the sphere

The isoperimetric inequality leads to a remarkable and counter-intuitive result: if
a set A covers at least half of the sphere in area, its e-neighborhood A, will cover
most of the sphere. We will state and prove this “blow-up” phenomenon and then
try to explain it intuitively. To simplify things in view of Theorem 5.1.3, we will
work with the sphere of radius /n instead of the unit sphere.

Lemma 5.1.6 (Blow-up). Let A be a subset of the sphere /nS" ', and let o
denote the normalized area on that sphere. If o(A) > 1/2, then,’ for every t > 0,

o(A;) > 1 —2exp(—ct?).
Proof Consider the hemisphere defined by the first coordinate:
H .= {xE\/ﬁS"_lz T, §0}.
By assumption, 0(A) > 1/2 = o(H), so the isoperimetric inequality (Theo-
rem 5.1.5) implies that
o(A;) > o(Hy). (5.1)
The neighborhood H; of the hemisphere H is a spherical cap, and we could

compute its area directly. It is, however, easier to use Theorem 3.4.5 instead,
which states a random vector

X ~ Unif(v/nS™ 1)

is subgaussian, and || X||,, < C. Since o is the uniform probability measure on
the sphere, it follows that

o(H;) =P{X € H,}.
Now, the definition of the neighborhood implies that
H, > {a: eVvnS"l: oz, < t/\/i}. (5.2)
(Check this — a picture would help.) Thus
o(H,) > P{X, <t/V2} > 1 — 2exp(—ct?).
The last inequality holds because || Xi|y, < [| Xy, < C. In view of (5.1), the

lemma is proved. O

Remark 5.1.7 (An even more dramatic blow-up). The 1/2 value for the area
in Lemma 5.1.6 was arbitrary and can be replaced with any constant, or even an
exponentially small quantity! Verify this is Exercise 5.3.

6 Here the neighborhood A; of a set A is defined in the same way as before, that is
A¢ = {z € v/nS"~1: Jy € A such that ||z — y|l2 < t}.
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Remark 5.1.8 (A zero-one law). The blow-up phenomenon we just saw may be
quite counter-intuitive at first sight. How can an exponentially small set A change
so dramatically to an exponentially large set Ay; under just a tiny perturbation
2t? (Remember ¢ can be much smaller than the radius y/n of the sphere.) However
perplexing it seems, this is a typical phenomenon in high dimensions. It is similar
to zero-one laws in probability theory, which basically say that events influenced
by many random variables tend to have probabilities either zero or one.

5.1.4 Proof of Theorem 5.1.3

Without loss of generality, we can assume that || f||Li, = 1. (Why?) Let M denote
a median of f(X), which by definition is a number satisfying”

PUAX) <M} > 5 and B{f(X)>M)}> L.

Consider the sublevel set
A={zeynS"": f(z)<M}.
Since P{X € A} > 1/2, Lemma 5.1.6 implies that
P{X € A;} > 1—2exp(—ct?). (5.3)
On the other hand, we claim that
P{X € A} <P{f(X) <M +t}. (5.4)

Indeed, if X € A; then || X — y||s < t for some point y € A. By definition,
f(y) < M. Since f Lipschitz with || f||1;, = 1, it follows that

fXO) < fly) + X —ylla <M+t

This proves our claim (5.4).
Combining (5.3) and (5.4), we conclude that

P{f(X) < M +t} >1—2exp(—ct?).

Repeating the argument for —f, we obtain a similar bound for the probability
that f(X) > M —t. (Do this!) Combining the two, we obtain a similar bound for
the probability that |f(X) — M| < t, and conclude that

IF(X) = Mlly, < C.

It remains to replace the median M by the mean E f, which follows by centering
(use Lemma 2.7.8 — check!) The proof of Theorem 5.1.3 is complete. O

We just derived concentration from a blow-up phenomenon. Try Exercise 5.7
to see that these two are generally equivalent.

7 If the median is not unique, just take any median.
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5.2 Concentration on other metric measure spaces

We’ll now extend concentration from the sphere to other spaces. Our proof of
Theorem 5.1.3 relied on two ingredients:

(a) an isoperimetric inequality,
(b) a blow-up of its minimizers.
These are not unique to the sphere — many spaces satisfy them, leading to sim-

ilar concentration results. We’ll cover two key examples: Gaussian concentration
in R™ and concentration on the Hamming cube, then briefly mention other cases.

Remark 5.2.1 (Mean, median, L” norm — take your pick). Concentration keeps
the mean, median, and L? norms close. So, we can always replace the mean
E f(X) with the median (Exercise 5.6) or, if the mean is nonnegative, with the
L? norm for any p > 1, though the constant may depend on p (see Exercise 5.10).

5.2.1 Gaussian concentration

The classical isoperimetric inequality in R"™, Theorem 5.1.4, holds not only with
respect to the volume but also with respect to the Gaussian measure on R™. The
Gaussian measure of a (Borel) set A C R" is defined as®

1 )
~llel3/2 g
(& X
(2m)n/2 /A

where X ~ N(0,1,,) is the standard normal random vector in R"™.

(A) =P{X € A} =

Theorem 5.2.2 (Gaussian isoperimetric inequality). Let € > 0. Then, among
all sets A C R™ with given Gaussian measure 7, (A), the half-spaces minimize the
Gaussian measure of the neighborhood 7, (A.).

With the same method as we developed for the sphere, we can then deduce the
following Gaussian concentration inequality (see Exercise 5.8):

Theorem 5.2.3 (Gaussian concentration). Consider a random vector X ~ N(0, I,,)
and a Lipschitz function f : R™ — R (with respect to the Euclidean metric). Then

[F(X) = E f(X)[le, < Cll S lluip- (5-5)

Example 5.2.4. Two special cases of Theorem 5.2.3 should already be familiar:

(a) For linear functions f, it follows since X ~ N(0, I,,) is subgaussian.

(b) For the Euclidean norm f(x) = ||z, it follows from norm concentration
(Theorem 3.1.1).

To practice more with Gaussian concentration, try Exercise 5.9 to prove con-
centration for the maximum of n gaussians.

8 Recall the definition of the standard normal distribution in R™ from Section 3.3.1.
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5.2.2 Hamming cube

The method based on isoperimetry also works for concentration for the Hamming
cube

({0,1}",d,P),

(recall Definition 4.2.14), where d(z, y) is the normalized Hamming distance, mea-
suring the fraction of the digits where the binary strings x and y differ:

d(w,y) = =i £ |

The measure P is the uniform probability measure on the cube:

A
P(A) = |2n| for any A C {0,1}".

Theorem 5.2.5 (Concentration on the Hamming cube). Consider a random
vector X ~ Unif{0,1}". (Thus, the coordinates of X are independent Ber(1/2)
random variables.) Then for any function f :{0,1}" — R we have

Cllfluip
vnoo
This result follows from the isoperimetric inequality on the Hamming cube,

whose minimizers are known to be the Hamming balls — neighborhoods of single
points with respect to the Hamming distance. (Try deducing it!)

1F(X) = EF(X) |y, < (5.6)

5.2.3 Symmetric group

A similar results holds for the symmetric group S,,, a set of all n! permutations
of n symbols {1,...,n}. We can view the symmetric group as a metric measure
space

(S, d,P).

Here d(m, p) is the normalized Hamming distance — the fraction of the symbols
on which permutations 7 and p differ:

d(m,p) = |{i+ w(i) # p(i)}].

The measure P is the uniform probability measure on S, i.e.

A
P(A) = |—" for any A C S,,.
n!
Theorem 5.2.6 (Concentration on the symmetric group). Consider a random
permutation X ~ Unif(S,,) and a function f : S, — R. Then the concentration
inequality (5.6) holds.



5.2 Concentration on other metric measure spaces 147

5.2.4 Riemannian manifolds with strictly positive curvature

Riemannian manifolds provide many examples of spaces with concentration. If
you are not into differential geometry, feel free to skip the rest of this section.

A compact connected Riemannian manifold (M, g) comes with the geodesic
distance d(z,y), the shortest length of a curve connecting the points. It can be
seen as a metric measure space

(M7 d’ ]P))’

where P is the uniform probability measure derived by normalizing the Rieman-
nian volume. Let ¢(M) denote the infimum of the Ricci curvature tensor over all
tangent vectors. Assuming that ¢(M) > 0, it can be proved that

C|l fllLip

I£00) =B F(X0), < s

(5.7)
for any Lipschitz function f: M — R.

To give an example, it is known that ¢(S"™!) = n — 1. Thus (5.7) gives an
alternative approach to concentration inequality (5.29) for the sphere S™~!. We
give several other examples next.

5.2.5 Special orthogonal group

The special orthogonal group SO(n) consists of all rotations in R™ or equivalently,
nxn orthogonal matrices with determinant 1. We can treat it as a metric measure
space

(SO), [Il#, P),

with distance given by the Frobenius norm ||A — B||r and P as the uniform
measure.

Theorem 5.2.7 (Concentration on the special orthogonal group). Consider a
random orthogonal matric X ~ Unif(SO(n)) and a function f : SO(n) — R.
Then the concentration inequality (5.6) holds.

This result can be deduced from concentration on general Riemannian mani-
folds from Section 5.2.4.

Remark 5.2.8 (Haar measure). To generate a random orthogonal matrix X ~
Unif(SO(n)), one way is to start with an n x n Gaussian random matrix G
with N(0,1) independent entries, and compute its singular value decomposition
G =UXVT. Then the matrix X := UV is uniformly distributed in SO(n).

The uniform probability distribution on SO(n) is given by

p(A) =P{X € A} for A C SO(n).

This is the unique rotation-invariant probability measure? on SO(n), called the
Haar measure. (Check the rotation invariance!)

9 That is, for any measurable set E C SO(n) and any T € SO(n), we have u(E) = u(T(E)).
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5.2.6 Grassmannian

The Grassmann manifold G, ,, consists of all m-dimensional subspaces of R".
When m = 1, it can be identified with the sphere S"~! (can you see how?),
so the concentration result on the Grassmanian includes concentration on the
sphere. We treat G, ,, as a metric measure space

(Gn,rru da P)v

where distance between subspaces E and F is given by the operator norm?!°

d(E, F) = ||Pg — Pl

where Py and Pr are the orthogonal projections onto the subspaces. (To practice
with this distance, try the tricky Exercise 4.12.)

The probability distribution P is, like before, the uniform (Haar) probability
measure.. A random subspace E ~ Unif(G,, ,,), and thus the Haar measure on the
Grassmannian, can be constructed by computing the image of the random n x m
Gaussian random matrix G with i.i.d. N(0,1) entries. (The rotation invariance
should be straightforward — check it!)

Theorem 5.2.9 (Concentration on the Grassmannian). Consider a random sub-
space X ~ Unif(G, .,) and a function f : G, ., — R. Then the concentration
inequality (5.6) holds.

This follows from concentration on the special orthogonal group from Sec-
tion 5.2.5. (For the interested reader, here is how: express the Grassmannian as
the quotient G,, ,, = SO(n)/(SO,, x SO,,_,,) and use the fact that concentration
carries over to quotients.)

5.2.7 Continuous cube and Euclidean ball

You can prove similar concentration inequalities for the unit Euclidean cube
[0,1]™ and the Euclidean ball* \/nBj (with Euclidean distance and the uniform
probability measures). This follows from Gaussian concentration by “pushing
forward” the Gaussian measure to the uniform measures on the cube and ball.
We will state the result here and leave the proof for Exercises 5.12, 5.13.

Theorem 5.2.10 (Concentration on the continuous cube and ball). Let T be
either the cube [0,1]" or the ball \/nBjy. Consider a random vector X ~ Unif(T")
and a Lipschitz function f: T — R, where the Lipschitz norm is with respect to
the Euclidean distance. Then the concentration inequality (5.5) holds.

10 The operator norm was introduced in Section 4.1.3.
11 Recall that BY denotes the unit Euclidean ball, i.e. B = {z € R™ : ||z||2 < 1}, and \/nBY is the
Euclidean ball of radius y/n.
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5.2.8 Densities e V@)

The push forward method from the previous section can be applied to many other
distributions in R™. For example, suppose a random vector X has a density of
the form

fla)=e@
for some function U : R™ — R. As an example, if X ~ N(0, I,,) the normal density
(3.11) gives U(z) = ||=||3 + ¢ where ¢ is a constant (that depends on n but not

x), and Gaussian concentration holds for X.

Now, if U is a general function with curvature at least like ||z||3, then we should
expect at least Gaussian concentration, as the next theorem shows. The curvature
of U is measured by its Hessian Hess U(x), which is the n X n symmetric matrix
with second derivatives: its (i, j)-th entry equals 9*U/0x;0x;.

Theorem 5.2.11. Consider a random vector X in R™ whose density has the form
f(x) = e Y@ for some function U : R® — R. Assume there exists k > 0 such
that'? HessU(z) = kI, for all x € R™. Then any Lipschitz function f: R" — R
satisfies

Cll f v
Ve
Notice the similarity between this theorem and the concentration inequality

(5.7) for Riemannian manifolds. Both can be proved using semigroup methods,
which are not covered in this book.

1F(X) = EF(X) |y, <

5.2.9 Random vectors with independent bounded coordinates

There is a remarkable partial generalization of Theorem 5.2.10 for random vectors
X = (Xy,...,X,) with independent coordinates that have arbitrary bounded dis-
tributions (not just uniform). By scaling, we can assume without loss of generality
that | X;| < 1.

Theorem 5.2.12 (Talagrand concentration inequality). Consider a random vec-
tor X = (Xy1,...,X,) whose coordinates are independent and satisfy | X;| < 1
almost surely. Then concentration inequality (5.5) holds for any convex Lipschitz
function f:[-1,1]" — R.

In particular, Talagrand concentration inequality holds for any norm on R".
We do not prove this result here.

5.3 Application: Johnson-Lindenstrauss lemma

Suppose we have N data points in R™ where the dimension n is very large. Can
we reduce dimension without sacrificing too much of the data’s geometry? The

12 The matrix inequality here means Hess U(x) — k1, is a symmetric positive semidefinite matrix.
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simplest way is to project the data points onto a low-dimensional subspace
ECR" dim(E):=m<n,

see Figure 5.2 for illustration. How shall we choose the subspace E, and how
small its dimension m can be?

Figure 5.2 Johnson-Lindenstrauss Lemma reduces dimension of the data
by random projection onto a low-dimensional subspace.

Johnson-Lindenstrauss Lemma below states that the geometry of data is well
preserved if we choose E to be a random subspace of dimension

m =< log N.

We already came across the notion of a random subspace in Section 5.2.6; let us
recall it here. We say that F is a random m-dimensional subspace in R™ uniformly
distributed in G,, ,,, i.e.

E ~ Unif(G,.m),
if F is a random m-dimensional subspace of R™ whose distribution is rotation
invariant, i.e.

P{E e} =P{U(F) €&}

for any fixed subset £ C G,, ,,, and n x n orthogonal matrix U.
Theorem 5.3.1 (Johnson-Lindenstrauss Lemma). Let X be a set of N points in
R™ and € > 0. Assume that

m > Ce ?log N.
Let P be the orthogonal projection in R™ onto a random m-dimensional subspace

E ~ Unif(G,.m). Then, with probability at least 1 — 2exp(—ce*m), the scaled
projection @ = Vo P is an approximate isometry on X:

(1=l —yll: < |Qr = Qyll < (A +e)llz —yl2 forallz,y e X (5.8)

The proof of Johnson-Lindenstrauss Lemma will be based on concentration of
Lipschitz functions on the sphere, which we studied in Section 5.1. We use it to
first examine how the random projection P acts on a fized vector x — y, and then
take union bound over all N? differences x — y.
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Lemma 5.3.2 (Random projection). Let P be a projection in R™ onto a random
m-dimensional subspace E ~ Unif(G,, ). Fiz any z € R" and € > 0. Then:

(a) (B|Pz|2)"* = \/THZHZ

(b) With probability at least 1 — 2 exp(—ce*m), we have

m m
(A —e)y/lzllz < I1Pz]l: < (1 +e)y /= 22

Proof Without loss of generality, we may assume that ||z||; = 1. Now switch the
view. A random m-dimensional subspace E can be obtained by randomly rotating
some fixed subspace, such as the coordinate subspace R™. But instead of fixing
z and randomly rotating R™, we can fix the subspace E = R™ and randomly
rotate z, which makes z uniformly distributed on the sphere: z ~ Unif(S™~!). By
rotation invariance, | Pz||; has the same distribution (check!).

(a) Since P is the projection onto the first m coordinates in R™,

E|[Pz|; =B 2= Ezl=mEz, (5.9)
=1 =1

because the coordinates z; of the random vector z ~ Unif(S™~!) are identically
distributed. To compute E 22, note that > | 2? = 1. Taking expectations of both

=11
sides, we obtain Y. | E2? = 1 which yields E 2? = 1/n because all terms in the
sum are the same. Putting this into (5.9), we get E||Pz||2 = m/n.
(b) follows from concentration of the sphere. Indeed, = +— || Pz|| is a Lipschitz
function on S~ ! with Lipschitz norm bounded by 1 (check!). Then concentration
inequality (5.30) gives

IP’{‘HPQ:HQ - \/T‘ > t} < 2exp(—cnt?).

(We replaced E||z||, by the (E||z||2)'/? in the concentration inequality using Re-
mark 5.2.1.) Choosing ¢ := €\/m/n, we complete the proof of the lemma. O

Proof of Johnson-Lindenstrauss Lemma. Consider the difference set
X—X={z—y: z,ye X}
We would like to show that, with required probability, the inequality
(I =o)llzl2 < 1Qz]l2 < (1 + &) l|z[l2
holds for all z € X — X. Since Q = WP, this is inequality is equivalent to

(= o0 el < 1Pl < 1+ €)™ fels (5.10)

For any fixed z, Lemma 5.3.2 states that (5.10) holds with probability at least
1 — 2exp(—ce?m). It remains to take a union bound over z € X — X. It follows
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that inequality (5.10) holds simultaneously for all z € X — X, with probability
at least

1—|X —X|-2exp(—ce®m) > 1 — N? . 2exp(—ce’m).

If m > Ce=?log N then this probability is at least 1 —2 exp(—ce?m/2), as claimed.
Johnson-Lindenstrauss Lemma is proved. O

Remark 5.3.3 (Non-adaptive, dimension-free). A remarkable feature of Johnson-
Lindenstrauss lemma is dimension reduction map A is non-adaptive, it does not
depend on the data. Note also that the ambient dimension n of the data plays
no role. With more tools, we will develop more advanced versions of Johnson-
Lindenstrauss lemma in Sections 9.2.4 and 9.7 (see Exercises 9.37-9.39).

Remark 5.3.4 (Optimality). Johnson-Lindenstrauss lemma makes such a strik-
ing dimension reduction from N to n = O(log N). Can we go even smaller, say
n = o(log N)? Exercise 5.15 shows we can’t — the log dimension is the best we
can do, even with nonlinear maps.

For more practice with Johnson-Lindenstrauss lemma, prove its subgaussian
version (Exercise 5.14).

5.4 Matrix Bernstein inequality

Here, we generalize concentration inequalities from sums of independent random
variables ) X; to sums of independent random matrices. We will make a matrix
version of Bernstein inequality (Theorem 2.9.5) by replacing random variables
X; by random matrices and absolute value |-| by the operator norm ||-||. No need
for independence of entries, rows, or columns within each random matrix X; — a
remarkably general assumption!

Theorem 5.4.1 (Matrix Bernstein inequality). Let X,..., Xy be independent,
mean-zero, n X n symmetric random matrices, such that | X;|| < K almost surely
for all i. Then, for everyt > 0, we have

(I35 =) = 22

il >ty <2nexp| — —————).

— P o2+ Kt/3

Here 0? = ||Zi\;1 EXEH 1s the operator norm of the matrix variance of the sum.

We can rewrite the right-hand side as the mixture of subgaussian and subex-
ponential tail, just like in the scalar Bernstein inequality:

IP’{H?_V;XZ- zt} < 2nexp [—c-min(t2 i)}

02 K
The proof of matrix Bernstein inequality follows a simple idea: repeat the MGF
argument (Section 2.9), swapping scalars for matrices. Most of it works, except for
one major challenge: matrix multiplication is not commutative. Before tackling
that, let us build some matrix calculus to treat matrices as numbers.
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5.4.1 Matriz calculus

For an n x n symmetric matrix X, operations such as inversion or squaring only
affect eigenvalues, keeping eigenvectors the same. If the spectral decomposition*?
of X is X =0, Niuu], then
n 1 n n
X'=3 yuiuz, X? =3 Nuu], 2I,-5X"=Y (2-5\)uu. (5.11)
i=1 """ i=1 i=1
(Check it!) This suggests how to define arbitrary functions of matrices — just
apply the function to eigenvalues, keeping eigenvectors the same:

Definition 5.4.2 (Functions of matrices). For a function f : R — R and an nxn
symmetric matrix X with spectral decomposition

X = Z)\iuiu;r, define f(X) = Zf()\l)uluj
=1

i=1

As we saw in (5.11), this definition agrees with matrix addition and multipli-
cation, and (by a limiting argument) with Taylor series (Exercise 5.16).

Just like numbers, matrices can be compared to each other if we define a partial
order on the set of n X n symmetric matrices like this:

Definition 5.4.3 (Loewner order). We write X > 0 if X is a symmetric positive
semidefinite matrix.'* Now write X =Y and Y < X if X - Y > 0.

Note that > is a partial, not total, order, because there are matrices for which
neither X > Y nor Y > X holds. (Example?)
Proposition 5.4.4 (Simple properties of Loewner order). We have:
(a) (Eigenvalue monotonicity) X <Y implies \;(X) < X\;(Y) for all i.
(b) (Trace monotonicity) For a (weakly) increasing function f : R — R,
XY = trf(X)<trf(y).
(c) (Operator norm) For any a > 0,
IX[|<a <— —al,=X =<al,. (5.12)
(d) (Upgrading scalar to matriz inequalities) For functions f,g: R — R,
flx) <g(x)Vr with |[z| <a = f(X) X g(X) VX with | X] < a.

Proof (a)If X XY thenY — X >0 and so " (Y — X)u > 0 for all u, meaning
u'Xu < u'Yu for all u. Now use min-max theorem (Theorem 4.1.6).

(b) The eigenvalues of f(X) are f(\;(X)), and similarly for f(Y). By part (a)
and assumption, f(A;(X)) < f(\(Y)). Summing these gives the result, since the
trace is the sum of eigenvalues.

(c) Recalling (4.10) we see that || X|| < ¢ implies u' Xu < a for all unit u, so

13 Spectral decomposition was discussed in Section 3.2.2.
14 Equivalently, X = 0 if X is symmetric with nonnegative eigenvalues of X — why?
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u'(al, — X)u > 0 for all u, meaning al,, — X = 0, thus X =< al,. A similar
argument gives X = —al,, and also proves the opposite direction (write it!).

(d) By considering g — f, we can assume that f = 0. If || X|| < a, then all eigen-
values of X satisfy |\;| < a (by (4.10)), which implies g(A;) > 0 by assumption.
So, by definition, ¢g(X) has nonnegative eigenvalues g()\;) and so g(X) = 0. O

Remark 5.4.5 (Operator norm as matrix “absolute value”). Does (5.12) look
familiar? It is a matrix version of the basic fact about absolute values: for = € R,

|z <a <— —-a<z<a.

This makes the operator norm ||-|| a natural matrix version of absolute value |-|,
and that’s why it appears in matrix Bernstein inequality 5.4.1.

Remark 5.4.6 (Matrix monotonicity). Can we strenghten trace monotonicity
(Proposition 5.4.4(b)) to matrix monotonicity, that is

X =Y = f(X)=Xf(Y) forany weakly increasing f: R — R? (5.13)

If X and Y commute, yes — but in general, no (Exercise 5.17). However, some
functions, like 1/z and log x on [0, 00), are matriz monotone, meaning that (5.13)
holds even for non-commuting matrices:

0<X<Y =— X '>=Y'>0 and log X <logY

whenever X is invertible. Check this in Exercise 5.18.

5.4.2 Trace inequalities

So far, extending scalar concepts to matrices has been pretty smooth. But it
doesn’t always work. We already saw in Remark 5.4.6 how non-commutativity
(AB # BA) may cause scalar properties to fail for matrices. Here is another
example: the identity is e*t¥ = e” e¥ holds for scalars, but in Exercise 5.19 you
will find n X n symmetric matrices X and Y such that

eXHY £ XY

This is unfortunate, because the identity e”*¥ = e* ¥ was crucial to our approach
to concentration of sums of random variables: it let us split the MGF E exp(AS)
of the sum into the product of exponentials, see (2.6).

Nevertheless, there exists useful substitutes for the missing identity eX*Y =
eXe¥. We state two of them here without proof; they belong to the rich family
of trace inequalities.

Theorem 5.4.7 (Golden-Thompson inequality). For any n x n symmetric ma-
trices A and B, we have

tr(e?*P) < tr(e?e?).

Unfortunately, Golden-Thompson inequality does not hold for three or more

matrices: in general, the inequality tr(eA*5+¢) < tr(e“efe”) may fail.
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Theorem 5.4.8 (Lieb inequality). Let H be an n x n symmetric matriz. Define
the function on matrices

f(X) =trexp(H + log X).

Then f is concave on the space on positive definite n X n symmetric matrices.*®

In the scalar case (n = 1), f is linear and Lieb inequality holds trivially.

A proof of matrix Bernstein inequality can be based on either Golden-Thompson
or Lieb inequalities. We use Lieb inequality, which we will now restate for random
matrices. If X is a random matrix, then Lieb and Jensen inequalities imply that

Ef(X) < f(EX).

(Why does Jensen inequality hold for random matrices?) Applying this with
X = eZ, we obtain the following.

Lemma 5.4.9 (Lieb inequality for random matrices). Let H be a fivzed n x n
symmetric matriz and Z be a random n X n symmetric matriz. Then

Etrexp(H + Z) < trexp(H + logEe?).

5.4.3 Proof of matrix Bernstein inequality

We are now ready to prove matrix Bernstein inequality, Theorem 5.4.1, using
Lieb inequality.
Step 1: Reduction to MGF'. To bound the norm of the sum

N
S = Z)Q7
i=1

we need to control the largest and smallest eigenvalues of S. We can do this
separately. To put this formally, consider the largest eigenvalue

Amax (9) = max \;(S)
and note that
IIS|| = max|A;(S)| = max (Anax(S), Amax(—9)) . (5.14)

To bound Ayax(S), we proceed with the MGF method like in Section 2.2. Fix
A > 0 and use Markov inequality to obtain
P{Amax(S) > t} = P{eMmax(5) > Al < o= [ oA Amax(9), (5.15)
Since by Definition 5.4.2 the eigenvalues of e*¥ are e**(5) we have
B =R w5 = E A ().

15 Concavity means that the inequality f(AX + (1 —A)Y) > Af(X) + (1 — A) f(Y) holds for matrices X
and Y, and for A € [0, 1].
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Since the eigenvalues of e are all positive, the maximal eigenvalue of e* is
bounded by the sum of all eigenvalues, the trace of e*¥, which leads to

E < Etre’.

Step 2: Application of Lieb inequality. To prepare for an application of
Lieb inequality (Lemma 5.4.9), let us separate the last term from the sum S:
N-1
E < Etrexp [Z AX, + )\XN}.
=1
Condition on (X;)N7* and apply Lemma 5.4.9 for the fixed matrix H :== S ' \X;
and the random matrix Z := A Xy. We obtain
N-1
E < Etrexp {Z AX; + logEe’\XN].
=1
(To be more specific here, we first apply Lemma 5.4.9 for the conditional expecta-
tion, and then take expectation of both sides using the law of total expectation.)
We continue in a similar way: separate the next term AXy_; from the sum
Zf\:ll AX; and apply Lemma 5.4.9 again for Z = AXy_;. Repeating N times, we

obtain
N

E < trexp [Zlog]EeAX"}. (5.16)

i=1

Step 3: MGF of the individual terms. It remains to bound the matrix-
valued moment generating function Ee*Xi for each term X;. This is a standard
task, and the argument will be similar to the scalar case.

Lemma 5.4.10 (Moment generating function). Let X be an n x n symmetric
mean-zero random matriz such that || X|| < K almost surely. Then

x2/2
Eexp(AX) X exp (g(\)EX?)  where g()) = 1—|,\/\K/3

provided that |\ < 3/K.

Proof First, note that we can bound the (scalar) exponential function by the
first few terms of its Taylor expansion as follows:

e <1+z+ if |z| < 3.

1 22
1—1z/3 27
(To get this inequality, write e* = 1+ 2+ 2% - 377, 2772 /p! and use the bound

p! > 2-3P72)) Next, apply this inequality for z = A\z. If |z| < K and |\ < 3/K
then we obtain

e <1+ Mx+g(\)z?,

where g()) is the function in the statement of the lemma.
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Finally, we can upgrade this to a matrix inequality using Proposition 5.4.4(d).
If | X| < K and |A\| < 3/K, then

M LT+ AX 4+ g\ X2
Take expectation of both sides and use the assumption that EX = 0 to get
Ee* < T4+ g(\)E X2

To complete the proof of the lemma, let’s use the inequality 1+ 2z < e* that holds
for all scalars z. Thus, using again Proposition 5.4.4(d), we see that [ + Z < e?
holds for all matrices Z, and in particular for Z = g(\) E X2. O]

Step 4: Completion of the proof. Let us return to bounding the quantity
in (5.16). Using Lemma 5.4.10, we obtain

N N
E <trexp [Zlog]Ee’\X’i} <trexp[g(\)Z], where Z:= Z]EXZ2

i=1 i=1

Here we used matrix monotonicity of Inx (see Remark 5.4.6) to take logarithms
on both sides, summed up the results, and then used trace monotonicity (Propo-
sition 5.4.4(b)) to take traces of the exponential on both sides.

Since the trace of exp [g(A)Z] is a sum of n positive eigenvalues, it is bounded
by n times the maximum eigenvalue, so

E <1 Anax (explg(N) Z]) = n - exp [g(M) Amax(Z2)] - (why?)
—n-explgVIZI]  (since Z = 0)
=n-exp [g(\)o”] (by definition of ¢ in the theorem).

Plugging this bound for E = E e**max(5) into (5.15), we obtain
P{)\max(s) 2 t} S n - exp [—)\t + g()\)a_g] .

We obtained a bound that holds for any A > 0 such that |A\| < 3/K, so we can
minimize it in A. Better yet, instead of computing the exact minimum (which
might be a little too ugly), we can choose the following value: A = t/(0? + Kt/3).
Substituting it into the bound above and simplifying yields

t2/2
>t} <n- LN
Pmax(8) 2 8} < exp (= s
Repeating the argument for —S and combining the two bounds via (5.14), we
complete the proof of Theorem 5.4.1. (Do this!) O

Remark 5.4.11 (Matrix Bernstein inequality: expectation). Matrix Bernstein
inequality gives a high-probability bound. It can be turned into a simpler (but
less informative) expectation bound in a standard way — using the integrated tail
formula (Lemma 1.6.1). Try Exercise 5.20 to deduce from Theorem 5.4.1 that

EHiXZ < HiEXf 1/2\/log(2n) + Klog(2n), (5.17)
=1 i=1
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where “<” hides an absolute constant factor. Note that in the scalar case (n = 1),
an expectation bound is trivial: the variance of sum formula (1.8) gives

E‘éXi < (E‘i)( 2)1/2 - (i]EXf)m.

Remark 5.4.12 (The logarithmic price). Compared to (5.17), the high-dimens-
ional upgrade (5.17) differs by just a logarithmic factor. This is a surprisingly
small price for high dimensions! And this price is essentially optimal-check out
Exercise 5.28 for an example for why we can’t get rid of it.

5.4.4 Matrix Hoeffding and Khintchine inequalities

The techniques we developed in the proof of matrix Bernstein inequality can be
used to give matrix versions of other classical concentration inequalities. Here is
a matrix version of Hoeffding inequality (Theorem 2.2.1):

Theorem 5.4.13 (Matrix Hoeffding inequality). Let 1,...,enx be independent
Rademacher random variables and let Ay, ..., Ay be any (fired) symmetric n x n
matrices. Then, for any t > 0, we have

N
S(Haen

where o = |32 A2

t2
Zt} < 2nexp<— F>’
o

The proof is a bit simpler than of matrix Bernstein; give it a try in Exercise 5.21!

Matrix Hoeffding inequality is a high-probability bound. Like before, you can
convert it into an expectation bound using the integrated tail formula (the one in
Exercise 1.15(c) is helpful here) and get a matrix version of Khintchine inequality
(Theorem 2.7.5):

Theorem 5.4.14 (Matrix Khintchine inequality). Let eq,...,ex be independent
Rademacher random variables and let Ay, ..., Ay be any (fized) symmetric n xn
matrices. Then, for every p € [1,00) we have

(| S eal)” < ovovioem| 3. 4
i=1 1=1

Deduce this result from matrix Hoeffding inequality in Exercise 5.22.

1/2

Remark 5.4.15 (Non-symmetric, rectangular matrices). Matrix concentration
inequalities easily extend to rectangular matrices using the neat Hermitian di-
lation introduced in Exercise 4.14. Just replace each matrix X; with the sym-
metric block-matrix [ )?T )é] and apply usual matrix concentration. Try out Ex-
ercises 5.23 and 5.24 to get matrix Bernstein and Khintchine inequalities for
rectangular matrices this way.
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5.5 Application: community detection in sparse networks

In Section 4.5, we explored spectral clustering — a basic method for commu-
nity detection in networks. We analyzed its performance on the stochastic block
model G(n, p,q) with two communities and showed it works for relatively dense
networks, where the expected average degree > /n (Remark 4.5.3). Now, using
matrix Bernstein inequality, we will show that spectral clustering actually works
for much sparser networks, with an expected average degree as low as O(logn).

Theorem 5.5.1 (Spectral clustering for sparse stochastic block model). Let G ~
G(n,p,q) where’> p=a/n, g =0/n and b < a < 3b. Assume that

(a —b)* > Calogn.

Then, with probability at least 0.99, the spectral clustering algorithm (Section 4.5.5)
identifies the communities of G with 99% accuracy, i.e. misclassifying at most
0.01n wvertices.

Proof Let’s follow the argument in Section 4.5, just with a sharper error bound.

Step 1: Decomposition. Like in Section 4.5.2, we look at the adjacency
matrix A of a random graph G' ~ G(n,p,q), and split it into deterministic and
random parts:

A=D+ R where D=EA

In Section 4.5.2, we analyzed the expected adjacency matrix D, noting that its
second top eigenvector uy(D) has 1 coefficients that represent community mem-
bership. The main difference now is in analyzing the random part

R=A-EA.

Let’s decompose it entry by entry, keeping symmetry in mind. Denote the stan-
dard basis vectors in R™ by ej,...,e, and write R as a sum of independent,
mean-zero random matrices Z;; that isolate entries (¢, ) and (j,1):

R= Z Zij7 where Zz

1<j

_ Rij(eiejT +ejel), i<j
RiieieiT, 7= j

Step 2: Bounding the error. Since A4;; € {0,1}, we have |R;;| < 1, so
| Zi;ll = |Ri;ll < 1 (why?), so ||R;;Z;;|| < 1. Thus, applying matrix Bernstein
inequality (5.17) combined with Markov inequality, we obtain with probability
at least 0.99:

(5.18)

|R|| < ov/logn +logn where o? = HEZZZZJ
i<j

16 With this parametrization, any node is connected to a/2 nodes in its own community and b/2 nodes
in the other, on average. (Why?)
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Let’s compute 0. A quick check shows that Z7; is a diagonal matrix:

Z: =

iJ

R} (eie] +ejel), i<j
Rzzieieg—v 1= j
Then, by symmetry,

n

Z ij = Z Rfj(eiej + ejejT) + Z RfieieiT = Z (z”: R?J.)eiej,

i<j i<j i=1  j=1

This is a diagonal matrix, and so is its expectation. Thus

o? = H]E Z Zizj
i<j

since the operator norm of a diagonal matrix is the maximal absolute value of its
entries (Exercise 4.3(b)). Recall that R;; = A;; — E A;;. In the stochastic block
model, A;; is either Ber(p) or Ber(q), so E R}, = Var(A;;) < p since p > ¢. Thus

.....

o’ <np=a,
and substituting this into (5.18) we get

IR < alogn +logn < +v/alogn (5.19)
because the assumption implies that a 2 logn (why?).

Step 3: Applying Davis-Kahan. Let’s apply Theorem 4.1.15 (see Exer-
cise 4.16) to D and A, focusing on the second-largest eigenvalue. As we noted in
Section 4.5.4, the separation between \y(D) of D and the rest of the spectrum is

a—>b
2

d = min(A2(D), A\ (D) — X3(D)) = min (Z)QQ, q) n =

since a < 3b by assumption. Using the bound on R = A—D from (5.19), the Davis-
Kahan inequality guarantees that for some 6§ € {—1, 1}, the distance between the
unit eigenvectors of D and A (denoted with bars) satisfies

< 2||R|| < Ci1valogn - 1

o a—b 10
if we choose the constant C' in the assumption of the theorem large enough.
Multiplying both sides by \/n, we get

|12 (D) — Otz (A)]l2

n
Jua(D) — Bus( A 5 Y

10
Since all coefficients of uy(D) are +1 and correctly identify community member-
ship, it follows that at least 99% of the coefficients of fus(A); have the same sign
as uz(D); (check!), and thus correctly identify the community membership. [
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Remark 5.5.2 (Sparsity). The sparsest graphs for which Theorem 5.5.1 is non-
trivial have expected average degree

n(p+q) _ a+bVIogn
2 2 7 ’

That’s way sparser than O(y/n) we have achieved previously (Remark 4.5.3)!

To practice more with these ideas, try Exercise 5.25 to do community detection
in the stochastic bock model without loops (a pretty natural model).

5.6 Application: covariance estimation for general distributions

In Section 4.7, we learned how to estimate the covariance matrix of a subgaussian
distribution in R™ from a sample of size O(n). Now, we drop the subgaussian
assumption, making it work for much broader distributions, even discrete ones.
The trade-off is just a logarithmic oversampling factor!

Like in Section 4.7, we estimate the second moment matrix ¥ = EXXT by its
sample version

1 m
Y= — Y XX
If X has zero mean, then X is the covariance matrix of X, and ,, is the sample

covariance matrix.

Theorem 5.6.1 (General covariance estimation). Let X be a random vector in
R™, n > 2. Assume that for some K > 1,

X2 < K (E|X||5)Y?  almost surely. (5.20)

Then, for every positive integer m, we have

K2nlogn KZ%nlogn
B[S, - B < () = + =) =l

Proof By Proposition 3.2.1(b), we have E|| X||3 = tr(X), so (5.20) becomes
X3 < K*tr(X) almost surely. (5.21)

Apply the expected version of matrix Bernstein inequality (5.17) for the sum
of i.i.d. mean-zero random matrices X; X — ¥ and get'”

E||S,, — 3| = ;EHi(XZ—XiT - Z)H < %(a\/@Jr Mlogn)  (5.22)
=1

where

7t = |32 BO6XT - 97 = mlECEXT - 27|

17 As usual, the notation a < b hides absolute constant factors, i.e. it means that a < Cb where C is an
absolute constant.
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and M is any number chosen so that
[ XX —%|| <M almost surely.

To complete the proof, it remains to bound o2 and M.
Let us start with 2. Expanding the square, we find that'®

E(XXT -X)P? =E(XX")? -2 <E(XXT")% (5.23)
Further, the assumption (5.21) gives
(XXT)2 = | X|PXXT < K2tr(2) X X7
Taking expectation and recalling that EX X' = X, we obtain
E(XXT)? < K*tr(%)%.
Substituting this bound into (5.23), we obtain a good bound on o, namely
o’ < K*mtr(%)||2].
Bounding M is easy:

[ XXT -3 < IX)3+ 2] (by triangle inequality)
< K?tr(X) + ||Z]|  (by assumption (5.21))
<2K?*tr(X) = M (since ||Z]| < tr(X) and K > 1).

Substituting our bounds for o and M into (5.22), we get
1
E|S,, — 3| < 7( K2m (D)2 - Viegn + 2K tr(%) - logn).
m

To finish the proof, use tr(X) < n||X|| and simplify the bound. O

Remark 5.6.2 (Sample complexity). Theorem 5.6.1 shows that for any ¢ € (0, 1),
we can estimate the covariance matrix with a small relative error:

E|S,, — 2| < <[5, (5.24)
as long as the sample size is
m < e *nlogn. (5.25)

Compared to the sample complexity m =< e~ ?n for subgaussian distributions (see
Remark 4.7.2), dropping the subgaussian assumption costs just a small logarith-
mic oversampling factor! In general, this factor cannot be dropped (Exercise 5.28).

Remark 5.6.3 (Low-dimensional distributions). At the end of the proof of The-
orem 5.6.1, we used a rough bound tr(X) < n||X||. But instead, we can express
the conclusion in terms of the effective rank of 3:

~tr(X)

r=r(X) = T (5.26)

18 Recall Definition 5.4.3 of the positive semidefinite order (or Loewner order) < used here.
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and get a sharper bound

K2?rlogn K?rlogn
B[S, - 5 < Oy == + =) IZ. (5.27)

It shows that a sample of size

m =< e *rlogn

is enough to estimate the covariance matrix as in (5.24). Since r < n (why?), this
sample size is at least as small as (5.25). It is even much smaller for approzimately
low-dimensional distributions that concentrate near lower-dimensional subspaces.

Remark 5.6.4 (Effective and stable rank of a matrix). What does the effective
rank (5.26) really tell us about a positive-semidefinite matrix X? To get an idea,
write it as the sum of eigenvalues divided by the biggest one:
27‘1—1 )\,-(E)
M) ===
r(®) max; A; ()
(check!). This is always bounded by the actual rank (the number of nonzero
eigenvalues) and can be much smaller for “approximately” low-rank matrices —
ones having only a few large eigenvalues. A related idea is stable rank, defined for
any matrix A
IAIE _ > si(A) T T
A) = === =r(A'A)=r(AA").
A=A T sy A A
where s;(A) denote singular values. Both are “soft” versions of rank that are
stable under small changes. Try Exercise 5.29 to get some intuition!

Remark 5.6.5 (High-probability guarantees). We covered expectation bounds,
but our argument actually gives a more informative high-probability guarantee:
for any u > 0,

K2r(logn +u) K?r(logn+u
19, - ) < oy Krloan b | Korllosntu)y oy s

with probability at least 1 — 2e~*. Here r = tr(X)/||X|| < n is the effective rank.
Check this in Exercise 5.26.

Remark 5.6.6 (Boundedness assumption). The boundedness assumption (5.20)
might seem strong, but it cannot be dropped in general: if X is isotropic but
zero with high probability, the sample is likely to consist entirely of zeros, mak-
ing covariance estimation impossible (formalize this argument in Exercise 5.27).
However, this assumption can be relaxed (see Exercise 6.34). In practice, it is
usually enforced by truncation — dropping a small percentage of samples with the
largest norm.

To practice with covariance estimation, try Exercise 5.30 about sampling from
frames, Exercise 5.31 to explore heavy-tailed random matrices, and Exercise 5.32
about matrix sketching.
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5.7 Notes

For more on concentration inequalities, see the book [52, 209], also [21, Chapter 3], parts of
[246, 136], and the tutorial [23].

The isoperimetric approach to concentration (Section 5.1) was first discovered by P.Lévy, who
proved Theorems 5.1.4 and 5.1.3 (see [147]). A full proof of the isoperimetric inequality on the
sphere (Theorem 5.1.3) can be found in [136, Section 2.2.1].

When V. Milman realized the power and generality of Lévy approach in 1970’s, it led to
far-reaching extensions of the concentration of measure principle, some of which we surveyed
in Section 5.2. To keep this book concise, we skipped many key methods, including bounded
differences, martingales, semigroups, transport, Poincaré and log-Sobolev inequalities, hyper-
contractivity, Stein’s method, and Talagrand inequalities (see [330, 209, 52]). Most of what we
covered in Sections 5.1 and 5.2 can be found in [21, Chapter 3], [246, 209].

The Gaussian isoperimetric inequality (Theorem 5.2.2) was first proved by B. Tsirelson,
I. Ibragimov and V. Sudakov [87] and C. Borell [50]. There are several other proofs of Gaussian
isoperimetric inequality, see [45, 22, 30]. There is also an elementary derivation of Gaussian
concentration (Theorem 5.2.3) from Gaussian interpolation instead of isoperimetry, see [272].

Concentration on the Hamming cube (Theorem 5.2.5) is a consequence of Harper theorem,
which is an isoperimetric inequality for the Hamming cube [155], see [46]. Concentration on the
symmetric group (Theorem 5.2.6) is due to B. Maurey [227]. Both Theorems 5.2.5 and 5.2.6 can
be also proved using martingales, see [246, Chapter 7].

The proof of concentration on Riemannian manifolds with positive curvature (Section 5.2.4)
can be found e.g. in [209, Proposition 2.17]. Many interesting special cases follow from this
general result, including Theorem 5.2.7 for the special orthogonal group [246, Section 6.5.1]
and, consequently, Theorem 5.2.9 for the Grassmannian [246, Section 6.7.2]. A construction
of Haar measure we mentioned in Remark 5.2.8 can be found e.g. in [246, Chapter 1] and
[125, Chapter 2]; the survey [240] discusses numerically stable ways to generate random unitary
matrices.

Concentration on the continuous cube and ball (Theorem 5.2.10) can be found in [209, Propo-
sitions 2.8, 2.9]. Theorem 5.2.11 on concentration for exponential densities is borrowed from
[209, Proposition 2.18]. The proof of Talagrand concentration inequality (Theorem 5.2.12) can
be found in [314, Theorem 6.6], [209, Corollary 4.10], [52, Section 6.6]; extensions for unbounded
distributions can be found in [167].

The original version of Johnson-Lindenstrauss Lemma (Theorem 5.3.1) was proved in [178].
For various versions of this lemma, related results, applications, and bibliographic notes, see
[225, Section 15.2]. The condition m > e 2log N is optimal [197].

The approach to matrix concentration inequalities we follow in Section 5.4 originates in
the work of R. Ahlswede and A. Winter [12]. A short proof of Golden-Thompson inequality
(Theorem 5.4.7), a result on which Ahlswede-Winter approach rests, can be found e.g. in [41,
Theorem 9.3.7] and [338]. While the work of R. Ahlswede and A. Winter was originally motivated
by quantum information theory, their approach later found use in other areas, with early work
including [349, 339, 148, 260].

The original argument of R. Ahlswede and A. Winter [12] yields a version of matrix Bernstein

inequality that is somewhat weaker than Theorem 5.4.1, namely with >°~  [|E X7?|| instead of o.
This quantity was later tightened by R. Oliveira [259] by a modification of Ahlswede-Winter’s
method and independently by J. Tropp [324] using Lieb inequality (Theorem 5.4.8) instead of
Golden-Thompson. In this book, we mainly follow J. Tropp’s proof of Theorem 5.4.1. J. Tropp’s
book [327] presents a self-contained proof of Lieb inequality (Theorem 5.4.8), matrix Hoeffding
inequality from Exercise 5.21, matrix Chernoff inequality, and many other matrix analogs of
classical scalar concentration inequalities. In matrix Bernstein inequality (Theorem 5.4.1) and
thus in general covariance estimation (5.28), the dimension factor n can be replaced with effective
rank [248], making these results dimension-free. For further results on matrix concentration, see
[248, 188, 25, 26, 59].

The survey [270] discusses several useful trace inequalities and outlines proofs of Golden-
Thompson inequality in Section 3 and Lieb inequality (embedded in the proof of Proposition 7).
The book [127] also contains a detailed exposition of matrix Bernstein inequality and some of
its variants (Section 8.5) and a proof of Lieb inequality (Appendix B.6).
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We state in Remark 5.4.6 and prove in Exercise 5.18 that 1/2 and Inz are matrix monotone
functions. A general theory of matrix monotone functions was developed by K Loewner [218].

Matrix Khintchine inequality (Theorem 5.4.14) can alternatively be deduced from non-com-
mutative Khintchine inequality due to F. Lust-Piquard [220]; see also [221, 65, 66, 281]. This
derivation was first observed and used by M. Rudelson [287].

For community detection in networks (Section 5.5), see the notes at the end of Chapter 4.
The approach to concentration of random graphs using matrix Bernstein inequality outlined in
Section 5.5 was first proposed by R. Oliveira [259].

In Section 5.6 we discussed covariance estimation for general high-dimensional distributions
following [340]. An alternative and earlier approach to covariance estimation, which gives sim-
ilar results, relies on non-commutative Khintchine inequalities; it was developed earlier by
M. Rudelson [287]. For more references on covariance estimation problem, see the notes at the
end of Chapter 4.

The notion of effective rank, introduced in Remark 5.6.3 and explored in Exercise 5.29, is
also known as the intrinsic dimension [327, Chapter 7].

The result of Exercise 5.31 is from [340, Section 5.4.2]. Exercise 5.32 gives an example of
sketching — a popular technique in numerical linear algebra, see for example [113, 98, 289, 5, 57,
214, 326, 325] and the surveys [223, 255].

We omitted a lot of concentration inequalities from this chapter; one particularly useful is the
bounded differences inequality (or McDiarmid inequality), which works not only for sums but for
general functions of independent random variables. It is a generalization of Hoeffding inequality
(Theorem 2.2.6).

Theorem 5.7.1 (Bounded differences inequality). Let X = (X1,...,Xn~) be a random vector
with independent entries.’® Let f : R™ — R be a measurable function. Assume that the value of
f(z) can change by at most ¢; > 0 under an arbitrary change?® of a single coordinate of x € R™.
Then, for any t > 0, we have

P{f(X) — E f(X) > t} < exp (—Z?{) :

Exercises

5.1 e (Continuous, differentiable, and Lipschitz functions)

(a) Show that every Lipschitz function is uniformly continuous.
(b) Show that every differentiable function f:R"™ — R is Lipschitz, and

[ fllLip < sup [V f(z)]l2.
rER™

—~
o
~

Find a non-Lipschitz but uniformly continuous function f : [-1,1] — R.
Find a non-differentiable but Lipschitz function f:[—1,1] — R.

—
o
Nag

5.2 ses Check all claims in Example 5.1.2.

5.3 sesew (Blow-up of exponentially small sets) Let A be a subset of the sphere /nS™ !
such that o(A) > 2exp(—cs?).

(a) Prove that o(As) > 1/2.
(b) Deduce that o(Ag;) > 1 — 2exp(—ct?) for any t > s.

19 The theorem remains valid if the random variables X; take values in an abstract set X and
f: X =R
20 This means that for any index i and any x1,. .., Zn, x}, we have

[f(z1,. o @im1, @, Tig1, ooy ) — f(@1, - i1, &), @ig1, -, @0 )| < 6.
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5.4 sse (Concentration in the geodesic metric) We stated Theorem 5.1.3 for functions that
are Lipschitz with respect to the Euclidean metric on the sphere. Show that it also works
with the geodesic metric, which measures the shortest arc between points.

55 w (Concentration on the unit sphere) We stated Theorem 5.1.3 for the scaled sphere
/nS™ 1. Deduce that a Lipschitz function f on the unit sphere S™ ! satisfies

CllfllLip

X)-Ef(X < 5.29
1£(X) = Ef(X)lly, < NG (5.29)
where X ~ Unif(S"~!). Equivalently, show that for every ¢ > 0,
ent?
P{IS(X) ~ES(0)] 2 t} < 2exp ( — 15— ) (5.30)
117

5.6 (Concentration about the mean and median are equivalent) For a random variable

"
Z with median M, show that
clZ=EZ|y, <N1Z =My, <CIZ —EZ|y,,

This allows us to swap the mean and median in concentration inequalities.

5.7 sse#e (Concentration is equivalent to blow-up) In Section 5.1.4, we derived Lipschitz
concentration on the sphere from the blow-up phenomenon (Lemma 5.1.6). Let’s reverse
this logic and show that Lipschitz concentration is always equivalent to blow-up. Consider
a random vector X taking values in a metric space (T, d). Suppose there exists K > 0
such that

1F(X) =Ef(X)lly, < KlflLip

for every Lipschitz function f : T — R. For a subset A C T, define o(A) := P{X € A},
thus making o is a probability measure on 7. Show that if o(A4) > 1/2, then?! for every
t > 0 we have

o(As) > 1 — 2exp(—ct?/K?).

5.8 wd (Gaussian concentration) Deduce the Gaussian concentration inequality (Theo-
rem 5.2.3) from Gaussian isoperimetric inequality (Theorem 5.2.2).

59 sesese (Concentration of maximum) In Proposition 2.7.6, we estimated the expected
maximum of n subgaussians. Now, let’s show that the maximum concentrates.

(a) Let X1,...,Xp be independent N(0,1) random variables. Prove that??
lmax X; — Emax X;||4, < C.
3 3
21 Here the neighborhood A; of a set A is defined in the same way as before, that is

A¢:={x € T: Ty € A such that d(z,y) < t}.
22 This result is often used together with the fact Emax; X; ~ v/21Inn, see Exercise 2.38(b).
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(b) More generally, let Xi,...,Xn be jointly normal random variables (recall Sec-
tion 3.3.2), not necessarily independent. Prove that

[|lmax X; — Emax X;||y, < Cmax+/Var(X;).
K2 K2 2

5.10 sesese (Concentration around the LP norm) In Exercise 5.6 we saw how we can always
swap the mean and median in concentration inequalities. Let’s prove the same for the L”
norm. For a random variable Z with EZ > 0 and p > 1, show that

12 = 1210, < CvBIlZ-EZ],.

5.11 wse (Pushing forward Gaussian to uniform measures) Let ®(z) denote the cumulative
distribution function of the standard normal distribution N(0,1). Consider a random
vector Z = (Z1,...,2Zn) ~ N(0, I). Check that

¢(2) = (®(Z1),...,®(Zn)) ~ Unif([0,1]™).

5.12 de#e (Concentration on the continuous cube) Prove Theorem 5.2.10 for T = [0,1]" as
follows:

(a) Express X = ¢(Z) using Exercise 5.11. Then, use Gaussian concentration to control

the deviation of f(¢(Z)) in terms of |[f o ¢l[Lip < [[fl|Lip |¢llLip-
(b) Show that [|¢||1,ip is bounded by a constant, and then finish the proof of the theorem.

5.13 spsese (Concentration on the continuous ball) Prove Theorem 5.2.10 for T = Bj by a
strategy similar to Exercise 5.12:

(a) Define a function ¢ : R® — /nBj that pushes forward the Gaussian measure on
R"™ into the uniform measure on y/nBY.
(b) Check that ¢ has bounded Lipschitz norm.

5.14 sesese (Johnson-Lindenstrauss with subgaussian matrices) Let A be an m X n random
matrix with mean-zero, subgaussian, isotropic rows. Show that Johnson-Lindenstrauss
lemma (Theorem 5.3.1) holds for @ = (1/4/m)A. This covers the important binary
Johnson-Lindenstrauss case, where A has +1 entries (how?)

5.15 wesese (Optimality of Johnson-Lindenstrauss lemma) Let’s show that the dimension n =
O(log N) in Johnson-Lindenstrauss lemma (Theorem 5.3.1) is optimal — even if we allow
nonlinear dimension reduction maps. Here is how:

(a) Let z1,...,2zn be vectors in R™ that satisfy 1 < [|z; — z;]|2 < 2 for all distinct 4, 5.
Show that N < 5™.
(b) Let n < %log N. Find vectors x1,...,xN in RY for which there does not exist any

map T : RY — R™ that satisfies

0.99|lz; — zj|l2 < |T(x;) — T(x;)||2 < 1.01||z; — x|z foralld,j=1,...,N.

5.16 sese (Matrix Taylor series) Let’s practice with Definition 5.4.2 of matrix functions. Let
X be an symmetric matrix.
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5.17

5.18

5.19

5.20

5.21

5.22

Concentration Without Independence

(a) For any polynomial f(z) = ap+ai1z+- -+ apa?, check that f(X) =aoln +a1 X +
-+ 4+ apXP. On the right hand side, we use matrix addition and multiplication, so
XP there is interpreted as X matrix-multiplied by itself p times.

(b) More generally, if f(z) =Y 7o ap(z — 20)" is a convergent power series in a neigh-
borhood of g, check that f(X) = Y77 ap(X — z01n)*, where this matrix series
converges in the Frobenius norm (where?), and thus also in the operator norm.

(c) Argue that

2 3
x X? X
e —In+X+7+?

= (Matrix monotonicity)

(a) Check that for commuting matrices X,Y,
XY = f(X)=Xf(Y) forany weakly increasing f : R — R.

(b) Give an example showing that property (a) may fail for non-commuting matrices.

W

www (Matrix monotonicity of 1/x and Inz) Let X and Y be symmetric n X n matrices
such that X is invertible and

0XXY.
(a) Prove that Y is also invertible, and
X t-y!

(o)
ln;r::/ (L— 1 )dt.
o \I+t z+t

(¢) Using the formula in (b), deduce from (a) that

= 0.

(b) Check the identity

InX <InY.

s (Matrix exponentiation) Let X and Y be n X n symmetric matrices.

(a) Show that if the matrices commute, i.e. XY = Y X, then eXtY = eXe¥
(b) Find an example of matrices X and Y such that eX Y £ eXeY.

Wow
- e

Deduce from matrix Bernstein inequality (Theorem 5.4.1) the following expectation
bound:

1/2
v 1+4logn+ K(1+logn).

N
MQ:&
=1

N
S[Sex
=1

swdw (Matrix Hoeffding inequality) Prove matrix Hoeffding inequality (Theorem 5.4.13)
following the proof of matrix Bernstein inequality (Theorem 5.4.1).

W

sedpw (Matrix Khintchine inequality) Deduce matrix Khintchine inequality (Theorem
5.4.14) from matrix Hoeffding inequality (Theorem 5.4.13).
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s (Matrix Bernstein inequality for rectangular matrices) Let X71,..., Xy be indepen-
dent, mean-zero, m X n random matrices, such that || X;|| < K almost surely for all i.
Prove that for any ¢ > 0, we have

N
IP{HZXi
i=1

2
Zt}§2(m+n)exp(7#/ﬁt/3),

where

N N
o2 = HZEXJXi n HZE}QXJ
=1 1=1

W

=% (Matrix Khintchine for rectangular matrices) Let’s prove a version of matrix Khint-
chine inequality (Theorem 5.4.14) for rectangular matrices. Let 1, ...,enx be independent
Rademacher random variables and let Aj,..., Ay be any (fixed) m X n matrices. Show
that, for every p € [1,00) we have

& N
p\1/p
(EHZ‘SiAi ) < Coy/p+log(m+n), where o2 = HZAZA%
i=1 —

N
+ > aial
=1

weww (Stochastic block model without loops) Definition 4.5.1 of the stochastic block
model G(n, p, q) allows loops, meaning every vertex connects to itself with probability p.
Modify this definition to disallow loops, then prove a version of Theorem 5.5.1 under this
adjustment.

we (Covariance estimation: a high-probability guarantee) Prove the high-probability
version of the covariance estimation result stated in Remark 5.6.5.

w# (Covariance estimation: the boundedness assumption) Show that the boundedness
assumption (5.20) cannot be dropped from Theorem 5.6.1 in general. (See Remark 5.6.6.)

weww (Logarithmic factor in covariance estimation and matrix Bernstein) Let’s show
that a logarithmic factor is unavoidable in general covariance estimation (5.24) and matrix
Bernstein inequality (5.17).

a) Give an example of a probability distribution where the covariance estimation bound
Yy
I12m — 3| < ||2]| fails with high probability unless m 2 nlogn.
(b) Conclude that the logarithmic factors in matrix Bernstein inequality (5.17) cannot
be dropped.

W

we (Effective rank) For an n X n symmetric positive-semidefinite matrix 3, we defined
the effective rank of ¥ in (5.26) as

tr(X)

=1

r =

Unlike exact rank, which counts the nonzero eigenvalues, the effective rank is a more
robust sense of how many eigenvalues actually matter for the matrix’s structure.
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5.30

5.31

5.32

Concentration Without Independence

(a) Show that 1 < r(X) < rank(X) < n.

(b) Show that this inequality is optimal: there are matrices of full rank but whose
effective rank is arbitrarily close to 1.

(¢) (Stability) Show that, unlike the (algebraic) rank, the effective rank is a continuous
function of the matrix (e.g. with respect to the operator norm).

(d) Show that if the random vector X takes values in a k-dimensional subspace of R",
then ¥ = E X X T satisfies rank(X) < k and thus r(2) < k.

W

% (Sampling from frames) Consider an equal-norm Parseval frame®® (up, ..., um) in
R™. Show that, with high probability, a random sample of

m 2 nlogn

frame elements still forms an “approximate” frame (formalize this notion).

s (Random matrices with general independent rows) Let’s prove a version of The-
orem 4.6.1 for random matrices with arbitrary, not necessarily subgaussian, distributions
of rows. Let A be an m X n random matrix with independent, isotropic rows A;. Assume
that for some K > 0,

|Aill2 < Kv/n almost surely for every i.

Prove that, for every ¢t > 1, one has

vm — Kt\/nlogn < sn(A) < s1(4) < vVm + Kty/nlogn

—ct?

with probability at least 1 — 2n

swew (Matrix sketching) Some matrices are too big to compute eigenvalues and eigen-
vectors directly. A trick to handle this is subsampling—picking a random set of rows or
columns to make a smaller matrix. Let’s show that we can approximate the singular val-
ues of a tall N X n matrix A using a smaller matrix B, made by randomly selecting
m = O(nlogn) rows (with replacement, uniform probability). Assuming all rows of A
have the same norm, prove that if m > Cnlogn, then the singular values satisfy

mas [s:(4) = Xsi(B)?] < 0.151(4)°

1=1,...,n

with probability at least 0.9.

23 The concept of frames was introduced in Section 3.3.5. By equal-norm frame we mean that

[lusll2 = ||ujll2 for all ¢ and j.
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Quadratic Forms, Symmetrization and
Contraction

In this chapter, we introduce a number of basic tools of high-dimensional proba-
bility: decoupling in Section 6.1, concentration for quadratic forms (the Hanson-
Wright inequality) in Section 6.2, symmetrization in Section 6.3 and contraction
in Section 6.6.

We illustrate these tools with a few applications. In Section 6.4 (and Exer-
cise 6.28), we show that the operator norm of a random matrix is essentially
equivalent to the maximal Euclidean norm of its rows and columns. We use this
result in Section 6.5 for matriz completion, where we recover a low-rank matrix
from a random sample of its entries.

Many more topics are explored in exercises. You will bound the norm of a
subgaussian random vector (Exercise 6.10) and apply it to derive Hanson-Wright
inequality for subgaussian random vectors (Exercise 6.11) and for mean estima-
tion of a subgaussian distribution (Exercise 6.12); extend the concentration of
norm (Theorem 3.1.1) to anisotropic random vectors (Exercise 6.13) and apply
it for the distance from a random vector to a subspace (Exercise 6.14) and graph
cutting (Exercise 6.15), explore the notion of type of normed spaces (Exercises
6.23, 6.24) and apply it to extend the approximate Caratheodory theorem (The-
orem 0.0.2) for the ¢? norm, and extend covariance estimation for unbounded
distributions (Exercise 6.34).

6.1 Decoupling

In Chapter 2, we studied sums of independent random variables like

i=1

where X1, ..., X, are independent random variables and a; are fixed coefficients.
Now, let’s look at quadratic forms like
> aXiX; = XTAX = (X, AX) (6.2)
ij=1

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd
Edition by Roman Vershynin. This pre-publication version is free to view and download for personal
use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.

If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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where A = (a;;) is an n x n coefficient matrix and X = (Xy,...,X,,) is a random
vector with independent coordinates. Such a quadratic forms are known as chaos.

Computing the expectation of a chaos is easy. For simplicity, let us assume that
X, have zero means and unit variances. Then

EXTAX =Y a;EX;X; =) ay=trA
ij=1 i=1
It is harder to establish a concentration for a chaos, because the terms of
the sum in (6.2) are not independent. We can overcome this difficulty by the
decoupling technique, which we will introduce now.
The goal of decoupling is to replace the quadratic form (6.2) with the bilinear
form

D a XX = XTAX' = (X, AX'),

ij=1
where X’ = (X7,...,X/) is an independent copy of X — a random vector inde-
pendent of X and with the same distribution as X. Bilinear forms are easier to

analyze than the quadratic forms, since they are linear in X. If we condition on
X', we may treat the bilinear form as a sum of independent random variables

=1 j=1 i=1
with fixed coefficients b;, much like we treated the sums (6.1) before.

Theorem 6.1.1 (Decoupling). Let A be an n X n diagonal-free matriz.' Let X
be a random vector in R™ with independent mean-zero coordinates, and let X' be
an independent copy. Then, for every convex function F : R — R,

EF(XTAX) <EF(4XTAX'). (6.3)

Here is the proof idea in a nutshell. We start by replacing the chaos XTAX =
>_i;@i;X;X; by the “partial chaos”

Z G/inin
(1,j)€IXIc

where I C {1,...,n} is a randomly chosen subset of indices. The benefit is that
sums run over disjoint sets for ¢ and j, so we can swap X, with an independent
copy X without changing the distribution. Then, we use Jensen’s inequality to
extend this partial chaos back to the full sum XTAX' = 3, ~a;; X;X}. Now we
pass to a detailed proof.

Proof Step 1: Randomly selecting a partial sum. To specify a random
subset of indices I, let us introduce selectors — independent Bernoulli random
variables d1,...,9d, € {0,1} with P{6; = 0} =P{d;, = 1} = 1/2, and define

I={i: ¢ =1}

I Diagonal-free means that all diagonal entries of A equal zero.
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Condition on X. Since by assumption a;; = 0 and

11 1
= = — forall i # j,

we may express the chaos as
XTAX = Zainin :4E52(51(1 —6]')(1inin :4]E] Z Clinin.
i i (i.)eIxIe
(The subscripts 0 and I indicate the sources of randomness in these conditional
expectations. Since X is fixed, the expectations are taken over the random selec-

tors § = (61,...,0,), or equivalently, the random index set I. We will keep using
this notation later.)

Step 2. Applying F'. Apply the function F' to both sides and take expectation
over X. Using Jensen inequality and Fubini theorem, we obtain

(i,j)eIxIc
It follows that there exists a realization of a subset I such that
Ex F(XTAX) <Ex F(4 3 ayXiX;).
(i,j)EIxIe

Fix such realization of I until the end of the proof (and drop the subscripts
X in the expectation for convenience.) Since the random variables (X;);c; are
independent from (Xj),cze, the distribution of the sum in the right side will not
change if we replace X; by X7. So we get

]EF(XTAX)gEF(4 3 ainin’,).
(i,5)eIxIc

Step 3. Completing the partial sum. It remains to complete the sum in
the right side to the sum over all pairs of indices. We want to show that

(i,j)EIxIe (1,5)€[n]x[n]
where we use the notation [n] = {1,...,n}. To do this, we decompose the sum

in the right side as

Z ainng/‘: Z GiniX;+ Z ainiX§+ Z ainiXJ{.

(4,4)€[n] x[n] (i,5)eIxIc (i,5)€IxI (4,)€I¢X[n]

Y Z

Condition on all (X;)ic; and (X7);ecse, and denote this conditional expectation
by E'. This fixes Y, while Z has zero conditional expectation (check!). Thus, by
Jensen inequality, we get

F4Y) = F4Y + E'[47)) = F(E'4Y +4Z]) <E F(4Y +42).
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Finally, taking expectation over all remaining random variables, we get
EF(4Y) <EF(4Y +42).

This proves (6.4) and finishes the argument. O

Remark 6.1.2 (Diagonal-free assumption). This assumption is essential in The-
orem 6.1.1, since the conclusion fails for diagonal matrices when F'(z) = x (why?).
But we can include the diagonal on the right hand side: for any n X n matrix
A = (a;j), we get

IEF( 3y ainin) gEF<4ZainiX;) (6.5)
i\j: i i

Check this in Exercise 6.1 and explore other variants of decoupling in Exer-
cises 6.2—6.4.

6.2 Hanson-Wright inequality

As a warm-up, let’s ask: if X is a subgaussian random vector in R™, what can
we say about its norm? If X has independent coordinates, the norm concentrates
(Theorem 3.1.1). But in general, it does not have to — it can be too small with
high probability (Exercise 3.37). However, it can’t be too large:

Proposition 6.2.1 (The norm of a subgaussian random vector). Let X be a
mean-zero subgaussian random vector in R™ with || X||, < K. Then, for every
t>0,

P{IX|, > CK(Vn+1)} < e

Proof Without loss of generality, we may assume that K = 1. Squaring and
exponentiating both sides and using Markov inequality, we get

P{c|[X]l, > Vi + 1} < e+ Eexp(e?| X |2). (6.6)

Now we use a Gaussian replacement trick: for some absolute constant ¢ > 0,
we claim that

Eexp(c’||X[l;) < Eexp(llgll;/4) where g~ N(0,1,). (6.7)

To see this, condition on X (this treating it as a fixed vector); then (g, X) ~
N(0,]|X]3) by Corollary 3.3.2, so*

exp(*]|X|13) = E, exp(v2¢(g, X)),

where E; denotes the conditional expectation over g (conditional on X'). Now
take expectation over X on both sides and apply Fubini:

Ex exp(c2HXH§) =ExE, exp(\/§c<g, X)) =E,Ex exp(\/§c<X, 9)). (6.8)

2 Here we used that the MGF of h = N(0,02) is Eexp(Ah) = exp(A252/2), see (2.16).
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When we condition on g (thus treating g as a fixed vector), the subgaussian norm
of (X, g) is at most 1 by assumption® || X||,, = 1, so Proposition 2.6.6(iv) gives

Ex exp(v2¢(X, 9)) < exp(|lg]l3/4)

for some absolute constant ¢ > 0. Substitute this into (6.8), and (6.7) is proved.
Since ||g||3 = g7 + - - - + g2 where g; ~ N(0,1) are i.i.d., we have®

E,exp (|lgl5/4) = (Eexp(g;/4))" = (V2)" <™.
Substitute into (6.7) and (6.6) to complete the proof. O
To practice Gaussian replacement, prove an anisotropic version of Proposi-
tion 6.2.1 in Ecercises 6.9, 6.10.
The Gaussian replacement trick we just learned will be handy when proving

concentration of a chaos — a quadratic version of Bernstein inequalty:

Theorem 6.2.2 (Hanson-Wright inequality). Let A be an nxn matriz. Let X =
(X1,...,Xn) € R™ be a random vector with independent, mean-zero, subgaussian
coordinates. Then, for every t > 0, we have

. t2 t
P{IXTAX —EXTAX]| > t} < 2exp | — cmin (K4HAH%’ KQHAHH’

where K = max; || X;||y, -

Our proof will be based on bounding the MGF of XTAX. Here is the plan:

(a) replace XTAX by XTAX' by decoupling;
(b) replace XTAX' by g" Ag’ using Gaussian replacement, for g ~ N(0, I,,);
(c) compute g" Ag’ by diagonalizing A using rotation invariance of N (0, I,,).

We start with (b), a version of Gaussian replacement we learned in the proof
of Proposition 6.2.1. Can you prove it on your own without peeking at the proof?

Lemma 6.2.3 (Gaussian replacement). Let A be an n X n matriz. Let X be a
mean-zero, subgaussian random vector in R"™ with | X||y, < K, and X' be its
independent copy. Let g,g' ~ N(0,1,) be independent. Then, for any A € R,

Eexp(AX'AX') < Eexp(CK?*)\g" Ag').

Proof Condition on X’ and take expectation over X, which we denote Ex. Then
the random variable XTAX' = (X, AX’) is (conditionally) subgaussian, with
subgaussian bounded by K||AX'||,. Then Proposition 2.6.6(iv) gives

Ex exp(AXTAX') < exp(CN’K?||AX'|2), MER. (6.9)

3 Recall Definition 3.4.1.
4 Here we used the MGF of square of h = N(0,1): Eexp(Ah?) = (1 — 2))~1/2 for A < % (check!).
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Compare this to the normal MGF formula (2.16). Applied to the normal random
variable gTAX’ = (g, AX") (still conditionally on X'), it gives

E,exp(ug' AX') = exp(u®|AX"|3/2), neR. (6.10)
Setting p = V2C K\, we match the right sides of (6.9) and (6.10) and obtain
Ex exp(AXTAX') < E,exp(V2CK\g'AX').

Taking expectation over X’ of both sides, we see that we have replaced X by g
in the chaos, at a cost of the factor vV2C K. Repeating for X', we can replace it
with ¢/, paying another factor vV2CK. (Try it yourself!) O

Now we move on to step (c) of our plan:

Lemma 6.2.4 (MGF of a Gaussian quadratic form). Let A = (a;;) be ann xn
matriz, and let g, g’ ~ N(0,1,) be independent. Then
1
e —
2||All
Proof Let’s use rotation invariance of the normal distribution to diagonalize A.

With its singular value decomposition (4.4), A =UXVT, we can write

g"Ag = (UTg)"S(V'q).

Eexp(Ag' Ag') < exp (N°||A||%)  whenever ||

By rotation invariance of the normal distribution (Proposition 3.3.1), UTg and
VTg' are independent standard normal random vectors in R™. So,

dist -
9" Ay = g"Sg = sigid,
=1

where “dist” indicates equality in distribution and s; are the singular values of
A. This is a sum of independent random variables, so

Eexp(Ag'Ag') = EHEexp(Asigigg) = HEexp()\sigigg). (6.11)

Now, for each 7 and ¢t € R, we have

( I) ( : Z2) / <— (t2) i t2 < —
]EeX t g, ) — H:eX ex li .

The first identity here follows by conditioning on g; and using the MGF formula
(2.16) for the normal random variable g}; the other steps are direct calculations
(check them!).® Substituting this bound with ¢ = \s; into (6.11), we get

1
Eexp(Ag™Ag)) <exp (X3 0s7) if M <o
exp(AgTAg') < exp ZS X< d?
Since s; are the singular values of A, we have ), s7 = [|A[|% and max; s; = ||A||
(recall Lemma 4.1.11). The lemma is proved. O

5 Or use (2.31) for the subexponential random variable g? to get the same result up to constants.
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Proof of Hanson-Wright inequality (Theorem 6.2.2) Without loss of generality,
we may assume that K = 1. (Why?) As usual, it is enough to bound the one-sided
tail

p=P{XTAX —EXTAX >t}.
Indeed, once we have a bound on this upper tail, a similar bound will hold for
the lower tail as well (since one can replace A with —A). By combining the two

tails, we would complete the proof.
In terms of the entries of A = (a;;)i',_,, we have

XTAX =) ay;X;X; and EX'AX =) a;EX?,
.3 i
where we used the mean-zero assumption and independence. So
XTAX —EXTAX =) au(X? —EXD)+ > ayX,X;.
i Qi i
The problem reduces to estimating the diagonal and off-diagonal sums:
p < IP’{Z ai(X? —EX?) > t/2} + IP’{ > a XX, > t/2} =:p1 + po.
i R
Step 1: Diagonal sum. Since X; are independent and subgaussian, X? —E X?
are independent, mean-zero, and subexponential, and
1X7 —EX7y, S 1X7 s, S 1K, S 1.

(This follows from centering (2.26) and Lemma 2.8.5.) Then Bernstein inequality
(Corollary 2.9.2) gives

<exp [ —emin (L] <o [ emin (o L)
ex — CcImin ex —cmmn |\ ——=, ——— .
br=ep La2 max; |ag| /) = P A2 TTA]

Step 2: Off-diagonal sum. It remains to bound the off-diagonal sum
Si= Y ayXX;.
,J11FE]
Let A > 0 be a parameter to be determined later. By Markov inequality, we have
pe =P{S >t/2} = P{A\S > A\t/2} < exp(—At/2) Eexp(AS). (6.12)
Now,
Eexp(AS) < Eexp(4AXTAX') (by decoupling (6.5))
< Eexp(CiAg"Ag') (by Gaussian replacement, Lemma, 6.2.3)
<exp(CN\?||A4]|%) (by Gaussian MGF bound, Lemma 6.2.4),

whenever |A| < 5. Putting this bound into (6.12), we obtain

ps <exp (— At/2+ CN?||A|%).
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Optimizing over 0 < \ < m, we conclude that
< exp [ - emin (T 7))
po < exp | — cmin — 1.
IAlIE" 1Al

(Check!) Summarizing, we obtained the desired bounds for the probabilities of
diagonal deviation p; and off-diagonal deviation p,. Putting them together,® we
complete the proof of Theorem 6.2.2. Ul

Practice these techniques! Find a direct proof of Hanson-Wright for the Gaus-
sian distribution (Exercise 6.7), prove versions where X; are random vectors (Ex-
ercise 6.8) or have dependent entries (Exercise 6.11), and apply them to mean
estimation (Exercise 6.12), concentration of norm for anisotropic distributions
(Exercise 6.13), distance from a random vector to a subspace (Exercise 6.14),
and graph cutting (Exercise 6.15).

6.3 Symmetrization

A random variable X is called symmetric if it has the same distribution as —X.
A basic is a Rademacher random variable, which takes values —1 and 1 with
equal probabilities. Mean-zero normal random variables X ~ N(0,0?) are also
symmetric, while Poisson or exponential random variables are not.

This section introduces symmetrization, a. useful trick for reducing problems to
symmetric distributions — and sometimes even to the Rademacher distribution.
It is based on the following elementary observation:

Lemma 6.3.1 (Constructing symmetric distributions). Let X be a random vari-
able and € be an independent Rademacher random variable.

(a) £X and | X| are identically distributed and symmetric.
(b) If X is symmetric, both £X and £|X| have the same distribution as X .
(¢) If X' is an independent copy of X, then X — X' is symmetric.

Proof Let’s just check that £X is symmetric — you will prove the rest in Exer-
cise 6.16. For any interval A C R, the law of total probability (1.17) gives

IP’{§X€A}:IP’{{XGA\fz1}-%+P{§X€A[§:_1}.%
:%(]P’{XEA}+IP’{—X6A}).

Doing the same for —£X gives the same result (check!). So £X and —¢X have
the same CDF, meaning they have the same distribution. O

For practice, try making symmetric versions of distributions like Bernoulli and
exponential (see Exercise 6.17).

% You might notice we get a factor of 4 instead of 2 in Theorem 6.2.2 — this happens because we
bound both upper and lower tails separately. But we can replace 4 with 2 by adjusting the constant
¢ in the exponent. (How?)
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Lemma 6.3.2 (Symmetrization). Let Xi,..., Xy be independent, mean-zero
random vectors in a normed space, and let eq, . .., exn be independent” Rademacher
random variables. Then

1 N N
1] e <5

This lemma lets us replace any random variables X; by symmetric ones €; X;.

N
<2E H Y eiX
=1

Proof Upper bound. Let (X/) be an independent copy of (X;). Since >, X/
has zero mean, we have

p::IEHZXi gEHZXi—ZX;

The inequality comes this fact: for independent random vectors Y and Z,

—E|| 20X - X))

EZ =0 implies E||Y| <E|Y + Z|. (6.13)

(Check it!) Next, since (X; — X/) are symmetric random vectors, they have the
same distribution as &;(X; — X/) (Exercise 6.16(b)). Then

p < EH Z&(Xz' - X;)

=2E H Z £;X;|| (since the two terms are identically distributed).

Lower bound. The argument here is similar:

E H Z&:Xz'

(by triangle inequality)

7

=E Z(Xi - X)
+IEJHZX{

<E Z X

<2E H Z Xi|| (by identical distribution). O
Now, ask yourself — where did we use X;’s independence? Do we need mean

zero for both upper and lower bound?

Try proving a few versions of symmetrization lemma yourself (see Exercises 6.19—
6.21).

(condition on (g;) and use (6.13))

(the distribution is the same)

(by triangle inequality)

7 We assume without saying that (g;) are independent of (X;), so technically X1,...,€1,...,en are
jointly independent.
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6.4 Random matrices with non-i.i.d. entries

A typical application of symmetrization consists of two steps: first, replace ran-
dom variables X; with symmetric ones €;X;, then condition on X; so that all
randomness comes from signs e;. This reduces the problem to Rademacher ran-
dom variables. To illustrate this technique, let’s bound the operator norm of a
random matrix with independent, non-identically distributed entries.

Theorem 6.4.1 (Norm of random matrices with non-i.i.d. entries). Let A be an
n X n symmetric random matriz with independent, mean-zero entries above and
on the diagonal. Then

Emax||A4;2 < E[|A]| < Cv/logn - Emax|| A2,
where A; denote the rows of A.

Although the operator norm of a matrix is usually hard to express in terms
of its entries, but for random matrices, we get pretty close: Theorem 6.4.1 shows
it is roughly the maximal Euclidean norm of the rows, up to a log factor. And
unlike earlier results, we require no moment assumptions on the entries at all!

Proof The lower bound should already be familiar to you (recall Exercise 4.7).
For the upper bound, we will use symmetrization and the matrix Khintchine
inequality (Theorem 5.4.14).

Let’s decompose A entry by entry, keeping symmetry in mind — just like we did
in the proof of Theorem 5.5.1. Denote the standard canonical basis vectors in R"
by ey, ...,e, and write A as a sum of independent, mean-zero random matrices:

A= Z Z;j, Where

i<j

n T

7 Aij(eieJT- + €j€2—)7 1< j
‘ Ajieie; =7

Apply symmetrization (Lemma 6.3.2):

EllA|l =E|Y" 2,
1<j

< 21@;“2 e Zisl, (6.14)
i<j

where (¢;;) are independent Rademacher random variables.

Condition on (Z;;), apply the matrix Khintchine inequality (Theorem 5.4.14)
for p = 1, then take expectation over (Z;;) using the law of total expectation.
This gives

1/2). (6.15)

EHZ EijZij
1<y

Now, just like in the proof of Theorem 5.5.1, each Z;; is a diagonal matrix:

SN
1<j

72 A?j(eie;r + 6;‘6}-)’ 1<
i\ A2eeT L
ii€i€; » =17
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SO

n

S22 =3 (30 A% )eiel = DIl Aderel
1<j =1 j=1 =1

In other words, Zigj ij is a diagonal matrix with diagonal entries equal || A4;||3.

Since the operator norm of a diagonal matrix is the maximal absolute value of

its entries, we get

|5 72| = max| 3.
1<j
Substitute this into (6.15) and then into (6.14) to complete the proof. O

To practice the symmetrization technique, try Exercises 6.22-6.29 now.

6.5 Application: matrix completion

One exciting application of the methods we learned is matrix completion — re-
covering missing entries from a partially observed matrix. Of course, this is not
possible without knowing something extra about the matrix. Let’s show that for
low-rank matrices, we can recovering the missing entries algorithmically.

To describe the problem mathematically, consider an n X n matrix X with

rank(X) =r

where r < n. Suppose we are shown a few randomly chosen entries of X. Each
entry X;; is revealed to us independently with some probability p € (0,1) and is
hidden from us with probability 1 — p. In other words, assume that we observe
the n X n matrix Y with entries

Y :==06,;X;; where §;; ~ Ber(p) are independent.

These §;; are selectors — Bernoulli random variables that select the entries we
observe (and all unobserved entries are replaced with zeros). If

m

p= (6.16)

n2
then we observe m entries of X on average.

How can we recover X from Y'? Although X has small rank r, Y may not have
small rank. (Why?) To fix this, we can pick the best rank r approrimation to Y
(see Section 4.1.5). Properly scaled, this gives a good estimate of X:

Theorem 6.5.1 (Matrix completion). Let X be a best rank r approximation to
p~ Y. Then

rnlogn

1 .
E|X-X|s<C 1X o

as long as m > nlogn. Here || X |« = max; ;|X;;| is the largest entry.
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Before we prove Theorem 6.5.1, note that the recovery error

%HX —XHF = < Z‘XU lj| ) /2'

i,j=1

represents the average error per entry (in the L? sense). If we choose the average
number of observed entries m so that

m > C'rnlogn

with large constant C’, then Theorem 6.5.1 guarantees that the average error
is much smaller than || X||«. So, matriz completion is possible if the number of
observed entries exceeds rn by a logarithmic margin.

Proof We first bound the recovery error in the operator norm, and then pass to
the Frobenius norm using the low rank assumption.

Step 1: Bounding the error in the operator norm. Using the triangle
inequality, we can split the error as follows:

IX = X|| < | X =p Y[+ [p7'Y = X||.
Since we have chosen X as a best rank r approximation to p~ Y, the second
summand dominates, i.e. | X —p~'Y| < |[p~'Y — X||, so we have

) B 2
X - X[ <2p™'Y - X|| = ];IIY—pX||~ (6.17)

Note that the matrix X , which is tricky to handle, is gone the bound. Instead,
we get Y — pX, which is easier to understand since its entries,
(Y = pX)i; = (0i5 — p) Xij,

are independent, mean-zero random variables. Using Theorem 6.4.1 (more pre-
cisely, its non-symmetric version, see Exercise 6.28), we get

E[lY —pX]| < Cy/logn (IEIngII(Y = pX)ullz + Emax]| (Y ~ pX):sz)- (6.18)

To bound the norms of the rows of Y — pX, we write them as

n

1Y —pX)allz =D (65 — <Z i =) X%,

j=1
and similarly for columns. These sums of 1ndependent random variables can be
easily bounded using Bernstein (or Chernoff) inequality, which yields

E max 5 — )% < pn.
P JZI( ij p) ~ P

(Do this calculation yourself in Exercise 6.30!) Combining with a similar bound
for the columns and substituting into (6.18), we obtain

EIY —pX| 5 vpnlogn || X||«.
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Then, by (6.17), we get

nlogn

E|X-X|S X - (6.19)

Step 2: Passing to Frobenius norm. We have not used the low rank assump-
tion yet, and will do this now. Since rank(X) < r by assumption and rank(X) < r
by construction, we have rank(X — X)) < 2r. This implies

IX = X|lr < V2r| X - X].
(This follows from Lemma 4.1.11, see Exercise 4.4.) Taking expectations and

using the bound on the error in the operator norm (6.19), we get

E|X - X <

Dividing both sides by n, we can rewrite this bound as

1, 4 rnlogn
E—-[|X -X|r= 5 1 X
n n
To finish the proof, recall that pn* = m by the definition (6.16) of p. O

Remark 6.5.2 (Extensions). Theorem 6.5.1 can be extended and improved in
many ways. Try to generalize it to rectangular matrices (Exercise 6.31) and noisy
observations (Exercise 6.32). It is less trivial but possible to remove the logarith-
mic factor from the error bound, and achieve zero error for noiseless observations
— see the notes after this chapter for details.

6.6 Contraction principle

We conclude this chapter with one more useful inequality.

Theorem 6.6.1 (Contraction principle). Let xi,...,zx be any vectors in a
normed space, let a = (ai,...,ay) € RY, and let €1,...,ex be independent
Rademacher random variables. Then

N N
EHZCMQ% < |lal|co EHZQ:@
i=1 i=1

Proof Without loss of generality, assume ||a||o < 1. (Why?) Define the function

f(a) = EH% aeizi|. (6.20)

Then f: RY — R is convex — check this in Exercise 6.35!
We want to bound for f on the set of points a satisfying ||al|. < 1, i.e. on
the unit cube [—1,1]¥. By the maximum principle (Exercises 1.4 and 1.5), the
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maximum of the convex function f on the cube is attained at a vertex, where all
a; = +1.

For such a, the random variables (£;a;) have the same distribution as (&;) by
symmetry. Thus

)

N
EH E a;E;%;
i=1

N
:]EH E E;X;
i=1

Thus, f(a) <E|| SN e;2;|| whenever [lal| < 1, completing the proof. O

As an application, let us prove a version of symmetrization (Lemma 6.3.2) but
with Gaussian random variables g; ~ N(0, 1) instead of Rademachers.

Lemma 6.6.2 (Symmetrization with Gaussians). Let X,..., Xy be indepen-
dent, mean-zero random vectors in a normed space. Let gy,...,gy ~ N(0,1) be
independent Gaussian random variables, which are also independent of X;. Then

N
JIQWEH;‘(’X

N
s $ox
1=1

N
<3E H ZgiXi
i=1

Proof Upper bound. By symmetrization (Lemma 6.3.2), we have

N N
=1 i=1

To replace the Rademacher random variables with Gaussians, recall that E|g;| =
\/2/m. Thus we can continue our bound as follows:®

N
™
E < 2\/5 EX H ;eiEg |gz|Xz
T N
< 2\/QEH;&|91'|X¢
T N

The last equality holds since the random variables (e;|g;|) have the same joint
distribution as (g¢;) (Lemma 6.3.1(b)).
Lower bound can be proved by using contraction principle (Theorem 6.6.1)

(by Jensen inequality)

8 Here we use index g in E4 to indicate that this is an expectation “over (g;)”, i.e. conditional on
(X;). Similarly, Ex denotes the expectation over (X;).
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and symmetrization (Lemma 6.3.2). We have
N N
i=1 i=1

<E,Ex (”gHoo E.

(by symmetry of g;)

N
ZEiX,’
i=1

N
= ]Eg <Hg’oo EE IEX H ZEiXi
i=1
N
< 2E, <|rg||w Ex| > X
=1

=2(Ellgll-) (E | ix

It remains to recall that

) (by Theorem 6.6.1)

) (by independence)

) (by Lemma 6.3.2)

) (by independence).

Ellgllse < Cv/logN.

(see Proposition 2.7.6 or Exercise 2.38(a)). The proof is complete. O

Remark 6.6.3 (The log factor is unavoidable). The logarithmic factor in Lemma
6.6.2 is necessary and optimal in general (Exercise 6.37), making Gaussian sym-
metrization weaker than Rademacher’s.

Get more practice with contraction: prove it for general distributions (Exer-
cise 6.36) and convex functions of norms (Exercise 6.38).

6.7 Notes

The decoupling inequality in Theorem 6.1.1 was originally proved by J. Bourgain and L. Tzafriri
[65]. For related results and extensions, see the paper [97] and the books [96], [127, Section 8.4].

The original Hanson-Wright inequality, somewhat weaker than Theorem 6.2.2, goes back to
[154, 350]. The modern version of Hanson-Wright inequality inequality (Theorem 6.2.2) and its
proof in Section 6.2 are from [292]. Several special cases appeared earlier in [127, Proposition 8.13]
for Bernoulli random variables, in [315, Lemma 2.5.1] for Gaussian random variables, and in
[31] for diagonal-free matrices.

In [176], the dependence on K in Hanson-Wright inequality (Theorem 6.2.2) was improved,
assuming that X; have variance one. For some extensions Hanson-Wright inequality, see [6, 34,
354, 8, 188, 145, 293, 159].

Concentration for anisotropic random vectors (Exercise 6.13) and the bound on the distance
from a random vector to a subspace (Exercise 6.14) are from [292].

Symmetrization Lemma 6.3.2 and its proof can be found e.g. in [210, Lemma 6.3], [127,
Section 8.2].

Although the precise statement of Theorem 6.4.1 is difficult to locate in existing literature,
it can be deduced, for example, from the inequalities in [324, 327]. The factor y/logn in Theo-
rem 6.4.1 can be improved to 1og1/4 n by combining a result of Y. Seginer [299, Theorem 3.1] with
symmetrization (Lemma 6.3.2); see [27, Corollary 4.7] for an alternative approach to Seginer
theorem. This improved factor is optimal as is demonstrated by the result of Exercise 6.29,
which is due to Y. Seginer [299, Theorem 3.2]. Moreover, for many classes of matrices the factor

logl/ 4n can be removed completely; this happens, in particular, for matrices with i.i.d. entries
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[299] and matrices with Gaussian entries [203]. Refer to [331, Section 4], [203, 25, 26, 59, 204]
for more elaborate results, whose goal is to describe the operator norm of a random matrix A
in terms of the variances of its entries.

Theorem 6.5.1 on matrix completion and its proof are from [278, Section 2.5], although
versions of it may have appeared before. In particular, Keshavan, Montanari and Oh [182] showed
how to obtain a slightly better bound—one without the logarithmic factor-by “trimming” the
random matrix Y, where one removes the rows and columns of Y that have, say, twice more
many nonzero entries than expected. E. Candes and B. Recht [72] demonstrated that under
some additional incoherence assumptions, ezxact matrix completion (with zero error) is possible
with m < rnlog?(n) randomly sampled entries. For further developments on matrix completion,
see [74, 282, 148, 92].

The contraction principle (Theorem 6.6.1) is from [210, Section 4.2]; see also [210, Corol-
lary 3.17, Theorem 4.12] for different versions. Gaussian symmetrization (Lemma 6.6.2) can be
found in [210, inequality (4.9)]. While the logarithmic factor is in general needed there, it can
be removed if the normed space has non-trivial cotype, see [210, Proposition 9.14].

In Exercise 6.4, the constant 4 can be improved to 2 for symmetric matrices [323].

A version of Exercise 6.10 on the norm of anisotropic subgaussian random vectors was orig-
inally proved by D. Hsu, S. Kakade and T. Zhang [166]; they obtained sharp bounds working
with exact subgaussian norm (introduced in Exercise 2.40).

The symmetry assumption in Exercise 6.22 is essential and cannot be skipped [135, Exam-
ple 2.8].

Exercises

6.1 s (Decoupling for matrices with diagonal terms) As we noted in Remark 6.1.2, the
diagonal-free assumption cannot be removed from Theorem 6.1.1. But we can include the
diagonal on the right hand side: show that for any real numbers (a;;);’ j=1, we have

EF( Z ainin) < EF(ZLZCL”XZXJ/)

4,51 177 ]

6.2 s (LP and subgaussian decoupling) Let (a;;);';—; be real numbers. Let Xi,...,Xn
be independent, mean-zero random variables, and (X}) be an independent copy of (X;).

(a) For any p € [1,00), show that

!/
H Z aininHLP §4HZCLUXZ'X]'HLP.
2]

1,71 1#£]

(b) Show that

H Z aininsz <4Hizj:ainin/v

— 1112'
1,j:1#£]

6.3 # (Vector decoupling)

(a) Let (vij)zij:l be vectors in some vector space V. Let X1,..., X, be independent,
mean-zero random variables, and (X/) be an independent copy of (X;). Prove that
for every convex function F': V — R,

IEF( 3 uijxixj) SIEF(4ZviniX§).

51177 %]
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(b) Let (aij)i'j=1 be real numbers. Let Xi,..., Xn be independent, mean-zero random

vectors in R™. Show that for every convex function F': R — R, one has
EF( Z aij<Xi,X]‘>) < IEF(4ZG,”<X“XJI>)
i,j: 0] i,j
(c) Let (ai;)i j=1 be real numbers. Let X1,..., Xn be independent, mean-zero random

vectors in RY. Show that for every convex function F' : RNXN _, R, one has

EF( 3 aininT) SIEF(4Zaini(X§)T).

1,51 1] 1,]

6.4 sesese (Decoupling the norm of a random submatrix) Let A be an n x n diagonal-free
matrix. Pick a random subset J C {1,...,n} by including each index independently with
probability p € (0,1). Let J' be an independent copy of J. Show that

EllAsx sl <AE[A x|l

Here Ajy j denotes the submatrix of A with rows from I and columns from J.

6.5 wdrde (No deviation bound from the mean) It is tempting to conjecture that the first-
order term in Proposition 6.2.1 should be the mean of || X||, which is approximately /7,
instead of CKy/n. But that is false! Give an example showing that the bound

P{|[X[ly > C(vn+ Kt} <e ™ forallt>0

does not always hold.

6.6 se#e (Norms of random matrices with subgaussian columns)

(a) Extend the maximal inequality (Exercise 3.13) to subgaussian random vectors, even
without independent entries.

(b) Extend the bounds on the 1 — co and 1 — 2 norms bound (Exercise 4.44(a),(b))
to random matrices with independent subgaussian columns, even if entries are not
independent.

6.7 ssese (Gaussian Hanson-Wright) Give an alternative proof of Hanson-Wright inequality
for normal distributions, without separating the diagonal part or decoupling.

6.8 wwse (Higher-dimensional Hanson-Wright) Let A = (a;;) be an n x n matrix. Let
X1,...,Xn be independent, mean-zero, subgaussian random vectors in R?. Prove that for

every t > 0, we have

t2 t
]P’{‘ a;-(X',X)’zt}§2exp[fcmin( , )}
P KA K2 A]

where K = max;|| X ||, -



188

6.9

6.10

6.11

6.12

6.13

6.14
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weew (MGF of the squared norm) Let B be an m X n matrix, and let X be a mean-zero
subgaussian random vector in R™ with || X||,, < K. Show that

C

Eexp ()\2||BXH§) < exp (CK2>\2HB||%) whenever || < KIE

#% (The norm of an anisotropic random vector) Let us extend Proposition 6.2.1 for
anisotropic random vectors. Let B be an m X n matrix, and let X be a mean-zero sub-
gaussian random vector in R™ with [|X{|,,, < K. For every ¢ > 0, show that

P{|BX|l2 > CK(|Bllr +tIBl)} <.

s (Hanson-Wright for subgaussian vectors) Here is a useful version of Hanson-Wright
inequality (Theorem 6.2.2) without assuming independence of entries. Let A be a sym-
metric positive-semidefinite n X n matrix, and let X be a mean-zero subgaussian random
vector in R" with || X, < K. For any s > 0, show that

IP’{XTAX > OK?(tr A + SHAH)} <e s

(To compare with Theorem 6.2.2, set t = CK2s||A| and note that tr A = EXTAX for
isotropic X.) Explain why there can be only one-sided bound here, even if X is isotropic.

s (Mean estimation) Let’s revisit the mean estimation problem (Section 2.4), where
we sample N i.i.d. points X71,..., Xy from some unknown distribution in R" with mean
w1 and covariance X, and we want to estimate p. Assume the distribution is subgaussian:

10X — iy ully, < KXo — o)z for all u e R™

For any a € (0, 1), show the sample mean py, = % le\il X satisfies

[tr3 [11Z]| log(1/c)
lin = plly < CK\| =7 + CKy\ | F=———

with probability at least 1 — a.

weww (Anisotropic concentration of the norm) Let’s extend the concentration of norm
(Theorem 3.1.1) to anisotropic distributions. Let B be an m X n matrix, and let X =
(X1,...,Xn) € R" be a random vector with independent, mean-zero, unit variance, sub-
gaussian coordinates. Show that

2
[18x12 = 1B1F ], < KB,
2

where K = max;|| X ||y, -

W

s (Distance from a random vector to a subspace) Let E be a subspace of R™ of
dimension d. Let X = (X1,...,Xy) € R" be a random vector with independent, mean-
zero, unit variance, subgaussian coordinates.

(a) Check that (IEdist(X7 E)Q)l/2 =+/n—d.
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(b) Deduce from Exercise 6.13 that for any ¢ > 0, the distance nicely concentrates:
P{}dist(X, E)—+vn— d’ > t} < 2exp ( — ct2/K4),

where K = max; || X; ||, -

6.15 s (Randomly cutting a graph) Take any graph with E edges and randomly split its
vertices into two groups (as in Section 3.6.3). As we saw in Proposition 3.6.3, the expected
“cut” (the number of crossing edges) is E/2. Now show that it is tightly concentrated

?{

6.16 se# (Constructing symmetric distributions) Prove all statements in Lemma 6.3.1.

around that value:

cut — %' > S\/E} <2e7“ for any s > 1.

6.17 se#e (Symmetrizing Bernoulli and exponential distributions) Recall Lemma 6.3.1(c): if
X’ is an independent copy of a random variable X, then X — X’ is symmetric. Let’s
compute the distribution of X — X’ for two examples of X: Bernoulli and exponential.

(a) Let X ~ Ber(p). Compute the probability mass function of X — X”.
(b) Let X ~ Exp(1). Show that X — X’ ~ Lap(0, 1), meaning that the density is %e_‘ml
for z € R.

6.18 s (Norm of a shifted random vector) Let X be a symmetric random vector (meaning
X and —X have the same distribution) taking values in some normed space, and v be a

fixed vector in that space. Show that
E[IX + ol < E| X[ + ||v]],

where the notation < hides positive absolute constant factors.

6.19 s (Symmetrization without zero mean)

(a) Prove the following generalization of Symmetrization Lemma 6.3.2 for random vec-
tors X; that do not necessarily have zero means:

N N N
]EHZX,*ZEXz S2EHZEZ‘X,'
i=1 i=1 i=1

(b) Argue that there can not be any non-trivial reverse inequality.

6.20 # (Symmetrization with a convex function) Prove the following generalization of Sym-
metrization Lemma 6.3.2. Let F': Ry — R be an increasing, convex function. Show that
the same inequalities in Lemma 6.3.2 hold if the norm || - || is replaced with F'(||-]|), namely

N N N
1
IEF(EHEe:Z—Xi )gEF(Hle )gEF(ZHZqui )
1= 1= 1=
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6.21 wse (Symmetrizing subgaussian sums) Let X1, ..., Xy be independent, mean-zero ran-
dom variables. Show that their sum ZZ X, is subgaussian if and only if Zl £;X; is sub-
gaussian, and

N N N
c ;. X; < H X; SCH ;. X; .
Zw Zw Zw
i=1 i=1 =1
6.22 wse (Self-normalized sums) Let X1,..., Xy be independent symmetric random vari-

ables. Show that, for any ¢ > 0,

N N 12 ,
P{‘in zt(ZXE) }<2e‘t /2
=1 =1

This is very general —no subgaussian or moment assumptions needed!

6.23 sww (Type’ p). Let pe[1,2].
(a) Let z1,...,2n € R™ be any (fixed) vectors. Check that

N N

P 14

EHZQ@ < S Jlb.
i=1 Poi=

(b) Generalize part (a) as follows. Let X7,..., Xy be mean-zero, independent random
vectors in R™. Show that

N

P

LS > E|I X5
i=1

N
IEHZXi
=1

(c) Show by example that the results in parts (a)—(b) fail for each p > 2.

6.24 swsw (Type?2)
(a) Let z1,...,zn € R™ be any (fixed) vectors. Check that

N 9 N
2
]EH E gizill <Cp E Il -
‘ p 4
i=1 =1

(b) Generalize part (a) as follows. Let X1, ..., Xy be mean-zero, independent random
vectors in R™. Show that

2 N )
) <Cp E Ell X5
i=1

N
IEHZXZ-
=1

(¢) Show by example that the results in parts (a)—(b) fail for each p < 2.

6.25 dse (Approximate (P-Caratheodory theorem) State and prove a version of the approxi-
mate Caratheodory theorem (Theorem 0.0.2) for the ¢F norm, for any p € [1, c0).

9 Here is a broader perspective: a normed space X is said to be of type p if there exists K such that
]EHZivzl eix;||P < KP Zf\;lﬂzlﬂp for any N and vectors z1,...,2zn € X. In this and next exercises,
we show that ¢P is of type p if and only if p € [1,2], and type 2 if and only if p € [2, c0).
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weew (Marcinkiewicz-Zygmund inequality) For independent, mean-zero random vari-
ables X1,..., Xy and p € [2,00), show that!”

N
[
=1

2 N )
< cp;HXZ-HLp.
=

wwe (Concentration of the norm under finite moments) Let’s prove a version of The-
orem 3.1.1 under weaker, finite-moment conditions. Let X = (Xi,...,Xpn) € R" be a
random vector with coordinates X; that satisfy E X? = 1 and | Xill p2p < K for some
p > 2and K > 0. Show that

Jixta- v, <cvw®

W

w% (Norm of rectangular random matrices) Extend Theorem 6.4.1 to non-symmetric,
rectangular matrices. For an m X n random matrix A with independent, mean-zero entries,
show that its expected operator norm is roughly the expected max Euclidean norm of its
rows and columns, up to a logarithmic factor:

Eng%.X(HAi:Hz, 14:;51l2) < EJA|| < Cy/log(m + n) Iga}X(llAi:Hm 14:1l2)-

W

s (The log factor is unremovable) Show that the logarithmic factor in Theorem 6.4.1
cannot be completely removed in general. Construct a random matrix A satisfying the
assumptions of the theorem and for which

E||A|| > clog!/*(n) - Emax||4i|2.

ww# (Norms of the rows of random matrices) Consider i.i.d. random variables d;; ~
Ber(p), where i, = 1,...,n. Assuming that pn > logn, show that

n

Emax » (; — p)% < Cpn.
i<n 4 1
J:

W

# (Matrix completion for rectangular matrices) State and prove a version of matrix
completion (Theorem 6.5.1) for general m X n matrices.

TR
- W

(Matrix completion with noisy observations) Extend matrix completion (Theo-
rem 6.5.1) to noisy observations, where we are shown noisy versions Xj;; + v;; of some
entries of X. Here v;; are independent and mean-zero subgaussian random variables rep-

resenting noise.

s (Sums of independent unbounded random matrices) There are not many results
that don’t make any assumptions on the distribution of random matrices. Let’s prove one

10 If you are interested in a broader perspective, this inequality basically says that the LP spaces for

p > 2 are of type 2, just like the ¢P spaces we examined in Exercise 6.24.



192

6.34

6.35

6.36

6.37

6.38

Quadratic Forms, Symmetrization and Contraction

— a version of matrix Bernstein inequality (5.17) for unbounded random matrices. Let
Z1,...,2ZN be independent n x n positive semidefinite random matrices. Show that

N
S=3"27 satisfies E|S—-ES| < C(\/HIESH L+ L)
i=1
where L = log(n) E max;|| Z;||-

m

s (Covariance estimation for unbounded distributions) Let’s relax the boundedness
assumption (5.20) in the general covariance estimation result (5.27). Let X be a random
vector in R™ with ¥ = E XX . Assume that for some K > 1,

Emax||X |3 < K> E[| X|3.
i<m

Let X1,..., Xm be i.i.d. copies of X, and ¥, = % 2111 XZ-XZT. Prove that

2 2
E|Sm — 3| SC( [ K4rlogn n K rlogn) =]
m m

where r = tr(X)/||X]| is the effective rank of X.

W

s Let z1,...,2zy be any vectors in a normed space, let a = (a1,...,ay) € R, and
let €1,...,eny be independent Rademacher random variables. Show that the following
function is convex:

N
fla) = EHZG:‘&‘%
i=1

w# (Contraction principle for general distributions) Let’s prove the following general-
ization of Theorem 6.6.1. Let a = (a1, ...,an) € R", and let X1,..., Xy be independent,
mean-zero random vectors taking values in a normed space. Show that

N
i=1

N
< 4f|aflo -IEHZXi
i=1

s# (Logarithmic factor is unavoidable in Gaussian symmetrization) Show that, in gen-
eral, the factor y/log NV in Lemma 6.6.2 is optimal.

m

# (Contraction and symmetrization for functions of norms) Let F' : Ry — R be a convex
increasing function. Generalize contraction (Theorem 6.6.1) and Gaussian symmetrization
(Lemma 6.6.2) by replacing the norm || - || with F'(]| - ||) throughout.
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Random Processes

In this chapter, we turn our attention to random processes — collections of random
variables (X;);er, which may be dependent. In classical settings like Brownian
motion, ¢ represents time, so T' C R. But in high-dimensional probability, T can
be any abstract set. A key example is the canonical Gaussian process

Xt:<gvt>7 tET,

where T C R"™ and g ~ N(0, ,,). We introduce it in Section 7.1.

In Section 7.2, we explore powerful comparison inequalities for Gaussian pro-
cesses — Slepian, Sudakov-Fernique, and Gordon — using a new trick: Gaussian
interpolation. In Section 7.3, we use these tools to prove a sharp bound on the
operator norm of an m x n Gaussian random matrices.

How does a Gaussian process (X;);er capture the geometry of 77 In Section 7.4,
we prove Sudakov inequality — a lower bound on the Gaussian width

w(T) = Efgg@,w

using covering numbers. (Upper bounds come later in Chapter 8.) Gaussian width
is a key concept linking probability with metric geometry; we take a closer look
at it in Section 7.5 and connect it to other ideas like effective dimension.

In Section 7.6, we compute the size of a random projection of any bounded set
T C R™. The crucial quantity that determines it is the Gaussian width.

You will have plenty of chances to practice these ideas: prove symmetrization
and contraction inequalities for random processes (Exercises 7.2-7.4, 7.8), derive
the important min-max inequality for Gaussian processes — Gordon inequality
(Exercise 7.9), get sharp bounds for Gaussian matrices (Exercises 7.11 and 7.13),
compute the Gaussian width for the ¢? balls (Exercise 7.17), explore the nuclear
norm (Exercises 7.18 and 7.19), effective dimension (Exercises 7.21-7.22), ran-
dom projections of general sets (Exercises 7.25 and 7.26), and matrix sketching
(Exercise 7.27).

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd
Edition by Roman Vershynin. This pre-publication version is free to view and download for personal
use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.

If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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194 Random Processes

7.1 Basic concepts and examples

Definition 7.1.1 (Random process). A random process is just a collection of
random variables (X;);cr on the same probability space, which are indexed by
elements t of some set T

In some classical examples, t stands for time, in which case T is a subset of
R. But we primarily study processes in high-dimensional settings, where 7' is a
subset of R™ and where the analogy with time is lost.

Example 7.1.2 (Discrete time). If T'={1,...,n} then the random process
(X1,...,Xn)
can be identified with a random vector in R".

Example 7.1.3 (Random walks). If 7" = N, a discrete-time random process
(X)nen is simply a sequence of random variables. An important example is a
random walk defined as
X, => 7,
i=1

where the increments Z; are independent, mean-zero random variables. See Fig-
ure 7.1 for illustration.

0 50 100 150 200 0 50 100 150 200

Figure 7.1 A few trials of a random walk (left) and standard Brownian
motion (right).

Example 7.1.4 (Brownian motion). The most classical continuous-time random
process is the standard Brownian motion (X,;);>o, or the Wiener process. It can
be characterized as follows:

(i) The process has continuous sample paths, i.e. the random function f(t) :=
X, is continuous almost surely;

(ii) The increments are independent and satisfy X; — X, ~ N(0,¢t — s) for all
t>s.

Figure 7.1 shows a few trials of the standard Brownian motion.

Example 7.1.5 (Random fields). When the index set T' is a subset of R", a
random process (X );er is sometimes called a spacial random process, or a random
field. For example, the water temperature X; at the location on Earth that is
parametrized by ¢ can be modeled as a spacial random process.
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7.1.1 Covariance and increments

In Section 3.2, we introduced the notion of the covariance matrix of a random
vector. We now define the covariance function of a random process (X;)ier in
a similar manner. For simplicity, let us assume in this section that the random
process has zero mean, i.e.

EX,=0 forallteT.

(The adjustments for the general case will be obvious.) The covariance function
of the process is defined as

Y(t,s) =cov(X, X)) =EX, X,, t,seT.

The increments of the random process are defined as
d(t,s) = ||X; — X,[|.2 = (B(X, — X)), t,seT (7.1)
Example 7.1.6. The increments of the standard Brownian motion satisfy

d(t,s) =vt—s, t>s

by definition. The increments of a random walk of Example 7.1.3 with EZ? = 1
behave similarly:

d(n,m)=+vn—m, n>m.
(Check!)

Remark 7.1.7 (The canonical metric). Even if the index 7" has no geometric
structure, the increments d(t, s) always define a metric on T', thus automatically
turning T into a metric space.® However, as we see in Example 7.1.6, this metric
may not match the Euclidean distance on R"™.

Remark 7.1.8 (Covariance vs. increments). The covariance and the increments
contain roughly the same information about the random process. Increments can
be written using the covariance: just expand the square in (7.1) to see that

d(t,s)? = X(t,t) — 2X5(t, s) + X(s, 5).

Vice versa, if the zero random variable 0 belongs to the process, you can also
recover the covariance from the increments (see Exercise 7.1).

7.1.2 Gaussian processes

Definition 7.1.9 (Gaussian process). A random process (X;)ier is called a
Gaussian process if, for any finite subset T, C T, the random vector (X;):cr,
has normal distribution. Equivalently, (X;);er is Gaussian if every finite linear
combination ZteTo a; X, is a normal random variable. (To see why these two are
equivalent, recall Exercise 3.16.)

1 More precisely, d(t, s) is a pseudometric on T since the distance between two distinct points can be
zero, i.e. d(t,s) = 0 does not necessarily imply ¢ = s.
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The notion of Gaussian processes generalizes that of Gaussian random vectors
in R™. A classical example of a Gaussian process is the standard Brownian motion.

Remark 7.1.10 (Distribution is determined by covariance, increments). The
distribution of a mean-zero Gaussian random vector in R™ is completely deter-
mined by its covariance matrix (recall Proposition 3.3.5). Then the same goes for
a mean-zero Gaussian process: its distribution is determined by the covariance
function X(¢, s), or equivalently (due to Exercise 7.1) by the increments d(t, s),
assuming the zero variable is part of the process.

Many tools we learned about random vectors can be applied to random pro-
cesses. For example, Gaussian concentration (Theorem 5.2.3) implies:

Theorem 7.1.11 (Concentration of Gaussian processes). Let (X;)ier be a Gaus-

sian process with finite> T. Then
< C'sup y/ Var(X;).
2

teT

sup X; — Esup X,
teT t

This is just a restatement of Exercise 5.9(b) — if you skipped it then, do it now!

Let’s look at a broad class of Gaussian processes indexed by high-dimensional
sets T' C R™. Take a standard normal vector g ~ N(0, I,,) and define

X = {(g,t), teT. (7.2)

This gives us a Gaussian process (X;)qer called the canonical Gaussian process.
The increments match the Euclidean distance:

| Xt — Xsllzz = ||t —sll2, t,seT.
(Check!)

Actually, one can realize any Gaussian process as the canonical process (7.2).
This follows from a simple observation about Gaussian vectors:

Lemma 7.1.12 (Gaussian random vectors). Let X be a mean-zero Gaussian

random vector in R™. Then there exist points t,...,t, € R™ such that
X Z (g, t:),,  where g ~ N(0,1,,).

Here ' means the equality of distributions.

Proof 1If ¥ denotes the covariance matrix of X, then, by (3.12), we have
X =XY2g where g ~ N(0,1,).
The entries of ¥/2g are (t;, g) where t; are the rows of ¥'/2. Done! O

It follows that for any Gaussian process (X)es, all finite-dimensional marginals
(Xs)sesos |Sol = n can be represented as the canonical Gaussian process (7.2) in-
dexed in a certain subset T, C R™.

2 We are assuming T is finite just to avoid measurability issues. But in practice, you can usually
extend to general T by approximation. Try it for the canonical Gaussian process (7.2)!
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7.2 Slepian, Sudakov-Fernique and Gordon inequalities

In many applications, it helps to have a uniform bound on a random process:
Esup X; =7
teT

Remark 7.2.1 (Making T finite). To avoid measurability issues, let’s think of
E sup,cr X; as shorthand for supy, - Emaxcq, X; where Tj runs over all finite
subsets. The general case usually follows by approximation.

For some processes, this quantity can be computed exactly. For example, if
(X}) is a standard Brownian motion, the so-called reflection principle gives

2t
Esup X; = \/—0 for every t, > 0.
t<to T

For general random processes — even Gaussian — the problem is nontrivial.

The first general bound we prove is the Slepian comparison inequality for Gaus-
sian processes. It basically says: the faster the process grows (in terms of the
increments), the farther it gets.

Theorem 7.2.2 (Slepian inequality). Let (X;)ier and (Y;)ier be two mean-zero
Gaussian processes. Assume that for all t,s € T, we have

EX}=EY? and E(X,- X,)?<EY;,-Y,)>~ (7.3)

Then sup,cr X; s stochastically dominated by sup,., Y;: for every T € R, we have

IP’{sup X, > 7'} < IP’{squt > T}. (7.4)
teT teT
Consequently,
Esup X; < Esup?;. (7.5)
teT teT

We now prepare for the proof of Slepian inequality.

7.2.1 Gaussian interpolation

We will prove Slepian inequality using a trick called Gaussian interpolation. As-
sume that 7" is finite; then we can look at X = (X;)ier and Y = (Yi)ier as
Gaussian random vectors in R™ where n = |T'|. We may also assume that X and
Y are independent. (Why?)

Define the Gaussian random vector Z(u) in R that continuously interpolates
between Z(0) =Y and Z(1) = X:

Z(u) :=vuX+vV1—-uY, wuwel0,1].

Then the covariance matrix of Z(u) continuously interpolates linearly between
the covariance matrices of Y and X:

Y(Zw) =uX(X)+ (1 —u)X(Y).
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(Check!)
For a given function f : R® — R, let’s study how E f(Z(u)) changes as u
increases from 0 to 1. Of special interest to us is the function

f(x) = 1{maxz' i <T}*

We will be able to show that in this case, E f(Z(u)) increases in u. This would
imply the conclusion of Slepian inequality at once, since then

E f(Z(1)) > E f(Z(0)), thus P{m?xXi < 7'} > P{mZaXYi < T}

as claimed.

Now let us pass to a detailed argument. To develop Gaussian interpolation, let
us start with the following useful identity.

Lemma 7.2.3 (Gaussian integration by parts). Let X ~ N(0,1). Then for any
differentiable function f : R — R we have

EXf(X)=E f/(X),
assuming both expectations exist and are finite.

Proof Assume first that f has bounded support. Denoting the Gaussian density
by

1 .
p(ﬂ«“)Zme 2,

we can express the expectation as an integral, and integrate it by parts:

E f/(X) = / f(@)p(@) do = - / f(@)p' () da. (7.6)

Now, a direct check gives p/(z) = —zp(x), so the integral in (7.6) equals

/R f(@)p(x)s dz = E X f(X),

as claimed. The result can be extended to general functions by an approximation
argument. The lemma is proved. O

By rescaling, we can extend Gaussian integration by parts for X ~ N(0,0?):
EXf(X)=o’Ef(X).

(Just write X = oZ for Z ~ N(0,1) and apply Lemma 7.2.3.) We can also
extend it to high dimensions:

Lemma 7.2.4 (Multivariate Gaussian integration by parts). Let X ~ N(0,X).
Then for any differentiable function f :R™ — R we have

EXf(X) = £-EVf(X),
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assuming both expectations exist and are finite. In other words,
E X; i, E i1=1,...,n. 7.7
X Z (X (17)

You will prove this extension in Exercise 7.6.

Lemma 7.2.5 (Gaussian interpolation). Consider two independent Gaussian
random vectors X ~ N(0,2%) andY ~ N(0,XY). Define the interpolation Gaus-
sian vector

Z(u) =+vuX++vV1—-uY, wue€l01]. (7.8)

Then for any twice-differentiable function f: R™ — R, we have

Ly fz) = 2 = - s)E [ (2] (7.9
du 25409 Y 0w O ’ '
assuming all expectations exist and are finite.

Proof Using the chain rule,® we have
d dZi
— E
du Z 81‘2 du

X; Y;
Z 03@1 (f JI—u

Let us break this sum into two, and first compute the contribution of the terms
containing X;. To this end, we condition on Y and express

i\}a]EXi Z = X,0:(X), (7.11)

) (by (7.8)).  (7.10)

where

g9:i(X) = ggl(\/ﬂX—i—\/l —uY).

Apply the multivariate Gaussian integration by parts (Lemma 7.2.4). According
o (7.7), we have

3
E X,g,(X Z »X gz
n
=) ZXE WVuX +vV1—uY) Vu.
: 8 8xj
Jj=1
3 Here we use the multivariate chain rule to differentiate a function f(gi(u),...,gn(u)) where
:R— Rand f:R"® — R as follows: d—f* i ggf d;gu
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Substitute this into (7.11) to get

0
Z -y 2 oo, (2 (@)

7,7=1

Taking expectation of both sides with respect to Y, we lift the conditioning on
Y.

We can simiarly evaluate the other sum in (7.10), the one containing the terms
Y;. Combining the two sums we complete the proof. O

7.2.2 Proof of Slepian inequality

We are ready to establish a preliminary, functional form Slepian inequality.

Lemma 7.2.6 (Slepian inequality, functional form). Consider two mean-zero
Gaussian random vectors X and Y in R™. Assume that for alli,j =1,...,n, we
have

EX;=EY’ and E(X;— X, <E(Y;-Y;)>
Consider a twice-differentiable function f :R™ — R such that
o*f
8ZL'i 81,‘j

>0 foralli#j.

Then
Ef(X)>Ef(Y),
assuming both expectations exist and are finite.

Proof The assumptions imply that the entries of the covariance matrices X%
and XY of X and Y satisfy

¥X =30 and 25;223;.

for all 4,7 = 1,...,n. We can assume that X and Y are independent. (Why?)
Apply Lemma 7.2.5 and using our assumptions, we conclude that

d

—Ef(Z >

4 f(zw) 20,

so Ef(Z(u )) increases in u. Then E f(Z(1)) = E f(X) is at least as large as
E f(Z(0)) =E f(Y). This completes the proof. O

Now we are ready to prove Slepian inequality, Theorem 7.2.2. Let us state and
prove it in the equivalent form for Gaussian random vectors.

Theorem 7.2.7 (Slepian inequality). Let X and Y be Gaussian random vectors
as in Lemma 7.2.6. Then for every T > 0 we have

P{I?S%«LXXi > T} < P{I?SB;SCK > T}.
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Consequently,
Emax X; < EmaxY;.

i<n i<n

Proof Let h:R — [0, 1] be a twice-differentiable, non-increasing approximation
to the indicator function of the interval (—oo, 7):

h(z) = 1(—oor);
like in Figure 7.2. Define the function f: R"™ — R by

)

T

Figure 7.2 The function h(z) is a smooth, non-increasing approximation to
the indicator function 1(_ 7).

f(@) = h(@1) - h(wn).
Then f(x) is an approximation to the indicator function
f(l') ~ 1{max7; x;<T}*

We are looking to apply the functional form of Slepian inequality, Lemma 7.2.6,
for f(x). To check the assumptions of this result, note that for i # j we have

o f
= h'(z;)h' () - h(zy).
81‘2‘ 81‘j / kel{_ll,]} g

The first two factors are non-positive and the others are nonnegative by the
assumption. Thus the second derivative is nonnegative, as required.
It follows that

Ef(X)>Ef(Y).
By approximation, this implies

IP’{maxXi < 7'} > ]P’{rzngaan; < T}.

i<n

This proves the first part of the conclusion. The second part follows by using the
integrated tail formula in Exercise 1.15(b) (check!) O

7.2.3 Sudakov-Fernique and Gordon inequalities

Slepian inequality has two assumptions on the processes (X;) and (Y;) in (7.3):
the equality of variances and the dominance of increments. We now remove the
assumption on the equality of variances, and still be able to obtain (7.5).
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Theorem 7.2.8 (Sudakov-Fernique inequality). Let (X:)ier and (Y:)ier be two
mean-zero Gaussian processes. Assume that for all t,s € T', we have

E(X, — X,)? <E(Y, — Y,)%.
Then

Esup X; < EsupV;.
teT teT
Proof 1t is enough to prove this theorem for Gaussian random vectors X and Y
in R”, just like we did for Slepian inequality in Theorem 7.2.7. We again deduce
the result from Gaussian Interpolation Lemma 7.2.5. But this time, instead of
choosing f(x) that approximates the indicator function of {max;z; < 7}, we
want f(z) to approximate max; ;.
To this end, let 3 > 0 be a parameter and define the function?

Fz) = ;logieﬁ“. (7.12)
i=1

A quick check shows that

f(z) - maxz; as f — oo.
i<n

(Do this!) Substituting f(x) into the Gaussian interpolation formula (7.9) and
simplifying the expression shows that

d%Ef(Z(u)) <0 foralluelo0,1].

(Work through this step carefully in Exercise 7.7!) Then we can finish the proof
just like in Slepian inequality. O

Some applications call for min-maz bounds on random processes. For example,
by (4.14), the smallest singular value of an m x n Gaussian matrix A with all
N(0,1) i.i.d. entries can be written as

$p(A) = min [|Au|l; = min max X,,,
ugsn—1 ueSn—1 yegm-1
where X, = (Au,v) are normal random variables. A handy tool for this kind of
problems is Gordon inequality, which extends Slepian and Sudakov-Fernique to
the min-max setting:

Theorem 7.2.9 (Gordon inequality). Let (Xut)ucv,ter and Y = (Yut)uev, ter be
two mean-zero Gaussian processes indexed by pairs of points (u,t) in a product
set U x T'. Assume that

E(Xu — Xus)

s E(Yy — Yus)®  for all u,t,s;
]E(Xut - Xvs)

2
<
2> E(Yy — Yye)? for allu # v and all t, s.

4 The motivation for considering this form of f(z) comes from statistical mechanics, where the right
side of (7.12) can be interpreted as a log-partition function and B as the inverse temperature.



7.8 Application: sharp bounds for Gaussian matrices 203
Then, for every T > 0,
]P’{ inf sup X,; > T} < ]P’{inf supY,; > 7'},

uel e u€U ¢er
and so, by the integrated tail formula,

E inf sup X,; < E inf sup Y,;.
uelU teT uelU teT

Try yourself to prove Gordon inequality under an additional assumption of
equal variances (Exercise 7.9). Also try your hand at a Gaussian version of Tala-
grand contraction principle (Exercise 7.8).

7.3 Application: sharp bounds for Gaussian matrices

Let’s apply the Gaussian comparison inequalities we just proved to random ma-
trices. In Section 4.6, we studied m X n random matrices A with independent
subgaussian rows. We used the e-net argument to bound the expected operator
norm of A like this:

E|lAll < v +Cva

where C' is a constant (see Exercise 4.41). Now, using the Sudakov-Fernique
inequality, we will tighten this bound for Gaussian random matrices, proving it
with sharp constant C' = 1.

Theorem 7.3.1 (Norms of Gaussian random matrices). Let A be an mxn matriz
with independent N(0,1) entries. Then

E|A] < vim+ Vi,
Proof Let’s write the norm of A as a supremum of a Gaussian process: by (4.9),

|All = max (Au,v) = max X,,
ueSn—1 yesm-1 (u,w)eT

where T'= S"~! x §™~! and
Xuw = (Au,v) ~ N(0,1).

To apply Sudakov-Fernique comparison inequality (Theorem 7.2.8), let us com-
pute the increments of the process (X,,). For any (u,v), (w, z) € T, we have

2
E(Xyo — Xu.)? = E ((Au,v) — (Aw, 2))? = E (Z Ay (uv; — wjzi))
1,7
= Z(Uﬂh’ —w;2)? (by independence, mean 0, variance 1)
»J

= [ww” —wz"|%
<|lu—w|3+|lv—=z|l3 (check this in Exercise 7.10).
Let’s define a simpler Gaussian process (Y,,) with similar increments:

Yo = (g, u) + (h,v), (u,v) €T,
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where g ~ N(0,1,) and h ~ N(0,I,,) are independent Gaussian vectors. The
increments of this process are

E(Yuv - Yw2)2 =E (<g7u - w> + <h, U= Z>)2
=E(g,u — w)*> + E(h,v — 2)* (by independence, mean 0)

= |[Ju —w|3+ |lv— 2|5 (since g, h are standard normal).
Comparing the increments of the two processes, we see that
E(Xyy — Xu2)? < E(Yy, — Yy.)? forall (u,v), (w,z) €T,
as required in Sudakov-Fernique inequality. Applying Theorem 7.2.8, we obtain
EJA|=E sup X,, <E sup Y,,

(u,w)€T (u,v)€T
=E sup (g,u)+E sup (h,v)
uesn—1 vesm—1

=E|lgll2 + E||nl
< (E||gI2)*? + (E||R||2)*/? (recall Exercise 1.11)
= v/n++/m (see Proposition 3.2.1(b)). O

Theorem 7.3.1 only gives an expectation bound, but we can boost it to a high-
probability bound using the concentration tools from Section 5.2:

Corollary 7.3.2 (Norms of Gaussian random matrices: tails). Let A be an m xn
matriz with independent N(0,1) entries. Then for every t > 0, we have

P{|Al| > Vm+ Vn+t} < 2exp(—ct?®).

Proof Let’s combine the expectation bound (Theorem 7.3.1) with Gaussian
concentration (Theorem 5.2.3). Think of A as a long random vector in R™*"
by concatenating the rows. This makes A a standard normal random vector:
A ~ N(0, I,,,). Consider the function

f(A) = | A]

that maps the vectorized matrix to the matrix’s operator norm. Since the operator
norm is bounded by Frobenius norm, and the Frobenius norm is just the Euclidean
norm on R™*"™ f is a Lipschitz function on R™*™ with Lipschitz norm is bounded
by 1. (Why?) Then Theorem 5.2.3 yields

P{JA] > Bl|A] +t} < 2exp(—ct?).
The bound on E|A|| from Theorem 7.3.1 completes the proof. O
Now try Exercise 7.11 to prove that a symmetric Gaussian matrix satisfies
E[[A] < 2v/n,

and Exercise 7.13 to show that the smallest singular value of an m x n Gaussian
matrix A satisfies

Es,(A) > vm —/n.
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7.4 Sudakov inequality

Let’s go back to general mean-zero Gaussian processes (X;);cr on any index set
T. As we saw earlier (Remark 7.1.7), the increments

1/2

d(t,s) = | X, — X2 = (E(X, — X,)?) (7.13)

define a metric on T, called the canonical metric. This metric determines the co-
variance function (¢, s), which in turn determines the distribution of the process
(Xt)ter (recall Remark 7.1.10). So, in theory, we can answer any question about
the distribution of the process just by understanding the geometry of the metric
space (T, d) — in other words, we can study probability via geometry.

Here is a big specific question: how can we estimate

Esup X; (7.14)

teT

in terms of the geometry of (T),d)? This is a hard problem, which we begin to
study now and continue in Chapter 8.

We will start with a lower bound on (7.14) in terms of metric entropy, which
was in introduced Section 4.2. Recall that for any € > 0, the covering number

N(T.d,¢)

is the smallest cardinality of an e-net of T in the metric d, or equivalently the
smallest number® of closed balls of radius e whose union covers T'. The logarithm
of the covering number, log, N'(T,d, ), is called the metric entropy of T.

Theorem 7.4.1 (Sudakov inequality). Let (Xi)icr be a mean-zero Gaussian
process. Then, for any € > 0, we have

Esup X; > ce\/log N (T, d,¢).

teT

where d is the canonical metric defined in (7.13).

Proof Let us deduce this result from Sudakov-Fernique comparison inequality
(Theorem 7.2.8). Assume that

N(T,d,e) =: N

is finite; you will handle the infinite case in Exercise 7.14. Let N be a maximal
e-separated subset of 7. Then N is an e-net of T' (recall Lemma 4.2.6), and thus

V| > N.

Restricting the process to N, we see that it suffices to show that

Esup X; > cev/log N.

teN

5 If T does not have a finite e-net, we set N(T,d,¢) = oco.
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Let’s do it by comparing (X;);cn to a simpler Gaussian process (Y;)ienr, defined
as follows:

Y, = where ¢; are independent N (0, 1) random variables.

€

\/§ Jt,
To use Sudakov-Fernique comparison inequality (Theorem 7.2.8), we need to
compare the increments of the two processes. Fix two different points ¢,s € N.
By definition, we have

E(X, — X,)? =d(t,s)* > ¢*
while
E(Y, = Y.)* = 5 E(g: —g9:)° = ¢
(In the last line, we use that g; — g, ~ N(0,2).) This implies that
E(X, — X,)* > E(Y, - Y,)* forallt,scN.

2

Applying Theorem 7.2.8, we obtain

€
EsupX; > EsupY, = —
tGJ\B t= teJ\I; ! V2

In the last step, we used that the expected maximum of N i.i.d. N(0,1) random
variables is at least cy/log N, see Exercise 2.38(b). The proof is complete. Ul

Ertré%(gt > cey/log N.

7.4.1 Application for covering numbers in R"

Sudakov inequality can be used to bound the covering numbers of an arbitrary
set T' C R™:

Corollary 7.4.2 (Sudakov inequality in R™). Let T C R™. Then, for any e > 0,

we have
Esup(g,t) > ce\/log N (T, ¢).

teT
Here N (T,¢) is the smallest number of Euclidean balls with radius € and centers
in T that cover T, just like in Section 4.2.1.

Proof Consider the canonical Gaussian process X, := (g,t) where g ~ N(0, I,,).
As we noted in Section 7.1.2, the canonical distance for this process is the Eu-
clidean distance in R", i.e. d(t,s) = || X — X||z2 = ||t — s||2 for any ¢, s € T'. Then
the corollary follows from Sudakov inequality (Theorem 7.4.1). O

In Exercise 8.5, you will show that Corollary 7.4.2 is sharp up to a log factor:
Esup(g, t) < Clog(n) - e\/log N (T, ¢).
teT

For a quick application of Sudakov inequality, let’s (roughly) re-derive the
bound on covering numbers of polytopes in R™ from Corollary 0.0.3:
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Corollary 7.4.3 (Covering numbers of polytopes). Let P be a polytope in R™
with N wvertices, contained in the unit Euclidean ball. Then, for every e > 0 we
have

N(P,g) < N°/,
Proof 1If xq,...,xxn are the vertices of P, then

Esup(g,t) < Esup(g,z;) < Cy/log N. (7.15)
teP i<N

The first bound follows from the maximal principle (Exercise 1.4): since P lies the
convex hull of its vertices, for each fixed g the linear (and thus convex) function
t — (g,t) attains its maximum at a vertex. The second bound in (7.15) is due to
the maximal inequality (2.22), since (g, z) ~ N(0, ||=||2) and ||z||s < 1. Substitute
this into Corollary 7.4.2 and simplify to complete the proof. O

7.5 Gaussian width

In Section 7.4.1, we saw an important quantity associated with any set T C
R™: the size of the canonical Gaussian process on T. It shows up a lot in high-
dimensional probability, so let’s give it a name and look at its basic properties.

Definition 7.5.1. The Gaussian width of a subset T' C R" is defined as
w(T) :== Esup(g,x) where g~ N(0,1,).
xeT

You can think of Gaussian width as a fundamental geometric measure of a set
T C R", like volume or surface area.

Proposition 7.5.2 (Simple properties of Gaussian width).

(a) (Finiteness) w(T) is finite if and only if T is bounded.

(b) (Invariance) w(UT +y) = w(T') for any orthogonal matriz U and vector y.

(c) (Convex hulls) w(conv(T')) = w(T).

(d) (Minkowski addition and scaling)® w(T + S) = w(T') + w(S) and w(aT) =
la|w(T) for any T,S C R™ and a € R.

(e) (Symmetry):

1 1
w(T)=-w(T —T)==E sup (g, — y).
2 z,yeT
(f) (Width and diameter):”

IR vnoo
v diam(7T") < w(T) < 5 - diam(T").

(9) (Linear maps) For any m x n matriz A, we have w(AT) < ||A|| w(T).

6 Recall Definition 4.2.9 of Minkowski sum and difference of two sets: T+ S ={t+s: t €T, s € S}.
7 Recall that the diameter of a set T C R”™ is defined as diam(T') := sup{||z — y|l2 : z,y € T}.
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Proof Let’s just prove part (f) and leave the rest for you in Exercise 7.15.
For the lower bound, fix any x,y € T'. Since both z —y and y —x are in T — T,
property (e) gives

W(T) > L Emax (@~ .9). (0= 2.9)) = SEl(@— .0 = 21/ 2r — .

The last equality holds since (z — y,g) ~ N(0, |z — y||3) and E|X| = /2/7 for
X ~ N(0,1). (Check!) Taking the supremum over all z,y € T gives the result.
For the upper bound in (f), use property (e) again to get

1 1 1 .
w(T) = - B sup (g, —y) < 5 E sup ||g]2[|z — yll2 < 5 El|g]|2 - diam(T).
2 z,yeT 2 z,yeT 2

Since E||g||; < (E||g]|2)!/? = /n, we are done. O

Remark 7.5.3 (Width and diameter). Both upper and lower bounds in (f) are
optimal and the O(y/n) gap between them cannot be improved (see Exercise 7.16).
So, diameter is not a great way to capture Gaussian width.

7.5.1 Geometric meaning of width

Gaussian width has a nice geometric meaning: it’s about how wide the set 7' C R™
looks in random directions. The width of T" in the direction § € S™"~! is the width
of the smallest slab (between parallel hyperplanes orthogonal to ) that contains
T (see Figure 7.3), which can be expressed as sup, , (0,7 — y) (check)! If we
average the width over all unit directions 6, we get

E sup (0,z —y) =E sup (0,z). (7.16)
z,yeT zeT-T
z sup (0, z — y)
0 z,yeT
Y

Figure 7.3 The width of a set 7' C R"™ in the direction of a unit vector 6.

Definition 7.5.4 (Spherical width). The spherical width of a set T C R™ is
ws(T) := Esup(f,xz) where 6 ~ Unif(S"™).

xzeT
The only difference between the Gaussian and spherical widths is in the random
vectors we average over: g ~ N(0,1,,) versus 6 ~ Unif(S™~!). Both are rotation
invariant, but g is approximately /n times longer than . Thus:
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Lemma 7.5.5 (Gaussian vs. spherical widths). The Gaussian width is approxi-
mately v/n times the spherical width:

(V- 5’%) wy(T) < w(T) < v/aw,(T).

Proof Express the Gaussian vector g through its length and direction: g = 0,
where r = ||g||2 and 6 = g/||g]|2. Now, 8 ~ Unif(S"™') is independent of r (see
Exercise 3.22). Thus

w(T) = Esup(rd, x) = E[r| - Esup(d, x) = E||g||2 - ws(T).
zeT xeT

It remains to use concentration of the norm (see Exercise 3.2), which gives y/n —
C/v/n <Elgl|l2 < v/n, and finishes the proof. O

7.5.2 Examples

Example 7.5.6 (Euclidean ball and sphere). The Gaussian widths of the unit
ball and sphere are

wwnwzwwnzmmfamij; (7.17)

where we used concentration of norm (Exercise 3.2) in the last step. The spherical
widths of these sets of course equal 1.

Example 7.5.7 (Cube). The unit ball of the £> norm in R” is the cube B =
[—1,1]". So, using duality (1.6), we get

2
w(B2) = Blgls = Slgi[-n =/ . (19

Example 7.5.8 (Cross-polytope). The unit ball of the ¢! norm in R" is the
cross-polytope B} = {zx € R" : ||z||; < 1}, see (1.3). Its Gaussian width satisfies

w(B}) < /logn (7.19)
where the notation =< hides absolute constant factors. This is because

w(Br) = E|lgllec = Emax|gil,
where the first equation uses duality (1.6). Then (7.19) follow from Exercise 2.38(b).
Example 7.5.9 (Finite point sets). Any finite set of points 7' C R” satisfies
w(T) < Cy/log|T| - diam(T).

To prove this, we can assume that diam(7") = 1/2 (by rescaling), and that T lies
in the unit Euclidean ball (by translation). Then argue as in (7.15) (do it!)
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Remark 7.5.10 (Surprising behavior of width in high dimensions). As we can
see from Examples 7.5.6-7.5.8, the Gaussian width of the cube B is roughly
(up to a constant factor) the same as that of its circumscribed ball \/nBjy. But
for the cross-polytope B, the width is roughly (up to a log factor) like that of
its inscribed ball ﬁ B, which is tiny! Why?

The cube B” has so many vertices (2") that in most directions it sticks out to
roughly the circumscribed ball, which drives the width. But the cross-polytope
B} only has 2n vertices, so a random direction g ~ N (0, I,,) likely to be far from
all of them. The width is not driven by those lonely 2n “spikes” — it’s driven by
the “bulk”, which is roughly the inscribed ball.

Figure 7.4a shows Milman’s hyperbolic sketch of B}, highlighting how the bulk
(the inscribed ball) dominates since set has few vertices (spikes). You can make
similar sketches for general convex sets, too (Figure 7.4b) — they are great for
building high-dimensional intuition, even if you lose convexity in the picture.

For more practice, try Exercise 7.17 to compute the Gaussian width of any
7 Dball, covering all three examples above at once — the ball (p = 2), the cube
(p = 00), and the cross-polytope (p = 1). Also work through Exercises 7.18-7.19
to compute the Gaussian width of the set of n X n matrices with operator norm
at most 1.

(a) The octahedron B} (b) General convex set

Figure 7.4 V. Milman’s hyperbolic sketch of high-dimensional convex sets

7.5.3 Gaussian complexity and effective dimension

There are a couple of helpful cousins of the Gaussian width w(7"). Normally, we
would take the expected max of (g, t), but sometimes it’s easier to work with L'
or L? averages:

1/2

w(T) = Esup(g.x), y(I):=Esupl(g.z)|, h(T):= (Esup(g.2)?) ",

zeT zeT zeT

where g ~ N(0, I,,). We call v(T) the Gaussian complexity of T. Clearly,
w(T) <~(T) < MT),
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and the reverse bounds are basically true too:

Lemma 7.5.11 (Almost equivalent versions of Gaussian width). For any bounded
set T C R", we have:®

(a) (T —T) =2w(T).

(b) M(T) =<~(T) <w(T) + ||yllz for any point y € T

In particular, if T contains the origin, all three versions are equivalent:
h(T) <~(T) < w(T).

Proof (a) follows from Proposition 7.5.2(e), since T'— T is origin-symmetric.
(b) Let’s just prove the first part and leave the equivalence v(T') < w(T)+ ||y||2
for you to prove in Exercise 7.20. We trivially have v(T") < h(T'). For the reverse,
look at the function z + sup,.r|(z, )| on R™. Its Lipschitz norm is bounded by
the radius sup,c||z||2 = 7(T") (check!). Then, by Gaussian concentration (5.5),

Jsuplig, 23] — 1T, S r(T).
zeT
So, by triangle inequality and Proposition 2.6.6(ii), we get
W(T) = [[supl(g, 2)|| .. S [[supl(g, 2)[[|,,, S (T) +r(T) S A(T).
zeT xzeT

The last step used the fact that v(7") 2 r(7T'), which comes from the second part
of (b) — just take the supremum over y € T'. O]

The Gaussian width helps us define a robust version of the notion of dimension.
The usual linear-algebraic dimension of a set T' C R™, which is the dimension of
the smallest affine space containing it, can change a lot with tiny perturbations
of T'. Here is a more robust alternative:

Definition 7.5.12 (Effective dimension). The effective dimension of a bounded
set T'C R" is

_WT-T)? _ w(T)?
" diam(T)? ~ diam(T)?2’

d(T)

The equivalence follows from Lemma 7.5.11. The effective dimension is bounded
by the linear-algebraic one:

d(T) < dim(T),

with equality when T' is a Euclidean ball in some subspace (see Exercise 7.21).
Unlike the usual dimension, the effective one is stable — small perturbations to T
only slightly change its width and diameter.

To get some practice with effective dimension, compute it for ellipsoids (Exer-
cise 7.23) and bound it for general finite sets (Exercise 7.22).

8 Here, as usual, the notation < hides positive asbsolute constant factors.
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7.6 Application: random projections of sets

What happens if we project a set T C R™ onto a random m-dimensional subspace
in R" (picked uniformly from the Grassmanian G, ,,), like in Figure 5.27 In
practice, we might see T as data and P as a way of dimension reduction, like in
Johnson-Lindenstrauss lemma. What can we say about the size (diameter) of the
projected set PT?

For a finite set 7', the Johnson-Lindenstrauss Lemma (Theorem 5.3.1) says
that if m > log|T|, the random projection P acts essentially as a scaling of T" it
shrinks all distances between points in 7' by a factor ~ y/m/n. In particular,

diam(PT) ~ \/Tdiam(T). (7.20)

But if the cardinality of T" is too large or infinite, (7.20) may fail. For instance,
if T' = B} is a Euclidean ball, no projection can shrink its size:

diam(PT) = diam(T). (7.21)

What about general sets T'? The next result states that a random projection
shrinks 7" as in (7.20), but it cannot shrink it beyond the spherical width w,(T):

Theorem 7.6.1 (Sizes of random projections of sets). Let T'C R™ be a bounded
set, and P be the orthogonal projection in R"™ onto a random m-dimensional
subspace E ~ Unif(G,, ). Then

E diam(PT) =< w,(T) + 1/ — diam(T),
n
where the notation < hides positive absolute constant factors.

Proof Let’s prove the upper bound and leave the lower bound to you (see Ex-
ercise 7.26).

Step 1: Change the model. Let’s switch the view just like in the proof of
Proposition 5.3.2. A random subspace E C R"™ can be obtained by randomly
rotating some fixed subspace, such as R™. But instead of fixing 7" and randomly
rotating R™, we can fix £ = R™ and randomly rotate 7. A random rotation
of a vector x € T' is Uz where U ~ Unif(O(n)) is a random orthogonal matrix.
Projecting Uz onto £ = R™ means keeping the first m coordinates, i.e. Qz where
@ is the m x n matrix consisting of the first m columns of U. So, we can work
with @ instead of P.

Step 2: Approximation. Without loss of generality, diam(7") < 1. (Why?)
We need to bound

diam(QT) = sup ||Qz|s = sup max (Qz,z).
z€T—T z€T—T 2€5™ 1

We will proceed with an e-net argument as in the proof of Theorem 4.4.3. Choose
an (1/2)-net N of the sphere S™~! so that

NV < 5™
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using Corollary 4.2.11. We can replace the supremum over the sphere S™~! by
the supremum over the net A/ paying a factor 2:

diam(QT) <2 sup max(Qz,z) =2max sup (Q'z,z). (7.22)
zeT—T 2€EN 2eN geT_T

(see Exercise 4.35). Now, here is the plan: we will first bound
sup (Q'z,x) (7.23)
zeT-T
for a fixed z € NV, and then take union bound over all z.

Step 3: Concentration. So, let’s fix z € N. By construction, Q'z is uni-
formly distributed on the sphere: QTz ~ Unif(S™™ ') (check this carefully in Ex-
ercise 7.24). The expectation of (7.23) can be expressed as the spherical width:

E sup (Q"z,2) = w,(T —T) = 2w,(T).

zeT-T

(The last equality is just a spherical version of Proposition 7.5.2(e).)

To check that (7.23) concentrates around its mean, we use the concentra-
tion inequality on the sphere (Theorem 5.1.3, or more specifically (5.30)). Since
diam(7") < 1 by assumption, the function z + sup,._r(2,2) on the sphere has
Lipschitz norm at most 1 (check!). So (5.30) gives

IP’{ sup (Q"z,x) > 2w, (T) + t} < 2exp(—cnt?).
zeT-T

Step 4: Union bound. Now we unfix 2 € A/ by taking the union bound:

P{max sup (Qz,x) > 2w,(T) + t} < |N] - 2exp(—ent?). (7.24)

zeN ger—T

Recall that |[N| < 5™. Choosing t = C'sy/m/n with onstant C' large enough, the
probability in (7.24) is bounded by 2e~™" for any s > 1. So, (7.24) and (7.22)
give the result:

1 2
]P’{§ diam(QT) > 2w (T) + C'sy/ %} <e ™ forany s > 1.

From this, one can bound the expected value of diam(QT") using the integrated
tail formula (Lemma 1.6.1) — do this! O

Remark 7.6.2 (Phase transition). Let’s get more insight from Theorem 7.6.1.
Since the sum of two terms is equivalent to maximum (up to factor 2), we can
write:

diam(PT) < max {wS(T), \/T diam(T)]

Let’s find the “phase transition” point where these two terms are equal. Set them
equal and solve for m:

(rw(D)? _ w(@)
diam(7')? diam(7')?

m = =d(T),
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using Lemma 7.5.5 and the definition of effective dimension d(T") (see Defini-
tion 7.5.12). So the takeaway is:

V2 diam(T), if m > d(T)

diam(PT) = {ws(T), if m < d(T),

(see Figure 7.5). That is, as we decrease the dimension m of the random pro-
jection, initially it shrinks 7" roughly by y/m/n like in Johnson-Lindenstrauss
(7.20). But once m dips below the effective dimension d(7"), the shrinking stops
and the diameter stays near the spherical width w4(T") as in (7.21). This is because
conv(PT) looks like a ball of radius w4(T"), as we will see in Section 9.7.2.

diam(T)f----=-==----------==

ws(T)

a0 "

Figure 7.5 The diameter of a random m-dimensional projection of a set T’
as a function of m.

With more tools, we will improve on Theorem 7.6.1 by dropping the constant
in front of \/m/n in Section 9.2.2.

7.7 Notes

Slepian inequality (Theorem 7.2.2) is originally due to D. Slepian [304, 305]; modern proofs can
be found e.g. in [210, Corollary 3.12], [11, Section 2.2], [330, Section 6.1], [169], [180].

Sudakov-Fernique inequality (Theorem 7.2.8) is attributed to V. N. Sudakov [309, 310] and
X. Fernique [124]. Our presentation of the proofs of Slepian and Sudakov-Fernique inequalities
in Section 7.2 is based on the approach of J.-P. Kahane [180] and a smoothing argument of
S. Chatterjee (see [11, Section 2.2]), and it follows [330, Section 6.1].

The relevance of comparison inequalities to random matrix theory was noticed by S. Szarek.
The applications in Section 7.3 can derived from the work of Y. Gordon [140]. Our presentation
there follows the argument in [94, Section II.c], reproduced also in [340, Section 5.3.1].

Sudakov inequality (Theorem 7.4.1) was originally proved by V. N. Sudakov. Our presentation
follows [210, Theorem 3.18]; see [21, Section 4.2] for an alternative proof via duality.

Gaussian width, introduced in Section 7.5, originates in geometric functional analysis and
asymptotic convex geometry [21, 246]. Starting from [290], the role of Gaussian width was
recognized in applications to signal processing and high-dimensional statistics. Milman’s “hy-
perbolic sketch” of a high-dimensional convex body discussed in Remark 7.5.10 is from [241];
for more on this, see the preface of [21] and [23].

The effective dimension introduced in Section 7.5.3 has some variants in the literature, in-
cluding the statistical dimension for convex cones [228, 18, 267].

Theorem 7.6.1 on the diameters of random projections of sets is due to to V. Milman [245],
see also [21, Proposition 5.7.1].

Talagrand contraction principle (Exercise 7.3) can be found in [210, Corollary 3.17], where
one can find a more general result (with a convex and increasing function of the supremum).
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Exercise 7.3 is adapted from [330, Exercise 7.4]. A more general version of Gaussian contraction
inequality in Exercise 7.8 can be found in [210, Corollary 3.17].

Gordon inequality (Theorem 7.2.9) and its extensions can be found in [140, 141, 144, 180].

Exercise 7.11 on the norms of symmetric Gaussian matrices and Exercise 7.13(a) on the
smallest singular values of Gaussian matrices are from [94, Section IL.c].

Exercise 7.18 introduces the nuclear norm — one of the Schatten norms, which are the ¢
norms of the matrix’s singular values. Special cases include the nuclear norm (p = 1), Frobenius
norm (p = 2), and operator norm (p = 0o). The duality extends naturally to all Schatten norms,
and can be deduced von Neumann trace inequality.

Exercises
7.1 s (Covariance vs. increments) Consider a random process (X¢)er.

(a) Assuming that the zero random variable 0 belongs to the process, express the co-
variance function X(¢, s) = E X; X, in terms of the metric d(t, s) = [| X; — Xs|| 2.

(b) Do the same assuming that, the process contains the random variable — X; whenever
it contains X;.

(c) Show by example that without any assumption, it may be impossible to recover the
covariance function from the metric.

7.2 weew (Symmetrization for random processes) Let X1 (t),..., Xn(¢) be N independent,
mean-zero random processes indexed by points t € T. Let €1,...,en be independent
Rademacher random variables. Prove that

7Esup‘251 i )<Esup)ZX ‘SQEsup‘Zsz i ‘

teT teT teT

7.3 wsewe (Talagrand contraction principle) In this exercise, we get a first look at random
processes, which we will dive into fully in the next chapter. Let T C R"™ be a bounded set.
Let ¢; : R = R be contractions, i.e. Lipschitz functions with ||¢;||rip < 1. Let €1,...,en
be independent Rademacher random variables. Show that

n n
EsupZEigbi(ti) < EsupZeiti‘ (7.25)
teT 4 teT i

by going through the following steps:

(a) First let n = 2. Consider a subset T' C R? and contraction ¢ : R — R, and check
that

sup(t1 + @(t2)) + sup(t1 — ¢(t2)) < sup(t1 +t2) +sup(ty — t2).
teT teT teT teT

(b) Use induction on n to complete proof.

7.4 s (General Talagrand contraction principle) Generalize Talagrand contraction principle
(Exercise 7.3) for arbitrary Lipschitz functions ¢; : R — R without restriction on their
Lipschitz norms.

7.5 wde (Expressing a random walk as a canonical process) Express an N-step random walk
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7.6

7.7

7.8

7.9

7.10

7.11
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of Example 7.1.3 with Z; ~ N(0,1) as a canonical Gaussian process (7.2) with some
T cRN.

wew (Multivariate Gaussian integration by parts) Prove Lemma 7.2.4.

weww (Differentiating the expected log-partition function) In the proof of Sudakov-

Fernique Theorem 7.2.8, one step left for you was to check that for Z(u) = VuX +
V1 —uY, the log-partition function f(x) = % log >0, P satisfies

4

du

Prove this by following these steps:

(a) Differentiate f and check that

af P >
dx; >k eBrr pi(w) and O0z;0x; -

E f(Z(u)) <0 for all uw € [0,1].

B (6ijpi(x) — pi(z)p;(2)),

where §;; is the Kronecker delta, which equals 1 is ¢ = j and 0 otherwise.
(b) Use the Gaussian interpolation formula 7.2.5. Simplify the expression and deduce
that

LR sz =1 > [BOX — X, ~ B0~ )| Epi(Z(0) py (2 (w).
i#]

(c) Note that this expression is non-positive by assumption.

= (Gaussian contraction inequality) The following is a Gaussian version of Talagrand
contraction principle from Exercise 7.3. Consider a bounded subset ' C R"™, and let
g1, ---,gn be independent N(0,1) random variables. Let ¢; : R — R be contractions, i.e.
Lipschitz functions with ||¢;||rip < 1. Use Sudakov-Fernique inequality to prove that

n n
Esup ) " gigi(ti) <Esup »  git;.
teT i teT i

swew (Gordon inequality) Prove Gordon inequality (Theorem 7.2.9) under the addi-
tional equal variances assumption:

IEth = IEYuzt for all u,t.

Like with the Sudakov-Fernique inequality, the equal variances assumption can be dropped
from Gordon inequality too. We wont prove this here.

wew (Frobenius distance between rank-one matrices) This bound was used in the proof
of Theorem 7.3.1. For unit vectors u,w € R® ! and unit vectors v,z € R™ !, show that

T T2 2 2
luv' —wz' |7 < |lu—wlz + [jv—2|5.

swdew (Norms of GOE random matrices) Adapt the arguments in Section 7.3 to the
symmetric case. Consider an n X n Gaussian random matrix A with independent normal
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entries on and above the diagonal, where the diagonal entries are N(0,2) and the off-
diagonal entries are N (0, 1). (This is the Gaussian orthogonal ensemble from Exercise 3.19.)

(a) Show the expectation bound:

E|jA] < 2V
(b) Boost this to a high-probability bound: for any ¢ > 0,
P{|[A]l > 2v/n +t} < 2exp(—ct?).

W

weew (The norm of a Gaussian vector) For g ~ N (0, I,), show that the function

f(n) =Elglly = vn

is increasing on [C, c0), where C is a suitable absolute constant.

W

## (Smallest singular values of Gaussian matrices) Let’s use the Gordon inequality
(Theorem 7.2.9) to get sharp bounds on the smallest singular value of an m X n random
matrix A with independent N (0, 1) entries. For m > n > C' (where C is a suitable absolute
constant), show that:

(a) (Expectation)
Esn(A) > Vi — Vit
(b) (High probability)
P{sn(A) < v/m —+/n—t} < 2exp(—ct®) for any t > 0.

w# (Sudakov inequality for non-compact sets) Show that if (T, d) is not relatively com-
pact, i.e. N(T,d, &) = oo for some & > 0, then Esup;cr X; = co.

w0 (Properties of Gaussian width) Prove Properties (a)—(d) and (g) in Proposition 7.5.2.

W

w# (Gaussian width and diameter) Show by example that, for any dimension n, both
bounds in Proposition 7.5.2(f) are attained up to absolute constant factors.

# (Gaussian width of the ¢P ball) Let 1 < p < co. Consider the unit ball of the ¥ norm
in R", i.e. By ={z € R": [jz||p < 1}. Prove that

7 1/p /
w(BY) < N plﬁlogn
Vlogn, p >logn

where p’ is the conjugate exponent for p, as in Hélder inequality (1.22).

sdse (Nuclear norm) For an n X n matrix A, the operator norm ||A]| is the £°° norm
of the singular values, and the Frobenius norm ||A||p is the £? norm (see Lemma 4.1.11).
Define the nuclear norm as the ¢ norm of the singular values:

n

1Al =3 si(A).

i=1
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(a) Just like £ and £°° norms are dual for vectors (see Exercise 1.19(b)), prove that

the nuclear and operator norms are dual for matrices:”

[A]l, = max {(A, B) : ||B|| <1}.

(b) Conclude that the nuclear norm is indeed a norm.

7.19 sesese (Gaussian width of matrices with bounded operator norm) Show that the unit
ball of the operator norm for n X n matrices,

T={B: ||B|| <1}, satisfies'® w(T) < n3/2.

7.20 dseee (Gaussian width vs. Gaussian complexity) For any bounded set 7' C R™ and a
point y € T, show that

NT) = w(T) + |lyll2

This is one of the statements in Proposition 7.5.11, which was left unproved.

7.21 wee (Effective dimension vs. algebraic dimension) We introduced the effective dimension
of a bounded set T' C R™ in Definition 7.5.12.

(a) Prove that the effective dimension is bounded by the linear-algebraic dimension:
d(T) < dim(T).
(b) Show that the equality holds when T is a Euclidean ball in a subspace of R".

7.22 w (Effective dimension of a finite set) For any finite set T, show that

d(T) < Clog|T|.

7.23 dese (Ellipsoids) An ellipsoid is just a linear transformation of the unit ball By via some
m X n matrix A, i.e. the set A(BY).

(a) (Gaussian width) Show that
w (A(B3)) < Al

where the notation =< hides positive absolute constant factors.
(b) (Effective dimension) Show that

d(A(B3)) =r(ATA) = s(A)

where d(-) is the effective dimension, r(-) is the effective rank and s(-) is the stable
rank (see Definition 7.5.12 and Remarks 5.6.3, 5.6.4).

724 se# (Modeling a random vector on the sphere) Let z be a fixed vector on the unit
sphere Sm_l, and let B be an n X m matrix consisting of the first m columns of a random
orthogonal matrix U ~ Unif(O(n)). Check that

Bz ~ Unif(§" ™).

9 Recall that (A, B) = tr(AT B) by definition (4.7).
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#% (Gaussian projections of sets) Prove a version of Theorem 7.6.1 for an m x n Gaus-
sian random matrix G with independent N(0,1) entries. Specifically, show that for any
bounded set T'C R™, we have

E diam(GT) < w(T) + v/m diam(T).

Here w(T) is the Gaussian width of T'.

www (Random projections of sets: a lower bound) Show the lower bound in Theo-
rem 7.6.1: for any bounded set T C R",

E diam(PT) > c[ws(T) + \/% diam(T)]

s (Matrix sketching) Suppose we have a large A be an n X k matrix. Here is how we
can reduce it without sacrificing accuracy of the operator norm.

(a) Let P be a projection in R™ onto a random m-dimensional subspace (picked uni-
formly in the Grassmanian Gn,m). Prove that

1 m
E[PA[l = 7n AllE + 4/ Al

(b) Let G be an m x n random matrix with i.i.d. N(0, 1) entries. Prove that

E|GA| < [ AF|l + vm [l A].
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Chaining

This chapter covers some of the central methods for bounding random processes
(Xt)ter. In Section 8.1, we introduce the chaining technique and use it to bound
E sup,c, X in terms of covering numbers of 7', a result known as Dudley inequal-
ity. We illustrate it in Section 8.2 with an application to Monte Carlo integration
and empirical processes.

Then in Section 8.3 we introduce the VC' theory, which gives combinatorial
rather than metric insights into random processes. We apply it for statistical
learning theory in Section 8.4.

In Section 8.5, we refine the chaining method to generic chaining and get
optimal, two-sided bounds on random processes, in terms of Talagrand’s 7,(T")
functional (we only prove an the upper bound here). A useful consequence is
Talagrand comparison inequality, which generalizes Sudakov-Fernique inequality
for subgaussian processes.

Finally, in Section 8.6, we use Talagrand comparison inequality to derive Chevet
inequality, a handy tool for random bilinear forms over general sets.

With everything you’ve learned, some exercises now feel like fun mini research
results — Lipschitz law of large numbers in higher dimensions (Exercise 8.10),
one-bit quantization (Exercise 8.26), the small ball method with applications
to heavy-tailed random matrices (Exercise 8.27), and p — ¢ norms of random
matrices (Exercise 8.41), just to mention a few!

8.1 Dudley inequality

For a general Gaussian process (X;);cr, Sudakov inequality (Theorem 7.4.1) gives
a lower bound on
Esup X;
teT
in terms of the metric entropy of T. Now we will go for an upper bound. And
instead of sticking just to Gaussian processes, we will take it further and handle
more general, subgaussian ones.

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd
Edition by Roman Vershynin. This pre-publication version is free to view and download for personal
use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.

If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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Definition 8.1.1 (Subgaussian increments). A random process (X;):er on a
metric space (T, d) has subgaussian increments if there exists K > 0 such that

I1X, — X,|ly, < Kd(t,s) forallt,seT. (8.1)

Example 8.1.2 (Gaussian processes). Let (X;);er be a Gaussian process on
some set T'. It naturally defines a canonical metric on T"

d(t, S) = HXt — XSHL27 t,S c T,

as we explained in (7.1). With respect to this metric, (X;);er clearly had sub-
gaussian increments, with some absolute constant K.

Here is another (trivial) example: any random process can be made to have
subgaussian increments by defining the metric as d(¢, s) == || X: — Xs/|y,-

Now we give a bound on a general subgaussian random process (X;)ier in
terms of the metric entropy log N (T, d, ¢):

Theorem 8.1.3 (Dudley integral inequality). Let (X;);er be a mean-zero random
process on a metric space (T,d) with subgaussian increments as in (8.1). Then

Esup X; < C’K/ \/1og N (T, d, ) de.
teT 0

Before we prove Dudley inequality, let’s compare it with Sudakov inequality
(Theorem 7.4.1), which for Gaussian processes says:

Esup X; > csupey/log N (T, d,¢).
teT e>0

Figure 8.1 illustrates both bounds. There is a clear gap between them, and it
turns out that metric entropy alone cannot close it — we will explore this later.

log N (T, d, ¢)

Sudakov

Figure 8.1 Dudley inequality bounds Esup,c. X; by the area under the
curve. Sudakov inequality bounds it below by the largest area of a rectangle
under the curve, up to constants.

The Dudley inequality hints that Esup,., X; is a multiscale quantity — to
bound it, we need to look at T" across all scales €. And that is exactly how the
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proof works. We will first prove a discrete version using dyadic scales ¢ = 27%
(like a Riemann sum), then move to the continuous version.

Theorem 8.1.4 (Discrete Dudley inequality). Let (X;);er be a mean-zero ran-
dom process on a metric space (T,d) with subgaussian increments as in (8.1).
Then

Esup X; < C’KZ 2_k\/logN(T, d,27%). (8.2)

teT kez

The proof uses the important technique of chaining. It is basicaly a multi-
scale version of the e-net argument we have used before, like in the proofs of
Theorems 4.4.3 and 7.6.1.

In the e-net argument, we approximate T' by an e-net N so every point t € T'
is close to some 7(t) € N, with d(¢,7(t)) < . Then the increment condition (8.1)
gives

1 X — Xallg, < Ke. (8.3)
This leads to

Esup X; < Esup X, + Esup(Xy — Xr))-
teT teT teT

We can handle the first term via a union bound over |N| = N(T,d,e) points
m(t). But the second term is tricky — it is not clear how to combine (8.3) with a
union bound over all ¢t € T'. To fix this, we don’t stop at one net, but we choose
smaller and smaller ¢ to get better approximations 7y (), ma(%), ... to ¢t with finer
nets. That is the idea behind chaining, which we will now formalize.

Proof of Theorem 8.1.4. Step 1: Chaining set-up. Without loss of generality,
we may assume that K = 1 (why?) and 7' is finite (see Remark 7.2.1). Define the
dyadic scale

e =2"% kez (8.4)
and choose ¢-nets T}, of T' so that
|Tk’ :N(T, d, 5k)- (85)

Only a part of the dyadic scale will be needed. Since T is finite, there exists
a small enough number k£ € Z (defining the coarsest net) and a large enough
number K € Z (defining the finest net), such that

T, = {to} for some to € T, Tx =T. (8.6)
For a point ¢ € T', let 7 (t) denote a closest point in T}, so we have
d(t,me(t)) < eg. (8.7)
Since E X,;, = 0 by assumpiton, we have

Esup Xt — ESup(Xt - th)'

teT teT
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Let’s write X; — X;, as a telescoping sum, walking from ¢, to ¢ along a chain of
points 7 (t) that mark progressively finer approximations to t:

X = Xy = Xty — Xio) + (Xpn) — Xooy) + -+ (X = Xapery), - (8.8)

see Figure 8.2. The first and last terms of this sum are zero by (8.6), so we have

to

Figure 8.2 Chaining: a walk from a fixed point ¢y to an arbitrary point ¢ in
T along elements 7 (T") of progressively finer nets of T

Xi— Xy, = Z (Xrvt) = Xn1 (1)) (8.9)

k=rk+1

Since the supremum of the sum is bounded by the sum of suprema, we get

K
Esup(X; — X;,) € Y Esup(Xn, ) — Xr i) (8.10)
teT kemi1 €T

Step 2: Controlling the increments. In (8.10), it looks like we are taking
the supremum over all of T" in each summand, but really it is over the smaller set
of pairs (m(t), mx_1(t)).The number of such pairs is

Te| - | Thes| < |T0|?,

a number that we can control through (8.5). Moreover, for a fixed ¢, we can bound
the increments in (8.10) like this:

[ Xret) = X v llwe < d(me(t), me-a(£))  (by (8.1) and since K = 1)
< d(mp(t),t) + d(t, m_1(t)) (by triangle inequality)
S €k + Ek—1 (by (87))
< 2ep_1.
Recall from (2.22) that the expected maximum of N subgaussian random vari-

ables is at most C'L+/log N, where L is the largest ¥, norm. We can use this to
bound each term in (8.10):

ESUP(XWk(t) - ka,l(t)) < CEk—1\/ log\Tk|. (8-11)

teT
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Step 3: Summing up the increments. We have shown that

K
Esup(X; — X;,) < C Z er_11/log | Ty|. (8.12)

teT k=r+1

Now plug in the values ¢, = 27* from (8.4) and the bounds (8.5) on |T}|, and get

K
Esup(X; — X,,) <C > 275\ /log N (T, d,2-%).

teT k=r-+1

Theorem 8.1.4 is proved. O
Let us now deduce the integral form of Dudley inequality.

Proof of Dudley integral mequalzty, Theorem 8.1.3. To convert the sum (8.2) into

an integral, we express 27% as 2 f2 w1 de. Then

S 274 log N (T, d, 27) —22/

kEZ kez V27!

\/logN(T, d,27%) de.

Within the limits of integral, 27% > ¢, so log N(T,d,27%) < log N (T, d, ) and
the sum is bounded by

QZ/k 1\/log/\dee d€—2/ \1og N (T, d,e)d

kEZ

To practice, show that the discrete and integral Dudley inequalities are actually
equivalent (Exercise 8.3).

8.1.1 Variations and Examples

Remark 8.1.5 (Dudley inequality: supremum of increments). A quick look at
the proof shows that chaining actually gives

Esup|X; — X;,| < CK/ \/1og N (T, d,e)de (8.13)
teT 0

for any fixed ¢, € T. We can combine with the same bound for X, — X, , and use
triangle inequality to get:

E sup | X; — X,| < CK/ \/10g N (T, d, ) de. (8.14)
t,se€T 0

Remark 8.1.6 (Dudley inequality: a high-probability bound). Dudley inequality
gives only an expectation bound, but chaining actually gives a high-probability
bound. Assuming T is finite,! for every u > 0, the bound

sup|X, — X,| < OK | / VIos N (T d. ) de + u - diam(T)] (8.15)
t,seT 0

L As always, are are assuming T is finite to avoid measurability issues; the general case typically
follows by approximation.
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holds with probability at least 1 — 2 exp(—u?) (Exercise 8.1). For Gaussian pro-
cesses, this also follows directly from Gaussian concentration (Exercise 8.2).

Note that (8.14) and (8.15) do not need the mean zero assumption E X; = 0,
but Dudley Theorem 8.1.3 does — otherwise it can fail. (Can you see why?)

Remark 8.1.7 (Limits of Dudley integral). Even though the Dudley integral
goes over [0,00], we can cap it at the diameter of 7', since for ¢ > diam(7) a
single e-ball covers T and so log N (T, d, &) = 0. Thus:

diam(T)
Esup X; < CK/ \1og N (T, d, ) de. (8.16)
0

teT

If we apply Dudley inequality for the canonical Gaussian process (g,t), just
like we did with Sudakov inequality in Corollary 7.4.2, we get:

Theorem 8.1.8 (Dudley inequality in R™). The Gaussian width of any bounded

set T C R"™ satisfies
w(T <C’/ \/91og N (T, ) de. 8.17
(T) ; g N( ) ( )

Here N (T, ¢) is the smallest number of Euclidean balls with radius € and centers
in T that cover T.

Example 8.1.9 (Dudley is sharp for the Euclidean ball). Let’s test Dudley
inequality for the unit Euclidean ball ' = B Recall from (4.18) that N (B, ) <
(3/e)™ for € € (0,1], and of course N'(BY,e) =1 for € > 1. Then

wB5) 5 [ yfmiog3/e)de 5 Vi

This is optimal: as we know from (7.17), w(BY) < /n.

Remark 8.1.10 (Dudley can be loose — but not too loose). In general, Dudley
integral can overestimate the Gaussian width. Here is an example:

T:{ﬁ, kzl,...,n}

with e, the standard basis vectors in R™. Try Exercise 8.4 to show that

w(T) = O(1) while /OO JI0g N (T, d,£) de — oo
0

as n — oo. However, the good news:

(a) Dudley inequality is tight up to a logarithmic factor (Exercise 8.5);
(b) we will upgrade chaining to remove that logarithmic factor (Section 8.5).

For more practice, show the log-sharpness of Dudley and Sudakov (Exer-
cise 8.5), refine the lower limit in Dudley’s integral (Exercise 8.6), and prove
subexponential (Exercise 8.7) and local (Exercise 8.8) versions of Dudley.
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8.2 Application: empirical processes

Let’s apply Dudley inequality to empirical processes — certain natural random
processes indexed by functions. Here is a motivating example.

8.2.1 The Monte Carlo method

Suppose we want to compute an integral

/Qfdu

where f : 2 — R is a given function on some set {2 and p is a probability measure
on . For instance, this could just be fol f(z) dzx for a function f : [0,1] — R (see
Figure 8.3a).

We can do this probabilistically. Suppose X is a random point in 2 drawn
according to p, i.e. P{X € A} = p(A) for any measurable set A C Q. (For
instance, X ~ Unif[0, 1] if you are integrating over [0,1].) Then the integral
becomes the expectation:

[ rdn=E500).
Q
Now take i.i.d. samples X1, X, ... By the law of large numbers (Theorem 1.7.1),
1 n
— Z f(X;) = Ef(X) almost surely (8.18)
n =1
as n — 00. So, we can approximate the integral with the arithmetic mean:

[ ranmt>0x) (319)

(see Figure 8.3b). This is the Monte Carlo method — compute the integral by
averaging function values at random sample points.

//\

fdu
Q
Q X1 Xy X3 -0 X,
(a) The problem is to compute the (b) The integral is approximated by
integral of f on a domain . % ST f(X;) with i.i.d. random points Xj;.

Figure 8.3 Monte Carlo method for numerical integration.

Remark 8.2.1 (Error rate). The expected error of the Monte Carlo estimate
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(8.19) is O(1/4/n). This comes from the rate of convergence in the law of large
numbers (1.23):

Bl 3 70x) ~BFC0)| < [Var (5 Zf N =o(5) s

Remark 8.2.2 (Monte Carlo is high-dimensional, agnostic). Monte Carlo works
well in high dimensions since the error (8.20) does not depend on dimension-
unlike grid-based integration methods. You don’t even need to know the measure
4; just being able to sample from it is enough. Same with f — you only need its
values at a few random points.

8.2.2 Lipschitz law of large numbers

Can we use the same sample X1, ..., X,, to estimate the integral of any function
f:Q — R? No. A badly chosen f could wiggle wildly between sample points
(like in Figure 8.4), making the Monte Carlo estimate (8.19) totally off.

X; X9 X3--X,

Figure 8.4 One sample X, ..., X, cannot be used to approximate the
integral of all functions f.

But what if we stick to functions that do not wiggle too much — like Lipschitz
ones? Then yes!

Theorem 8.2.3 (Lipschitz law of large numbers). Consider the class of functions

F = {f : [07 1] — R? HfHLip S L}7 (821)
where L is any number. Let X, X1, X5, ..., X, be i.i.d. random variables taking
values in [0,1]. Then

CL
Esup|— Zf X)) < —. (8.22)

feF'n \/ﬁ

Remark 8.2.4 (One sample serves all Lipschitz functions). Before the proof,
let’s reiterate the key point: the supremum over f € F is inside the expectation.
Thanks to Markov inequality, this means that a single sample Xi,..., X, will,
with high probability, work well simultaneously for all f € F. And “work well”
means approximating each integral with error O(1/y/n) — same rate as the usual
law of large numbers for just one function. So, made the law of large numbers
uniform without losing anything!
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To make the proof of Theorem 8.2.3 more intuitive, it is helpful to view the
left side of (8.22) as the maximal magnitude of a random process indexed by
functions f € F. Such random processes are called empirical processes:

Definition 8.2.5 (Empirical process). Let F be a class of real-valued functions
f Q2 — R on some set 2. Let X be a random point in ) picked according to
some probability distribution, and let X, X5,..., X, be independent copies of
X. The random process (Xy)rer defined by

X = Ly p) - Ep) (8.23)

is called an empirical process indexed by F.

Proof of Theorem 8.2.3 Without loss of generality, it is enough to prove the
theorem for the class

F=Af00,1] = 0,1, 1 fllup < 13- (8.24)
(Why?) We would like to bound
E sup|X |
feF

for the empirical process (X;) er defined in (8.23).

Step 1: Checking subgaussian increments. Let’s use Dudley inequality
(Theorem 8.1.3). To apply it, we will check that the empirical process has sub-
gaussian increments with respect to the L> metric d(f,g) = || f — gl|z~-. So, fix a
pair of functions f, g € F and write

X, = Xl = |32 where Zii= (7 ~ 9)(X) ~ B(f — 9)(X).

2

Since Z; are independent, mean-zero random variables, Proposition 2.7.1 gives

1, 1/2
1) = Xl S = (X0Zi0E,)
i=1
Now, using centering (Lemma 2.7.8) we have

1Zillys SN = ) (X llwo S = gllz~-
It follows that

1 1
X _X 5 <7. 1/2 - co — T — - oC o
IXs = Xloo S -2 = gl = =1 = gl

Step 2: Applying Dudley inequality. Now apply Dudley inequality (The-
orem 8.1.3) in the form (8.13):

1 1
Esup|X;| = Esup|X; — X, 5/ log N (F, |||z, €) de. 8.25
supl X | = Bsup|X; — Xol £ = | \log N (F, 1) (8.25)

(Here we used that the zero function belongs to F, and the diameter of F in the



8.3 VC dimension 229

L*> metric is bounded by 1 by (8.24).) It is not difficult to bound the covering
numbers of F like this:

N(F, | p=,e) < %,

as you will check in Exercise 8.9. Substitute this bound into the integral:

1 el 1
E sup| X 5/ —de S —.
fe]—" 4 vnto Ve vn
Theorem 8.2.3 is proved. O

To get some practice, try Exercise 8.10, where you extend Theorem 8.2.3 to
higher dimensions. It is marked with four coffee cups, but do not worry — it is
more labor-intensive than tricky.

8.2.3 Empirical measure

For a broader perspective, take one more look at the Definition 8.2.5 of an empir-
ical process. Given an i.i.d. sample X, ..., X,, picked from {2 according to some
probability measure pu, let’s consider the empirical measure i, that assigns equal
probabilities 1/n to each point, counting multiplicities:

1 n
o =~ > 6x,. (8.26)
=1

Here ¢, is the Dirac probability measure at z, i.e. §,(A) = 1if x € A and 0
otherwise, for any set A. So, u,(A) is the fraction of sample points that fall in a
set A C Q.

The integral of f with respect to the original measure p is E f(X) (the “popu-
lation” average of f), and the integral of f with respect to the empirical measure
Ly, 18 % o, f(X:) (the “sample”, or empirical, average of f). The empirical pro-
cess X; in (8.23) tracks the deviation of the population expectation from the
empirical expectation.

This deviation, which we bound in Theorem 8.2.3, can be thought as a distance
between measures p and p,,, called the Wasserstein distance Wy (u, p,,). It has an
equivalent interpretation as the transportation cost of turning one measure into
the other. The equivalence is provided by the Kantorovich-Rubinstein duality
theorem. For this reason Theorem 8.2.3 is often called the Wasserstein law of
large numbers.

Many tools you have learned also work for empirical processes. Try proving an
empirical version of symmetrization in Exercise 8.11.

3

8.3 VC dimension

Now we introduce the notion of the VC (Vapnik—Chervonenkis) dimension, which
plays a major role in statistical learning theory. We connect it to covering num-
bers, and then, through Dudley inequality, to random processes and uniform law
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of large numbers. Applications to statistical learning theory will be given in next
section.

8.3.1 Definition and examples

The VC dimension measures how complex a class of Boolean functions is. Here,
a Boolean function is a map f: £ — {0,1} on some set 2, and we are looking at
some collection F of these.

Definition 8.3.1 (VC dimension). A subset A C 2 is shattered by a class of
Boolean functions F if, for any possible binary labeling g : A — {0, 1}, there is
some function f € F that matches® it on A. The VC dimension of F, denoted
ve(F), is the largest cardinality of a subset A C ) that is shattered. (And if there
is no largest one, we say vc(F) = 00.)

VC dimension can take some time to sink in, so let’s walk through a few
examples to make it clearer.

Example 8.3.2 (Intervals). Let F consist of the indicators of all closed intervals
in R:
F = {l[a,b] a,beER, a< b}.

We claim that
ve(F) = 2.

To prove ve(F) > 2, we need to find a two-point set A C R that is shattered
by F. Take, for exampe, A = 3,5. There are four possible binary labelings g :
A — {0,1} on this set, and each one can be obtained by restricting some interval
indicator f = 1j,, onto A. For instance, g(3) = 1, g(5) = 0 comes from f = 15 4.
The other three cases are similar (see Figure 8.5), so A is indeed shattered by F.

ool

0
3 5

1 1 11

Weo

35

Cleo

5 3

Figure 8.5 The binary function g(3) = g(5) = 0 is the restriction of 1 7
onto A = {3,5} (left). The function g(3) =0, g(5) =1 is the restriction of
1j4,6) onto A (middle left). The function g(3) =1, g(5) = 0 is the restriction
of 1j3 4) onto A (middle right). The function g(3) = g(5) = 1 is the
restriction of 1j5 ) onto A (right).

To prove ve(F) < 3, we need to show that no three-point set A = {p,q,r}
can be shattered by F. To see this, assume p < ¢ < r and consider the labeling
g(p) =1, g(q) = 0, g(r) = 1. Then g can not be a restriction of any indicator
1, onto A, for otherwise [a,b] must contain two points p and 7 but not the
point ¢ that lies between them, which is impossible.

2 Formally, this means that the restriction of f onto A is g, i.e. f(z) = g(z) for all z € A.
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Example 8.3.3 (Half-planes). Let F consist of the indicators of all closed half-
planes in R%Z. We claim that

ve(F) = 3.

To prove ve(F) > 3, we need to find a three-point set A C R? that is shattered by
F. Let A consist of three points in general position like in Figure 8.6. Each of the
2% = 8 binary labelings g : A — {0,1} is a restriction of the indicator function
of some half-plane. To see this, arrange the half-plane to contain exactly those
points of A where g takes value 1. Thus, A is shattered.

0 1 o0

Oe Oe o0 .
o]_ 1
1 Oe *0

Figure 8.6 The proof that VC(half-planes)= 3 in Example 8.3.3 consists of
two steps. To show VC > 3, we find a three-point set A on which every
binary labeling g is linearly separable (left). To show VC < 4, we
demonstrate that on any four-point set A there exists a binary labeling g
that is not linearly separable (middle and right).

To prove ve(F) < 4, we need to show that no four-point set can be shattered by
F. There are two possible configurations of four-point sets A in general position,
shown in Figure 8.6. (What if A is not in general position? Analyze this case.)
In each of the two cases, there exists a binary labeling such that no half-plane
can contain exactly the points labeled 1; see Figure 8.6. This means that always
exists a binary labeling g : A — {0,1} that is not a restriction of any indicator
of a half-plane, and thus A is not shattered.

Example 8.3.4. Let Q = {1,2,3}. We can conveniently represent Boolean func-
tions on €) as binary strings of length three. Consider the class

F := {001,010, 100, 111}.

The set A = {1, 3} is shattered by F. Indeed, restricting the functions in F onto A
amounts to dropping the second digit, thus producing strings 00,01, 10, 11. Thus,
the restriction produces all possible binary strings of length two, or equivalently,
all possible binary labelings g : A — {0,1}. Hence A is shattered by F, and thus
ve(F) > |A| = 2. On the other hand, the (only) three-point set {1,2,3} is not
shattered by JF, as this would require all eight binary digits of length three to
appear in F, which is not true.

For more practice, find the VC dimension of pairs of intervals, circles, rectan-
gles, squares, and polygons (Exercises 8.12-8.16), and also try Exercise 8.17 to
extend Example 8.3.3 to higher dimensions like this:
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Example 8.3.5 (Half-spaces). A half-space in R" is a set of the form
{z: (a,x) <b} wherea € R" and b € R.
Let F be the class of indicators of all half-spaces in R™. Then
ve(F) =n+ 1.

Remark 8.3.6 (VC dimension vs. parameter count). VC dimension of a function
class often roughly matches the number of parameters — for instance, half-spaces
in R™ are defined with n 4 1 parameters, which matches their VC dimension (see
Exercise 8.3.5). This is not a hard rule but rather a useful heuristic.

8.3.2 Pajor Lemma

Suppose the domain €2 is finite and consists of n points. Then any class of Boolean
functions F on € is also finite, and

v < | F| < 2™ (8.27)

(Why?) The upper bound is usually loose — most function classes are closer in
size to the lower bound. This is not so obvious. To prepare for this result, let’s
first show that there are as many shattered subsets of ) as the functions in F.

Lemma 8.3.7 (Pajor lemma). Let F be a class of Boolean functions on a finite
set §2. Then

|F| < |[{A € Q: A is shattered by F}|.
We include the empty set A = () in the count on the right side.

Before the proof, let’s illustrate this result using Example 8.3.4. Here, |F| =4
and there are six subsets A that are shattered by F, namely {1}, {2}, {3}, {1, 2},
{1,3} and {2,3}. (Check!) Thus the inequality in Pajor lemma reads 4 < 6.

Proof of Lemma 8.5.7. We proceed by induction on the cardinality of 2. The

case |Q] = 1 is trivial, since we include the empty set in the counting. Assume

the lemma holds for any n-point set €2, and let us prove it for  with |Q] = n+1.
Chopping out one (arbitrary) point from the set {2, we can express it as

Q=QyU{z}, where [Q]=n.
The class F then naturally breaks into two sub-classes
Fo={feF: flxg) =0} and F,:={fe€F: f(x) =1}
By the induction hypothesis, the counting function
S(F) = |{A CQ: A is shattered by F}|
satisfies®
S(Fo) > |Fo| and S(Fy) > |Fil. (8.28)

3 To properly use the induction hypothesis here, restrict the functions in Fo and F; onto the n-point
set Q.
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To complete the proof, all we need to check is
S(F) = S(Fo) + S(F1), (8.29)

for then (8.28) would give S(F) > |Fo| + |F1| = |F|, as needed.

Inequality (8.29) may seem trivial. Any set A that is shattered by Fy or F
is automatically shattered by the larger class F, and thus each set A counted
by S(Fy) or S(F;) is automatically counted by S(F). The problem, however,
lies in the double counting. Assume the same set A is shattered by both Fy and
Fi. The counting function S(F) will not count A twice. However, a different set
will be counted by S(F), which was not counted by either S(Fy) or S(Fi) —
namely, AU {zo}. A moment thought reveals that this set is indeed shattered by
F. (Check!) This establishes inequality (8.29) and completes the proof of Pajor
Lemma. Ul

Let’s illustrate the key point in the proof of Pajor lemma:

Example 8.3.8. Let us again go back to Example 8.3.4. Following the proof of
Pajor lemma, we chop out zg = 3 from Q = {1,2,3}, making Qy = {1,2}. The
class F = {001,010,100,111} then breaks into two sub-classes

Fo = {010,100} and F, = {001,111}.

There are exactly two subsets A shattered by Fy, namely {1} and {2}, and the
same subsets are shattered by F;, making S(Fy) = S(F1) = 2. Of course, the
same two subsets are also shattered by F, but we need two more shattered subsets
to make S(F) > 4 for the key inequality (8.29). Here is how we construct them:
append xy = 3 to the already counted subsets A. The resulting sets {1,3} and
{2,3} are also shattered by F, and we have not counted them yet. Now have at
least four subsets shattered by F, making the key inequality (8.29) true.

8.3.3 Sauer-Shelah Lemma

We now deduce a remarkable upper bound on the cardinality of a function class
in terms of VC dimension:

Lemma 8.3.9 (Sauer-Shelah Lemma). Let F be a class of Boolean functions on
an n-point set Q. Then

d d
|F| < (n) < (< where d = vc(F).
kZ:o k ( d )

Proof Pajor Lemma states that |F| is bounded by the number of subsets A C Q
shattered by F. The cardinality of each such set A is bounded by d = vc(F),
according to the definition of VC dimension. Thus

|.7:’§|{A§Q: A’gdH:i(Z)

k=0
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since the sum in right hand side gives the total number of subsets of an n-element
set with cardinalities at most k. This proves the first inequality of Sauer-Shelah
lemma. The second inequality follows from the bound on the binomial sum we
proved in Exercise 0.6. O

Both Pajor and Sauer-Shelah lemma are generally sharp (try Exercise 8.19).

8.3.4 Growth function

Sauer-Shelah lemma assumes that the domain € is finite. What about function
classes F on infinite domains like €2 = R"? It is often convenient to measure the
complexity of F by the growth function:

Definition 8.3.10 (Growth function). Let F be a class of Boolean functions on
a domain 2. The growth function of F is defined as the maximum number of
functions that can be obtained by restricting all functions in F to a subset of n
elements:

Mr(n) =sup { | Fla| : A €O [A]=n}.

In this light, the VC dimension of F can be seen as the largest d for which
II7(d) = 2. Immediate bounds on the growth function are

d
TSHAMS(%) for all n > d (8.30)

if d = vc(F) < oo. The lower bound is a restatement of (8.27) and the upper
bound follows from Sauer-Shelah lemma (Lemma 8.3.9).

To see how the growth function can be useful, let’s deduce from (8.30) the
stability of VC dimension with respect to natural operations.

Proposition 8.3.11 (VC stability). Let F and G be two classes of Boolean
functions on the same domain. Let

FAG={fANg: feF,geg}
where f A g denotes the pointwise minimum of the functions f and g. Then
ve(F A G) < 10max (ve(F), ve(G)) .
The same holds for the pointwise maximum V.

Proof Assume for contradiction that n = ve(F A G) > 10d. Then

en 2d
2" < Hpng(n) < Te(n) - To(n) < ()

(The first and last bounds follow from (8.30), and the middle bound should be

clear by definition.) However, a simple calculation shows that 2" > (en/d)*

whenever n > 10d. Contradiction. O



8.3 VC dimension 235

Proposition 8.3.11 can be extended to any particular way of combining classes
of functions — try Exercise 8.21. It can be helpful when we want to bound the
VC dimension without computing it directly, such as in this example:

Example 8.3.12 (Strips). A strip in R” is a set of the form
{z: |[{a,z) —b] <c} wherea € R" and b,c € R,
see Figure 8.7. Let F be the class of indicators of strips. Example 8.3.5 gives
ve(F) <20(n+ 1) < 40n.

Indeed, each strip can be represented as the intersection of two half-spaces {z :
(a,z) —b < ¢} and {z: (a,x) —b > —c}. Thus the indicator of each strip is
the pointwise minimum of the indicators of two half-spaces. Now apply the VC
stability property (Proposition 8.3.11) and the result in Example 8.3.5.

Figure 8.7 Four different strips in R?

For more practice with growth function, show a mind-blowing dichotomy —
this function can grow either polynomially or exponentially (Exercise 8.20) and
compute the VC dimension of the union (Exercise 8.22).

8.3.5 Covering numbers via VC dimension

Covering numbers usually grow exponentially with dimension (see (4.17) for ex-
ample). Now, let’s refine this heuristic by replacing the algebraic dimension with
VC dimension — which can save us a lot.

Let F be a class of Boolean functions on some domain €2, and let 1 be any
probability measure on 2. Define distance between functions as

d(f.9) = I1f = glizn = (B(f —0)(X))'", (8:31)
where X is a random variable with distribution p. (If you have not done measure
theory, just take an arbitrary random variable X taking values in €2, and think
of p as the name for the distribution of X.)

Now let’s bound the covering numbers N (F, L*(u), ) of the class F with re-
spect to the metric (8.31):
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Theorem 8.3.13 (Covering numbers via VC dimension). Let F be a class of
Boolean functions on a domain Q0 with a probability measure u on it. Then, for
every € € (0,1),
9\ Cd
N(F,L*(u),e) < (g> where  d = vc(F).
For a first attempt at proving Theorem 8.3.13, let’s assume for a moment that
() is finite, say Q2] = n. Then Sauer-Shelah Lemma 8.3.9 gives

N (). < 17 < ()"

This is not quite Theorem 8.3.13, but it comes close. To tighten the bound, we
need to get rid of n, and we will do this by shrinking 2. This lemma will help:

Lemma 8.3.14 (Dimension reduction). Let F be a finite class of Boolean func-
tions on a domain  with a probability measure u on it. Assume that all functions
i F are e-separated, that is

\f = 9gllz2qy > € for all distinct f,g € F.

If n > Ce *log|F|, then the empirical measure i, satisfies the following with
probability at least 0.99:

\f = gllrzqu,) > €/2  for all distinct f,g € F.

By definition of empirical measure (see Section 8.2.3), || f — g/ 2(,,) is the same
as (8.31) but with the population average replaced by the sample average:
1 & 1/2
1 = gllzun = (- 2o(F (X)) (8.32)
i=1
where X, are i.i.d. copies of X.
Proof of Lemma 8.53.1/ Notice some similarity to another dimension reduction
result — the Johnson-Lindenstrauss lemma (Theorem 5.3.1)7 The proof is along

the same lines — concentration plus a union bound.
Fix a pair of distinct functions f, g € F, and consider

1 n
If —9”2L2(,M) —|If - 9H2L2(u) = ;Zh(Xz‘) - Eh(X),
=1

where h = (f—g)?. On the right, we have a sum of independent bounded (and thus
subgaussian) random variables, so Hoeffding inequality (Theorem 2.7.3) gives

52
> } < 2exp(—cne).

P{‘Hf - 9||%2(,M) —f- 9”2L2(u) 4

(Check!) Therefore, with probability at least 1 — 2 exp(—cne?), we have

g2 g2

2
€

If — 9”%2(%) >|f - 9”%2(@ —— > ——=>—, (8.33)
4 4 4
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by lemma’s assumption. Now take a union bound over all pairs of distinct func-
tions f,g € F. There are at most |F|? of them, so with probability at least

1 — |F]* - 2exp(—cne?), (8.34)

the bound (8.33) holds simultaneously for all distinct f,g € F. Since n >
Ce*log|F| by assumption, by choosing the absolute constant C' sufficiently big
we can make the quantity in (8.34) at least 0.99. O

Proof of Theorem 8.3.13 By the packing-covering equiavelence (Lemma 4.2.8),
we can find

N = N(F, L), ¢)

functions in F that are e-separated in the L?*(u) metric. Set n = [Ce™*log N
and apply Lemma 8.3.14 to the set of those functions. With positive probability,
those functions stay (¢/2)-separated in the metric L?(ju,) defined in (8.32), so
their restrictions onto Q,, = {X,..., X, } are all different.

Fix a realization of random variables X, ..., X, for which this event holds. So
there exists a subset Q,, C Q with [Q,] < n < 2Ce *log N, such that the class
F. = Flq, obtained by restricting all functions onto (2,, satisfies |F,,| > N. Now
apply Sauer-Shelah Lemma 8.3.9 for F,, and 2, to get

v () s ()

n

where d,, = ve(F,). Simplifying,* we get
N < (2Ce™ )%,

Finally, replace d,, = vc(F,) by the larger quantity d = ve(F). O

8.3.6 VC law of large numbers

Back in Section 8.2.2, we bounded a general empirical process over all Lipschitz
functions. Now, let’s replace Lipschitz by any class of Boolean functions with
finite VC dimension:

Theorem 8.3.15 (VC law of large numbers). Let F be a class of Boolean func-
tions with finite VC dimension on some domain 2, and let X, X1, Xo,..., X,, be
independent random points in ) with common distribution. Then

vc(}").

n

E sup
feF

LS fx) —Es(x)| < ©

n i=1

4 To do this, note that lg(gi’N = log(N1/2dn) < N1/2dn,
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Proof We will combine Dudley inequality with the bound on the covering num-
bers from Theorem 8.3.13. But first, let’s symmetrize the process using the em-
pirical version of symmetrization (Exercise 8.11):

Zf X) <—nEsup’\FZef

fer

Esup|—
feF!in

Zy

Condition on (X;), leaving all randomness in the random signs (&;). To use Dudley
inequality for the process (Zf)ser, we need to check that the increments are
subgaussian. Triangle inequality gives

12/~ 2 < o[-~ o)

<1, we get:®

~

so using Proposition 2.7.1 and the obvious fact that ||&;||,,

o5 G200 = 1=l

1 n
12 = Zyllv. < ﬁ]\;exf—gxx

where p,, is the empirical measure — recall (8.32).
Now use Dudley inequality® (Theorem 8.1.3) conditionally on (X;), then remove
the conditioning by taking expectation with respect to (X;). We get

2 1 !
—EsupZ SE/ log N (F, L(py,), €) de. 8.35
TREpZr S o B [\ o N(F, L), <) (8.35)

Finally, we use Theorem 8.3.13 to bound the covering numbers:
log N(F, L*(n), €) < ve(F) log(2/e).

Substituting this into (8.35), we get the integral of y/log(2/¢), which is bounded
by an absolute constant, leading to

2 F
7]Esupi§ VC( )7

Vnojer n

as claimed. O

Remark 8.3.16 (Rademacher complexity). If F is a class of Boolean functions
with finite VC dimension, then the expression

551 ;)

is called the Rademacher complezity of F on a given set of points x1, xs,..., T, €
). Rademacher complexity reflects how rich F is. In proving Theorem 8.3.15, a
key step was relating it to another measure of richness — the VC dimension: we

Esup|—
feFin

5 Keep in mind that here X; and thus (f — g)(X;) are fixed numbers due to conditioning.
6 The upper limit of the integral is the diameter of F thanks to (8.16); check that diam(F) < 1.
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showed that Rademacher complexity of F is bounded by C+/vc(F)/n for any
n-point set.

Let’s apply Theorem 8.3.15 to a classical statistics problem: estimate the dis-
tribution of a random variable X from a sample. To estimate the CDF of X,

F(z) =P{X < z},

from an i.i.d. sample X, ..., X,,, a natural guess is to use the empirical CDF —
the fraction of the sample points satisfying X; < x:

F,(z) = %Hz D X; <z}

Amazingly, F, approximates F' uniformly over all z € R:

Theorem 8.3.17 (Glivenko-Cantelli Theorem). Let X,..., X, be independent
random variables with common cumulative distribution function F'. Then

C
E||F,, — F||r~ = Esup|F,(z) — F(z)] < —.
IF, = Plli= = EsuplF, (@) ~ Flo)| < =
Proof This is just a restatement of Theorem 8.3.15 for {2 = R and the class of
indicators of half-infinite intervals

F={1lCoou : = €R},
whose VC dimension is bounded by 2 as we noted in Example 8.3.2. O

Example 8.3.18 (Discrepancy). Take an i.i.d. sample of n points from the uni-
form distribution on the unit square [0,1]%, as in Figure 8.8, and apply Theo-
rem 8.3.15 for the class F of all indicator functions of circles in that square,
which has VC dimension at most 3 (see Exercise 8.13). Then, with high proba-
bility, the sample satisfies:

fraction of points in C = Area(C) + O(1/v/n)

simultaneously for all circles C in the square. This is a classic result in geomet-
ric discrepancy, which also holds for half-planes, rectangles, polygons with few
vertices, etc. — anything with finite VC dimension.

Remark 8.3.19 (Uniform Glivenko-Cantelli classes). A class of real-valued func-
tions F on a set 2 is called a uniform Glivenko-Cantelli class if, for any € > 0,

lim sup IF’{ sup

n—oo I f€.7:

U3 ~Ef(X)| > e} =0,

i=1
where the supremum is taken over all probability measures p on €2, and where
X, Xq,..., X, are i.i.d. points in 2 with distribution u. Theorem 8.3.15 followed
by Markov inequality implies that any Boolean class with finite VC dimension is
uniform Glivenko-Cantelli. The converse is also true (see Exercise 8.28) — so the
two are equivalent.



240 Chaining

Figure 8.8 The VC law of large numbers implies that the number of points
in each circle is proportional to its area with O(y/n) error.

To practice, try Exercise 8.24 for a weaker but simpler version of Theorem 8.3.15.
Also, work through remarkable applications — learning 1D marginals of high-
dimensional distributions (Exercise 8.25), one-bit quanitzation (Exercise 8.26)
and random matrices with no moment assumptions (Exercise 8.27 — sounds al-
most too good to be truel!).

8.4 Application: statistical learning theory

Statistical learning (or machine learning) is about making predictions from data.
Suppose there is an unknown function 7" : £ — R on some set Q (the target

function), and we get to see its values at a few sample points Xi,..., X, drawn
independently from some distribution on €2. So, our training data is
(X:, T(X;), i=1,...,n. (8.36)

The goal is to use this sample to predict T'(X) for a new point X drawn from
the same distribution (see Figure 8.9).

T(Xy) T 1(xy)

1
1
:
X, X» Xs X X,

Figure 8.9 We want to learn a function 7: Q — R (a “target function”)
from its values on the i.i.d. training data Xi,...,X,,, so we can predict
T(X) for a new random point X.

Example 8.4.1 (Classification). An important type of learning problems is clas-
sification, where the function 7' is Boolean (takes values 0 and 1), classifying
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points in €2 into two classes. For instance, imagine a health study with n pa-
tients. For each patient, we record d health parameters like blood pressure or
temperature — that is our vector X; € R?. Suppose we also know if they have
diabetes: T'(X;) = 0 (healthy) or 1 (sick). The goal is to learn how to predict
diabetes from data (8.36) — that is, to learn the function T : R — {0,1} so we
can diagnose new patients based on their health parameters.

8.4.1 Risk, fit and complexity

Given the training data (8.36), we want to find a function f : @ — R that
approximates T, so we can later diagnose a new patient X by checking f(X). We
alm to minimize the risk of misdiagnosing a new patient, defined as:

R(f) = E(f(X) - T(X))*. (8.37)

Example 8.4.2. In classification problems where T" and f are Boolean functions,
the risk is simply the probability of misclassification (check this!):

R(f) = P{f(X) # T(X)}. (8.38)

How much training data do we need? That depends on the complexity of the
problem. If we believe the target function 7'(X) behaves in a complicated way, we
need more data. Since we usually do not know this up front, we limit our guesses
f to some class of functions F, called the hypothesis class.

But how do we pick F? There is no universal rule, but it should balance fit and
complexity. If F is too simplistic — say, only linear functions — we might underfit
(see Figure 8.10a) and missing real patterns. Too complex, and we might overfit,
just memorizing the training data rather than generalizing from it (Figure 8.10b),
and we also need way more data. The sweet spot is a hypothesis class that is
just complex enough to capture the real patterns, without chasing random noise
(Figure 8.10c).

0 0 0
(a) Underfitting (b) Overfitting (c) Right fit

Figure 8.10 Trade-off between fit and complexity
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8.4.2 Empirical risk minimization

Once we picked a hypothesis space F, we might just choose the best function f*
in it — one that minimizes the risk (8.37):

fr= argrfneijrrl R(f).

The catch is that we cannot actually compute the risk R(f), since this involves
taking expectation over the whole population €. Solution? Take expectation over
the training data instead:

Definition 8.4.3 (Empirical risk minimization). For a function f : Q — R,
define the empirical risk and the empirical minimizer as
1< . .
Ro(f) =3 (f(X) = T(X2)", fi=argminRu(f).  (8.39)
i=1
Now we can compute R, (f) and f* from the training data. The outcome of
learning is f*, and its quality is measured by the generalization error R(f}).

Example 8.4.4 (Classification). In classification, where f and T take values 0
or 1, the empirical risk R, (f) is just the fraction of training points where f gets
it wrong: f(X;) # T(X;). So empirical risk minimization picks the f € F that
makes the fewest mistakes on the training data.

8.4.3 VC generalization bound

Let’s use the VC theory to bound the generalization error in any classification
problem (where the target T is Boolean).

Theorem 8.4.5 (VC generalization bound). Assume that the target T is a
Boolean function, and the hypothesis space F is a class of Boolean functions
with finite VC dimension. Then

ER(f:) < R(f) + 0y * ).

Proof Step 1: Excess risk. The following bound holds pointwise:
R(f;) — R(f") < 2?1612\37,,(1") — R(f)I (8.40)

To check it, denote ¢ := sup;. z|R,(f) — R(f)| and write

R(fH) < R,.(fr)+¢e (since f € F by construction)
< R.(f")+¢e (since f) minimizes R, in the class F)
< R(f*) 4+ 2¢ (since f* € F by construction).

Subtracting R(f*) from both sides gives (8.40).
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Step 2: Applying VC law of large numbers. Thanks to (8.40), it is enough
to show that
ve(F)
fer ~ no

Esup|R,(f) = R(f)| <

Recalling the definitions (8.39) and (8.37) of the empirical and true (population)
risk, we can rewrite this as

1 n

Ly uxy —mex)| < /2 (.41)

nizl n

E sup
el

where £ ={(f —T)*: f € F}. A moment’s thought reveals that vc(L) = ve(F)
(Exercise 8.29), so an application of Theorem 8.3.15 completes the proof. O

Example 8.4.6 (Classification). Say we have n training data points Xi,..., X,
sampled uniformly from the unit square (as in Example 8.3.18), each labeled
“sick” (1) if it lies in some fixed circle C, and “healthy” (0) otherwise. Our goal is
to learn that “sickness” circle C from the data. Let’s do empirical risk minimiza-
tion — pick a circle that best matches the labels, i.e. minimizes misclassifications
(the total number of healthy points in the circle and sick points outside).

How well do we do? Since the true circle C gives zero error (R(f*) = 0), and the
VC dimension of circles is at most 3 (Exercise 8.13), Theorem 8.4.5 tells us the
risk for our learned circle is at most O(1/+/n). So, new points can be classified just
by checking if they are inside our learned circle — with misdiagnosis probability
O(1/4/n), which is dropping as we get more data.

Remark 8.4.7 (Bias-variance tradeoff). The VC generalization bound (Theo-
rem 8.4.5) identifies two main sources of error in learning. The bias term R(f*)
comes from an imperfect choice of the hypothesis class (underitting). We can
shrink the bias by including more functions in F — ideally enough to capture
the true target function 7', making the bias equal zero. But then the variance
term O(y/vc(F)/n) grows. To keep it in check, we may use more training data
(increase n) to avoid overfitting.

For practice, extend the theory to the more realistic setup where the labels are
random but correlated with inputs (Exercise 8.30), get away from Boolean classes
and show how to learn a Lipschitz function (Exercise 8.31), and demonstrate that
learning fails if the VC dimension is infinite (Exercise 8.32).

8.5 Generic chaining

Although Dudley inequality is a simple and versatile tool, it can be loose (see
Exercise 8.4). The covering numbers N(T,d, ¢) just do not contain enough infor-
mation to capture the magnitude of a random process (X;)er.

Fortunately, there is a way to obtain accurate, two-sided bounds on E sup, ., X
in terms of the geometry of T'. This method is called generic chaining, and it is
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essentially a sharpening of the chaining method we developed in the proof of
Dudley inequality (Theorem 8.1.4).

8.5.1 A makeover of Dudley inequality
Recall the bound (8.12) we obtained by chaining:

Esup X; S Z x-14/log|Tk|, (8.42)

teT k=r+1

where ¢, = 27F T}, are smallest g-nets of T, so |T},| = N(T,d,e;), and & is
chosen so that |T,| = 1.

Now, let’s flip the approach: instead of fixing £, and minimizing |T}|, fix |T%|
and minimize g. Specifically, pick subsets T, C T such that

Tyl =1, |Tu|<2¥, k=12,... (8.43)

and define

er = supd(t, Ty),
teT

where d(t,T)) denotes the distance” from ¢ to the set 7). Each T} is then an
er-net, and the chaining bound (8.42) becomes

Esup X, < 2¥*supd(t, T—),

teT — teT
of, after re-indexing,
Esup X; S ZQW2 supd(t,Tk). (8.44)
teT o teT

8.5.2 The 3 functional and generic chaining

So far, we have just restated Dudley’s inequality in a new form — nothing major
yet. The important step will come now. The generic chaining will allow us to pull
the supremum outside the sum in (8.44). The resulting quantity has a name:

Definition 8.5.1 (v, functional). Let (7),d) be a metric space. A sequence of
subsets (T})2, of T satisfying (8.43) is called an admissible sequence. The ~,
functional of T is defined as

T,d) = inf su 2812q(t, Ty, 8.45
Y2(T, d) m)te?; (t, %) (8.45)

where the infimum is over all admissible sequences.

7 The distance from a point t to a set A in a metric space is d(t, A) = inf{d(t,a) : a € A}.
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Since the supremum in the 7, functional is outside the sum, it is smaller than
the Dudley sum in (8.44). That might seem like a small change, but it can make
a real difference in some cases (see Exercise 8.34).

The good news is that we can improve Dudley inequality (Theorem 8.1.4) by
replacing the Dudley sum (or integral) by a tighter quantity — the ~o-functional:

Theorem 8.5.2 (Generic chaining bound). Let (X;);er be a mean-zero random
process on a metric space (T, d) with subgaussian increments as in (8.1). Then

Esup X; < CK~(T,d).

teT

Proof We use the chaining method from the proof of Dudley inequality (Theo-
rem 8.1.4), but do it more carefully this time.

Step 1: Chaining set-up. As before, we may assume that K = 1 and that T
is finite, which makes (7, d) finite (why?). Let (7)) be an admissible sequence
of subsets of T" which almost attains the supremum in (8.45):

oo

sup » _ 2Y2d(t, T;,) < 29(T, d) < oc. (8.46)

teT 1 2o

Denote Ty = {to}. There must be some K for which Tx = T’; otherwise some
t € T would keep getting left out of infinitely many sets Ty, so d(t, T}) > ¢ for all
those k and some fixed £ > 0, making the series in (8.46) diverge.

We walk from ¢, to a general point ¢ € T" along the (finite) chain

to = Wo(t) — 7['1(t) — TI'Q(t) — =t
of points 7 (t) € T}, that are chosen as best approximations to ¢ in T}, i.e.
d(ta Trk(t)) = d(t7 Tk)

The displacement X; — X;, can be expressed as a telescoping sum similar to (8.9):

oo

Xi — Xy, = Z(Xm(t) — Xn (1) (8.47)

k=1

Step 2: Controlling the increments. This is where we need to be more
careful. We would like say that, with high probability, the following event holds:

| Xro) — Xop o] S2°%d(t, Ty) VEEN, VteT. (8.48)

Summing over all £ would lead to a desired bound in terms of v»(7T', d).
To prove (8.48), let us fix k and ¢ first. The subgaussian assumption gives

[ Xty = Xm o lly, < dlmi(t), meoa (1))
So, for every u > 0, the event
| Xrot) = X | < Cu2F?d(m(t), mp—1 (1)) (8.49)
holds with probability at least
1 — 2 exp(—8u?2").
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(To get the constant 8, choose the absolute constant C' large enough.)
Now unfix ¢t € T' by taking a union bound over

2k+1

|Te| - |Ther] < |Ti]? < 2

pairs (7 (t), mx_1(t)). Also, unfix k by taking a union bound over all £ € N. Then
(8.49) holds simultaneously for all ¢ € T" and k € N with probability at least

13227 2exp(—8u?2") > 1 — 2exp(—u?).
k=1

if u > ¢. (Check the last inequality!)

Step 3: Summing up the increments. In the event that the bound (8.49)
does holds for all ¢t € T and k£ € N, we can sum up the inequalities over k € N
and plug the result into the chaining sum (8.47). We get

| X — Xi| Su Z 22 d(mi(t), i (1)), (8.50)
k=1
where the notation < hides an absolute constant factor. By triangle inequality,
d(ﬁk(t), Wk_l(t)) S d(t, Wk(t)) + d(t, ﬂ'k_l(t)).

Using that bound, reindexing, and plugging in (8.46), we get that the right-hand
side of (8.50) is at most Cuye(T,d), that is

[ Xi — Xio| S uv2(T, d).
(Check!) Taking the supremum over T yields
Sup‘Xt — Xto‘ S U’yQ(T, d)

teT

Since this holds with probability at least 1 — 2exp(—u?) for any u > ¢, we get

sup| X, — Xy, | S (T, d).
teT 2
This quickly implies the conclusion of Theorem 8.5.2 (check!) O

Remark 8.5.3 (Generic chaining: supremum of increments). Similarly to Dudley
inequality (Remark 8.1.5), the generic chaining actually gives

E sup ’Xt - Xs‘ S CK72(T7 d)

t,se€T

which is valid even without the mean zero assumption E X; = 0.

Remark 8.5.4 (Generic chaining: a high-probability bound). Theorem 8.5.2
gives only an expectation bound, but generic chaining actually gives a high-
probability bound — we have seen this logic in Dudley inequality (Remark 8.1.6).
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Assuming T is finite,® for every u > 0, the event

sup | X, — X,| < CK [’yg(T, d)+u- diam(T)}
t,s€T

holds with probability at least 1 —2 exp(—u?) Try Exercise 8.35 to prove this! For
Gaussian processes, you can deduce it directly from Gaussian concentration.

For practice, try applying generic chaining to empirical processes (Exercise 8.36).

8.5.3 Majorizing measure and comparison theorems

The 7y, functional (Definition 8.5.1) is usually harder to compute than covering
numbers in Dudley inequality (Theorem 8.1.3). But it is often worth the effort —
unlike Dudley, generic chaining is sharp up to constants:

Theorem 8.5.5 (Talagrand majorizing measure theorem). Let (X;)ier be a

mean-zero Gaussian process on a setT', equipped with the canonical metric d(t,s) =
|1 X: — X||z2 as in (7.1). Then

(T, d) < Esup X; < Cy(T,d).
teT

The upper bound in Theorem 8.5.5 comes straight from generic chaining (The-
orem 8.5.2). The lower bound is trickier; its proof can be seen as a refined, multi-
scale extension of Sudakov inequality (Theorem 7.4.1), which we will not include
here.

The upper bound, as we know from Theorem 8.5.2, holds not just for Gaussian
but also for all subgaussian processes. Therefore, by combining the upper and
lower bounds, we can bound any subgaussian process by the Gaussian one:

Corollary 8.5.6 (Talagrand comparison inequality). Let (X;)ier be a mean-
zero random process on a set T and let (Y;)ier be a mean-zero Gaussian process.
Assume

1X, — Xilly, < K|Y; — Yallze for allt,s € T.

Then
Esup X; < CKEsupY,.
teT teT
Proof Consider the canonical metric d(t,s) = ||Y; — Y;||z2 on T. Now just use

the generic chaining bound (Theorem 8.5.2) followed by the lower bound in the
majorizing measure Theorem 8.5.5:
Esup X; < K (T,d) < KEsupY;,. O
teT teT
Remark 8.5.7 (Sudakov-Fernique). Corollary 8.5.6 extends the Sudakov-Fer-
nique inequality (Theorem 7.2.8) to subgaussian processes — with only an absolute
constant factor as the price for this generalization!

8 As always, are are assuming 7T is finite to avoid measurability issues; the general case typically
follows by approximation.
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Let’s apply Corollary 8.5.6 for the canonical Gaussian process Y, = (g,z) on a
set T C R™, where g ~ N(0, I,,). Recall from Section 7.5 that

w(T) =E sgg(m )

is the Gaussian width of the set T. We immediately get the following:

Corollary 8.5.8 (Talagrand comparison inequality: geometric form). Let (X,)zer
be a mean-zero random process on a subset T C R™. Assume that

| X — Xyl < Kllz—yll2 forall z,y € T.

Then
Esup X, < CKw(T).

zeT
Remark 8.5.9 (Subgaussian width < Gaussian width). A nice consequence: if
X is a subgaussian random vector in R”, then

Esup(X,t) < CKw(T') for any bounded set T' C R",
teT

where K = || X]||y,. Just apply Corollary 8.5.8 to the process ((X, z)),er, whose
increments satisfy || (X, z) — (X, y)||y, = [[{(X, 2 =) |y, < K[|z —y||2 by definition
of a subgaussian random vector.

For practice, try proving a few versions of Talagrand comparison (Exercise 8.37)
and use it to get sharp bounds on the ¢? norms of subgsaussian vectors (Exer-
cise 8.38).

8.6 Chevet inequality

Talagrand comparison inequality (and more generally generic chaining) is a pow-
erful tool that works in a wide range of settings. Let’s use it to get a very general
uniform bound for a random quadratic form:
sup (Az,y) <?
zeT,yeS
where A is a random matrix and 7', S are any bounded sets.

A special case where T and S are Fuclidean balls leads to the operator norm of
A, which we already studied in Theorems 4.4.3 and 7.3.1. Now let’s go general and
consider arbitrary sets, with the goal of bounding things using just two geometric
quantities: the Gaussian width and the radius, defined as

rad(7') := sup||z||,. (8.51)
zeT

Theorem 8.6.1 (Subgaussian Chevet inequality). Let A be an m x n random
matriz with independent, mean-zero, subgaussian rows A;. Let T C R™ and S C
R™ be arbitrary bounded sets. Then

E sup (Az,y) < CK [w(T)rad(S)+ w(S)rad(T)]

zeT,yeS
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where K = max;||A4;||y,. The same holds if “rows” is replaced by “columns”.

Proof of Theorem 8.6.1 We will follow the proof of Theorem 7.3.1 but with Ta-
lagrand comparison inequality instead of Sudakov-Fernique’s.
Without loss of generality, K = 1. We need to bound the random process

Xuw(Au,v), uweT,veS.

To check that the increments are subgaussian, fix(u,v), (w, z) € T' x S and write
Xuw — Xz = Xuw — Xuw + Xuw — X, = (A(u — w),v) + (Aw, v — 2).
Using triangle inequality and the subgaussian assumption (see Exercise 3.34 — do

it now if you skipped it), we get
X = Xzl < (Al = w),0)][,,, + [(Aw,v = 2)]

S llu = wlizflollz + [lv = 2zl [[w]l2
< lu — wl|2rad(S) + ||[v — 2|2 rad(T). (8.52)

Let’s pick a simpler Gaussian process (Y, ) for Talagrand comparison inequality
(Corollary 8.5.6). The increment bound (8.52) points us to a good choice:

Yo = (g9,u) rad(S) + (h,v)rad(T),

where g ~ N(0,1,) and h ~ N(0,1,,) are independent. The increments of this
process are

Yuo = YizllZo = llu — wll3rad(8)* + [lv — z||3 rad(T)*.
(Check this like in the proof of Theorem 7.3.1!) Comparing to (8.52), we find that
HXuv - sz||w2 S HYuv - szHL%

where we used the inequality a + b < /2(a? + b?). Applying Talagrand compari-
son inequality (Corollary 8.5.6), we finish the proof:

E sup X,, SE sup Y,

ueT,veS ueT,veS
= Esup(g, u) rad(S) + Esup(h, v) rad(T")
u€T veS

= w(T)rad(S) + w(S) rad(7T). O

Remark 8.6.2 (Operator norms of random matrices). For the special case T' =
St and S = S™7!, Chevet inequality gives us the familiar sharp bound on the
operator norm:

E|lAll < CK(v/A+ Vi),

which we earlier proved in Section 4.4.2 using e-nets. But this new approach is
more flexible. For example, picking T" and S as ¢* balls gives the ||Al/,—,, norm
of a random matrix — try Exercise 8.41!
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Remark 8.6.3 (Gaussian Chevet inequality). For Gaussian matrices A with
ii.d. N(0,1) entries, we can even prove Chevet inequality with sharp constant 1:

E sup (Az,y) < w(T)rad(S)+ w(S)rad(T),

zeT, yes

and a reverse inequality up to a constant (Exercise 8.39). Later, we will further
improve Gaussian Chevet inequality in Section 9.7.1.

For more practice, prove a high-probability version of Chevet (Exercise 8.40).

8.7 Notes

The idea of chaining already appears in Kolmogorov’s proof of his continuity theorem for Brow-
nian motion, see e.g. [253, Chapter 1]. Dudley integral inequality (Theorem 8.1.3) can be traced
to the work of R. Dudley. Our exposition in Section 8.1 mostly follows [210, Chapter 11], [315,
Section 1.2] and [330, Section 5.3].

Monte Carlo method (Section 8.2.1) is extremely popular in scientific computing, especially
when combined with the power of Markov chains, see e.g. [63]. The rich theory of empirical
processes (see Definitiondef: empirical process) has applications to statistics and machine learn-
ing, see [329, 328, 279, 232]. The Lipschitz law of large numbers (Theorem 8.2.3), also known
Wasserstein law of large numbers, is loosely based on [330, Example 5.15], see [115, Chapter 11].
For an introduction to transportation of measure (Section 8.2.3), see [342, 85].

The concept of VC dimension introduced in Section 8.3 goes back to the foundational work
of V. Vapnik and A. Chervonenkis [335]; modern treatments can be found e.g. in [329, Sec-
tion 2.6.1], [210, Section 14.3], [330, Section 7.2], [225, Sections 10.2-10.3], [232, Section 2.2],
[329, Section 2.6]. Pajor Lemma 8.3.7 is originally due to A. Pajor [268]; see [128], [210, Propo-
sition], [330, Theorem 7.19], [329, Lemma 2.6.2].

What we now call Sauer-Shelah Lemma (Lemma 8.3.9) was proved independently by V. Vap-
nik and A. Chervonenkis [335], N. Sauer [294] and M. Perles and S. Shelah [300]. Various
proofs of Sauer-Shelah lemma can be found in literature, e.g. [46, Chapter 17], [225, Sec-
tions 10.2-10.3], [210, Section 14.3]. A number of variants of Sauer-Shelah Lemma is known, see
e.g. [158, 312, 313, 15, 337]. The growth function (Section 8.3.4) was originally introduced by
Vapnik-Chervonenkis, who studied its various properties including the exponential-polynomial
dichotomy (Exercise 8.20).

Theorem 8.3.13 is due to R. Dudley [114]; see [210, Section 14.3], [329, Theorem 2.6.4]. The
dimension reduction Lemma 8.3.14 is implicit in Dudley proof; it was stated explicitly in [237]
and reproduced in [330, Lemma 7.17]. For generalization of VC theory from {0,1} to general
real-valued function classes, see [237, 288], [330, Sections 7.3—7.4].

Since the foundational work of V. Vapnik and A. Chervonenkis [335], bounds on empirical
processes via VC dimension like Theorem 8.3.15 were in the spotlight of the statistical learning
theory, see e.g. [232, 32, 329, 288], [330, Chapter 7]. Our presentation of Theorem 8.3.15 is based
on [330, Corollary 7.18]. Although explicit statements of this result are difficult to find in earlier
literature, it can be derived from [32, Theorem 6], [56, Section 5].

Glivenko-Cantelli theorem (Theorem 8.3.17) is a result from 1933 [138, 75] which predated and
partly motivated the later development of VC theory; see [210, Section 14.2], [329, 115] for more
on Glivenko-Cantelli theorems and other uniform results in probability theory. Example 8.3.18
discusses a basic problem in discrepancy theory; see [224] for a comprehensive treatment of
discrepancy theory.

In Section 8.4 we scratch the surface of statistical learning theory, which is a big area on the
intersection of probability, statistics, and theoretical computer science. For deeper introduction
to this subject, see e.g. the tutorials [52, 232] and books [171, 156, 196].

Generic chaining, presented in Section 8.5, was put forward by M. Talagrand since 1985 (after
an earlier work of X. Fernique [124]) as a sharp method to obtain bounds on Gaussian processes.
Our presentation is based on Talagrand’s books [315, 316, 317], which discuss ramifications, ap-
plications and history of generic chaining in great detail. The upper bound on subgaussian
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processes (Theorem 8.5.2) can be found in [315, Theorem 2.2.22]; the lower bound (the ma-
jorizing measure Theorem 8.5.5) can be found in [315, Theorem 2.4.1]. Talagrand comparison
inequality (Corollary 8.5.6) is borrowed from [315, Theorem 2.4.12]. Another presentation of
generic chaining can be found in [330, Chapter 6]. A different proof of the majorizing measure
theorem was recently given by R. van Handel in [332, 333]. A high-probability version of generic
chaining bound (Remark 8.5.4) is from[316, Theorem 2.2.27] and [317, Theorem 2.7.13]; it was
also proved by a different method by S. Dirksen [103].

Section 8.6 covers Chevet inequality for subgaussian processes. For Gaussian processes, it
goes back to S. Chevet [84]; the constants were then improved by Y. Gordon [140], leading to
the result we stated in Exercise 8.39. A exposition of this result can be found in [21, Section 9.4].
For variants and applications of Chevet inequality, see [321, 7].

The logarthmic gap between Sudakov and Dudley inequalities (Exercise 8.5) is optimal; the
cross-polytope T' = BT serves as an example (see [317, Exercise 2.5.11]).

Subexponential Dudley inequality (Exercise 8.7) extends easily to almost any kind of tail
decay [210, Section 11.1].

Local Dudley inequality (Exercise 8.8) is a tool that has applications in statistical learning
theory and for proving continuity of random processes, see [330, Section 5.4].

Exercise 8.10 extends the Lipschitz law of large numbers to higher dimensions. To learn about
its history, extensions, improvements and (almost) optimality, see [85, Chapter 2].

The bound O(dklog k) we obtain in Exercise 8.21 is optimal [119].

The polynomial-exponential dichotomy of growth function (Exercise 8.20), as well as the
characterization of uniform convergence in LLN (Exercises 8.28) and learnability (Exerfcise 8.32)
as finite VC dimension essentially go back to the original work of Vapnik and Chervonenkis [335].

One-bit quantization (Exercise 8.26) has been extensively studied in signal processing and
machine learning, see e.g. [89, 53, 355, 198, 199, 275, 274, 276, 13, 341, 92, 265, 189, 278, 168, 28,
351, 105, 129, 106, 104, 226, 81, 107]. The result in Exercise 8.26 follows from [265, Theorem 2.2].

Exercise 8.27 presents a simplified version of the small ball method, which was introduced in
[191] as a way to weaken the assumptions on the distributions in random matrix theory and
machine learning [234, 235, 208, 207].

The p — ¢ norms of random matrices (Exercise 8.41) was first studied in [37] for p = 2 and
q € [2,00) for bounded entires; more general recent results can be found in [9, 100, 200, 202, 201].

Exercises

TRt

8.1 wsse (Dudley inequality: a high-probability bound) Modify the chaining argument in
Section 8.1 to get the high-probability version of Dudley inequality stated in Remark 8.1.6.
To do this, upgrade (8.11) to a high-probability version:

fg(xm(t) = X 1(t) < Ceg—n [\/ log|T%| + Zk} (8.53)

with probability at least 1 — 2exp(—z%)4 Choose the values for z; to be able to make a
union bound over all terms in (8.12).

8.2 we (Dudley for Gaussian processes: a high-probability bound) Give an alternative proof
of the result in Remark 8.1.6 for Gaussian processes by combining Dudley inequality with
Gaussian concentration (Theorem 7.1.11).

8.3 s (Dudley integral and sum are equivalent) In the proof of Theorem 8.1.3, we bounded
the Dudley sum by the Dudley integral. Show they are actually equivalent up to constants:

> 27 log N (T, d, 27F) x/ log N (T, d, €) de.
0

kEZ
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8.4

8.5

8.6

8.7

8.8

8.9

Chaining

sedese (Dudley inequality can be loose) Let ey, the standard basis vectors in R", and

(o)
T\ Txogk oy
(a) Show that w(T) < C.

(b) Show that fooo log N(T,d, &) de — oo as n — oo.

W

wewew (Dudley and Sudakov inequalities are sharp up to log factors) Sudakov inequality
(Corollary 7.4.2) and Dudley inequality (Theorem 8.1.8) give these bounds on the Gaussian
width w(T) for any bounded set T' C R™:

S(T) S w(T) S d(T),
where

s(T) = super/log N (T,e) and d(T / log N'(T, €) de.
e>0

Prove that these bounds are equivalent up to a logarithmic factor:
s(T) < d(T) < Clog(n) s(T).

In particular, both Sudakov inequality (Corollary 7.4.2) and Dudley inequality (Theo-
rem 8.1.8) are tight up to a logarithmic factor.

JITERITIIT!

wwww (Dudley inequality with refined limits) We know from Remark 8.1.7 that the
upper limit in the Dudley integral (8.17) can be set to the diameter of T. It would be
useful to improve the lower limit, too, since the integral might blow up near 0. Show that
the Gaussian width of any bounded set T' C R™ satisfies

b
C/ \01og N (T,e)de where a = Cw\/(g), b = diam(T).

e (Subexponential Dudley inequality) Suppose that the increments of a mean-zero
random process (X¢)¢er are not subgaussian as in (8.1) but subexponential:

(1 Xt — Xs|lyp, < Kd(t,s) forallt,seT.

Prove the following version of Dudley inequality (Theorem 8.1.3):

o0
Esup X; < CK/ log N (T, d, €) de.
teT 0

weww (Local Dudley inequality) Let (X¢);cr be a random process on a metric space
(T, d) with subgaussian increments as in (8.1). Let § > 0. Prove that

5
E sup |Xs— Xy < CK/ log N(T, d, ¢) de.
s, teT 0
d(s,t)<s

weew (Covering numbers of Lipschitz functions) For the class of functions

= {f O 1] - [O 1 ||f||L1p }
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show that
N(F, | \lp=,e) < e“/% forany e € (0,1).

Let’s generalize Theo-

8.10 wssew (Lipschitz law of large numbers in high dimensions)
rem 8.2.3 to high dimensions. Consider functions on the unit cube that are L-Lipschitz

with respect to the ||-||cc metric in R™:
d
F={f:0.U =R flup < L}
., Xn be i.i.d. random variables taking values in [0, 1]. Show that

log(n)n~Y2, d=2;
n_l/d, d>3.

Let X, X1, Xo, ..

1 n
B sup ;f(xn ~Ef(0)| 0L

To prove this, assume L = 1 and follow these steps:
(a) Extend the bound on the covering numbers (8.9) to higher dimensions:

d
N(F, [l e) < /<"
(b) If you just plug this into (8.25), the integral will diverge because of the singularity

at zero. To fix this, refine (8.25) to

1
]Esup\Xf\SéJri/ VIog N'(F, |- o, e) de for any & € [0,1]. (8.54)
feF v Js

8.11 se# (Symmetrization for empirical processes) Modify the proof of Symmetrization Lemma
6.3.2 to obtain the following version of symmetrization. Let F be a class of Boolean func-
tions on some domain €2, and let X, X1, Xo,..., X, be independent random points in
with common distribution. Prove that

1 — 1 —
Esup| > f(X) ~Ef(X)| <2Esup|= 3" e, (X))
fe}'”; ‘ fe}'n; ’ '

are independent Rademacher random variables (which are also indepen-

where €1,¢9,...
dent of X1, Xo,...).

(VC dimension of pairs of intervals) Let F be the class of indicators of sets of the

8.12 sw
form [a,b] U [¢,d] in R. Show that
ve(F) =4.

8.13 swse (VC dimension of circles) Let F be the class of indicators of all circles in RZ.

Show that
ve(F) = 3.

(VC dimension of rectangles) Let F be the class of indicators of all closed axis-

W

8.14 www
aligned rectangles, i.e. product sets [a, b] x [¢,d], in R?. Show that
ve(F) = 4.
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8.15

8.16

8.17

8.18

8.19

8.20

8.21

8.22

Chaining

www (VC dimension of squares) Let F be the class of indicators of all closed axis-
aligned squares — sets of the form [a,a + d] x [b,b+ d] in R%. Show that

ve(F) = 3.

W

w% (VC dimension of polygons) Let F be the class of indicators of all convex polygons
in R?, without any restriction on the number of vertices. Show that

ve(F) = oo.

W

TR
L 2 2 4

(VC dimension of half-spaces) Prove the result in Example 8.3.5: if F is the class
of indicators of all half-planes in R"™, then

ve(F)=n+1.

% (VC dimension vs. algebraic dimension) Show that for any finite-dimensional class
of Boolean functions F on a domain €2, we have

ve(F) < dim(F),

where dim(F) denotes the linear algebraic dimension of F, i.e. the maximal number of
linearly independent functions in F.

s (Sharpness of Pajor and Sauer-Shelah lemmas) Show that both Pajor Lemma 8.3.7
and Sauer-Shelah Lemma 8.3.9 are sharp by considering the set F of binary strings of
length n with at most d ones (this set is often called a Hamming ball).

W

# (VCdichotomy) Let F be a class of Boolean functions on some domain. Prove that the
growth function II#(n) can only grow either polynomially or exponentially, and nothing
in between. More rigorously, prove that either IIx(n) = 2" for all n, or there exists a
polynomial p(n) such that IIx(n) < p(n) for all n.

w0 (VC stability) In Proposition 8.3.11, we observed how the VC dimension is stable
when we combined two function classes by taking pointwise minima or maxima. Let us
generalize this observation for any number of classes, and for any way of combining them.
Let Fi,...,Fr be classes of Boolean functions on the same domain. Fix any function
¢ : {0,1}* — {0,1}, which we can think of a Boolean formula. Consider the class

F=A{o(f1,- - fr): 1 €F1,o fi € Fi}-
Prove that if ve(F;) < d for every 4, then
ve(F) < Cdklogk

where C' is an absolute constant.

wwww (VC dimension of the union)

(a) Let F and G classes of Boolean functions on the same domain. Prove that

ve(FUG) < ve(F) + ve(g) + 1.
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(b) Give an example where F and G have positive VC dimensions, and

ve(FUG) = ve(F) 4+ ve(G) + 1.
8.23 ses Theorem 8.3.13 is stated for € € (0,1). What bound holds for larger ?

8.24 wsse (A simpler, weaker VC law of large numbers) Use Sauer-Shelah Lemma directly,

instead of Pajor Lemma, to prove a weaker version Theorem 8.3.15, with C'4/ % log % in
the right hand side, where d = vc(F).

8.25 wwe (Learning l-dimensional marginals) Learning high-dimensional distributions from
data is hard. But we can learn all 1-dimensional marginals from just O(n) samples! Let
X, Xq,...,Xm be iid. random vectors in R™. Show that the CDF's of all 1-dimensional
marginals (X, u) can be estimated uniformly from the data, using the empirical CDFs:

m

1
E sup — 1, - P{(X,u) <t}
uesSn—1,ter| ™ ; o=t

n
</ —.
~\Vm

8.26 spese#e (One-bit quantization) The simplest way to quantize a unit vector u € R™ is to
take the sign of each coordinate: set ¥(u) = sign(u), where the sign9 function is applied
to each coordinate of u. But this can be quite inaccurate — very close vectors v and v can
be sent to very different outputs. (Can you see why?) Let’s try something smarter.

(a) Let A be an m x n random matrix with independent standard normal entries.
Consider the map & : S"~1 — {—1,1}" given by

D(u) = sign(Au)
where the sign function is applied to each coordinate of Au. Check that
1 1 _
E Ed(@(u)ﬂ)(v)) = Zp(u,v) for all u,v e S" L.
™

Here d(-,-) denotes the Hamming distance on the binary cube {—1,1}"" and p(-,-)
denotes the geodesic distance'” on the sphere st
(b) Use the VC law of large numbers (Theorem 8.3.15) to show that the following event

occurs with probability at least 0.99:
<C 2 for all u,v € sn—t
V' m

8.27 sswese (Random matrices with no moment assumptions) Most random matrix results

- (B(w), B(2)) — ~p(u,0)

assume something nice about the distribution — like subgaussian tails (Theorem 4.6.1) or
at least a finite second moment (see Exercise 5.31). But now, you will use the impressive
power of VC theory (specifically, Theorem 8.3.15) to prove that a tall random matrix is
nicely invertible, even with no moment assumptions at all.

9 Let’s disallow zero values, redefining the sign as sign(t) = 1 if t > 0 and sign(t) = —1 if ¢t < 0.
10 For Hamming distance, recall Definition 4.2.14. The geodesic distance on the sphere is the length of
the smallest arc that connects the two points.
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8.28

8.29

8.30

8.31

Chaining

(a) Let £,8 > 0 and let X be a random vector in R™ that satisfies the following anti-
concentration assumption:

P{|(X,u)| > e} >6 Vue S (8.55)

Let A be an m x n random matrix whose rows are i.i.d. copies of the random vector
X. Prove that if m > C6 2n, then with probability at least 0.99, the smallest
singular value of A is bounded away from zero:

sn(A) > 0.99evdm.

(b) Demonstrate that the bound in part ((a)) is optimal. For every positive integers
m > n and positive reals € and § < 1/3, find a random matrix A whose rows are
i.i.d. copies of a random vector X that satisfies (8.55), and such that

E sn(A) < 1.01eVom.

s (Glivenko-Cantelli = finite VC dimension) In Remark 8.3.19, we noted that if a
Boolean class has finite VC dimension, it is uniform Glivenko-Cantelli. Show the converse:
if a Boolean class is uniform Glivenko-Cantelli, then its VC dimension must be finite.

@ (VC dimension of (f — h)?) Let F be a class of Boolean functions on some set €2,
and let h be a Boolean function on Q. Show that the class

{((f=h)?: feF}

has the same VC dimension as F.

weww (Learning with random labels) In our setup of a learning problem (Section 8.4),
we assumed that labels T'(X) were fully determined by X, which rarely holds in real life.
For instance, it is unrealistic to think a diagnosis T'(X) € 0,1 is entirely determined by
health data X. More often, a label Y is a random variable that is just correlated with X.
Try to extend the learning theory (up to Theorem 8.4.5) to training data of the form

(XZ7YL)7 7::17"'7717

where (X, Y;) are independent copies of some random pair (X,Y) with X € Qand Y € R.

W

s (Learning a Lipschitz function) We proved the generalization bound (Theorem
8.4.5) only for Boolean classes, but we often have data with real labels. Say we want
to learn a Lipschitz function T' : [0,1] — [0,1] from its values on a random sample
X1,...,Xn ~ Unif[0, 1]. So, consider the hypothesis class

Fe={f:10,1] = [0,1], | fllrip < 1}
and assume that T' € F. Show that the empirical risk minimization algorithm from Sec-
tion 8.4.2 has a generalization bound similar to Theorem 8.4.5:
C

ER(fy) < R(f*) + i
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8.34

8.35

8.36
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www (No learning with infinite VC dimension) Theorem 8.4.5 hints that to learn well,
we need at least as many training points n as the VC dimension of the hypothesis class.
Show that if n < %VC(]‘—), then there exists a distribution on 2 where no algorithm can
reliably learn the target function in F. (Make this precise!)

w®w (v functional is at least as good as Dudley) Show that 72 functional is bounded
by Dudley integral:

o(T,d) < C/ \V1og N (T, d, €) de.
0

www (72 functional can outperform Dudley) Sometimes the vo functional (8.45) can
be significantly smaller than the Dudley sum in (8.44). To see this, let’s revisit example
in Exercise 8.4:
- {0 u{i k:l,...,n}.
= {0} VI+logk’
(a) Construct an admissible sequence (T}) to check that the vo functional of T' (with
respect to the Euclidean metric) is bounded:

B2
(Td_mfbupg 2572d(t, Ty,) <
(Ti) teT |,

(b) Show that Dudley sum is unbounded:

o0

inf ok/2 supd(t,T) — o0 as n — oo.
(Tx) P teT

W

wwwew (Generic chaining: a high-probability bound) Prove the result in Remark 8.5.4
by chaining with the first big leap:

tO - T‘.H(t) - 7T.‘£+1(t) — 7Tf£+2(t) N,

where & is chosen so that u =< 2%/2

Tt

swsw (Empirical processes: a generic chaining bound) So far, we have bounded empirical
processes for two kinds of function classes: Lipschitz (Theorem 8.2.3) and Boolean with
finite VC dimension (Theorem 8.3.15). Now let’s go general. Take any class F of real-
valued functions on a domain €, and let X, X1, Xo,..., Xy be i.i.d. random points in €.
Let d be a metric on F satisfying

1F(X) = 9(X)lly, <d(f,g) forall f,g € F.

(For instance, d(f,g) = C||f — g|]|~ works.) Then show:

Co(F,d)
E — E < .
?gpf fx X)) < Vvn
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8.37 wwe (Talagrand comparison inequality: a geometric form) Let’s explore some useful vari-
ants of Corollary 8.5.8. Let (Xz),er be a random process (not necessarily mean-zero) on
a subset T C R™ such that'' Xy = 0. Assume that

1 X — Xyllyp, < Kllz—yll2 forall z,y € TU{0}.

(a) (Expectation) Show that

E sup|Xe| < CKY(T)
zeT

where v(T") = Esup,cr|(g, )| is the Gaussian complexity of T" (see Section 7.5.3).
(b) (High-probability bound) Show that for every u > 0,

sup | Xz| < CK(w(T) +u- rad(T))
zeT

—Uu

with probability at least 1 — 2e 2, where rad(T") = sup,¢r||z|]2 is the radius of T'.

(¢c) (Moments) Conclude that

(Esup|Xal?)"? < OB KA(T).
zeT

8.38 s (Expected P norm of a random vector) In Exercise 3.5, we gave optimal bounds
on the expected /£ norm of a random vector with independent subgaussian coordinates.
Now, let’s drop the independence assumption. For a subgaussian random vector X in RN

and p € [1, 00|, show that
Ex], < { CKVPNT pslogN
b= CK+\/logN, p>logN

where K = || X |,

8.39 wsese (Gaussian Chevet inequality) Let A be an m x n random matrix with i.i.d. N(0,1)
entires. Let T'C R™ and S C R™ be arbitrary bounded sets.

(a) Show that Theorem 8.6.1 holds with sharp constant 1:

E sup (Az,y) <w(T)rad(S)+ w(S)rad(T).
z€T,yes

(b) Prove that the converse inequality:
E sup (Az,y) > clw(T)rad(S) + w(S)rad(T)].

zeT,yesS

8.40 wswe (Chevet inequality: a high-probability version) Under the assumptions of Theo-
rem 8.6.1, prove a tail bound for sup,cr yes{Az,y).

8.41 ws# (The p — ¢ norm of a random matrix) Now we’ve got tools to handle all p, g — not
just a few special cases like before (see Exercise 4.44)!

11 1f the set T does not contain the origin, simply define X := 0.
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(a) Let A be an m x n random matrix with independent, mean-zero, subgaussian rows
A;, and take any p,q € [1,00]. Prove that

E||Allp—q < CK [r(n,p)w(m,q) + r(m, ¢ )w(n,p)],
where K = max;||A;|, and
1, €1,2 n'/?, pel,logn
r(n,p) = 11 pell2] w(n,p) = VP pel g7 .
nz"r, pé€ 200, Viegn, p € [logn, o]

Here p’ and ¢ are the usual Hélder conjugates of p and ¢ as in (1.22).
(b) Show this bound is tight for Gaussian matrices: if A has i.i.d. N(0,1) entires, then

E||Allp—q 2 ¢ [r(n, p)w(m, q) +r(m, ¢ )w(n,p')].
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Deviations of Random Matrices on Sets

How does an m x n random matrix act on a general set 7' C R"? In Section 9.1,
we prove a core result — the matrix deviation inequality (Theorem 9.1.1), which
we then apply it to a variety of high-dimensional problems, both familiar and
new.

In Sections 9.2 we quickly deduce two-sided bounds for random matrices,
sharper bounds for random projections of sets, covariance estimation for low-
dimensional data, and the Johnson-Lindenstrauss lemma (even for infinite sets).

Section 9.3 features two elegant results: how random slicing shrinks high-
dimensional sets (the M* bound), and how it can totally miss them (the escape
theorem).

Then in Sections 9.4-9.5, we apply these ideas to a basic data science problem:
learning structured high-dimensional linear models.

In Section 9.6, we extend the matrix deviation inequality to any norms, and
use it in Section 9.7 to sharpen Chevet inequality and deduce the Dvoretzky-
Milman theorem, which says that random low-dimensional projections of high-
dimensional sets look nearly round.

In the exercises, you will explore matrix and process-level deviation bounds (like
in Exercise 9.5), high-dimensional estimation methods including Lasso for sparse
regression (Exercises 9.20-9.21), the Garnaev-Gluskin theorem on random slicing
the cross-polytope (Exercise 9.28) and other ¢? balls (Exercise 9.14), extensions of
Johnson-Lindenstrauss lemma to general norms (Exercises 9.37-9.39), and more.

9.1 Matrix deviation inequality

Take an m x n random matrix A with independent, isotropic subgaussian rows.
The concentration of norm (Theorem 3.1.1) tells us that, for any fixed vector
z € R", the approximation

[Az |2 ~ vm| |zl (9.1)
holds with high probability.
Now let’s ask something bigger: is it true that with high probability, (9.1)

0 This material will be published by Cambridge University Press as High-Dimensional Probability, 2nd
Edition by Roman Vershynin. This pre-publication version is free to view and download for personal
use only. Not for re-distribution, re-sale or use in derivative works. (©Roman Vershynin 202X.

If you want to be notified when the printed version is available, let me know: rvershyn@uci.edu
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holds simultaneously for many vectors x € R*? To quantify how many, pick any
bounded set 7' C R™ and ask if the approximation holds simultaneously for all
x € T. It turns out that the maximal error is about v(7"), the Gaussian complexity
of T' — a close cousin of Gaussian width from Section 7.5.3:

Theorem 9.1.1 (Matrix deviation inequality). Let A be an m xn random matriz
with independent, isotropic and subgaussian rows A;. Then for any subset T C R™,

Esup|[| Az — Vimlz]a| < CK*(T),
re

where ¥(T') is the Gaussian complexity (see Section 7.5.3) and K = max;||A;l|y, -

Our plan is to deduce this result from Talagrand comparison inequality (Corol-
lary 8.5.8). To do that, we just need to check that the random process

Z, = ||Az||z — v/m||z[ (9.2)
indexed by vectors x € R™ has subgaussian increments. Here is the claim:

Theorem 9.1.2 (Subgaussian increments). Let A be an m x n random matriz
with independent, isotropic and subgaussian rows A;. Then the random process
(9.2) has subgaussian increments:

12, — Zlly, < CK?la— yllo for all 2,y € R". 93
Here K = max;||A;||y,-

Once we have proved this theorem, we plug it into Talagrand comparison in-
equality (Corollary 8.5.8, or more precisely Exercise 8.37(a)) and get

Esup|Z,| < CK*(T)
zeT

which gives us Theorem 9.1.1. So, all that’s left is to prove Theorem 9.1.2 — and
that is easier since it is only about fized x and y.

Proof of Theorem 9.1.2 Although this argument is a bit longer than usual, we
will make it easier by starting with simpler cases and building up from there.

Step 1: Unit vector = and zero vector y. If
|zl =1 and y =0,
the inequality in (9.3) becomes
1Az, — v, < CK>. (9.4)

The random vector Az € R™ has independent, subgaussian coordinates (A;, x),
which satisfy E(A;, )? = 1 by isotropy. So, (9.4) follows from the concentration
of norm (Theorem 3.1.1).

Step 2: Unit vectors x,y and the squared process. Assume now that

[zl = [lyll2 = 1.
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In this case, the inequality in (9.3) becomes
Azl = 1Ayl ,, < CE[|lz =yl (9-5)

Since the squared ¢* norm would be simpler to work with (no square root), let’s
first prove a version of (9.5) with squared norms. Here’s a good guess for what
it should look like: with high probability,

1Az5 = 1 Ayll5 = (1Azll2 + | Ayll2) - (1 Az[l2 — [ Ayll2)
SVm-llz = ylla. (9.6)

This seems reasonable because ||Az|» and ||Ayl||s are roughly /m by (9.4), and
we expect (9.5) to hold.

Let’s go ahead and prove this. Expand the matrix-vector product:

m m

1Az]5 = [|Ayl3 = > ((Ai,2)? = (A, 9)°) = D (A, z + y){Ai,z — y),

=1 i=1

and divide both sides by ||z — y||2, getting
_ A=l = 1Ayl3 _ N

A = =) (A, u)(A;,v), (9.7)
lz =yl ;
where
u:=x+y and v::ﬁ.

Our goal is to show that |A] < y/m with high probability.
What do we see in (9.7)? A sum of independent random variables (A;, u) (A;, v).
They are mean-zero, because by construction we have

<Aiax>2 - <Aiay>2
[z = yll2

and by isotropy, E [(A;, 2)* — (4;,y)?] =1 — 1 = 0. And they are subezponential:
Lemma 2.8.6 and the subgaussian assumption on A; give

(A w) (A )l < ICAG Ly - (AL ), < Kllullz - K], < 2K

<Ai7 u> <A17 U> =

)

where in the last step we used that ||ullz < ||z]]2 + ||y]l2 < 2 and ||v||2 = 1. So we
can apply Bernstein inequality (Theorem 2.9.1) and get

P{|A| > ty/m} < 2exp [—cmin (I’i t}g)] < 2exp (—Clt2> (9.8)

for any! 0 <t < /m.

Step 3: Unit vectors z,y and the original process. Now let’s get rid of
the squares and prove the original inequality (9.5) for all unit vectors x and .

L To get the last inequality in (9.8), recall that K is bounded below by a positive absolute constant
(why?) and choose the constant ¢ > 0 small enough.
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Using the definition of subgaussian norm (recall Proposition 2.6.6(i) and Re-
mark 2.6.3), inequality (9.5) becomes

p(s) = P{ | [1Az]l> = [[Ayll|

Iz =yl

2

Zs} §4exp<—%) Vs > 0. (9.9)

(The constant 4 instead of 2 will give us a little more room for maneuver.)

Case 1: s < 2y/m. Let’s use the result of Step 2. To apply it, multiply both
sides of the inequality that defines p(s) by ||Az||s+||Ay||2, and recall the definition
(9.7) of A to get

p(s) = P{A| = s ([|Az2 + [[Ayll2)} <P{A| > s[|Azla}.

We know from (9.4) that ||Az||» & \/m with high probability. So it makes sense to
consider two cases: the likely case where ||Az||; > y/m/2 and thus |A| > sy/m/2,
and the unlikely case where ||Az||» < v/m/2 (and where we drop the clause about
A, only increasing the probability). This leads to

o) < 2{1a0 > 20 pfan, < ) = (o) + ().

The result of Step 2 handles the likely case:

and the result (9.4) of Step 1 together with the triangle inequality handle the
unlikely case:

vm cs?
< - VI < - ).
pa(s) < P{y | Az]l. = vl > Y24 < 2exp (- 15
Adding up the two, we get the desired bound
2
cs
p(s) < 4dexp ( - ﬁ)
Case 2: s > 2y/m. By triangle inequality, ||| Az||2 — ||Ayll2] < ||A(z — y)||2, so
-y
Iz =yl

< P{||Auljs — vm > s/2} (since s > 2y/m)

2
< 2exp ( - %) (by the result (9.4) of Step 1 for u instead of z).

p(s) < P{||Au|z > s} (where u = as before)

Therefore, in either case we obtain the desired bound (9.9).

Step 4: Full generality. Finally, let’s show (9.3) for arbitrary z,y € R". By
scaling, we can assume without loss of generality that

[zl =1 and |y[l2 = 1.
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Project y onto the unit sphere, i.e. consider y = y/||y||]2 (see Figure 9.1), then
use triangle inequality:

120 = Zylly. <N Ze — Zylly, + 125 — Zy |-
Since both z and ¥ are unit vectors, the result of Step 3 handles the first term:

122 = Zglly, < CK?||z — g]l2.

To handle the second term, note that ¢ and y are collinear vectors. So, by homo-
geneity,

125 = Zylls = 17 = yll2 - [ 25l

(Check!) Now, since ¥ is a unit vector, the result of Step 1 gives || Z;],, < CK>.
Combining the two terms, we conclude that

1Ze = Zylly. < CK* ([l = 5ll2 + 17 — yll2) (9.10)

At first this looks bad — we want to bound the right-hand side by ||z — y||2, but
triangle inequality usually works the other way! Luckily, in our case (where 3 is
y projected onto the unit sphere, see Figure 9.1), the triangle inequality can be
approximately reversed:

2 = glla + 117 — yll> < V2[l& =yl

(check this in Exercise 9.1). Plugging this into (9.10), we get the desired bound:
1Ze = Z,|ly. < V2OK?||z =y,

which proves Theorem 9.1.2. Ul

y

Figure 9.1 The triangle inequality can be approximately reversed for these
three vectors: [lz — gll2 + |7 — yll2 < V2[|z — yll2.

Y

Remark 9.1.3 (Matrix deviations from the mean). A quick centering trick turns
Theorem 9.1.1 into a deviation inequality around the mean E||Ax||,; see Exercise
9.2 to check it.

Remark 9.1.4 (Matrix deviations: a high-probability bound). We only stated
Theorem 9.1.1 as an expectation bound, but thanks to the high-probability ver-
sion of Talagrand inequality (see Exercise 8.37(b)), it automatically upgrades to
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a tail bound. For any u > 0, the event

sup| || Azll, — vmlje|| < CK?[w(T) + u - rad(T)] (9.11)
zeT

holds with probability at least 1 — 2 exp(—u?). Here rad(T) = sup, 4 ||z[|2 is the
radius of 7. Can you see why (9.11) implies the expectation bound?

Remark 9.1.5 (Matrix deviations of squares). If you are interested in deviations
of the quadratic process ||Az||3, one can easily deduce this from Theorem 9.1.1:

Esup| | Azj2 — mlje|2| < CK*(T)? + CK*y/mrad(T)/(T).
xzeT

Check this in Exercise 9.3.

To practice, extend matrix deviation inequality to empirical processes (Exer-
cise 9.5) and prove a version for random projections (Exercise 9.6 — this one is
challenging!).

9.2 Random matrices, covariance estimation, and
Johnson-Lindenstrauss

Matrix deviation inequality has lots of useful consequences. We will go over a few
of them through the rest of the chapter.

9.2.1 Singular values of random matrices

Applying the matrix deviation inequality for the unit Euclidean sphere T' = S"~!
gives us the singular value bounds from Section 4.6.
Here is the quick check: since for the sphere we have

rad(T) =1 and w(T)<+/n,
the matrix deviation inequality (9.11) shows that the event
vm —CK*(vVn+u) < ||Az|, < vm+CK*(Vn+u) Vore S !
holds with probability at least 1 — 2 exp(—u?). Using (4.14), this translates to
Vm — CK?(vVn+u) < s,(A) < 51(A) < vV/m+ CK?*(\/n+u),

recovering Theorem 4.6.1 we proved earlier in a different way.

9.2.2 Random projections of sets

Another immediate application of matrix deviation inequality is a (sharper!) ver-
sion of the random projection bound from Section 7.6:
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Proposition 9.2.1 (Sizes of random projections of sets). Let T C R" be a
bounded set, and let A be an m X n matriz with independent, isotropic and sub-
gaussian rows A;. Then the scaled matrix P = ﬁA (a “subgaussian projection”)
satisfies

E diam(PT) < /% diam(T) + CK ?w,(T).

Here K = max;||A;il|y, and ws(T) is the spherical width of T' (recall Section 7.5.1).

This is a bit sharper that our older bounds (Theorem 7.6.1 and Exercise 7.25)
— there is no constant factor in front of \/m/n.

Proof Theorem 9.1.1 implies via triangle inequality:

Esup||Az|l; < v/msuplz|s + CK*~(T),
zeT xeT

which we can rewrite in terms of the radii of AT and T"
Erad(AT) < vmrad(T) + CK*y(T).
Apply this bound for the difference set T'— T instead of T to get
Ediam(AT) < v/mdiam(T) + 2CK?w(T),

where we used Lemma 7.5.11(a) to pass from Gaussian complexity to Gaussian
width. Divide both sides by \/n to complete the proof. O

Now try this: upgrade the expectation bound in Proposition 9.2.1 to a high-
probability one (Exercise 9.7) and analyze the actual random projections (rather
than “Gaussian” ones) in Exercise 9.8.

9.2.3 Covariance estimation for low-dimensional distributions

Let’s revisit the covariance estimation problem from Section 4.7, where we want
to estimate the covariance matrix ¥ = E X X" of an n-dimensional distribution
from m i.i.d. samples using the sample covariance matrix X, = i > XX

In general, m = O(nlogn) samples are enough (Section 5.6), but for subgaus-
sian distributions, m = O(n) is enough (Section 4.7).

It gets even better for approximately low-dimensional distributions. If a distri-
bution concentrates near an r-dimensional subspace, m = O(rlogn) samples
suffice (Remark 5.6.3). Now we will show that for subgaussian distributions,
m = O(r) samples suffices:

Theorem 9.2.2 (Covariance estimation for low-dimensional distributions). Let
X be a subgaussian random wvector in R™. More specifically, assume that there
exists K > 1 such that

X 2) v, < KI(X, )|z for any x € R™.
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Then, for every positive integer m, we have

E|S, - B < CK*(y/ = + =) 12l

where v = tr(X)/||X|| is the effective rank of ¥ — a measure of the effective
dimension of the data (see Remark 5.6.3).

Proof We start as in Theorem 4.7.1 by bringing the distribution to the isotropic
position: X = Y27 and X; = X'/2Z; where Z and Z, are isotropic, and

|2, — 2| = |IEY2R,, 5% (where R,, = L7 Z,ZT — 1,)
= max |z"2Y?R,,XY2z| (see Remark 4.1.12)

zesSn—1
= majg(|xTRmx| (if we define the ellipsoid T := ¥*/25"~1)
Te

1 m
— max|— > (2, ) — |Jaf? finition of
I?g(‘m 2 (Z;,x)? — ||z||5| (by definition of R,,)
- L ax| | Aal3 — mll3
m el 2 2

where A is the m x n matrix with rows Z;. As in the proof of Theorem 4.7.1, Z;
are isotropic, and satisfy ||Z;||y, < 1. (For simplicity, let’s hide the dependence

on K in this argument.) This allows us to apply matrix deviation inequality for
A (in the form given in Exercise 9.3), which gives

B[S~ B £ - ((T)? + Virad(T)(T)).

The radius and Gaussian complexity of the ellipsoid T' = X'/28"! satisfy

rad(T) = |X[|"? and ~(T) < (trX)Y/?

(check!). So,
1
< =
B[S, — 2| < m(trz+ \/m||2||tr2).
Substitute tr(3) = r||3|| and simplify the bound to complete the proof. O

Remark 9.2.3 (Covariance estimation: a high-probability guarantee). Just like
before (see Remarks 4.7.3 and 5.6.5), we can upgrade the expectation bound in
Theorem 9.2.2 to a high-probability one. For any u > 0, we have

r+u  r+u
12 =Sl < CK* (/== + =) Iz

with probability at least 1 — 2e~*. Try proving this in Exercise 9.9!
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9.2.4 Johnson-Lindenstrauss lemma for infinite sets

The matrix deviation inequality quickly recovers Johnson-Lindenstrauss lemma
from Section 5.3 — and extends it to general, possibly infinite, sets.

To get a version of Johnson-Lindenstrauss (Theorem 5.3.1) from matrix devi-
ation, fix any N-point set X € R™ and consider the normalized differences:

T = {& rr,ye X distinct}.
Iz =yl
The Gaussian complexity of T satisfies

y(T) < Cy/log N (9.12)

(check this as in Example 7.5.9). Matrix deviation inequality (Theorem 9.1.1)
shows that with high probability,?
Az — A
sup Az = Ayll, —vm| <+/logN.

swex| [z =yl

Rearranging the terms, rewrite this as follows: the random matrix Q = ﬁA is
an approximate isometry on X, i.e.

(I =g)llz —yll: < |Qz = Qylls < (1 +¢)llx —yl2 forall z,y € A,
for some € =< y/log(N)/m. Equivalently, if we fix ¢ > 0 and choose
m 2> e %log N,

then with high probability @ is an e-isometry on X', which recovers a version of
the classical Johnson-Lindenstrauss Lemma (Theorem 5.3.1).

The argument we just gave does not care if X is finite or not — all that matters
is the Gaussian width. So we can extend Johnson-Lindenstrauss to any set:

Lemma 9.2.4 (Additive Johnson-Lindenstrauss lemma). Let X C R" be a
bounded set, and let A be an m x n random matriz with independent, isotropic
and subgaussian rows A;. Then, with high probability (say, 0.99), the scaled matriz
Q= ﬁA satisfies

1Qz — Qullz — llz —yll2| <0 for allz,y € X
where § = CK?*w(X)/v/m and K = max;||A;|y,-

Proof Apply matrix deviation inequality (Theorem 9.1.1) for the set of differ-
ences T =X —-X={x—y: z€ X, ye€Y} Then, with high probability,

supX‘HA:c — Aylls — Ve — ylls| < CK>y(X — X) = 2CK*w(X),
x,yc

thanks to Lemma 7.5.11(a). Divide both sides by /m to complete the proof. [J

2 To keep things simple, we will settle for 99% success probability (via Markov’s inequality) and
ignore the dependence on the subgaussian norm K. You will make this precise in Exercise 9.10.
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Unlike the classical Johnson-Lindenstrauss Lemma for finite sets (Theorem 5.3.1),
which gives a relative error, here we get an absolute error §. It is a small difference
— but in general, a necessary one (see Exercise 9.11).

Remark 9.2.5 (Effective dimension). To better understand the additive Johnson-
Lindenstrauss lemma, let’s restate it using the effective dimension of the data
d(X) < w(X)?/diam(X)? (see Definition 7.5.12). If we choose

m > e 2d(T)

(ignoring the dependence on K for simplicity), then we can make 6 = e diam(X’)
in 9.2.4, so @) preserves distances up to a small fraction of diameter — in other
words, it reduces the dimension of the data down to its effective dimension.

9.3 Random sections: the M* bound and escape theorem

Here is a surprising high-dimensional fact: if you slice a convex set T' C R™ with
a random subspace E of codimension m, the slice T' C F is often tiny — even
when m < n and FE is nearly full-dimensional! Let’s see how this follows from
the matrix deviation inequality.

9.3.1 The M* bound
It is handy to model a random subspace E as the kernel of an m x n random
matrix: E = ker A. We always have

dim(E) > n —m,

and if A has a continuous distribution, dim(E) = n — m almost surely.
A great example is a Gaussian matrix A with i.i.d. N(0, 1) entries — by rotation
invariance, E = ker(A) is uniformly distributed in the Grassmanian:

E ~ Unif(Gppm)-

Theorem 9.3.1 (M* bound). Let T C R" be a bounded set, and let A be an
m X n random matriz with independent, isotropic and subgaussian rows A;. Then

the random subspace E = ker A satisfies
K?*w(T
E diam(T 1 B) < 5T
vm

where K = max;||A4;||y,-

Proof Apply Theorem 9.1.1 for T — T

E sup |[|[Az — Aylls — vVmllz — yll2| < CKQ’y(T -T)= QCK2w(T),

z,y€T

by Lemma 7.5.11(a). Considering only the points z,y in the kernel of A makes
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||Az — Ayl|» disappear since Az = Ay = 0. Divide on both sides by y/m to get

E || I < CK*w(T)
su xr — —_—,
:L’,yETﬁIierA Yll2 = vm

which is exactly what we claimed. O

Example 9.3.2 (The cross-polytope). Let’s apply the M* bound to the cross-
polytope B} — the unit ball of the ¢! norm. Since its Gaussian width is roughly

V1ogn due to (7.19), we get

1
Ediam(B? N E) < 1/ ——.
m

For example, if m = 0.01n, then

I
Ediam(T N E) < /227 (9.13)
n

So, a random 0.99n-dimensional slice of a cross-polytope is tiny!

How can this be? For intuition, recall the hyperbolic sketch of the cross-polytope
(Figure 7.4a): the “bulk” of B} is concentrated near the inscribed ball of radius
1/4/n, while the rest stretches out into long, thin “spikes” along the coordinate
axes. A random subspace E probably misses those spikes and cuts through the
bulk (Figure 9.2a), so the slice ends up with diameter about O(1/y/n), maybe
with a log factor® as in (9.13). This intuition extends to general convex sets too
(Figure 9.2b).

(a) The octahedron B} (b) General convex set

Figure 9.2 Slicing a convex set with a random subspace.

Remark 9.3.3 (Effective dimension). To get more intuition, write the M* bound
using the effective dimension d(T") < w(T)?/ diam(T')? (see Definition 7.5.12). The
M* bound shows that slicing shrinks the diameter:

Ediam(7' N E) < 0.01 - diam(7T")

3 You will remove the logarithmic factor from (9.13) later in Exercise 9.28.
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as long as* m > d(T). Since dim(E) = n — m, this condition is equivalent to
dim(E) + cd(T) < n.

That lines up with linear algebra intuition: if 7" is a centered Euclidean ball in
some subspace F' C R", slicing can shrink the diameter of T only when dim E +
dim F' < n (why?).

To practice, extend the M* bound to affine sections (Exercise 9.12), prove its
high-probability version (Exercise 9.13), and compute the diameter of a random
slice of the ¢7 ball (Exercise 9.14).

9.3.2 The escape theorem

When does a random subspace E miss a given set 1" entirely with high probabil-
ity? Not if T' contains the origin — but if 7" lies on the unit sphere (see Figure 9.3),
then it does as long as the codimension of E is not too small:

Theorem 9.3.4 (Escape theorem). Let T C S™' be any set, and let A be an
m X n matrixz with independent, isotropic and subgaussian rows A;. If

m > CK*w(T)?, (9.14)
then the random subspace E = ker A satisfies
TNE=o
with probability at least 1 — 2 exp(—em/K*). Here K = max; || A;||y, -

Proof Let us use the high-probability version of matrix deviation inequality (see
Remark 9.1.4): with probability at least 1 — 2 exp(—u?),

ilelg\quuz - m( < CLE2(w(T) + ). (9.15)

Suppose (9.15) occurs. If T'N E # @, then for any x € TN E we have Az = 0, so
vm < C K*(w(T) + u).
Set u = v/m/(2C, K?) and simplify this bound to get
vm < 20, K*w(T),

which contradicts the assumption if the absolute constant C' is large enough. So,
with that choice of u, the event (9.15) implies T'N E = @. Done! O

Now show the tightness of the escape theorem (Exercise 9.15 and prove its
cousin for a point set instead of a subspace (Exercise 9.16).

4 We suppress the dependence on K for simplicity.
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&

Figure 9.3 The escape theorem quantifies when a random subspace E
misses a given subset T' of the sphere.

9.4 Application: high-dimensional linear models

Let’s use our tools on a classic data science problem: learning a linear model in
high dimensions. Imagine there is an unknown vector x € R™ that we want to
learn from m linear and possibly noisy observations, or measurements:

yz:<Az7x>+wza Z:]-a’m
Here A; € R™ are known, and w; are unknown numbers representing noise. In
matrix form, it is
y=Az +w, (9.16)
where A is an known m X n matrix and w € R™ is the unknown noise (see
Figure 9.4). The goal is to recover x from y and A as accurately as possible.
We assume the rows A; of A are random and independent — this is reasonable in

many statistical settings (think about i.i.d. observations), and perfect for applying
tools from high-dimensional probability.

n

T
Figure 9.4 A high-dimensional linear model: recover = from y = Az + w.
Example 9.4.1 (Audio sampling). In signal processing, = could be a digitized

audio signal, and y the result of sampling it at m random time points (see Figure
9.5).
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Figure 9.5 Signal recovery problem in audio sampling: recover an audio
signal x from its values at m random time points.

Example 9.4.2 (Linear regression). A core problem in statistics is linear regres-
sion, where we want to learn a linear relationship between n predictor variables
and a response variable from m samples. It is written as

Y=X0+w

where X is an m x n matrix of predictors, ¥ € R™ is the vector of responses,
0 € R™ is the parameter vector we are trying to learn, and w is noise. For example,
in genetics, you might want to predict a disease from gene expression data. You
collect data from m patients, where X;; is how active gene j is in patient 7, and Y;
indicates whether the patient has the disease. The goal is to learn the parameter
vector 0, which tells you how each gene influences the disease.

Remark 9.4.3 (The high-dimensional regime). In modern problems, we often
have less data than parameters:

m<Ln,

For example, in a typical genetic study (see Example 9.4.2), there might be ~ 100
patients but ~ 10,000 genes. In this high-dimensional setting, even solving the
noiseless problem y = Ax is impossible — there are too many possible solutions
since they live in a large subspace of dimension at least n — m.

Still, we might be able to recover x if we have some prior information about
its structure — something we know or believe about . We can write this as:

zeT (9.17)

for some known set T' C R". For instance, if x is sparse (mostly zeros), we pick T'
as the set of all sparse vectors, or z is a band-limited signal, we pick T" as a set
of band-limited signals, and so on. Let’s see how this idea helps.

9.4.1 Constrained recovery

Consider the noiseless case first:
y=Ax, z€T.

How do we solve this high-dimensional constrained linear problem?
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A simple idea is just to pick any vector 2’ € T that matches the observations:
find 2’ : y= Az, 2’ €T. (9.18)

If T is convex, this is a convex program, and many algorithms exists to numeri-
cally solve it. Now let’s check how accurate this solution is:

Theorem 9.4.4 (Constrained recovery). Suppose the rows A; of A are inde-
pendent, isotropic and subgaussian random vectors. Then any solution T of the
program (9.18) satisfies

CK?*w(T)
—Jm

B[z — 2|2 < (9.19)

where K = max; || A;l|y,-
Proof Since z,7 € T and Az = AZ = y, we have
v, €TNE,, where E,=x+kerA
(see Figure 9.6). Then the M* bound (in the form of Exercise 9.12) gives

E||Z — z||l; < Ediam(T N E,) <

E, =1z +kerA x

Figure 9.6 The geometry of a constrained high-dimensional linear problem.

Remark 9.4.5 (Effective dimension). To get some intuition, rewrite the accu-
racy guarantee (9.19) using the effective dimension d(7) < w(T')?/ diam(7T)? (see
Definition 7.5.12). We get a non-trivial error bound

E||Z — z||; < 0.01 - diam(T)
as long as the number of observations satisfies®
m 2 d(T).

Since d(T") can be much smaller than the ambient dimension n, recovery is often
possible even in the high-dimensional regime where m < n.

5 We suppress the dependence on K for simplicity.
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Remark 9.4.6 (Convex relaxation). If T is not convex, we can just replace it
with its convex hull conv(T"). This turns (9.18) into a convex (and thus tractable)
problem. The recovery guarantees from Theorem 9.4.4 do not change, since
w(conv(T)) = w(T) by Proposition 7.5.2(c).

The approach we covered is pretty flexible. Try it out yourself: analyze the
mean squared error (Exercise 9.17), recovery via optimization (Exercise 9.18)
and the noisy case (9.16) (Exercise 9.19).

Remark 9.4.7 (Unconstrained optimization). Forcing strict rules on the solution
like y = Az’ and 2’ € T in (9.18) can be too rigid — noise or a bad choice of T’
might mean no solution exists. A safer move is to relax the rules and just penalize
how much they are broken.

So, given noisy measurements

y= Az + w,
a good way to recover x is by solving the unconstrained convex problem:
minimize ||y — A2’'||3 + M|2'||z  over all 2’ € R™, (9.20)

where ||-||7 is any norm you like and A > 0 tunes the tradeoff between fitting the
observations y and keeping the solution 2’ structured (small ||z||7). Adjusting A
lets you decide which to prioritize.

Now, try Exercise 9.20 to prove the recovery guarantee: if A is an m xn random
matrix, and A is chosen well, then the solution Z satisfies

T
vm
where T is the unit ball of ||-||z. In short: if = is well structured (small ||z||7) and

the noise w is small (o(1) per observation), then you can recover x accurately
from m =< d(T') observations, where d(7) is the effective dimension of T'.

If this feels a bit abstract, two examples will make it clear.

9.4.2 Example: sparse recovery

Sometimes we believe that z is sparse — most of its entries are zero or nearly
zero. For instance, in the genetic study (Example 9.4.2), maybe only ~ 10 genes
really affect a disease, and we want to find those. In other applications, x may be
sparse in some basis: the audio signal from Example 9.4.1 is not sparse in time
(see Figure 9.5), but its Fourier transform could be sparse — band-limited to a
small frequency range.

We can quantify the sparsity of x € R™ by the number of nonzero entries:

[z]lo = [supp(z)| = [{i : =; # 0}, (9.21)

and we say that z is s-sparse if ||z|lo < s. The “/° norm” ||z||o is not really a
norm, but is a limit of ¥ norms as p — 0 (see Exercise 9.23).
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A quick dimension count shows that we can recover x from y = Ax if A is
in general position and we have enough observations: m > 2||z||o (try Exercise
9.22). Sounds great — we can recover a sparse vector from only a few observations!
The catch? It is computationally hard unless we already know the support of x.
Without that, searching over all possible supports is too expensive — there are
(Z) > 2% subsets to check. Fortunately, random observations can help. Here is
how.

Let’s try to use the tools from Section 9.4.1. If we believe x is s-sparse, it is
tempting to pick as our prior

T={ze®": afo < s,

but 7" is highly non-convex, so solving (9.18) would be computationally hard.

Here is a simple fix: replace the “° norm” by the £* norm — the closest ¢P
that is actually a norm (see Exercise 9.23). Since s-sparse vectors with |lz|ls <1
satisfy ||z||; < +/s (check!), it makes sense to pick the convex set

T = /sB! (9.22)
as our prior. The recovery program (9.18) becomes
find 2’ : y= Az, ||2'|l: <5, (9.23)
which is convex and computationally tractable. And Theorem 9.4.4 gives:

Corollary 9.4.8 (Sparse recovery). Suppose the rows A; of A are independent,
isotropic and subgaussian random vectors. Assume an unknown s-sparse vector
x € R" satisfies ||z||2 < 1. Then any solution T of the program (9.23) satisfies

I
E||7 — z|l, < CK?y/ 2220
m

Proof SetT = \/sBj. Then the result follows from Theorem 9.4.4 and the bound
(7.19) on the Gaussian width of the ¢* ball: w(T') = /sw(B}) < Cy/slogn. [

where K = max;||A;||y,-

Remark 9.4.9 (Observations scale almost linearly with sparsity). Corollary 9.4.8
gives a small error as long as

m 2 slogn (9.24)
(if the hidden constant is appropriately large). That’s great news — we can effi-

ciently recover a sparse vector (with s < n) from way fewer observations m than
the full dimension n.

Now try Exercise 9.24 to extend Corollary 9.4.8 for approximately sparse vec-
tors.

Remark 9.4.10 (A logarithmic improvement). The set S, s of unit s-sparse
vectors in R™ can be convexified a little tighter. Instead of using the ¢! ball
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T = \/sB} asin (9.22), use the truncated £* ball T,, , = \/sB}NBy. This relaxation
is pretty tight — try Exercise 9.25 to show

conv(S, s) C T, s C2conv(S,s).
This tightening gives a logarithmic improvement to (9.24), showing that
m 2 slog(en/s)
observations suffice for sparse recovery (see Exercise 9.26).

For more practice, find the Gaussian width of T;, ; and S, s (Exercises 9.26-
9.27), prove the neat Garnaev-Gluskin theorem about slicing the ¢! ball (Exercise
9.28), and discover Lasso — a popular method for sparse regression that is just a
special case of (9.20) with the ¢* norm (Exercise 9.21).

9.4.3 Example: low-rank recovery

Here is one more example of a high-dimensional linear problem: recover an d x d
matrix X (instead of a vector) from m linear observations:

yi = (4, X), i=1,....,m, (9.25)

where A; are known, independent random matrices, and the inner product is
(A,B) = tr(ATB) as in (4.7).

Normally, you would need d? observations — one per entry. To get away with
fewer, we need some structure in X. A common one is low rank. Just like sparsity
counts nonzero entires, rank counts nonzero singular values.

So let’s try to argue like in Section 9.4.2. The rank — the £° norm of the singular
values — is a highly nonconvex matrix function. To fix this, we make a convex
relaxation by replacing it with the ¢! norm, or the sum of the singular values,
known as the nuclear norm:

d
IXI] = si(X).
i=1
We looked at the nuclear norm back in Exercise 7.18 — if you skipped it, now is
a good time to go back and try it.

Since every vector x with at most s nonzero entries and ||z|s < 1 satisfies
|z|| < /s, every matrix with rank at most r and || X||r < 1 satisfies || X||. < /7
(consider the vector of singular values to make the connection). So it makes sense
to consider T' = /1B, as our prior, where B, is the unit ball of the nuclear norm:

B, ={X e R™: ||X|. <1}.
The recovery program (9.18) becomes
find X' : y; = (A, XYVi=1,....,m; || X'|l. </, (9.26)

which is convex and computationally tractable. And Theorem 9.4.4 gives:
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Corollary 9.4.11 (Low-rank matrix recovery). Suppose A; are independent Gaus-
sian random matrices with all i.i.d. N(0,1) entires.® Assume an unknown d x d
matriz X has rank at most r and || X ||z < 1. Then any solution X of the program

(9.26) satisfies
s d
E|IX - X|r < Cy/ 2.
m

Proof Using the duality between the nuclear and operator norms (Exercise
7.18(a)), we get for a d x d Gaussian matrix G with i.i.d. N(0,1) entries:

w(B,) =E sup (G, X)=E|G| <2Vd

Ixl.<1
by Theorem 7.3.1. Now just apply Theorem 9.4.4 for T' = /rB,. O

Remark 9.4.12 (Recovering a low-rank matrix from few observations). Corol-
lary 9.4.8 gives a small error as long as

m 2 rd,

allowing us to recover a low-rank matrix (with r» < d) from way fewer observations
m than the number of entires d?. This is similar to matrix completion (which we
studied in Section 6.5), where we can recover a low-rank matrix from about
m = rdlogd randomly chosen entries.

For practice, extend low-rank recovery to rectangular and approximately low-
rank matrices (Exercise 9.29).

9.5 Application: exact sparse recovery

In the noiseless case, we can do even better — we can recover a sparse vector x
from y = Ax exactly (and algorithmically effective)! We will look at two ways to
get this surprising result:

1. Use the escape theorem (Theorem 9.3.4).

2. Identify a deterministic condition on the matrix A that guarantees exact
recovery (the “restricted isometry property”) — then show random matrices
satisfy it with high probability.

9.5.1 Ezact recovery based on the escape theorem

To see how exact recovery is possible, let’s get some geometric intuition (Fig-
ure 9.6). Suppose we are trying to recover an unknown s-sparse unit vector x
from y = Ax by solving the convex program (9.23). A solution Z lies in the
intersection of the prior set T = /sB} (an ¢! ball) and the affine subspace
E,=x+ker A.

T is a cross-polytope, and z sits on one of its (s — 1)-dimensional edges (see

6 This assumption can be relaxed — how?
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E, =x +kerA
T(z)
=X
(a) Exact sparse recovery happens when (b) Tangency occurs iff E, is disjoint from
the random subspace E; is tangent to the the spherical part S(z) of the tangent cone
£ ball at the point z. T(zx) of the £! ball at point a.

Figure 9.7 Exact sparse recovery

Figure 9.7a). With some probability, the random subspace F, is tangent to the
polytope at x. If so, x is the only point where T" and E, intersect, so the solution
Z must be exact:

T =x.

To justify this argument, we just need to show that a random subspace FE, is
tangent to the ¢! ball with high probability. That’s where the escape theorem
(Theorem 9.3.4) is helpful. Zoom in near = (Figure 9.7b): E, is tangent if and
only if the tangent cone T(x) (all rays coming from z into the ¢! ball) intersects
E, only at . This happens if the spherical part S(zx) of the cone (the intersection
of T'(x) with a small sphere centered at z) is disjoint from E, — and that is exactly
what the escape theorem can guarantee!

Let’s now formalize this. We want to recover x from
y = Ax
by solving the optimization problem
minimize [|z'[|; subject to y = Az’'. (9.27)

Theorem 9.5.1 (Exact sparse recovery). An m xn random matriz A with inde-
pendent, isotropic, subgaussian rows A; satisfies the following with probability at
least 1 — 2 exp(—cm/K*), where K = max;||A;l|y,. If the number of observations
m satisfies

m > CK*slogn,
then, for any s-sparse vector x € R", a solution T of the program (9.27) is exact:
T =ux.
To prove this, we need to show that the recovery error is zero:
h=2—xz=0.

First, let’s show a weaker claim: A has more mass on the support of x than off it.
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Lemma 9.5.2 (The error is heavier on z’s support). Set S = supp(x), and let
hs € R denote the restriction of h onto S (and similarly for S¢). Then

[hsells < [Rs]l1-
Proof Since T is the minimizer in the program (9.27), we have
2]l < [zl (9.28)
But there is also a lower bound

1Z[lx = llz + hlls = |zs + hslli + [[wse + hse

12 [zl = ksl + [[Rsel,

where the last line follows by triangle inequality and using xs = x and zg. = 0.
Substitute this into (9.28) and simplify to complete the proof. O

Lemma 9.5.3 (The error is approximately sparse). The error vector satisfies
1Bl < 2V/s][A ],
Proof Using Lemma 9.5.2 and then the Cauchy-Schwarz inequality, we get

1Bl = sl + (s [l < 2[[hs]ls < 2V/s]lhs]l2 < 2V/s]A>. O

Proof of Theorem 9.5.1 Assume h =T — x # 0. Lemma 9.5.3 gives

h
—— €T, ={ze 5" ||zl <2Vs},
1]
and since also Ah = AZ — Az =y — y = 0, we have
h
—— € T, Nker A. (9.29)
17l

The escape theorem (Theorem 9.3.4) shows that this intersection is empty with
high probability as long as m > C; K*w(T})?. Now, since T, C 2/sB7, we get

w(T,) < 2¢/sw(BY) < Cov/slogn, (9.30)

due to (7.19). Thus, if m > CK*slogn, the intersection in (9.29) is empty with
high probability, which means that the inclusion in (9.29) cannot hold. So, our
assumption that h # 0 is false with high probability. The proof is complete. [

Remark 9.5.4 (Improving the logarithmic factor). By slightly tightening (9.30),
we can improve the sufficient number of observations in Theorem 9.5.1 to

m > CK*slog(en/s).
This follows from Exercise 9.26 (how?).

For practice, try interpreting the exact recovery proof geometrically (Exer-
cise 9.30), extend it to the noisy case (Exercise 9.31), and discover a useful
nullspace property for exact recovery (Exercise 9.32).
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9.5.2 Restricted isometries

Let’s find a deterministic condition that ensures a matrix A works for sparse
recovery, and prove that random matrices satisfy this condition. It is called the
restricted isometry property (RIP):

Definition 9.5.5 (RIP). An m x n matrix A satisfies the restricted isometry
property (RIP) with parameters a, 5 and s if the inequality

aljvll < [[Avlly < Bljv]l
holds for all vectors v € R™ with at most s nonzero entries.
RIP just says that the singular values of all m x s submatrices” A; of A satisfy:
a < s4(Ar) <s1(Ap) < B. (9.31)

(Why?) And if @ =~ 8 ~ 1, RIP tells us that all those submatrices are approximate
isometries (recall Section 4.1.7).

Theorem 9.5.6 (RIP implies exact recovery). Suppose an m xn matriz A satis-
fies RIP with some parameters a, 8 and (1+ \)s, where X > (3/a)?. Then every
s-sparse vector x € R"™ can be exactly recovered from y = Ax by solving (9.27),
i.e. the solution satisfies

T =ux.
Proof As in the proof of Theorem 9.5.1, we need to show that the error
h=%—x

is zero. To do this, we decompose h in a way similar to Exercise 9.25. (If you've
solved that exercise, great, but it is not necessary to understand this proof.)

Step 1: Decomposing the support. Let I, be the support of z. Let I; index
the As largest entries of hje in magnitude, let I index the next As largest entries
of h e in magnitude, and so on. Finally, set Iy; = Iy U I;. Since

Ah=A7 — Az =y —y =0,
the triangle inequality gives

0= HAhH2 > HAI(uhI(nH? - ”Alglhlgl

). (9.32)
Next, let’s look at the two terms on the right-hand side.
Step 2: Applying RIP. Since |y ;]| < s+ As, RIP gives

[ A1y hroy ll2 2 al[hrg, [|2

and triangle inequality followed by RIP gives
HAlglhlgl 2 < Z”Alzh’fz 2 < /BZthzHQ

i>2 i>2

7 Formally, A is the m x s submatrix made by picking the columns indexed by some s-element
subset I C {1,...,n}.
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Plugging into (9.32), we get
BY Nl > allhg, [l2- (9.33)

i>2

Step 3: Summing up. Next, we bound the sum in the left like we did in
Exercise 9.25. By definition of I;, each entry of h;, is bounded in magnitude by
the average of the entries of hy,_,, i.e. by 5|k, . |1 for i > 2. Thus

i—17

1
hrll2 < x”hhqﬂl-

Summing up, we get

1 1 1
> llhg 2 < ﬁZthiHl = ﬁ“hlg”l < ﬁ“hfoul (by Lemma 9.5.2)

i>2 i>1

1 1
< ﬁ”hlolb < ﬁHhIUJHQ'
Putting this into (9.33) we conclude that
sl > ol 1
But this implies that h;,, = 0 since 8/VA < a by assumption. And since Iy,
contains the largest entries of h, it must be that h = 0. O

While we do not know how to construct deterministic matrices A that satisfy
RIP with good parameters, we can show that random matrices satisfy it with
high probability:

Theorem 9.5.7 (Random matrices satisfy RIP). Consider an m x n matriz A
with independent, isotropic, subgaussian rows A;. Assume that

m > CK*slog(en/s).

where K = max;||A4;||y,. Then, with probability at least 1 — 2exp(—cm/K*), the
random matriz A satisfies RIP with parameters o = 0.9y/m, 8 = 1.1\/m and s.

Proof We need to check (9.31) for all m x s sub-matrices A;. First, fix I. By
Theorem 4.6.1, we get

0.9vm < s,(A;) < s1(A7) < 1.1vm (9.34)

with probability at least 1 — 2exp(—2cm/K*) (set t = v/2cm/K? and use the
assumption on m, choosing constants ¢ and C' appropriately).

Now take a union bound over all (’;) possible s-element subsets I C {1,...,n}.
Then (9.34) holds with probability at least

1 — 2exp(—2em/K*) - <Z> >1—2exp(—cem/K*),
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using the bound (7) < exp(slog(en/s)) from (0.6) and the assumption on m. The
proof is complete. O

We just learned an alternative approach to exact recovery:

Second proof of Theorem 9.5.1 By Theorem 9.5.7, A satisfies RIP with a =
0.9y/m, B = 1.1y/m and 3s. Thus, Theorem 9.5.6 for A = 2 guarantees exact
recovery. So Theorem 9.5.1 holds — and we even get the logarithmic improvement
from Exercise 9.5.4! O

To practice, show that random projections satisfy RIP (Exercise 9.33).

9.6 Deviations of random matrices for general norms

Let’s generalize the matrix deviation inequality (Theorem 9.1.1) to work for any
norm — not just the Euclidean one. Actually, we don’t even need the norm to be
nonnegative — just homogeneity and the triangle inequality will do.

Definition 9.6.1 (Allowing a norm to take negative values). A real-valued func-
tion f on a linear vector space V is called:

e Positive-homogeneous if f(ax) = af(x) for all @« > 0 and = € V;
o Subadditive if f(z +vy) < f(x)+ f(y) for all z,y € V.

Example 9.6.2. These functions are positive-homogeneous and subadditive:
(a) any norm,
(b) any real-valued linear function (called a linear functional);
(c) an particular, the function f(x) = (x,y) for any fixed vector y € R™;
(d) the support function of any bounded set S C R™, defined by

f(z) = sug(w, y), x €R™ (9.35)

(check this!).

Here is a version of Theorem 9.1.1 that works for all norms (and even positive-
homogeneous, subadditive functions), but with a tradeoff — it applies only to
Gaussian matrices:

Theorem 9.6.3 (General matrix deviation inequality). Let A be an m X n ran-
dom matrix with i.i.d. N(0,1) entries. Let f : R™ — R be a bounded, positive-
homogeneous and subadditive function, and let b € R be such that

f(z) <b|z|ly for all x € R". (9.36)
Then for any subset T' C R™,
Esup| f(Az) — E f(Az)| < Cby(T),
zeT

where v(T') is the Gaussian complexity (see Section 7.5.3).
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Exactly as in Section 9.1, Theorem 9.6.3 would immediately follow from Tala-
grand comparison inequality once we show that the random process

Z, = f(Az) — E f(Ax) (9.37)
has subgaussian increments. Let us do this now:

Theorem 9.6.4 (Subgaussian increments). Let A be an m xn Gaussian random
matriz with i.i.d. N(0,1) entries, and let f : R™ — R be a positive homogenous
and subadditive function satisfying (9.36). Then the random process (9.2) has
subgaussian increments:

| Z: — Zyllp, < Cbllz —ylla for all z,y € R". (9.38)

Proof of Theorem 9.6.4 Without loss of generality we may assume that b = 1.
(Why?) Just like in the proof of Theorem 9.1.2, first assume that

lz]l2 = [lyll2 = 1.

In this case, the inequality in (9.38)becomes

[f(Az) = f(Ay)],, < Cllz =yl (9.39)
Step 1: Creating independence. Consider the vectors

r+y T—y
— = . 4
5 v 5 (9.40)

Then x = u + v and y = u — v, and thus

Ax = Au+ Av, Ay = Au— Av

u:

(see Figure 9.8). Since uw and v are orthogonal (check!), the Gaussian random

Y

A

Figure 9.8 Creating a pair of orthogonal vectors u,v out of x,y.

vectors Au and Av are independent (recall Exercise 3.20).

Step 2: Using Gaussian concentration. Let’s condition on a := Au and
study the conditional distribution of

F(Az) = fla+ Av).
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By independence, a + Av is a Gaussian random vector that we can write as
a+ Av=a+ ||vl]ag, where g~ N(0,I,)
(again by Exercise 3.20.) We claim that the function
2z fla+|lv]l22)

is Lipschitz with respect to the Euclidean norm on R™, with Lipschitz norm
bounded by ||v||2. To check this, fix any ¢, s € R™ and use subadditivity of f (in
the form of Exercise 9.34) to get

fla+wllat) = fla+l[vllzs) < Fllvllat = [Jvll25)
= |jv]l2 f(t —s) (by positive homogeneity)
<|lvll2 ||t = s|l2  (using (9.36) with b = 1),

proving our claim.
Concentration in the Gauss space (Theorem 5.2.3) then yields

| fa+ Av) ~E, f(a+ Av)],, ., < Cllv] (9.41)

)”7112(‘1)

where the index “a” reminds us that these bounds are valid for the conditional
distribution, with a = Au fixed.

Step 3: Removing the conditioning. Since the random vector a — Av has
the same distribution as a + Av (why?), it satisfies the same bound:

|f(a— Av) —E, f(a — AU)HW(G) < C||vl|a, (9.42)

Subtract (9.42) from (9.41), use triangle inequality and the fact that the expec-
tations are the same; this gives

[f(a+ Av) = fla—Av)]| . ., < 2C]v]2.

This bound holds conditionally for any fixed a = Au. Therefore, it holds for the
original distribution, too:

Hf(a+ Av) — f(a— AU)H¢2 < 2C|v|2-

(Why?) Passing back to the z,y notation by (9.40), we obtain the desired in-
equality (9.39).

We proved the theorem for any unit vectors x, y. To extend it to the general
case, argue exactly as in Step 4 in the proof of Theorem 9.1.2 (check!). O

Remark 9.6.5. It is an open question if Theorem 9.6.3 holds for general sub-
gaussian matrices A.

To practice, try Exercises 9.35 and 9.36 to get an anisotropic and a high-
probability versions of Theorem 9.6.3.
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9.7 Two-sided Chevet inequality and Dvoretzky-Milman theorem

Just like the original matrix deviation inequality from Chapter 9, the more general
Theorem 9.1.1 has many applications. For instance, you can now get a Johnson-
Lindenstrauss-type lemma in any norm, not just the Euclidean one — try it out
in Exercises 9.37-9.39!

9.7.1 Two-sided Chevet inequality

Another consequence of general matrix deviation is a sharper version of Chevet
inequality, which we which we first looked at in Section 8.6.

Theorem 9.7.1 (Two-sided Chevet inequality). Let A be an m X n Gaussian
random matriz with i.i.d. N(0,1) entries. Let T'C R™ and S C R™ be arbitrary
bounded sets. Then

sup(Az, y) — w(S)|z]l2| < Cy(T)rad(S),

yeSs

E sup
zeT

where y(T') is the Gaussian complexity (see Section 7.5.3) and rad(T") = sup,cr||z|2
s the radius.

Applying triangle inequality, you can see that Theorem 9.7.1 gives a stronger,
two-sided version of Chevet inequality (Theorem 8.6.1).

Proof Let’s apply Theorem 9.6.3 for the support function of S from (9.35):
f(z) = sup(z,y).
yeSs

This is a bounded function, since Cauchy-Schwarz inequality gives

flz) < sungHQHyHQ =rad(9)| x|, for all z € R". (9.43)
ye

Since Az has the same distribution as g||x|s where g € N(0,1I,,) (see Exer-
cise 3.20), we have

E f(Az) = ||z]|2 E f(g) (by positive homogeneity)
= ||z||2 Esup(g,y) (by definition of f)
yeS

= ||z|;w(S) (by definition of the Gaussian width). (9.44)
Substitute (9.43) and (9.44) into Theorem 9.6.3 to complete the proof. O

9.7.2 Dwvoretzky-Milman Theorem

We will now prove an amazing result: if you randomly project any bounded set
in R™ to a low-dimensional subspace, it will look approzimately round with high
probability (see Figure 9.9).

It’s easier to work with Gaussian projections,® where the result says:

8 By a Gaussian projection here we mean an m x n matrix with i.i.d. N(0,1) entires. Heuristically, if
m < n, it behaves almost like a random projection scaled up by \/n — can you see why?
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Figure 9.9 A random projection of a 8-dimensional cube (left) and 10*
Gaussian points (right) onto the plane

Theorem 9.7.2 (Dvoretzky-Milman theorem). Let A be an m x n Gaussian
random matriz with i.i.d. N(0,1) entries, and T C R"™ be a bounded set. Then
the following holds with probability at least 0.99:

r_By* C conv(AT) C r By (9.45)
where B denotes the unit Euclidean ball in R™, and

ry =w(T) 4+ Cv/m rad(T).
The left inclusion holds only if r_ is nonnegative; the right inclusion, always.

Proof Let’s express two-sided Chevet inequality (Theorem 9.7.1) in the following
form:

sup(Az, y) — w(T)|yll2| < Cy(S)rad(T),

zeT

E sup
yeS

where T C R™ and S C R™. (To get this, just apply the theorem to AT with T
and S swapped.)

Let S be the sphere S™~!; its Gaussian complexity satisfies y(S) < y/m. Then,
by Markov inequality, the following holds with probability at least 0.99:

sup(Az,y) — w(T)| < Cy/mrad(T) for every y € S™ .

zeT

By triangle inequality and definition of -, this implies

r_ <sup(Az,y) <r, forevery y € S™ '
zeT

Rewriting sup, . (Az,y) as sup,c 47 (2, y) and using homogeneity, we get

r_|lyllz < StlAPT<$,y> <rillylls for every y € R™.
A

By duality, this is the same as (9.45) (try Exercise 9.40 to work out the details
of the duality argument). O
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Remark 9.7.3 (The effective dimension). Assume that 7" is bounded, convex
and contains the origin, and let

m < cd(T)

where d(T) =< w(T)?/rad(T)? is the effective dimension (see Definition 7.5.12).
If we pick the absolute constant ¢ small enough, we can make Cy/mrad(T) <
0.01w(T"), so the that Dvoretzky-Milman Theorem 9.7.2 gives

0.99B Cc AT C 1.01B

with B = w(T)BY is the Euclidean ball of radius w(T"). In short: projecting any
bounded convex set T onto a random subspace of dimension about d(T) makes it
look almost like a round ball!

Example 9.7.4 (Almost round projections of the cube). Consider the cube T' =
[—1,1]™. By (7.18), w(T) = /2/m - n and diam(T) = 2y/n, so the effective
dimension is d(T') < n. So, if m < cn, then with high probability we have

0.99B C A[-1,1]" C 1.01B

where B is the Euclidean ball with radius \/2/7 - n. In short: projecting an n-
dimensional cube onto a subspace of dimension m = cn makes it look almost like
a round ball! Figure 9.9 illustrates this remarkable fact.

Remark 9.7.5 (Summary of random projections). In Sections 7.6 and 9.2.2, we
found that a random projection P of a set T onto an m-dimensional subspace
in R™ undergoes a phase transition. In the high-dimensional regime (m 2 d(T)),
the projection shrinks the diameter of 7" by the factor of order y/m/n:

diam(PT) = /2 diam(T)
n

Moreover, the additive Johnson-Lindenstrauss Lemma 9.2.4 shows that in this

regime, the random projection P approximately preserves the geometry of T

(the distances between all points in 7" shrink roughly by the same scaling factor).
In the low-dimensional regime (m < d(7')), shrinking stops:

w(T)
NG

regardless of how small m is. Dvoretzky-Milman theorem explains why: PT is
now an approzimately the round ball of radius of order wy(7T) (see Exercise 9.43),
which obviously does not shrink under any projection.

diam(PT) =< w,(T) <

To practice, get a high-probability version of Dvoretzky-Milman theorem (Ex-
ercise 9.41), show that a Gaussian cloud is nearly round in low dimensions (Ex-
ercise 9.42), and get at version of Dvoretzky-Milman theorem for actual (rather
than Gaussian) projections (Exercise 9.43).
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9.8 Notes

The matrix deviation inequality (Theorem 9.1.1) and its proof come from [213], though many
related results existed earlier. For a Gaussian matrix A and a set 1" on the unit sphere, it can be
derived from Gaussian comparison inequalities: the upper bound from Sudakov-Fernique (The-
orem 7.2.8), and the lower from Gordon (Theorem 7.2.9). Schechtman [295] proved a version of
matrix deviation inequality for Gaussian A and general norms; we will cover that in Section 9.6.
For subgaussian A, versions appear in [187, 236, 103]; see [213, Section3] for comparisons. A par-
ticularly clean result for quadratic processes is in [79, Theorem 3.2.1]. Other extensions include
versions for sparse A [54], for £ norms [301], and for independent columns [277].

The quadratic dependence on K in Theorem 9.1.1 was improved to the optimal K+/log K
in [176]. This automatically improves the dependence on subgaussian norms in all results that
follow from Theorem 9.1.1, like Theorems 3.1.1, 4.6.1, 5.3.1, 9.3.1, 9.3.4, 9.4.4, Proposition 9.2.1,
Corollary 9.4.8, and others.

A version of the bound on random projections of sets (Proposition 9.2.1) goes back to V. Mil-
man [245]; see [21, Proposition 5.7.1].

Theorem 9.2.2 on covariance estimation for lower-dimensional distributions is due to V. Koltchin-
skii and K. Lounici [190]; they used a different approach that is also based on the majorizing
measure theorem. R. van Handel [331] gave an alternative proof for Gaussian distributions
using decoupling, conditioning, and Slepian Lemma. For Gaussian matrices, the bound in The-
orem 9.2.2 is tight, and many extensions now exist — see the end of Chapter 4 for references.

A version of additive Johnson-Lindenstrauss lemma (Lemma 9.2.4) is from [213].

The M* bound (Theorem 9.3.1) has been around for a while in geometric functional analysis.
Early versions came from V. Milman [243, 244]; a version with the right dependence on m was
proved by Pajor and Tomczak [269], and Gordon later gave an even sharper form with exact
constants [143]. For more on this, including proofs and variants, see [21, Sections 7.3-7.4, 9.3],
[143, 233, 341]. The version we gave in Theorem 9.3.1 comes from [213].

The escape theorem (Theorem 9.3.4), also known as “escape from the mesh”, was first proved
by Y.Gordon [143] for Gaussian matrices, with a sharp constant in (9.14), using his comparison
inequality (Theorem 7.2.9). Matching lower bounds are known for spherically convex sets [308,
18], and in that case, the exact hitting probability can be calculated using tools from integral
geometry [18]. Oymak and Tropp [267] showed how this result can be extended beyond the
Gaussian case. The version we gave in Theorem 9.3.4 comes from [213].

The applications in Sections 9.4-9.5 come from high-dimensional statistics and signal pro-
cessing (specifically, compressed sensing). The tutorial [341] offers a unified treatment of these
two kinds of problems, which we followed in this chapter. The books [67, 157, 344, 137] discuss
statistical aspects, while the survey [91] and book [127] focus on signal processing side.

Recovery based on M™ bound discussed in Section 9.4.1 is based on [341], which has various
versions of Theorem 9.4.4 and Corollary 9.4.8.

The survey [93] offers a comprehensive overview of the low-rank matrix recovery problem
discussed in Section 9.4.3. Our presentation is based on [341, Section 10].

Exact sparse recovery discussed in Section 9.5 was discovered in the area of compressed
sensing; see [91] and book [127]. The approach via escape theorem (Section 9.5.1) was first
discovered in [290]; here we loosely follow [341, Section 9]. See also [80, 307] and especially
[322] for applications of the escape theorem to sparse recovery. Sharp bounds on how many
observations are needed for exact recovery were first proved in [112], and later extended in
[111, 108, 109, 110]. Phase transitions for more general sets T and matrices A were studied in
[18, 266, 267].

The RIP-based approach to sparse recovery (Section 9.5.2) was pioneered by E. Candes and
T. Tao [73]; see [127, Chapter 6] for a comprehensive introduction. A version of Theorem 9.5.6
appears in their work, and our proof is based on an argument from Y. Plan, similar to [70]. The
fact that random matrices satisfy RIP (Theorem 9.5.7) is a cornerstone of compressed sensing
— see [127, 340].

For more on deviations for quadratic processes (Exercise 9.5), see [79, Theorem 3.2.1] — it is
a pretty similar result.

Exercises 9.19-9.21 discuss a popular tool for sparse linear regression, known in statistics lit-
erature as Lasso (least absolute shrinkage and selection operator). It was pioneered by R. Tibshi-
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rani [319]. The books [157, 67, 344] offer a comprehensive introduction into statistical problems
with sparsity constraints; these books discuss Lasso and its many variants.

Sparse recovery based on the nullspace property (Exercise 9.32) goes back to Cohen, Dahmen
and DeVore [88], see [281, 127, 344].

Garnaev-Gluskin bound (Exercise 9.28) was first proved in [132], see also [222] and [127,
Chapter 10].

General matrix deviation inequality (Theorem 9.6.3) and its proof is due to G. Schechtman
[295].

The original version Chevet inequality was proved by S. Chevet [84] and the constant factors
there were improved by Y. Gordon [140]; see also [21, Section 9.4], [210, Theorem 3.20] and
[321, 7]. The version of Chevet inequality that we stated in Theorem 9.7.1) can be reconstructed
from the work of Y. Gordon [140, 142], see [210, Corollary 3.21].

Dvoretzky-Milman theorem has a long history in functional analysis. Proving a conjecture
of A. Grothendieck, A. Dvoretzky [117, 118] showed that any n-dimensional normed space
has an m-dimensional almost Euclidean subspace, where m = m(n) grows to infinity with n.
V. Milman gave a probabilistic proof of this theorem [242] and pioneered the study of the best
possible dependence m(n). Theorem 9.7.2 is due to V. Milman [242]; it is optimal [247], see
[21, Theorem 5.3.3]. The tutorial [23] contains a a light introduction into Dvoretzky-Milman
theorem. For a full exposition of Dvoretzky-Milman theorem and many of its ramifications, see
e.g. [21, Chapter 5 and Section 9.2], [210, Section 9.1] and the references there. A “distributional”
version of Dvoretzky-Milman theorem, where one asks if a random m-dimensional marginal
of an n-dimensional distribution is approximately normal, has been pioneered for log-concave
distributions by B. Klartag [186] (the central limit therem for convex bodies) and for discrete
distributions by E. Meckes [230].

The phase transition phenomenon noted in Remark 9.7.5 was put forth by V. Milman [245];
see [21, Proposition 5.7.1].

Exercises

9.1 s (Reverse triangle inequality) Let’s check the geometric observation used in the proof
of matrix deviation (Theorem 9.1.2). Consider any vectors z,y € R" satisfying 1 = ||z|j2 <
llyll2, and let § := y/||y|| (see Figure 9.1). Show that

lz = yll2 < lz = gllz + 17— yll2 < V2[lz —yll2.
9.2 ss (Matrix deviation inequality: deviations from the mean) Deduce from Theorem 9.1.1

a centered version of matrix deviation:

E sup ||| Az||s — E||Az|j2| < CK?y(T).
xeT

9.3 w# (Quadratic matrix deviation) Let’s prove the claim in Remark 9.1.5: under the
conditions of Theorem 9.1.1, we have

E sup ||| Az|3 — ml|z|3| < CK*(T)? + CK?\/mrad(T)y(T).
zeT

9.4 s (Anisotropic matrix deviation) In Theorem 9.1.1, we assumed that the rows of the
random matrix are isotropic. Let’s remove this assumption. Let B be an m X n random
matrix with independent rows B;, which satisfy

EB;B] =%, |(Bi,2)|y, < K|[(Bi,a)||> for any z € R",
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for some matrix > and number K. Show that for any subset 7' C R™,

Esup | Bzl — vm|| S 22|2| < CK2y(SY2T).
xE

W

wewew (Quadratic empirical process) In Exercise 8.36, we bounded the deviation of the
empirical mean from the sample mean for any subgaussian process. Now, let’s do the same
for the L2 mean by extending Theorem 9.1.1. Take any star-shaped? class F of real-valued
functions on a domain €2, and let X, X1, X9, ..., Xy beii.d. random points in 2. Consider

the L? metric on F
1/2

d(f,9) = (E(f(X) — g(X))?)

and assume that

1£(X) = g(X)lly, < Kd(f,g) forall f,g € F.
Then show:

1 2\1/2 o\1/2| _ CK’y3(F,d)
E = X; —(Ef(X < )
;gg(m;ﬂ )) (Ef(X)%) ’< Jm

where in the right hand side we have the 79 functional from Section 8.5. Can you see why
this result contains Theorem 9.1.1 if T c 7717

Wl

wewwew (Deviation of random projections) Prove a version of matrix deviation inequal-
ity (Theorem 9.1.1) for random projections. Let P be the orthogonal projection in R™ on
an m-dimensional subspace uniformly distributed in the Grassmanian Gpn m. Show that
for any subset 7" C R", we have

[m Cy(T)
E sup’ Pz|o — 4/ —||x ‘ < =,
sup | P|2 o llllz Jn

= (Sizes of projections: a high-probability bound) Let’s get a high-probability version
of Proposition 9.2.1. Let T C R™ be a bounded set, and let A be an m X n matrix with
independent, isotropic and subgaussian rows A;, and consider the “subgaussian projection”

P = -L A. Show that for ¢ > 0, the bound
NG

diam(PT) < (1 + 5)\/§ diam(T) + CK 2w (T)

holds with probability at least 1 — exp(—ce?m/K*). Here K = max;|| Ai ||y, and ws(T) is
the spherical width of T'.

JIVIITIIT]

sww Prove a version of Proposition 9.2.1 for the original model of P considered in Sec-
tion 7.6, i.e. for the projection P onto a random m-dimensional subspace E ~ Unif(Gyn,m).

w

# (Covariance estimation with high probability) Check the high-probability guarantee
on the covariance estimation mentioned in Remark 9.2.3.

9 Star-shaped means that if f is in F, then so is af for any a € [0,1]. If F is not shar-shaped, no

problem — just add to it all af for a € [0,1]; the Gaussian complexity stays the same.
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9.10

9.11

9.12

9.13

9.14

9.15

9.16

9.17
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#% (From matrix deviation to Johnson-Lindenstrauss) Use matrix deviation inequality
to give an alternative solution of Exercise 5.14. (Quantify the success probability and
dependence on the subgaussian norm.)

# (Additive Johnson-Lindenstrauss lemma) Argue that the error in the conclusion of
Lemma 9.2.4 must be absolute as opposed to relative.

s#® (M* bound for random affine sections) We proved the M* bound (Theorem 9.3.1)
for random sections through the origin. Extend it for all affine sections:

, CK*w(T)
E d TN kerAd)) < ————=.
max diam ( (z + ker )) S m

s (M* bound with high probability) Prove a high-probability version of the M* bound
(Theorem 9.3.1).

www (Slicing the ¢ ball) Let By be the unit ¢7 ball in R™ (see Figure 1.2 for some
examples). Let F be a random k-dimensional subspace, with 1 < k£ < 0.99n.

(a) Show that

Ediam(B, NE) xp n?"v  for all p € (1,00),

where the notation =<, hides positive constants that may depend only on p.

(b) Check that this is equivalent to the radius of the inscribed Euclidean ball in By, for
p < 2, and circumscribed for p > 2. Can you explain this intuitively?

# (Tightness of the escape theorem) Show that the escape theorem (Theorem 9.3.4) is
generally optimal for all m < n by taking T to be the unit sphere in a subspace of R".

sd (Putting a sticker on the soccer ball) Here is another version of the escape theorem.
Let T C S™ ! be any set (think of a sticker on a soccer ball) and let X ¢ S"~! be an
N-point set (like ink marks). Assume that

1
O'n_l(T) < N

where 0,1 is the normalized surface area on the sphere. Show that there exists a rotation
U € O(n) such that

Urnx =9
(so we can place the sticker without covering any marks).

sd (Constrained recovery: mean squared error) Extend the error bound Theorem 9.4.4
for the bigger mean squared error:

-~ 2
Elz — (2.
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www (Recovery by optimization) Let T be the unit ball of some norm ||-||7 in R™. Show
that the conclusion of Theorem 9.4.4 holds also for the following optimization program:

minimize ||z’ ||z subject to y = Az’.

s (Constrained optimization) Let’s extend the constrained recovery result (Theo-
rem 9.4.4) to the noisy model considered in (9.16):

y=Ar+w, z€T,

where w is some unknown noise vector (maybe even dependent on A). To recover z, we
find a vector that lies in T and fits the measurements y as close as possible:

minimize ||y — Az’||2 subject to ' € T.
Show that the solution Z satisfies the following accuracy guarantee:

K2w(T) + [[w]z
Jm

Bz -zl S

W W
-

w# (Unconstrained optimization) Let’s make Remark 9.4.7 a bit more rigorous. Let
z € R™ be any vector. Let A be a m X n random matrix with independent, isotropic and
subgaussian rows A;. Consider the noisy linear model

y=Ax+w

where w € R™ be any noise vector (possibly even dependent on A). To recover x from y
and A, consider the unconstrained convex problem

minimize ||y — Az’||3 + A|’||7  over all 2’/ € R",

where ||-||7 is any norm and A > 0 is a tuning parameter. Show that if we choose A <
lw||3/]|#|7, then the solution Z satisfies

E2w(T) ]|z + ||wll2
vm ’

where T is the unit ball of the norm |[|-||7 and K = max;||A;]|y, -

Bz —zl2 S

W

# (Lasso) Let’s specialize Exercise 9.20 to the ¢! norm and analyze Lasso — a popular
method for sparse regression. Suppose x € R™ is s-sparse, and A is an m x n random
matrix with independent, isotropic, subgaussian rows A;. Consider the noisy linear model

y= Az + w.
To recover x from y and A, consider the unconstrained convex problem
minimize ||y — Az’||3 + A|2/||1  over all 2’ € R".
Show that if we choose A < ||w||3/||z||1, then the solution Z satisfies

E||7 — |2 < KQVSIOgn+ [[wll2
~J \/ﬁ b)

where K = max;||A;l|y, -
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9.22 wse (The sparse recovery problem is well posed) Let A be an m X n matrix in general
position (choose a convenient definition of general position yourself).

(a) Show that if m > 2|lz||o, then the equation y = Az has a unique solution (if it
exists).

(b) In this case, how can you find z algorithmically efficiently if you know the support
of z (i.e. which entries are nonzero)?

9.23 sesese (The “/P norms” for 0 < p < 1) In (9.21), we defined ||z||o as the number of
nonzero entries of the vector x.

(a) Check that ||-|lo is not a norm on R™.

(b) Check that ||-]|p is not a norm on R™ if 0 < p < 1 (Figure 9.10 shows that the unit
balls are not convex).

(¢) Show that, for every z € R",

=1l b,
o = tim ol

+ 0000

Figure 9.10 The unit #7 balls for various values of p in R2.

9.24 sesese (Approximate sparse recovery) Let’s extend sparse recovery (Corollary 9.4.8) to
accommodate approximately sparse signals.

(a) Show that any s-sparse signal z can be recovered from measurements y = Ax by
solving the optimization problem

e e I . /
minimize ||z’ ||1 subject to y = Ax’,
whose solution Z gives the recovery error

slogn

E|Z — 2|2 < CK? ]/ 2222 |22
m

(b) Argue that a similar result holds for approximately sparse signals. State and prove
such a guarantee.

9.25 wese (Convexifying the set of sparse vectors) Consider the set of unit s-sparse vectors:
S = {x €R™ : Jlao < 5, [lzfl2 < 1} (9.46)
and the truncated ¢! ball:

Tn,s =+/sBI NBy ={z eR": ||lz|l1 < /s, |lzfl2 <1} . (9.47)
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Show that
conv(Sn,s) C Tn,s C 2conv(Sn,s).
To prove the second inclusion, fix * € Ty s and partition the support of x into disjoint

subsets I, Is, ... so that I} indexes the s largest coefficients of x in magnitude, I indexes
the next s largest coefficients, and so on. Show that > .-l |l2 < 2, where z1 € RT

denotes the restriction of x onto a set I.

W

sd (A logarithmic improvement in sparse recovery) Use Exercise 9.25 to show that

w(Tn,s) < 2w(Sn,s) < Cy/slog(en/s).

Improve the logarithmic factor in the sparse recovery guarantee (Corollary 9.4.8) to

)

B — afls < CK2,/ 21o8(en/9)
- m

showing that m 2 slog(en/s) measurements suffice.

weswse (The Gaussian width of sparse vectors) Show that the set of unit s-sparse
vectors (9.46) and its (approximate) convex hull (9.47) have this Gaussian width:

w(Th,s) <X w(Sn,s) < /slog(en/s)

where the notation =< hides positive absolute constants.

www (Garnaev-Gluskin theorem) Improve the logarithmic factor in the bound (9.3.2)
on random slices of the ¢! ball:

E diam (B} N E) < 1/ 108E/™).
m

In particular, the logarithmic factor can be removed from (9.13).

s# (Extensions of low-rank matrix recovery) Let’s get some versions of low rank recov-
ery from Section 9.4.3.

(a) Show that the conclusion of Corollary 9.4.11 holds also for the following optimization
program:

minimize HX/H* subject to y; = (A;, X'YVi=1,...,m.

(b) Extend the matrix recovery result for approzimately low-rank matrices.
(c) Extend the matrix recovery result to di X d2 matrices.

w# (Geometry of exact sparse recovery) Give a geometric interpretation of the proof of
Theorem 9.5.1 (see Figure 9.7b). What does the proof say about the tangent cone T'(z)?
Its spherical part S(x)?

W

swdw (Noisy measurements) Extend the exact sparse recovery result (Theorem 9.5.1)
to noisy measurements y = Az + w. (Modify the recovery program (9.27) accordingly.)
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9.32

9.33

9.34

9.35

9.36

9.37

9.38

9.39
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weew (Nullspace property) Here is a handy condition ensuring exact recovery. Let’s say
that an m x n matrix A satisfies the nullspace property of order s if the inequality

hslly < [lhsellr
holds for any nonzero vector h € ker(A) and any s-element subset S C {1,...,n}.

(a) Show that A satisfies the nullspace property if and only if every s-sparse vector
x € R™ is the unique solution to (9.27) with y = Az.

(b) Show that a random matrix A with m 2 slog(en/s) satisfy the nullspace property
with high probability (make this statement precise as in Theorem 9.5.7).

JITRITRIT
L 2 2 4

(Random projections satisfy RIP) Let P be the orthogonal projection in R™ onto
a random m-dimensional subspace (uniformly distributed in the Grassmanian).
(

a) Prove that P satisfies RIP (similar to Theorem 9.5.7, up to a normalization).
(b) Conclude a version of Theorem 9.5.1 for exact recovery from random projections.

W

#® (Subadditivity) Let f: V — R be a subadditive function on a vector space V. Show
that

f@)—fly) < flx—y) foralla,yeV.

% (General matrix deviation for anisotropic distributions) Extend Theorem 9.6.3 to
m X n matrices A whose rows are independent N (0, X) random vectors, showing that

E sup|f(Az) — E f(Az)| < Coy(SY/2T).
zeT

## (General matrix deviation: a high-probability bound) Prove a high-probability ver-
sion of Theorem 9.6.3.

W

w# (Johnson-Lindenstrauss lemma for general norms) Use the general matrix deviation
inequality (Theorem 9.6.3) to get a version of Johnson-Lindenstrauss lemma for any norm
on R™ not just the Euclidean one.

#% (Johnson-Lindenstrauss lemma for the ¢! norm) Specialize Exercise 9.37 to the ¢!
norm. So, take any set X’ of N points in R"”, let A be an m x n Gaussian matrix with i.i.d.
N(0,1) entries, and pick any € € (0,1). Assume that

m > C(e)log N.
Show that with high probability, the matrix Q = \/g L A satisfies

(I=9)llz —yl2 < [1Qz = Qullr < (1 +e)[z —yll2 forallz,y e,

s (Johnson-Lindenstrauss embedding into £°°) Specialize Exercise 9.37 to the ¢*°
norm. So, take any set X of N points in R", let A be an m x n Gaussian matrix with i.i.d.
N(0,1) entries, and pick any € € (0,1). Assume that

m > NC©),
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Show that with high probability, the matrix @ = C(log m)fl/zA satisfies
(I=9)llz=yll2 < [[Qz = Qylloc < (1 + [z —yl2 forall z,y € X,

for an appropriate choice of the absolute constant C'. Note that in this case m > N, so Q
is not a dimension reduction map but rather an embedding.

9.40 sese#e (Duality) Show that for a closed, bounded set V' C R™, its support function is
close to the Euclidean norm if and only if its convex hull is close to the Euclidean ball.
Specifically, for r—,r4 > 0, prove that

r— B3 C conv(V) C r4 By
holds if and only if

r—|lyll2 < sup(z,y) <r4llyll2 for all y € R™.
zeV

9.41 sew State and prove a high-probability version of Dvoretzky-Milman theorem.

9.42 wse (Gaussian cloud is nearly round) Consider i.i.d. random vectors g1, ..., gn ~ N(0, Im).
Suppose that

m < clogn.

Show that with high probability, the convex hull of these points is approximately a Eu-
clidean ball with radius < v/logn (see Figure 9.9).

W

9.43 ssese (Actual random projections) We stated Dvoretzky-Milman theorem for “Gaussian
projections”. Prove a version of it for a (true) projection P onto a random m-dimensional
subspace in R". Under the same assumptions, the conclusion should be that

(1—¢e)B Cconv(PT)C (1+¢)B

where B is a Euclidean ball with radius ws(7T'), where ws(T) is the spherical width of T'
(recall Definition 7.5.4).
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Recall that ||z — y||3 = ||z||3 — 2(z,y) + \LyH% (This follows by expanding |z — y||2 = (z —
y,z — y).) Use this formula for ||Z — E Z||5.

Check the identity E||Z — al|? — E||Z — pl|2 = |ja — p||3 where p =E Z.

(a) Select the signs independently at random. Calculate the expected squared norm of the
random vector +x1 + x2 + - - - + x,, using Example 0.3.

Choose T' = {eu, ..., en} where e; are the standard basis vectors. Then conv(T) is an (n—1)-
dimensional simplex; draw a picture for n = 3. Let x be the center of the simplex. All that
remains is to calculate the distance from z to each (k — 1)-dimensional face of the simplex.

To prove the upper bound, multiply the sum of binomial coefficients by the quantity (k/n)",
replace this quantity by (k/n)? in the left side, and use the binomial theorem. To prove the
lower bound, use the definition of the binomial coefficient to express it as a product of k
fractions; check that each fraction is lower bounded by n/k.

Recall the scaling property of the volume in R™ used in the beginning of the proof of Theo-
rem 0.0.4: the ball of radius 7 has volume 7" times the volume of the unit ball.

Compute the CDF of || X||,, deduce the probability density function by differentiation, and
then compute the expectation.

First, improve the bound on the number of balls in Corollary 0.0.3 using the following fact
from elementary combinatorics: the number of ways to choose an unordered subset of k

elements from an N-element set, with possible repetitions, is (Ntffl). Substitute k = ko =

n/log(eN/n) and use Exercise 0.6 to bound the binomial coefficient by C™. Then follow the
proof of Theorem 0.0.4.

(a) Use induction on m. At the induction step, represent > ., Aix; as a convex combination
of two vectors, one of which is x,, and the other is some convex combination of x1,...,ZTm—1.

To prove the upper bound, express a point x € conv(7T) as a convex combination of some
points in T and use Jensen inequality from Exercise 1.3.

Condition on the value of n, but otherwise follow the proof of the result in Example 1.4.2.

What is the probability that a given subset of k students is independent? How many subsets
consisting of k students are there? Answer these questions and use the union bound.

Following the proof of the result in Example 1.4.2, the problem reduces to checking that
n(l —pn)" "t = 0.

(b) Expanding yields ES; = > | EX? + > iz; EXiX;. Interpret each term E X;X; as the
probability that both students ¢ and j are friendless. Compute this probability.

Use Jensen inequality.

Write E|X|” as E [|X||X["~"] and bound the second factor by its supremum.
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(a) To prove the first inequality, use Jensen inequality (1.19) for the random vector X =
(X1,...,X,). Guess which norm you should use here. To prove the second inequality, bound
the maximum of n nonnegative numbers by the sum.

(c) Consider independent Bernoulli random variables Ber(pr); find the value of p,, that make
the argument work.

Both bounds follow from Jensen inequality. For the first bound, use (1.19) for the for the
random vector X = (Xi,...,X,) and the ¢’ norm. For the second bound, consider the
convex function ¢(x) = zP.

(b) Use the integrated tail formula for f(X) and make a change of variable ¢t = f(s).
Consider the event E = {X > ¢E X} and decompose E X into EX1g and E X1ge.

(a) To prove the lower bound for ¢ < co, assume first that all coefficients of x satisfy |z;| < 1,
deduce that |z;|? < |z;|” and sum these inequalities. To prove the upper bound for ¢ < oo,
use the Holder inequality with exponent p/q.

Use the result of Exercise 1.17 for ¢ = oco.

(a) Assume first that z; > 0 for all 4. In the case where p = 1,p’ = oo, set y = (1,...,1).
In the case where p = oo,p’ = 1, set y = (0,...,0,1,0,...,0) where the value 1 is at the
coordinate io for which |ziy| = ||z||s. In the case where p,p’ € (1,00), set y; = |z|?/?" for
all 4.

To prove the upper bound, take square root on both sides of the inequality Y, > EY,, and
apply Markov inequality. To prove the lower bound, consider the event where all X; > 1/2.

b) Using the formula from part (a), express the Gaussian tail as ——— [ L&) gy and
Var Jt x

integrate by parts with u = 1/z and v = f(z). Repeat.

(b) Integrate by parts and then use Proposition 2.1.2.

Compare Taylor expansions of both sides term by term.

Use the exponential moment method to bound the probability P{3"¥ | (—X;/e) > —N}.

By convexity, the graph of the function f(x) = e*® lies below the linear segment that joins
the points (a, f(a)) and (b, f(b)). Write down this observation as an inequality, substitute
x = X and take expectation on both sides.

(a) Use translation, dilation and the comparison inequality (Exercise 2.8).

(b) You should get K()\) = Aa + log(b — ae™). Check that K" (\) = —abe> /(—ae + b)? and
use the AM-GM inequality /zy < %‘*‘y for x = —ae® and y = b. Write down the linear
approximation of K(\) using Taylor theorem with a remainder in Lagrange form.

Follow the proof of Theorem 2.2.1. Use Hoeffding lemma to bound the MGF of each term.
Note that P{Sy <t} =P{—Sny > —t} and proceed as in the proof of Chernoff inequality.

Express the probability in terms of binomial coefficients. To lower bound the binomial coef-
ficient, use the result of Exercise 0.6. To handle one of the remaining terms (1 — u/N)N %
prove that the smaller quantity (1 — u/N)Y = is bounded below by e™*.

Check and use the numeric inequality In(1 + z) > z/(1 + z/2) for all z > 0.
Use the MGF comparison inequality (Exercise 2.8).

Argue that we can assume that ¢ > 10 without loss of generality. Choose B = [t°/4]. If B
does not divide IV, make one of the blocks larger than B.

(a) Using triangle inequality, check that the ratio of the densities of X; ~ Lap(0,1) and
Y; ~ Lap(u, 1) is uniformly bounded by e™#. Write down the densities of X and Y. Express
the probabilities P{X € B} and P{Y € B} in terms of the densities of X and Y.
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2.18

2.19

2.20

2.21
2.22

2.23
2.26
2.27
2.28
2.30

2.31

2.32

2.33

2.34

2.35

2.36

2.37
2.38

2.39

2.40

2.42

The number of “bad” vertices has binomial distribution. Compute its mean and use Markov
inequality.

The upper bound follows from Chernoff inequality (Theorem 2.3.1) as in Proposition 2.5.1.
The lower bound is trickier because the degrees are not independent. (Why?) You can either
try the second moment method (Exercise 1.10) or make independent proxies for the degrees
as follows. Divide the set of vertices into two subsets V' and V" of roughly the same size. For
each vertex i € V", consider the number of vertices in V' connected to i. These degrees into
V', denoted d}, are independent and provide a lower bound for the true degrees d;. Use the
reverse Chernoff inequality (Exercise 2.12).

For a given pair of subsets S, T, the number of edges e(S,T) is a binomial random variable.
Use Chernoff inequality followed by a union bound over all pair of subsets S, T.

Apply Hoeffding inequality for the indicators of the wrong answers.

(a) Express E|g|” as an integral; change variables to express it as the gamma function (1.30).
(b) Use Stirling approximation (1.31).

Use Jensen inequality for the exponential function.

In the forward direction, use the definition and apply Jensen inequality.

(a) Use Gaussian tail bound (Proposition 2.1.2).

Use the integrated tail formula (Lemma 1.6.1) and the result of Exercise 2.27.

Combine Paley-Zygmund inequality (Exercise 1.16) with the subgaussian Khinchine inequal-
ity (Theorem 2.7.5).

Restate the bound (2.14) in terms of the subgaussian norm. Use it for a; = 1/N and apply
centering (Lemma 2.7.8).

To prove that || X 4+ Y|y, > ¢||X||y,, compute the MGF of X + Y. Prove and use the fact
that the MGF of Y is bounded below by 1.

(a) Express the MGF of the sum in terms the MGF of X.

(a) Let X; follow a scaled, symmetrized Bernoulli distribution, meaning that X; takes values
+¢; with probability p;/2 each and 0 with probability 1 — p;. Let the parameters p; decay
rapidly (at a doubly exponential rate) and choose the scaling ¢; to make || X;||y, < 1.

) Assume b =1 and bound the L? norm of X by C+/p/log(2/a).
) Consider a scaled Bernoulli random variable and use Exercise 2.24(e).

(a
(b
(a) Represent Z2 = Z'/273/2 and use the Cauchy-Schwarz inequality.

(b) Combine the extrapolation trick with Khintchine inequality (Theorem 2.7.5) for p = 3.
Use the union bound along with the subgaussian tail bound (Proposition 2.6.6(i)).

(a) Use Jensen inequality for exp (A - Emax;<n ¢;) and replace the maximum of exponentials
by their sum. Optimize in .

(b) Using Proposition 2.1.2, show that max;<n|gi| > /(1 — €)2In N with probability — 1.

On the one hand, the probability that max;|X;| < 2y/log N can be bounded below by Markov
inequality. On the other hand, it can be expressed in terms of the tail probability of | X]|.

Y are mean-zero. To bound the MGF of X + Y, use the Holder inequality with conjugate
exponents that you optimize in the end.
(c) is also convenient to prove for mean-zero random variables first.

(a) To prove the triangle inequality || X + Yll¢ < || X|le + ||Y]la, first assume that X and

(a) To check that || X||, = 0 implies X = 0 a.s., use Jensen inequality. To prove the triangle

: ; s [ X4Y X+Y] _ K |X] L Y]
inequality, write ‘57! < St = g% T RiD L
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Comparing Propositions 2.6.1 (corresponding to a = 2) and 2.8.1 (corresponding to o = 1),
you should be able guess the result for general a.

Express the bound in Corollary 2.9.2 as a sum of two exponentials, and use the integrated
tail formula as in the proof of Proposition 2.6.1(i)=-(ii).

222

Check the numeric inequalty e* < 1+ z+ T—11/3 for z satistying |z| < 3, apply it for z = A X,
and take expectations on both sides.
First use Exercise 0.2 for a = /n, and then use Theorem 3.1.1.

Begin as in the solution of Exercise 3.1, and then use the identity z — y = (22 — ?)/(z + y)
for z = || X, and y = /n.

To prove the bound on E|| X|,, consider the Taylor approximation of /z around z = 1 up to
a cubic term, and use it for z = %HXHg

a rite the spectral projection as P, = ) .. v;v; , compute || Pk and use (3.6).
Write th 1 projecti P ¥ vl Py X3 and 3.6

(b) Write the projection as P = Zle u;u; for some orthonormal vectors u;. Proceed as in
part (a). Arguing like in the proof of Proposition 3.2.2, express E||PX||3 as > Aja; for
some a; satisfying a; < 1 and 377, Aja; <377, Ak Conclude that 327 | Aja; < Z?:l Aj.

For p < logn, use Jensen inequality as in Exercise 1.14 and then recall how the absolute
moments of subgaussian random variables grow.

For p > log n, use Exercise 2.38. For p < log n, partition the set {1,...,n} into approximately
n/eP disjoint subsets of cardinality approximately e? each. When computing the ¢ norm of
X, replace the sum of | X;|? on each subset by the maximum; use Exercise 1.14 to push the
expected value inside, and then use Exercise 2.38 to lower bound each expected maximum.

(a) While this inequality does not follow directly from the result of Exercise 2.7 (why?), you
can prove it by a similar argument. Assume that a = 0, square both sides of the inequality
| X]l2 < ey/n, choose a parameter A > 0, multiply both sides by —\?/e?, exponentiate, and
apply Markov inequality. At the end, optimize the bound in A.

(b) Rewrite the conclusion of part (a) as P{Z < §} < §" where Z = CK X /+/n, and compute
E[1/Z] by the integrated tail formula. To avoid a possible singularity, remember that you can
always bound a probability by 1.

(a) With p = E X, start by expressing ||u|3 = (E X, u).

(b) Assume p = 0 for simplicity. If ¥ is invertible, Z = $7Y2X does the job. Otherwise,
arrange the eigenvalues \; in (3.7) so that they are are nonzero for ¢ < r and zero for i > r.
Invert ©'/2 where it can be inverted, and complete it by isotropy on the rest of the space. For
example, pick any mean-zero, isotropic random vector Y, and set Z = (ZZ <r )\;1/ QUiU,-T )X +
(X, viv] )Y, Verify that £'/?Z = X. (Since E(X,v;)* = 0 for i > r, we have (X,v;) = 0
a.s.)

(a) For any fixed 4, note that o(7) is uniformly distributed over all n indices. Similarly, for
any fixed pair of distinct indices (i, j), the pair (o(¢),0(j)) is uniformly distributed over all
n? — n (ordered) pairs of distinct indices.

(a) Combine Theorem 3.1.1 with Proposition 2.7.6.

(b) Prove separately that E|| X1, 2 /7 and Emax;<n||X:||, 2 v/log N using Exercise 2.38.
Recall (3.6).

(a) Use Cramer-Wold device from the proof of Proposition 3.3.5. First, verify that X has
finite mean p and covariance matrix . Then, compute the means and variances of all 1D
marginals of X. Using the assumption, show that these match the means and variances of
the 1D marginals of Y ~ N(u, X).
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3.17
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3.36
3.38

3.39
3.40

3.41
3.42
3.43

3.44

Randomly flip the sign of X ~ N(0,1).

Think of G and UG as vectors in R"*™. Check that the mapping G — UG is a linear
orthogonal transformation, then use the rotation invariance of the normal distribution.

Represent A using part (a) and use the invariance for G established in Exercise 3.18.
Check that the random vector (Gu, Gv) € R®*™ obtained by concatenation is isotropic.

(a) Choose x to be the unit vector in the direction of g1. Check that, with high probability,
(g1, ) > +/n/2 while (g1,z) < +/n/2forall j =2,...,N.

Let r = || X||2. Compute the CDF of r and differentiate to deduce the density.
Use Exercise 3.24 to check that E||Y||3 = n. Then argue like in the proof of Proposition 3.3.8.

Argue that we can write || X||oc = ||g]|oo/|lg]|]2 where g ~ N(0, I,). To prove the upper bound,
use the Cauchy-Schwarz inequality and a small ball probability bound (Exercise 3.7). For the
lower bound, use concentration of the norm to control ||g||2 and a direct computation using
independence to control ||g||-

First, consider n = 2 (the unit circle in the plane), and compute the density of the first
coordinate of X. Make a plot and note that the density at = is proportional to the arclength
that projects onto the interval [z, z+¢€]. Check that this is proportional to g(z) = ¢/v1 — 22+
o(g). Now try n = 3 and then a general n.

(b) You should be able to express the squared distance to the cube as > | (|gi| — a)i, where

x4+ = max(z,0). Show that the expected distance is small if a is large enough. On the other
hand, ||g||2 is unlikely to be very small due to the concentration of the norm.

For example, use the criterion in Exercise 3.29.
Note that (UX,v) = (X,U"v) and that U" is an orthogonal matrix.

Note that Av is a mean-zero random vector with independent coordinates. Use Lemma 3.4.2
to bound its subgaussian norm.

Consider a one-dimensional marginal of ZZ X, and use Proposition 2.7.1 to bound its sub-
gaussian norm.

(a) Argue as in Lemma 3.4.2; but use triangle inequality instead of Proposition 2.7.1.

Exercise 3.14 describes the distribution of 1D marginals of X. Exercise 2.24(c) gives their
subgaussian norm. Proposition 3.2.2 allows you to maximize that expression.

(a) Apply Lemma 2.8.5 and the triangle inequality.

(a) If Y is an independent copy of X, you can use Bernstein’s inequality to bound [(X,Y)|
above, and concentration of norm to bound || X||, and ||Y]|, below, all with high probability.
(b) An idea is to slightly modify an isotropic vector near the origin. For example, flip a biased
coin. If it is heads (likely), pick X as the first basis vector, appropriately scaled. If it is tails
(unlikely), sample X from a normal distribution on the orthogonal hyperplane R™*.

(a) Use a conditioning trick: condition on Y and apply Theorem 3.4.5.
Use the decomposition from Exercise 3.24.

To bound the subgaussian norm of a 1D marginal (X, v), first get basic bounds on the L?
and L norms, and then interpolate them using Exercise 2.35. For the lower bound, pick v
as a standard basis vector and use Exercise 2.24(e).

(a) Argue that the density of X7 at u € [—r,r] is proportional to (r — |u|)"~'.
(b) Use symmetry to check that the coordinates of X are uncorrelated.
(¢) Compute P{X;1 > r/2}.
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Note that [[(X, z)[|,, < K||z[|, and write down what it means by definition of the subgaussian
norm.

(b) Combine Exercise 3.45 with the identity E[X||3 = n, which follows from isotropy.

(a)=(b): for any fixed z, the function y — x' Ay is linear and thus convex. Now recall (1.5)
and Exercise 1.4.

(b) First, check that the function f(z) = 2" Az is convex, and so it must attain its maximum
in [—1, 1]™ on the vertices of the cube. Now fix any x,y € {—1,1}", use polarization identity to

bound the bilinear form |¢" Ay| by two quadratic forms, and bound these two quadratic forms
using the fact above. Finally, apply the classical Grothendieck inequality (Theorem 3.5.1).

(b) Check that f(z) = |27 Az| is separately convex. Then proceed as in Exercise 3.49.

(a) Express the objective function as %tr(AZZT), where A = L?T 3] is called the Hermitian
dilation of the matrix A, and Z = [{f] where X and Y are the matrices with rows X; and Y]-T7

respectively. Note that ZZ" is the Gram matrix of the unit vectors Xi,..., Xm,Y1,...,Yn.
Proceed as in the proof of Proposition 3.5.6. (b) Use Grothendieck inequality.

Use the rotation invariance of the standard normal distribution to reduce the problem to R?.
Once in the plane, apply rotation invariance again to show that the probability of (g, ) and
(g,v) having opposite signs is «/m, where « € [0, 7] is the angle between u and v. A picture
might help!

Consider cutting G repeatedly. To find a lower bound on the probability of a success (finding
a large cut), use Paley-Zygmund inequality (Exercise 1.16). Express the the expected number
of experiments until success in terms of this probability.

(a) Argue that we can assume that v = (1,0,...,0) and u = (u1, u2,0,...,0).
(b) Expand E Z,,Z, into four terms, and use Exercise 3.9 and part (a).

Sum up the identities from Exercise 3.56(b) for u = u; and v = u; with weights a;;.
Use randomized rounding (3.34).

(a) Use the spectral representation of both norms (Lemma 4.1.11). (b) Use Proposition 3.2.1(b).
(c) Use (b) to write | BA||3 = E||BAg||3 where g ~ N (0, I,).

In fact, any nonnegative, weakly decreasing numbers s, whose squares sum to a? satisfy
sk <a/ Vk.
Express ||A*z||2 in terms of the SVD of A. Show that the first term of the sum dominates.

(a) Write Az = > | x;A;. (b) For a contradiction, assume that ||A| = [|A1]2 but A; is
not orthogonal to As. Take = = (1,¢,0,0,...,0) and show that the function f(e) = || Az||3 —
| AJ]||lz||3 can take positive values, contradicting the definition of the operator norm.

To bound |z Ay for unit vectors x and y, use the triangle inequality: |z" Ay| = 1224, Aijmiys| <
>l Aijziy;|. Now apply the Cauchy-Schwarz inequality, splitting |Ai;| between the two

terms.

To prove achievability, consider a matrix whose all entries equal 1, and on the other hand
Walsh matrix (Exercise 4.9).

For a unit vector z, find |Pz — x/2||3 and ||Qx — 2/2||3, then apply the triangle inequality.

(a) A neat trick: block-diagonalize P — . Take an orthogonal matrix U = [U U J_] whose
first columns form U and span Im P. Similarly, take an orthogonal matrix V = [V VJ_}
whose first columns form V' and span Im Q. Then compute U' (P — Q)V " and realize that it
is a block matrix whose norm is the maximal norm of the two blocks.

Use Exercise 4.12 and Lemma 4.1.16; follow the Davis-Kahan proof (Theorem 4.1.15).
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4.36

For “the only” part, compute HZ2. It is a block-diagonal matrix, so its eigenvalues should be
easy to compute.

Apply Davis-Kahan inequality (Exercise 4.13 and Theorem 4.1.15) for the Hermitian dilation
of A (Exercise 4.14).

In one direction, assume that property (c) in Lemma 4.1.17 holds, and consider the spectral

projection of P onto the top n eigenvalues of AAT (what are they?). For the opposite direction,
use Weyl inequality (Lemma 4.1.14).

Use convexity: recall from (1.3) that B}, the unit ball of R™ in the #' norm, is the convex
hull of £+ canonical basis vectors; then use the maximal principle (Exercise 1.4). Deduce the
result for the 2 — co norm by duality (Exercise 4.18(c)).

(a) Write ||Allcos1 as the maximum of |27 Ay| over the unit cubes, and use convexity as in
Exercise 4.19. (b) One direction is trivial by setting Z = xy". In the other direction, express
a rank-one matrix Z as Z = uv', argue that ||ul|eo||v||cc < 1, and rescale u and v to rewrite
Z as Z = zy" with ||z]|ec = 1 and ||y < 1.

To bound ||Al|sc—1, express it as in Exercise 4.20(a). Decompose z' Ay = >, ; Aijziy; into
four sums according to the value of (z;,3;) € {—1,1}?, and bound each sum by the cut
norm of A. To bound the cut norm of A, fix subsets I and J and write »>, ;. ; Aij as

Zi,j Aij(lzzi )(%) for some vectors x and y with £1 entries. Expand into four sums and

bound each by the co — 1 norm of A.

For the ||A||cc—1 norm, use Exercise 3.52. For the ||A||cc—2 norm, express it as the maximum
of the quadratic form ||Az||3 = 2" (AT A)x and use Theorem 3.5.7.

(a) Consider a disconnected metric space, such as T = {—1, 1} with with the usual Euclidean
metric. (b) Argue by contradiction: if two balls are not e-separated, the arithmetic mean of
their centers lies in both £/2-balls.

If an €/2-ball centered at x ¢ K covers some point in K, say y € K, the e-ball centered at y
works even better in terms of covering K.

(a) Removing a point from K makes it impossible to place a ball with that center. Make an
example where K is a 3-point set. (b) can be proved similarly to Exercise 4.25.

(a) Try induction on n.
Use Exercise 3.7 for i.i.d. random variables X; ~ Unif[—%, %}, it gives a bound on the volume
of the intersection of a unit cube with the Euclidean ball of radius e/n. Take a very small .

(a) This is a version of the integrated tail formula (Exercise 1.15(b)) for volume instead of
probability. To deduce it, modify the proof of Lemma 1.6.1 by writing f (||z]|) = — [, f'(t)dt.

[l
(a) Exercise 1.17(a)) will help with the sandwiching.

To bound |, note that the cubes y + 77 (-1, 1)™ where y € N are disjoint and contained
n (1+ 5)B3. Run the volumetric argument like in the proof of Corollary 4.2.11.

Deduce from the error correction assumption that the closed balls of radius r centered at
points E(x) are disjoint. Then run a version of a volumetric argument.

(a) Construct the expansion iteratively. Approximate x by 1 € N, normalize the residual
x — x1 and approximate it by 2 € N, etc.

Use Lemma 4.4.1 to approximate || A|| with ||Az||2 for some x € N; then use Exercise 4.35 to
approximate ||Az||2 with (Az,y) for some y € M. For symmetric matrices, modify the proof
of Lemma 4.4.1 using the identity z' Az — x§ Azo = (x — z0) T A(x + z0).
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Assume without loss of generality that u = 1. Represent ||Az||3 — 1 as a quadratic form
(Rx, ) where R = AT A — I,,. Use Exercise 4.36 to compute the maximum of this quadratic
form on a net.

Use the e-net expansion (Exercise 4.34).

Fix an £/2-net M of RB3 with good size. It is enough to show that each point y € M is
within distance €/2 from some point g;//n € RB5. For each y € M, fix a ball B, with
radius r = i min(e, R) satisfying y € By, C RB3. Find a lower bound on the probability that
g1/+/n lands in a given ball B,,. Use independence to show that at least one of the N vectors

gi/+/n does so with high probability. Finally, apply a union bound over M.

Use Exercise 4.39 to show that the scaled random vectors g;/y/n, i > 1, form an good net of
ball of radius 10. Use Exercise 4.38 to show that the convex hull of these points contains a
ball of radius 5. Meanwhile, with high probability, the first vector g1 //n falls in the radius
5 ball, and thus in the convex hull of the other vectors.

Use the integrated tail formula (Lemma 1.6.1).

Bound the operator norm of A below by the Euclidean norm of the first column and first
row. Use concentration of the norm (3.2) to complete the proof.

The proof of Theorem 4.4.3 only relies on one property of A: that (Az,y) = (A, zy') is
subgaussian for any unit vectors z, y.

(a) Combine Exercise 4.19(a) with (2.22). (b) Combine Exercise 4.19(b) with Exercise 3.13.

The challenge is that, if ¢ is small, the second eigenvalue of the expected adjacency matrix
D = E A might not be well separated from the first, making it hard to use Davis-Kahan
inequality. To fix this, modify the algorithm to consider both top eigenvectors of D. The
spectral projections onto the top two eigenvectors of D and A will still be close, thanks to a
higher-dimensional version of Davis-Kahan (Lemma 4.1.16, Exercise 4.13).

Using the min-max theorem (Corollary 4.1.7), reduce the problem to the smallest singular
value of a m X k random matrix. (Pick E to be a coordinate subspace.)

Rewrite the quantity in question as ||S., — I,|| where &, is the sample covariance matrix of
the standard score of X.

(b) The idea is to use SVD to approximate a matrix A = USVT = UyXoVy by replacing
one factor at a time. Construct an (£/3)-net to approximate U using (b), an (¢/3)-net to
approximate V' (similarly) and (¢/3)-net to approximate ¥. You will find Exercise 4.4 helpful.
(c¢) Consider m x n matrices with Frobenius norm < 1 and with only 7 first nonzero columns.

(b) Make a quantitative conclusion for 99.5% points: not just that the signs of (X;,u) and 6;
agree, but that (X;,u) is well separated from zero, e.g. [(X;,u) — ;8] < g where 8 = ||p]|2-
(e) Now that you know from (d) that v = w, conclude that 99.5% of the points X; satisfy
[(Xi,v) — (X;,u)| < 0.18. (To do this, write the sum of the squares of these quantities, and
express it in terms of ¥, and u — v.) Now combine with (b).

If the conclusion of the first part fails, the complement B = (A,)¢ satisfies o(B) > 1/2.
Apply the blow-up Lemma 5.1.6 for B.

For the upper bound, assume that ||Z — E Z||4, < K and use the definition of the median to
show that |[M —EZ| < CK.

First replace the expectation by the median using Exercise 5.6. Then apply the assumption
for the function f(z) = dist(z, A) = inf{d(z,y) : y € A} whose median is zero.

The e-neighborhood of a half-space is still a half-space, and its Gaussian measure should be
easy to compute.

(a) Use Gaussian concentration for f(z) = max;x;. (b) Argue that we can express X; =
wi + (g, v;) for some non-random p;,v; and g € N(0, I,,). Then use Gaussian concentration.
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6.6
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Bound |pp — p1| where pp, == || Z||ze.
Apply norm concentration (Theorem 3.1.1) for the random vector Az.
Consider an orthogonal basis in RY.

a) Symmetric commuting matrices are simultaneously diagonalizable.
b) Find 2 x 2 matrices such that 0 < X <Y but X? £ Y?,
a

(
(
(a) First consider the case where Y = I,,. Next, multiply the inequality 0 < X <Y by y~1/2
(justify why you can do that), and use the identity case proved before.

(c) Argue that the matrix version of the formula in (b) is In X = [ [(1+ )L, — (X +
tI,)"'] dt, and use part (a).

Check that matrix Bernstein inequality implies that HZL Xi| £ ||Zf\]:1 E X7 || 2 flogn + u+t
K (logn + u) with probability at least 1 — 2e™*. Then use the integrated tail formula from
Lemma 1.6.1.

Proceed like in the proof of Theorem 5.4.1. Instead of Lemma 5.4.10, check that E exp(Ae; 4;) <
exp(A2A?/2) just like in the proof of Hoeffding inequality (Theorem 2.2.1).

Use the integrated tail formula from Exercise 1.15(c).
Use Hermitian dilation (Exercise 4.14).
Use Hermitian dilation (Exercise 4.14).

Loops contribute only to the diagonal of the adjacency matrix. Isolate this diagonal matrix
and bound its norm.

(a) Let X ~ Unif(y/ne1,...,/ne,) where e; are the standard basis vectors in R™. Check
that X is isotropic. Argue that, if m < nlogn, the sample X1, ..., X, with high probability
misses at least one basis vector (this is related to a coupon collector problem), making the
sample covariance matrix ¥,, have at least one zero on the diagonal.

Use covariance estimation for the isotropic random vector X ~ Unif(y/mua,...,/mum)
(recall Proposition 3.3.11(iv)).

Just like in the proof of Theorem 4.6.1, derive the conclusion from a bound on %ATA - I, =
LS~ A;Al — I,. Use the high-probability version of covariance estimation (5.28).

Consider the random vector X € R™ that picks the random row of A, i.e. X = A; with
probability 1/N, and use the general covariance estimation result (Theorem 5.6.1) followed
by Weyl inequality (Lemma 4.1.14).

Modify the proof of Theorem 6.1.1. Remove the diagonal from A and do steps 1 and 2. Then,
in step 3, include the diagonal into Z.

(a) Use Theorem 6.1.1 for F(z) = 2. (b) Which F is naturally suited for this?

We want to decouple E||>; . Ai; Xi X;|| where X; are i.i.d. Ber(p) and Aj;; is the n x n matrix
with only the (z,7) entry of A kept. Follow the proof of Theorem 6.1.1 using the operator
norm as F. Step 3 is trivial thanks to Exercise 4.2(d).

Let X have a rotation-invariant distribution, and let || X||2 take two values: n with probability
1/n and /n with probability 1 — 1/n.

(a) Use Proposition 6.2.1.

Use the singular value decomposition for A and rotation invariance of X ~ N(0,1I,) to
simplify and control the quadratic form XTAX.

The quadratic form is now X ' AX where X is a d x n random matrix with columns X;. Apply
Gaussian replacement (Lemma 6.2.3) and redo the Gaussian MGF computation (Lemma 6.2.4).
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First swap X for g ~ N(0,I,) like in Proposition 6.2.1. Then, compute using Gaussian
properties as in Lemma 6.2.4.

Start as in the proof of Proposition 6.2.1 and use the MGF bound from Exercise 6.9.
Find B such that A = B'B and use Exercise 6.10.

First, use Exercise 6.10 to show that if a random vector Y has mean-zero, covariance ma-

trix ¥ and satisfies (Y, )|, < K[(Y,u) 2 for all u € R", then [V < CKVtrY¥ +

CK+/||2]|log(1/c) with probability at least 1 —a. Then apply this for Y = ﬁ SN (Xi—p).

Apply Hanson-Wright inequality (Theorem 6.2.2) for A = B' B and t = ¢||B||%, and replace
|BTB||r by | B"|||| B||F using Exercise 4.4(c). This will give a deviation inequality for || BX||3.
Convert it to a deviation inequality for ||[BX||2 like in the proof of Theorem 3.1.1.

Express the cut as a quadratic form like in (3.31) and apply Hanson-Wright inequality (The-
orem 6.2.2). You can compute the Frobenius norm of A exactly, and the operator norm can
only be smaller.

To prove E|| X + v|| > E||X]||, argue that E||X + v|| = E||X + ev|| where ¢ is an independent
Rademacher, and push the expectation over ¢ inside the norm.

Use the result of Exercise 6.20 with F(z) = exp(Az) to bound the moment generating func-
tion, or with F(x) = exp(cz?).

Argue that the probability equals ]P’{|Zf\’:1 e Xi| > 15(2:5’:1 X2)'/2} where ¢; are independent
Rademacher random variables. Condition on (X;) and use Hoeffding inmequality to bound
the conditional probability. Then use the law of total expectation.

(a) Use the ¢ norm definition to express it as a sum, swap p for 2 by monotonicity (Exer-
cise 1.11), apply the variance sum formula, and use monotonicity again.
(b) Use symmetrization (Exercise 6.20), condition on (X;) and use part (a).

(a) Swap exponent 2 for p by monotonicity (Exercise 1.11), use the £” norm definition to
express it as a sum, apply Khintchine inequality (Theorem 2.7.5) and then the triangle in-
equality triangle inequality in (R", ||-||,/2)-

(b) Use symmetrization as in Exercise 6.23(b).

Repeat the proof of Theorem 0.0.2, using Exercises 6.23 and 6.24 instead of the variance-of-
sum identity.

Apply symmetrization, then use Khintchine inequality conditionally on (X;), and finally the
triangle inequality in LP/2.

Using the equality a® — b* = (a — b)(a + b), reduce the problem to bounding the LP norm of
| XI5 — n. Expand || X||3 and use Marcinkiewicz-Zygmund inequality (Exercise 6.26).

Apply Theorem 6.4.1 for the Hermitial dilation of A (see Exercise 4.14).

Let A be a block-diagonal matrix with n/k independent blocks, each a k X k symmetric
random matrix with independent Rademacher entries on and above diagonal. Condition on
a block being all ones, then pick the value of k£ at the end.

Fix i and use Bernstein inequality to get a tail bound for 377, (ds; —p)?. Conclude by taking
a union bound over i =1,...,n.

Use symmetrization and matrix Khintchine inequality (Theorem 5.4.14) tp bound E||S —E S||
in terms of E[|Y>, ZZ||'/?, then bound the latter quantity by (Emax;||Z;| - E[S|)*/?. This
should give you E||S — ES| < E||S||- L where L = log(n) Emax;||Z;||. Finally, replace
E||S|| with the larger quantity E|lS — E S| + ||[ES|| and solve the resulting inequality.

Apply Theorem 6.33 for Z;, = %XZ'X,L-T. To bound L, use the assumption and Proposi-
tion 3.2.1(b).
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6.36 Use symmetrization, contraction principle (Theorem 6.6.1) conditioned on (X;), and finish
by applying symmetrization again.

7.1 (b) Combine || X; — Xs||p2 and || X¢ + Xs|| 2.
7.2 Argue like in the proof of Lemma 6.3.2.

7.3 (a) For any ¢,s € T, we need to find ¢, s’ € T so that t1 +¢(t2) +s1 — p(s2) < ] +t5h+ ] —s5.
Set (t',s") as either (¢, s) or (s,t). Rewrite the inequality for both cases to see how to choose.
(b) Condition on €1, ...,en—1 and apply part (a).

7.4 Theorem 6.6.1 may help.

7.5 It might be simpler to think about increments ||X¢ — X2 instead of the covariance matrix.

7.6 Write X = %'/2Z for Z ~ N(0,I,) and note that X; = >¢_, (2"/?)xZx and E X; f(X) =
>oret (2Y2) E Zy, f(£Y/2 Z). Apply the univariate Gaussian integration by parts (Lemma 7.2.3)
for E Z, f(£1/2Z) conditionally on all random variables except Zi ~ N(0,1), and simplify.

7.7 (b) The following identity can help simplify the expression: if 35I| p; = 1, then 377, 0i;(dipi—
pip;) = % > iz (0iit+055—204;)pip;. Check it and use it for oy = 2X %Y and pi = pi(Z(u)).

7.9 Use Gaussian Interpolation Lemma 7.2.5 for f(z) = [], [1 — [I; h(zi;)] where h(z) is an
approximation to the indicator function 1{,<,y, as in the proof of Slepian inequality.

7.10 Add and subtract the cross-term wv', factor, and expand the Frobenius norm squared like
this: [|A — B||% = Al + || BlF — 2tx(ATB).

7.12 Consider Taylor expansion of ,/y about y = 1 with three leading terms, and substitute
y = ll9l3/n to approximate E||g||2//n.

7.13 (a) Relate the smallest singular value to the min-max of a Gaussian process: s,(A) =
min, ¢ gn—1 max,cgm—1{Au,v). Apply Gordon inequality (without the requirement of equal
variances) to show that Es,(A) > E|h|2 — E||g||2 where h ~ N(0,Iy) and g ~ N(0, I,).
Then use Exercise 7.12.

(b) Proceed like in the proof of Corollary 7.3.2, using Weyl inequality (Lemma 4.1.14).

7.15 (b) Use rotation invariance of Gaussian distribution.
(e) Use property (d), replace T with —T', and use property (d) again.
(g) Use Sudakov-Fernique comparison inequality.

7.16 The proof of Proposition 7.5.2(f) suggests the two extreme examples: an interval and a ball.

7.18 Argue that we can assume that A is diagonal. To show (4, B) < ||A||, || B]|, write the trace as
a sum and use that max;|B;;| < ||B]|. For the reverse inequality, pick B to be diagonal with
entries sign(As).

7.17 Use duality (1.6) together with Exercises 3.5 and 3.6.

7.19 Use Exercise 7.18 to write the Gaussian width as the expected nuclear norm of a Gaussian
random matrix. Then use the operator norm bound (see Remark 4.4.4) to get an upper bound,
and the intermediate singular value bound (Exercise 4.47 with k = ¢n) for the lower bound.

7.20 For the upper bound, write z = (z — y) + y, then use triangle inequality and Proposi-
tion 7.5.11(a).

7.21 (a) By rotation invariance, assume that E is a coordinate subspace.

7.23 (a) It is easier to compute the squared version of the Gaussian width, h(A(B%)), which is
equivalent to the original one (Lemma 7.5.11).

7.24 It is enough to check the rotation invariance of the distribution of Bz.
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To obtain the bound E diam(PT") 2 ws(T), reduce P to a one-dimensional projection by drop-
ping terms from the singular value decomposition of P. To obtain the bound E diam(PT) >
/2 diam(T'), argue about a pair of points in 7.

Express the operator norm of PA to the diameter of the ellipsoid P(AB%) and use Theo-
rem 7.6.1 in part (a) and Exercise 7.25 in part (b).

Use Gaussian concentration (Theorem 7.1.11) to get (8.53). Choosing, for example, z; =
u + vk — k should make the union bound go through.

(a) should be straightforward from Exercise 2.37.
(b) The first m vectors in T form a (1/+/logm)-separated set.

Assume diam(7T) = 1, replace the integral by the sum using Exercise 8.3, and split the sum
into two parts: where 27% < n=?2 (say) and n~2 < 27% < 1. In the first sum, use the volumetric
bound (4.17) to bound the covering numbers. The second sum has O(logn) terms.

Start chaining (8.9) at the coarsest scale k where a single ball covers the entire T, i.e. where
27" ~ diam(T'), but stop early — at scale K where roughly 275 =~ w(T)/8v/n (say). The last
term in (8.8) may not be zero as before, but rather Esup,c,(X: — Xy, (1)) Bound this term
by Lw(T), using that ||t — mx (£)||]2 < 275,

Redo the chaining argument in Section 8.1.

Consider the set V = {(s,t) € T'x T : d(s,t) < d}, define the random process Y, = X — X,
indexed by u = (s,t) € V, and define the metric on V by p(u,u’) = 55||Yu — Yoy, . Check
that diam(V,p) < 6, bound the covering numbers of (V,p) by those of (T,d), and apply
Dudley inequality (8.16).

Lay a grid on the square [0, 1]? with step size e. Given f € F, show that ||f — fo|/z= < € for

some “staircase” function fo that follows the grid by stepping up/down by € or staying flat

CJ/e

(see Figure H.1). Bound the number of all staircase functions by e~/¢. Next, use Exercise 4.25.

fo

Figure H.1 Approximating a Lipschitz function f by a mesh-following
function fo (Exercise 8.9).

(b) Instead of applying Dudley inequality directly, redo at the chaining argument (proof of
Theorem 8.1.4) and make an early stopping at scale §, like in the solution of Exercise 8.6.
Once you proved (8.54), plug in the covering number bound from (a) and optimize J.

The restriction of F onto a shattered subset A C 2 gives consists of all Boolean functions on
A, so its linear algebraic dimension must be at least |A| (check!).

(a) Argue as in the proof of Proposition 8.3.11 and use Sauer-Shelah lemma (Lemma 8.3.9).
(b) Try to find an example where ve(F) = ve(G) = 1 while ve(FUG) = 3.

Proceed similarly to the proof of Theorem 8.3.15. Combine a concentration inequality with
a union bound over the entire class F restricted onto {X1,..., X, }. Control the cardinality
of F using Sauer-Shelah Lemma.

Apply the VC law of large numbers (Theorem 8.3.15) to the class of indicators of half-spaces.
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9.5

(a) Let X1, ..., X, denote the rows of A. Then ®(u) = sign(Au) = (sign(X;, u));~ .

(b) Use the uniform law of large numbers (Theorem 8.3.15) for the function class F consisting
of the indicators of the wedges {(z,u) # (z,v)}, where u,v € S"~!. Use the stability property
of VC dimension (Proposition 8.3.11) to bound the VC dimension of the wedges in terms of
the VC dimension of half-spaces, which was computed in Example 8.3.5.

(a) Let X1,..., X, denote the rows of A. Use the uniform law of large numbers (Theo-
rem 8.3.15) for the function class F consisting of the indicators of the strips {z : |[(z,u)| > €},
where u € S™!. Note that [(X;,u)| > e implies (X;,u)? > .

(b) Consider a random vector X that with probability ¢ equals some appropriately chosen
multiple of the first basis vector e;, and with probability 1 — ¢ takes values in the subspace
orthogonal to e;.

Pick an arbitrarily large subset Qo C Q shattered by F, and let X ~ Unif(Q).
Note that (f — h)? is obtained from f by flipping the bits f(x) where h(z) = 1.
Show that the random process X; = R,(f) — R(f) has subgaussian increments: || X; —
Xogllws S % [l f—gllo for all f, g € F. Use Dudley inequality to deduce that Esup ;¢ | Rn (f)—
R(f)| < 1/+/n (see the proof of Theorem 8.2.3). Then argue like in the proof of Theorem 8.4.5.
Take a uniform distribution over a shattered set Q¢ C Q of size vc(F). The sample only sees

the target function 7" on half of ¢, but 7" could do anything on the rest — so it can’t be learn
reliably.

(a) Set To = {0}. For each k € N, let T} contain 0 and the largest 92" _ 1 elements of T.

Write |X: — Xio| < | Xe — Xnoo)] + [ Xr.) — Xio| and bound the two terms separately,
each with probability 1 — exp(u?). The first term can be bounded by Cv2(T,d) via chaining
T(t) = Try1(t) = Tet2(t) = -+ — t (by the choice of k, the failure probabilities in this
finer steps are much smaller than exp(—u?)). The second term, corresponding to the first big
leap in chaining, can be bounded by Cudiam(7T') by taking a union bound over Tj.

Following the proof of Theorem 8.2.3, check that the process Z; = ﬁ o (X)) —vnE f(X)
has subgaussian increments: ||Zy — Zg||ys S d(f,g). Then apply the generic chaining bound
(Theorem 8.5.2).

(a) Use Remark 8.5.3 and the majorizing measure theorem to get a bound in terms of the
Gaussian width w(7T U {0}), then pass to Gaussian complexity using Exercise 7.20.
(b) Use Remark 8.5.4 and Exercise 7.20.

Use duality (1.6) and Talagrand comparison inequality (Remark 8.5.9).

(a) Follow the proof of Theorem 7.3.1 more closely instead of applying triangle inequality. Use
Sudakov-Fernique inequality (Theorem 7.2.8) instead of Talagrand comparison inequality.
(b) Note that Esup,cr ,es(A2,y) > sup,cp Esup, cg(Az,y).

Use the result of Exercise 8.37(b).

Use Chevet inequality. Exercise 1.17(a) and Exercise 7.17 should help to compute the radius
and Gaussian width.

Bound the difference between E||Az||2 and \/m||z||2 using the concentration of norm (Theorem
3.1.1). Use Lemma 7.5.11(b) to show that this difference can be absorbed by the main error.

Use the identity a® — b* = (a — b)(a + b).

Reduce to the isotropic case: write B; = %/2A; for some isotropic A; and apply Theorem
9.1.1 for X'/2T.

To see why this result generalizes Theorem 9.1.1, express ||Az||2 as (Y7 (Ai, x>2)1/2 where
A; are the rows of the matrix A, and consider the class of linear functions on R™. To prove
the generalization, follow the proof of Theorem 9.1.1.



9.6

9.7

9.8

9.9

9.11

9.13

9.14

9.16

9.17
9.19

9.20

9.25

9.27

9.28

9.32

9.36
9.37
9.40
9.42
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To make step 2 in Theorem 9.1.2), use rotation invariance to assume z = (1,0,0,...,0) and
y = (V1—¢2,60,0,...,0) where ¢ < ||z — y||2. Expand ||Pz||3 — ||Py||3 and reduce the
problem to controlling one entry of P, namely P;s.

Use the high-probability version of matrix deviation inequality, given in (9.11).

If m < n, the random matrix A in the matrix deviation inequality is an approximate projec-
tion: this follows from Section 4.6.

Use the high-probability version (9.11) of matrix deviation inequality to get a high-probability
version of the quadratic deviation (Exercise 9.3); then use it in the proof of Theorem 9.2.2.

If X has nonempty interior, dimension reduction with relative error is impossible.
Use the high-probability version of matrix deviation inequality (see Remark 9.1.4).

(a) For the upper bound, combine the M* bound with Exercise 7.17. For the lower bound, try
to show a stronger statement — that it holds even if dim(F) = 1. Check that diam(B;, N E) =
lgll2/llglly where g ~ N(0,I5).

Consider a random rotation U € Unif(SO(n)) as in Section 5.2.5, and use a union bound to
show that the probability that there exists & € X such that U™ a € T is smaller than 1.

Modify the M™ bound accordingly.
Check that ||A(z — Z)||2 S ||w||2. Plug this into the matrix deviation inequality (Theorem

~

9.1.1) for T — T, noting that =,z € T

Bound both ||y — Az||3 + A|z||r and |ly — AZ||3 + M||Z||7 by ||w||3 + A||z|7. Using triangle
inequality, deduce a bound on ||A(Z — z)||2 and show that Z — z € C||z||r(T — T). Now use
the matrix deviation inequality (Theorem 9.1.1) as in Exercise 9.19.

Note that ||z, |2 < 1. Next, for ¢ > 2, note that each coordinate of xy, is smaller in magnitude
than the average coordinate of x, ,; conclude that ||zy,||2 < (1/v/s)||zr,_,||1. Then sum up
the bounds.

To prove a lower bound on w(Sx,s), construct a large e-separated subset of S, s and thus
deduce a lower bound on the covering numbers of S, s. Then use Sudakov inequality (Theo-
rem 7.4.1).

Fix p > 0 and apply the M™ bound for the truncated cross-polytope T, := Bi' N pBy. Use
Exercise 9.26 to bound the Gaussian width of T),. Note that if rad(7, N E) < § for some § < p
then rad(7 N E) < 4. Finally, optimize in p.

(a) Assume the contrary and follow the proof of Lemma 9.5.2.
(b) Assume the contrary and follow the proof of Theorem 9.5.1.

Follow Remark 9.1.4.
Argue as in Section 9.2.4.
Use the hyperplane separation theorem.

Let T be the canonical basis {e1,...,e,} in R”. Express the points as g; = Ae;, and apply
Theorem 9.7.2.
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replacement, 174, 175
tail, see Tails
width, 207, 209, 211, 217, 218, 225, 248, 252
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Generic chaining, 243, 245-247
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bound, 128
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Hanson-Wright inequality, 175, 187, 188
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Hilbert-Schmidt norm, see Frobenius norm
Hoeffding
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subgaussian, 39

lemma, 50

Hoélder inequality, 10, 15
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Independent copy, 6, 172

Indicator, 11, 25



Index 329

Integer optimization problem, 79
Integrated tail formula, 15, 22
Interpolation, 22, 54
Isometric embedding, 107
Isometry, 107
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Johnson-Lindenstrauss lemma, 150, 212, 268,
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Law of
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total expectation, 13
total probability, 13
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Lieb inequality, 155
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Linearity of expectation, 10
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function, 141, 252
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Littlewood-Offord problem, 20
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Khintchine inequality, see Khintchine
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principle, 20
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Projective central limit theorem, see Central
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Random
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Gaussian, 92
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process, 194
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Risk, 241
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Sample

covariance, 125

mean, 17, 31, 188
Sauer-Shelah Lemma, 233

Schur bound, 130
Second moment
matrix, 61, 124, 161
method, 20, 21
Selectors, 172, 181
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program, 78
relaxation, 79, 81, 97, 99
Separate convexity, 97
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Singular
value decomposition, 101
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min-max theorem, 103
of random matrices, 122, 123, 138, 265
vectors, 101
Slepian inequality, 197, 200
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method, 251
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Sparse recovery, 276, 294, 295
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Special orthogonal group, 147
Spectral
clustering, 121, 122, 127, 139, 159
decomposition, 62, 153
projection, 106, 131
Spherical
distribution, 67, 69, 73, 92, 93, 208, 218
marginals, 93
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Stable rank, 163, 218
Standard
deviation, 11
score, 64, 90
Stirling approximation, 19
Stochastic
block model, 119, 122, 159, 169
dominance, 53, 197
Subexponential
distribution, 42-44, 56
norm, 44
Subgaussian
distribution, 35, 37, 38, 52, 53, 55, 94
entropy, 96
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rotation invariance, 94
increments, 221, 261, 284
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exact, 55
projection, 266, 291
random vector, 72
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Sudakov inequality, 205, 206, 252
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Symmetric
group, 146
distributions, 178
Symmetrization, 179, 184, 189, 190, 215
for empirical processes, 253
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Gaussian, 25, 49
Poisson, 30, 50, 57
Talagrand
comparison inequality, 247, 248, 258
concentration inequality, 149
Tensor, 84
Thin shell phenomenon, 6, 7, 60, 88, 89
Trace, 62
inequalities, 154
Truncation, 49, 77
Type, 190
Unconstrained optimization, 275, 293
Union bound, 12, 34

Variance, 10
VC
dichotomy, 254
dimension, 230, 236, 237
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half-planes, 231
half-spaces, 231
of the union, 254
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squares, 254
stability, 234
strips, 235
generalization bound, 242
law of large numbers, 237
stability, 254
Volume
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Walsh matrix, 130
Wasserstein distance, 229
Wedin theorem, 131
Weyl inequality, 105
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